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We identify a new class of algebraic relations satisfied by the zeros of orthogonal polynomials that are eigen-
functions of linear differential operators of order higher than two, known as Krall polynomials. Given an orthog-
onal polynomial family {py (x)}5_. we relate the zeros of the polynomial py with the zeros of py, for each
m < N (the case m = N corresponding to the relations that involve the zeros of py only). These identities are
obtained by finding exact expressions for the similarity transformation that relates the spectral and the (inter-
polatory) pseudospectral matrix representations of linear differential operators, while using the zeros of the
polynomial py as the interpolation nodes. The proposed framework generalizes known properties of classical
orthogonal polynomials to the case of nonclassical polynomial families of Krall type. We illustrate the gen-
eral result by proving new identities satisfied by the Krall-Legendre, the Krall-Laguerre and the Krall-Jacobi
orthogonal polynomials.

Keywords: Zeros of orthogonal polynomials; nonclassical orthogonal polynomials; Krall polynomials; spectral
methods; pseudospectral methods.
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1. Introduction and Main Results

We identify a class of algebraic relations satisfied by the zeros of a wide class of orthogonal poly-
nomials. The proposed general result holds for all polynomial families {py (x)}5_, orthogonal with
respect to a measure satisfying some standard assumptions, as long as the polynomials in the fam-
ily are eigenfunctions of a linear differential operator. We show that this result generalizes known
properties of the classical Jacobi, generalized Laguerre and Hermite polynomials to the case of the
nonclassical orthogonal polynomials of Krall type that are eigenfunctions of linear differential oper-
ators of order higher than two [30]. We illustrate the main theorem by proving new properties of the
Krall-Legendre, the Krall-Laguerre and the Krall-Jacobi orthogonal polynomials.

This paper generalizes results on the properties of the zeros of classical orthogonal polynomials
proved in [1, 28] to the case of nonclassical orthogonal polynomials of Krall type, see Subsec-
tion 2.1 for more details. While [28] and other papers presenting results of similar nature [5-8] use
linearization of certain nonlinear systems of ODEs about their equilibria, we propose a different
method that utilizes approaches of numerical analysis, in particular the spectral methods for solv-
ing differential equations, cf. [2]. Our choice of basis for the construction of the spectral matrix
representations leads to a particularly straightforward proof of identities presented in [28] and their
natural generalization to the nonclassical orthogonal polynomials of Krall type.
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This paper is a contribution to the study of orthogonal polynomials: see [29] for a classical treat-
ment, [19] for a compilation of results on Askey scheme polynomials, [18] for a modern treatment
with a list of open problems and [17, 24, 25] for applications to interpolation, numerical integra-
tion and other areas. In particular, we focus on the zeros of orthogonal polynomials and propose
several remarkable identities satisfied by them, continuing the pursuit undertaken in several recent
developments [2,5-8,28]. This pursuit is motivated by the understanding that the zeros of orthog-
onal polynomials appear in several areas of mathematics and physics. For example, the zeros of
orthogonal polynomials can be used as interpolation nodes to yield high accuracy approximation
schemes in numerical analysis [24, 26], some zeros turn out to be equilibria of important N-body
problems [10-12], others transpire as building blocks of remarkable isospectral matrices [5—-8]. The
remarkable and distinct feature of the proposed identities is that they relate the zeros of the polyno-
mial py(x) from an orthogonal family {py (x)}5_, with the zeros of a polynomial p,,(x) from the
same family, where m < N (in the case where m = N the identities relate the zeros of py(x) among
themselves). These identities can be viewed as properties of certain isospectral matrices defined in
terms of the zeros of orthogonal polynomials; in this paper we provide both the eigenvalues and the
eigenvectors of the matrices.

Here and throughout the rest of the paper N denotes a fixed positive integer. The small Latin
letters n,m, j,k etc. denote integer indices that run from 1 to N (except for ¢ that is reserved to
denote polynomials in the Lagrange interpolation basis), while the small Greek letter v denotes an
integer index that takes values 0,1,2.. ., unless otherwise indicated. Also, d(x) and H(x) denote the
standard Dirac delta and the Heaviside functions, respectively.

Let {py(x)}5_, be a sequence of polynomials orthogonal with respect to a measure @ and
the corresponding inner product (f,g) = [ fg dw. We denote the norm associated with this inner
product by || - ||, that is, || ||*> = [ f? d®. Assume that @ is a Borel measure with support on the real
line satisfying the following three conditions:

(a) o is positive;
(b) all its moments [ x" d® exist and are finite;
(¢) o has infinitely many points in its support / = supp @.

Under the above assumptions on the measure ®, the zeros of each polynomial py, v > 1, are real,
simple and belong to the convex hull of the support of w, see for example [13].

Let PV denote the space of all algebraic polynomials with real coefficients of degree at most v.
Assume that for every v, {p;(x)}]_, is a basis of P". Let </ be a linear differential operator acting
on functions of one variable. Assume that <7 has the property

PV CPY (1.1)

for all v. For example, the differential operator 2 = ag + a1 (x) % + ... +a,(x) £, with g € N and
aj(x) € P/ forall j=0,1,2,...,q has property (1.1).

Suppose that the orthogonal polynomials {py(x)}5_, form a system of eigenfunctions for the
differential operator 7. We prove algebraic relations satisfied by the zeros of the polynomial py(x)
from the orthogonal family {py (x)}5_. Our method is to compare the spectral and the pseudospec-
tral matrix representations of the differential operator <7, while choosing the zeros of py(x) as the
nodes for the Lagrange collocation in the pseudospectral method.
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More precisely, we define the N x N spectral matrix representation A of the linear differential
operator </ componentwise by

(ZPpj-1,Pk-1)
P12
where the superscript 7T indicates that the t-variant of the spectral method is used [15].
Using the pseudospectral method, which is also known as spectral collocation method [15], we
define another N x N matrix representation A of <7 as in [3,4] by

= () (%), (1.3)

where the superscript “c” stands for “collocation”, xi,...,xy are N distinct interpolation nodes and
¢;(x) are the Lagrange interpolation polynomials of degree N — 1 with respect to these nodes. Recall
that

A= (1.2)

Y (x)
€-(x):—, (1.4)
/ Wy () (x —x;)
where Yy (x) = (x —x1)(x—x2) - - (x — xy) is the node polynomial.
We show that the N x N matrices A and A€ are similar:

AS=L""A"L, (1.5)

where the similarity matrix L is given in Theorem 3.1 stated and proved in Section 3. This simi-
larity property allows to recover several known isospectral matrices constructed using the N nodes
X1,-.,xy [9, 10, 28]. Indeed, because the eigenvalues of the matrix A° coincide with those of A7,
these eigenvalues are independent of the nodes x,...,xy as long as the eigenvalues of A” do not
depend on the nodes.

We focus on the case where the interpolation nodes xp,...,xy are the zeros of the polynomial
pn (x) from the orthogonal family {py (x)}5_,. Recall that under assumptions (a,b,c) on the measure
® the nodes are distinct and real. In this case the similarity matrix L becomes particularly neat:
L = PA, where the N x N matrix P is given componentwise by Pjx = p,;_1(x¢)/||pj-1* and A is a
diagonal matrix with the Christoffel numbers A; on its diagonal, see Theorem 3.1.

Christoffel numbers play an important role in the proof of Theorem 3.1, although they are elim-
inated from the main identity of Theorem 1.1 in the process of inversion of the matrix L = PA,
see (3.12). Recall that Christoffel numbers arise in the Gaussian quadrature numerical integration
formulas. They are defined by

%:/M@M) (1.6)

and are always positive [24].
Using the similarity transformation for the matrices A® and A°, we prove the following properties
of the zeros of the polynomial py.

Theorem 1.1. Suppose that the polynomials py in the orthogonal family { py(x)}5_ are the eigen-
Sfunctions of a linear differential operator &9 with the corresponding eigenvalues [y,

Dpv(x) = typy(x), (1.7)

so that condition (1.1) is satisfied. Let X = (x,...,xn) be a vector that consists of the N distinct
real zeros of the polynomial py from the orthogonal family {py(x)}5_,. Let D¢ = D°(X) be the
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pseudospectral matrix representation of the operator 9 defined by (1.3). Then for all integer m,n
suchthat0 <m <N —1and1 <n <N the following algebraic relations hold:

N
Z [Dc]nk (f)pm(xk) = .Uum(Xn)~ (1.3)
k=1
In other words, the N-vectors V") defined componentwise by vﬁ,’“) = pm(x,) are eigenvectors of the
matrix D¢ with the corresponding eigenvalues [, where m=0,1,... N — 1. In particular, if m = 0,

identity (1.8) reduces to

M=

(D] (X) = Mo, 1.9

k=1

where 1 <n <N.

This theorem is proved in Section 3.

Remark 1.1. Note that identity (1.8) relates the zeros xi,...,xy of the polynomial py with the
zeros of the polynomial p,, if 1 < m < N — 1, while identity (1.9) relates the zeros of py among
themselves.

Remark 1.2. Note that Zp, = u, py implies 2%p, = (u,)*py for every positive integer o.. There-
fore, Theorem 1.1 can be applied to the operator Z%. The algebraic relations (1.8) and (1.9) are thus
valid if the matrix D¢ is replaced by (D°)* and the eigenvalues p,, are replaced by (t,,)%.

Remark 1.3. Note that the matrix D¢ has the eigenvalues Ug, U1, ..., Uy—1 as long as xy,...,xy are
N distinct real numbers, which follows from the similarity of the matrices D¢ and D* and the fact
that D® is diagonal with the main diagonal (o, Ui,...,HUy—1), see (1.5), (1.2) and (1.7). Therefore,
the properties of the zeros x1,. .., xy of the polynomial py are not revealed by the fact that the matrix
D¢ has the eigenvalues L, but rather by the fact that this matrix has the eigenpairs (um, v(m)) with
the components of the eigenvectors defined by vflm) = pm(xn), where m=0,1,...,.N— 1.

Remark 1.4. The orthogonality property of the polynomials {py (x)}5_, is crucial in the proof of
Theorem 1.1. In particular, the neat relations for the transition matrix L outlined in the paragraph
after display (3.1) hold only for the case where xi,...,xy are the zeros of the polynomial py from
an orthogonal family {py (x)};_,. Moreover, the spectral matrix representation D® of the differen-
tial operator Z in Theorem 1.1 is a diagonal matrix if and only if the polynomials {py(x)}5_, are
orthogonal with respect to the measure @. On the other hand, relation (1.5) is true for all polyno-
mials, orthogonal or not, whether or not these polynomials are eigenfunctions of the differential
operator .<7. This relation is essentially a statement about N arbitrary distinct numbers xi,...,xy,
which are the interpolation nodes that are used to construct the pseudospectral representation of the
differential operator <. In the case where the polynomials {py(x)}5_, satisfy differential equa-
tions (1.7), regardless of whether they are orthogonal or not, the zeros X = (xj,...,xy) of the poly-
nomial py(x) from the family {py (x)}3_, satisfy the relation D¢(¥) = L~ ! D"(¥)L, where the matrix

<17j—1 5 Pk—l)

D*(X), given componentwise by D,fj = Wt is not necessarily diagonal.

In the next section titled “Examples” we apply Theorem 1.1 to several orthogonal polynomial
families. We show that the theorem yields known results if applied to classical orthogonal polyno-
mials and prove new identities satisfied by the zeros of some nonclassical orthogonal polynomials.
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In Section 3, “Proofs”, we elaborate on the proofs of most of the theorems of this paper, except for
those that are straightforward consequences of another theorem. In Section 4 titled “Conclusion and
Outlook” we summarize the results proposed in this paper and discuss their importance, possible
applications and further developments. Appendix A is devoted to computation of pseudospectral
matrix representations of several differential operators.

2. Examples

In this section we use Theorem 1.1 to recover known properties of the classical Jacobi, generalized
Laguerre and Hermite orthogonal polynomials, thus showing that Theorem 1.1 generalizes known
properties of classical orthogonal polynomials to the case of nonclassical orthogonal polynomials.
We then illustrate the general result of Theorem 1.1 by proving new and remarkable properties of
the nonclassical Krall-Legendre, Krall-Laguerre and Krall-Jacobi orthogonal polynomials.

2.1. Classical Orthogonal Polynomials

Suppose that {py(x)}5_, is one of the classical orthogonal polynomial families — Jacobi, general-
ized Laguerre or Hermite — meaning that these polynomials are eigenfunctions of a second order
linear differential operator

d> d

P=0(x)—+1(x)—, 2.1
()75 + 70 @
where o, T are polynomials of degree at most two and one, respectively. In formulas,
Dpv = Wy pv, (2.2)
where the eigenvalues u, are real and are given by [25]
1
,u\,:v[r’+§(v—1)6”], T #£0. (2.3)

Suppose that a weight w(x) satisfies the Pearson equation % [o/(x)w(x)] = 7(x)w(x) and the condi-

tions & (x)w(x)x* = 0 on the boundary of an interval (a,b). Then the polynomials {py (x)}5_, are
orthogonal with respect to the weight w(x) on the interval (a,b). For each of the three cases of the
classical orthogonal polynomials — Jacobi, generalized Laguerre or Hermite — the specific values
of the coefficients 6(x) and 7(x) in the differential operator (2.1) and of the weight function w(x)
together with the orthogonality interval (a,b) can be found in [25].

Let x,...,xy be the N distinct real zeros of py. Let {Ej(x)}’jyzl with £;(x) = #ﬁﬁ)—») be
N\ J
the standard interpolation basis constructed using the zeros xi,...,xy of py(x) as the interpola-

tion nodes, compare with (1.4). Then the pseudospectral matrix representation of the differential
operator & is given by

D5,y = (24n)(xm)
{_ ZG(X,,,) p;v(xm) lfm 7é n7

(-xm —Xn )2 p;v (xn)

— el [e(x,) — 20" (xa)] + §(N = D[/ + ING"] if m = n,

2.4)

see Appendix A.1. Upon substitution of (2.3) and (2.4) into equality (1.8) of Theorem 1.1, we obtain
remarkable identities for the zeros xj,...,xy of py(x). These identities are known, see [1,28], thus
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we do not state them here explicitly. More precisely, in [28] it is shown that the N x N matrix
M defined componentwise by M, = —(Z — uy) [%Em (x)} ‘ = % (—[D)um + U O ) has the
eigenvalues Ly — I, and the corresponding eigenvectors v("™ defined componentwise by vﬁlm) =
%:"), where 7, are defined by (A.2). The last result also follows from Theorem 1.1 in this special
case of classical orthogonal polynomials. Thus, Theorem 1.1 generalizes the results proved in [1,28]
to the case of nonclassical orthogonal polynomials. It is interesting to note that the result in [28] is
obtained using a different method of perturbations of certain dynamical systems around the zeros of
classical orthogonal polynomials. The method employed in this paper reveals additional meaning of
the identities obtained in [28], by showing that these identities stem from the similarity of two matrix

representations of the differential operator that characterizes the classical orthogonal polynomials.

X=Xp

2.2. Krall Orthogonal Polynomials that Are Eigenfunctions of Linear Differential
Operators of Order Four

H.L. Krall and A.M. Krall classified orthogonal polynomials that are families of eigenfunctions for
fourth order linear differential operators [20-23]. At present, the term “Krall polynomials” refers
to orthogonal polynomial families {py(x)}5_, such that the degree of each polynomial py(x) is
v and, in addition, the polynomials are eigenfunctions of a linear differential operator of order
higher than two [30]. In this section we apply the general result of Theorem 1.1 to prove remarkable
properties of the zeros of the nonclassical orthogonal polynomials of Krall type that are families
of eigenfunctions for fourth order linear differential operators. To the best of our knowledge, these
properties are new. We then consider the particular cases of the Krall-Legendre, the Krall-Laguerre
and the Krall-Jacobi polynomials.

Theorem 1.1 holds also for other orthogonal polynomials satisfying differential equations of
order higher than four, see, for example, [13, 14] and references therein. We leave the derivation of
the properties of the zeros of the latter Krall polynomials to interested readers.

Assume that the orthogonal polynomials {py (x)}5_, are eigenfunctions of a fourth order linear
differential operator

9= a0 5 0 ) L () 25)
=a(x)——ta3(x)== + a2 (x) == +a1(x) — .
P g T g3 TR g T
where each coefficient a;(x) is a polynomial of degree at most j, j = 1,2,3,4. That is,
Dpy(x) = pypy(x), (2.6)

where 1, are eigenvalues of .

Let x1,...,xy be the zeros of the polynomial py(x) from the orthogonal family {py(x)}5_,,.
The N x N pseudospectral matrix representation D¢ of the differential operator & with respect to
the nodes x1,...,xy is given componentwise by (A.12) and (A.14), see Section A.2 of Appendix A.
Using these expressions for the components of the matrix D¢, from Theorem 1.1 we derive the
following properties of the zeros xi,...,xy.

Theorem 2.1. Suppose that the polynomials {py(x)}5_, orthogonal with respect to the weight @
that satisfies conditions (a,b,c) form a family of eigenfunctions of the fourth order linear differential
operator 9 defined by (2.5), that is, differential equations (2.6) hold. Then for every pair of integers
m,n such that0 <m <N —1and 1 <n <N, the zeros xi,...xy of the polynomial py(x) satisfy the
identity
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N 25 (x
y (Buk)” P (k) {4a4 (xn) Py (xn) +3 [613 () — 4"4()‘")3’14 Piv (o)

-2 [3Bnk (a3 (xn) —4ay (Xn)Bnk> ) (xn)] P () } )

1 4
i (‘“m‘ oy ()5 )

"

a3 () PR () + @2 () P () a1 (50 Pl () |

Pl () 3 a5 (x,) +az(x
Py {0~ 3 oo - ent

Py (xn) 2
+2p1\§,\/(xn) {al(x”) — 5 laalo) a1 () }

—

_l’_

_% [all () — ,UN] )Pm (xn), (2.7)

where

(2.8)

Note that if a4(x,) = 0, identity (2.7) must be understood in terms of an appropriate limiting
procedure as x — x,,, see Remark A.2.

In the following two subsections we apply Theorem 2.1 to the cases of the Krall-Legendre, the
Krall-Laguerre and the Krall-Jacobi polynomials.

2.2.1. Krall-Legendre Polynomials
Let o > 0. A Krall-Legendre polynomial P, (x) = P‘Ea)(x) of degree v is given by [21]

VR kv —26) [+ v(v—1)/242K] , o
2Vk!(v —k)!(v — 2k)! '

(2.9)
k=0

The polynomial family {Py,(x)}5_, is orthogonal with respect to the measure @ given by dw =
w(x) dx, where the weight function

[5(x+1)+5(x—1)]+%[H(x+l)—H(x—l)]. (2.10)

| =

w(x) =

Note that the measure @ has the Legendre weight 1, times o/2, on (—1, 1) and, in addition, Stieltjes
jumps at (—1) and 1. The measure @ satisfies conditions (a,b,c) of Section 1, hence the zeros of
each polynomial Py (x), v > 1, are distinct and real.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
501



O. Bihun / New Properties of the Zeros of Krall Polynomials

The Krall-Legendre polynomials form a system of eigenfunctions for the fourth order differen-
tial operator 2 defined by

7= j; {(1 —x2)2;;} +4% { [a(x*—1)—2] jx}
=(1-x%)? 544—1—8x( 1)j;+4(3+a)(x —1)522—1—8ocxj (2.11)
that is,
PPy (x) = pvPy(x), (2.12)
where
ty = v(14+v)(=2+4a+v+v>). (2.13)
Let xj,...,xy be the distinct real zeros of Py(x). The N x N pseudospectral matrix represen-

tation D¢ of the operator & with respect to these nodes is then given by (A.16) and (A.17), see
Appendix A.2.1.

By applying Theorem 1.1 in the setting of the Krall-Legendre polynomials, we obtain the fol-
lowing results.

Theorem 2.2. Let x1,...,xy be the zeros of the Krall-Legendre polynomial Py(x) defined by (2.9).
Thenforalln=1,2,.... Nandm=0,1,...,N —1 we have

k) A(1 — 2P
klk#nip,(x}c) {( ) 2Py (xn)

—12(:2 1) [Bnk(xn —1)- 2xn] Pl(x)

N

+8(x; — 1) [3Bﬁk(x,3 — 1) — 6By + 00+ 3] P](,(xn)}

= { —m(m+1)(m* +m+4a—2)

L 8a(i—1) [Pmm

12ax, [P]’\;(xn)

15 Py (xn) 5 Py (xn)
8o(x2+ 1)+ NN+ 1)(N* +N+4a—2)(x2—1
S(Xn - 1)

where the quantities B, are given by (2.8).
2.2.2. Krall-Laguerre Polynomials
Let o > 0. A Krall-Laguerre polynomial Ry (x) of degree v is given by [21]

Ry(x) i (=1)° (") k(o +v+1) + o x* 2.15)

X) = x", .
YT A (k1) \k

note a misprint in the definition of Krall-Laguerre polynomials in [21].
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The polynomial family {Ry (x)}5_, is orthogonal with respect to the measure @ given by dw =
w(x) dx, where the weight function

w(x) = éS(x) +e *H(x). (2.16)

Note that the measure @ has the Laguerre weight e * on (0, ) and, in addition, a Stieltjes jump at
zero. The measure @ satisfies conditions (a,b,c) of Section 1, hence the zeros of each polynomial
Ry(x), v > 1, are distinct and real.

The Krall-Laguerre polynomials form a system of eigenfunctions for the fourth order differential

operator & defined by
> [, . d? d . d
D =é" (dx2 [x e xdxz} I {[(2a+2)x+2]e xdx})
, d* d? 2 d
=X —2x(x—2)d st —2(a+3)] - 2 +2[(a+1)x—0of e (2.17)
that is,
@RV (.x) — uvRv(.x), (218)
where
Wy =vQRa-+1+v). (2.19)
Let xi,...,xy be the distinct real zeros of Ry(x). The N x N pseudospectral matrix represen-

tation D¢ of the operator & with respect to these nodes is then given by (A.19) and (A.20), see
Appendix A.2.2.

By applying Theorem 2.1 in the setting of the Krall-Laguerre polynomials, we obtain the fol-
lowing results.

Theorem 2.3. Let xy,...,xy be the zeros of the Krall-Laguerre polynomial Ry (x) defined by (2.15).
Then foralln=1,2,....Nandm=0,1,...,N —1 we have

N
B2 R,
Z ”k, (%) 4xﬁR§\’,’ (Xn) — 6x [2Bix + xn — 2] R (x)
k=tdrn RN (k)

+2x, [IZBﬁkxn + 6B (xn —2) +x, —2(a + 3)} R}y (x,) }

Xn(xn +4a)
15

:{—m(m—i—ZoH—l)—

RK/ (xn)
Riy (xn)

+xﬁ +2(2a— 1)x, — 60 | Ry (xn)
10 R}y (xn)

(2.20)

x2 —0) X, —
(0+1) n+(N(N+5ia+1) o) X, 2a]}R;V(x”)7

where By, are given by (2.8).
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2.2.3. Krall-Jacobi Polynomials
Let > —1 and M > 0. A Krall-Jacobi polynomial Sy (x) of degree Vv is given by [21]
V(=D (D) (@ D)y k(v o) (v + 1) + (k+1)M]

S0 =1 EDICED) £ @2

note a misprint in the definition of Krall-Jacobi polynomials in [21].
The polynomial family {Sy (x)}5_, is orthogonal with respect to the measure @ given by dw =
w(x) dx, where the weight function

Ww(x) = %5@) FH() — H—1)] (1 — 0. (2.22)

Note that the measure ® has the weight (1 —x)% on (0,1) and, in addition, a Stieltjes jump at
zero. The measure  satisfies conditions (a,b,c) of Section 1, hence the zeros of each polynomial
Sy(x), v > 1, are distinct and real.

The Krall-Jacobi polynomials form a system of eigenfunctions for the fourth order differential
operator 7 defined by

2 2
P=(1-—x)"" (sz { [(1—x)%™* —2(1—x)%" 4 (1 —x)**?] sz}

+% { [(2a+2+2M)(1 —x)oc+2_ Qo+4+2M)(1 —x)"‘“] d})

dx
a* d?
= x*(x— 1)2% +2x(x—1)[(a+4)x—2] e
d2
+x[(0? +9a +2M + 14)x —2(3a + M +6)] -3
X
d
+[2(OH—2)(O¢+M+1)x—2M]d—, (2.23)
X
that is,
@Sv(.x) - ‘LL\/S\/(X), (224)
where
U=v(v+a+1)2M+ (v+1)(v+a)]. (2.25)
Let xj,...,xy be the distinct real zeros of Sy(x). The N x N pseudospectral matrix represen-
tation D of the operator Z with respect to these nodes is then given by (A.22) and (A.23), see
Appendix A.2.3.

By applying Theorem 2.1 in the setting of the Krall-Jacobi polynomials, we obtain the following
results.
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Theorem 2.4. Let xy,...,xy be the zeros of the Krall-Jacobi polynomial Sy (x) defined by (2.21).
Then foralln=1,2,....Nandm=0,1,...,N —1 we have

_1\2qmm
k=1,k#n S (%) (4 26— 1)°8 ()

6%, (x — 1) [—ZBnkx,,(xn 1)+ (4+ o), —2] S (%)

—2xn{ — 12szxn(xn — 1)2 + 6By (xy — 1) [(44 o) x, — 2]

|

(X+3) 3] _ (a2—4)xn [(a+3)xn —2] } [S;\//(xn)]

[
— (> +900+2M + 14)x, +2(30t + M +6) }S}v(xn)>
15 n)

Xn[(4M — 0 +4)x, —4M] | | S¥(
- 2

_|_

{ IO(X,, — 1) S}\](xn)
{ — 0% — (M4 1)02 + 400 +4M + 4+ piy]x,
+
5(x,—1)
[M ) — U | X, +2M
an ) S () (2.26)

where B, are given by (2.8) and W, Uy are given by (2.25).

3. Proofs

The proof of Theorem 1.1 is based on the following result.

Theorem 3.1. Let the N x N matrix L be the transition matrix from the polynomial basis
{Pm(x) N} to the basis {£;(x)}}_, defined componentwise by Lyj = (€}, pm—1)/||pm—1|/* Let
be a linear differential operator that satisfies condition (1.1), that is, /P¥ C PY. Then the two
matrix representations (1.2) and (1.3) of the linear differential operator <f satisfy the property

AS=L""A"L. (3.1)

Moreover, if the interpolation nodes xy, ... ,xy are the distinct real zeros of the polynomial py from
the orthogonal family { py(x)}_, then the transition matrix L is given by L = PA, where the N x N
matrices P and A are defined componentwise by Py = p;_1(x)/||pj-1|* and Aj = ﬂ,k(Nfl)Sjk,
respectively, and the Christoffel numbers lk(Nfl)
L~ for L is given componentwise by [L_l]jk = pr—1(x;j).

are given by (1.6). In this case, the inverse matrix

Remark 3.1. Note that the hypothesis of the last theorem does not require that the polynomials
pv(x) are eigenfunctions of the differential operator <7, only that &7V C PV.
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Proof of Theorem 3.1. First, let us prove the similarity property (3.1). Let u be a polynomial of
degree N — 1. Then

£;(x) and, on the other hand (3.2)

<
—~
o)
I
1=
<
~0

~.
Il
—

<
=

I
-

uipj-1(x), (3.3)

~.
Il
_

where the coefficient vectors u¢ and u® are defined by

u® = (uf,...,uy) = (u(xy),...,u(xy)) and (3.4)
T T T (u, po) (u,pn—1)
ut = (uj,...,uy) = < Hpoﬁ)z e ||PN]—V1H12 ) . (3.5)

We will show that u* = Lu® and LAu“ = A%u". Because the last two equations hold for an arbitrary
polynomial u € P¥~!, they imply A = L~'A"L.
Let us expand

N
0i(x) =Y Lnjpm-1(x), (3.6)
m=1

where the coefficients L,,j = (¢;, pm—1) /|| Pm—1 . Upon a substitution of (3.6) into (3.2), we obtain
u® = Lu‘. (3.7)

To obtain the equality LA°u¢ = A%u", we first notice that because u € PY~! and the operator .o/
satisfies &/PN—1 C PN~ we have

Mz
[V]z

Au(x) =) [ATu]; £i(x) = ) [A° ] ZLm]pm 1(%)
J=1 j=1 m=1
N ~ 3
= Z [LAL ”L]m pmfl(x)~ (3.8)
m=1
On the other hand,
N N
o u( %Zu iDj— 1(x Zu Mp] 1 Z Z ]pmfl(x)
j= ey R
N
Z 1 (%) (3.9)

By comparing the expansions (3.8) and (3.9), we obtain LA“u® = A%u®. Because u® = Lu‘, we
conclude that LA = A"L.

Second, let us assume that xj,...,xy are the zeros of py and prove that the transition matrix
L = PA. The Gaussian rule for approximate integration with respect to the measure @ based on
these nodes xp,...,xy has degree of exactness 2N — 1, see, for example, Theorem 5.1.2 of [24].
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Therefore, for the polynomial /;p,,_ of degree N—1+m—1 <2N —1
IPucrlPLny = [ 391
- (N—1) (N—1)
=Y L) pm-1 ()" = a1 (x5)A, (3.10)
k=1

and
L = PA. 3.11)

Finally, let us prove that the inverse of L is given componentwise by [L™'] i = Pk—1(x;). Note that

N
j=1

of PN~!, see (3.6). Using the exactness of the Gaussian numerical integration rule for the integration

L is invertible because it is a transition matrix from the basis {p;_(x) }1/\/: | to the basis {£;(x)}

N
||pm71 ||26mn = /pmflpnfldw = Z A‘kpmfl(xk)pnfl(xk)v (312)
k=1

we conclude that the matrix L defined componentwise by Ly = Pn—1(xy) satisfies LL = I, thus

a

L '=1. O

Proof of Theorem 1.1. Let D¢ and D°, respectively, be the N x N pseudospectral and spectral
matrix representations of D, respectively, defined componentwise by [D|n, = [Z¢m] (x,) and
[D]m = Un—18um, see (1.2) and (1.3). The first equation (1.8) in the statement of the theorem
follows from the equation [DCLfl]nm = [L*IDT]nm, which is valid for all m,n € {1,2,...,N} by
Theorem 3.1. O

4. Conclusion and Outlook

Theorem 1.1 provides a general set of algebraic relations satisfied by the zeros of classical and
nonclassical orthogonal polynomials { py (x) }5_,. The polynomials must be orthogonal with respect
to a measure @ supported on the real line and satisfying conditions (a,b,c) stated in Section 1. In
addition, the orthogonal polynomials must form a family of eigenfunctions for a linear differential
operator Z: Zpy(x) = lypy(x), see (1.7). The main statement of Theorem 1.1 follows from the
matrix equality D°(PA)~! = (PA)~!D?, where D¢ is a pseudospectral and D° is the spectral matrix
representation of the differential operator &, see (1.3) and (1.2), while the matrices P and A are
defined in Theorem 3.1. Of course, the nodes of the pseudospectral matrix representation D¢ of &
must be the zeros xi,...,xy of the polynomial py(x). Note that the matrix equality D¢(PA)~! =
(PA)“DT involves the eigenvalues W,,, m =0,1,...,N — 1, via the matrix D*, while the Christoffel
numbers A; on the diagonal of the matrix A are eliminated in the process of inverting the matrix
PA, see (3.12).

Using the general framework provided by Theorem 1.1, we prove new algebraic relations satis-
fied by the zeros of the nonclassical Krall-Laguerre polynomials, as well as recover known proper-
ties of the classical Jacobi, generalized Laguerre and Hermite polynomials. Of course, Theorem 1.1
may be used to prove new identities satisfied by the zeros of other polynomials, for example, other
types of Krall polynomials that are the eigenfunctions of linear differential operators of order higher
than two. Moreover, because all the identities for the zeros of orthogonal polynomials presented in
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this paper are essentially matrix equations, they can be manipulated to obtain other interesting iden-
tities, such as, for example, the equality of the eigenvalues, the determinants, the traces, or other
functions of the entries of these matrices. Indeed, identity (1.8) is equivalent to the statement that
(,um,v(’”)) are eigenpairs of the matrix D¢, where the N-vectors V(") are defined componentwise
by W = pm(x,) for each m = 0,1,...,N — 1. We leave the task of applying the matrix equality
D¢(PA)~! = (PA)~' D to derive other identities for the zeros of py to interested readers.

The results presented in this paper can be utilized to uncover useful properties and simpli-
fied expressions for pseudospectral matrix representations of linear differential operators. Such
matrix representations are fundamental in the pseudospectral methods for solving differential equa-
tions [15]. Theorem 3.1 may be used to calculate the rank of the pseudospectral matrix representa-
tion D¢ of a given differential operator &, by using the similarity of D and D®. On the other hand,
a simplified expression for D may be derived using Theorem 1.1, provided that the interpolation
nodes are the zeros of the polynomial py(x) from the given orthogonal family.

The identities of Theorem 1.1 relate the zeros of the polynomial py(x) with the zeros of the
polynomial p,,(x) from the orthogonal polynomial family {py(x)}5_,, where m < N. It would be
interesting to use these identities to prove estimates for the zeros of the polynomials {py (x)}5_,
in particular estimates that would show how the zeros of py(x) are positioned on the real line with
respect to the zeros of p,,(x). Many such estimates are already known for the classical orthogonal
polynomials, for example, the interlacing of the zeros property [24]. The results presented in this
paper invite to explore similar properties for Krall polynomials.

Another possible development is to extend the results of this paper to exceptional orthogonal
polynomials, see, for example, [16,27], and to orthogonal polynomials that form a family of gen-
eralized, rather than standard, eigenfunctions for certain linear differential operators, such as gen-
eralized Gegenbauer and Sonin-Markov polynomials [24,26]. In the latter setting, the orthogonal
polynomials {py(x)}5_, satisfy differential equations Zpy(x) = gv(x)py(x) for all v, where Z is
a linear differential operator and g, (x) are polynomials of degree at most ng > 0, which does not
depend on v.

Acknowledgements

All the theorems in this paper have been verified using programming environment Mathematica, for
small values of N and several particular choices of the relevant parameters.

This research is supported in part by the CRCW Grant of the University of Colorado, Colorado
Springs. Some of the work on this paper was done during the author’s visits to the University of
Leipzig, Germany and the AGH University of Science and Technology in Krakéw, Poland; many
thanks for their hospitality.

The author would like to thank Donatella Occorsio and Maria Grazia Russo for the discussions
on the extended Lagrange interpolation processes and for the hospitality of the University of Potenza
during her visit in Summer 2014. Many thanks to Antonio Duran for the conversations on Krall
polynomials during the 2016 OPSF Summer Workshop and to Francesco Calogero for the fruitful
collaboration, in particular on topics in the intersection of orthogonal polynomials and dynamical
systems, over the last five years.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
508



O. Bihun / New Properties of the Zeros of Krall Polynomials

References

[1]
(2]
(3]
[4]

[20]

(21]
(22]

(23]
[24]
[25]
[26]

[27]

S. Ahmed, M. Bruschi, F. Calogero, M.A. Olshanetsky, A.M. Perelomov, Properties of the zeros of the
classical polynomials and of the Bessel functions, Il Nuovo Cimento 49(2) (1979) 173-198.

H. Alici, H. Taseli, Unification of Stieltjes-Calogero type relations for the zeros of classical orthogonal
polynomials, Math. Meth. Appl. Sci., 38, Issue 14 (2015) 3118-3129.

O. Bihun, A. Bren, M. Dyrud, K. Heysse, Discrete approximations of differential equations via trigono-
metric interpolation, European Physical J. Plus, 126 (2011).

O. Bihun, M. Prytula, Rank of projection-algebraic representations of some differential operators, Mat.
Stud., 35, No.1 (2011) 9-21. URL http://arxiv.org/abs/1011.3782.

O. Bihun and F. Calogero, Properties of the zeros of generalized hypergeometric polynomials, J. Math.
Analysis Appl., 419, Issue 2 (2014) 1076-1094.

O. Bihun and F. Calogero, Properties of the zeros of the polynomials belonging to the Askey scheme,
Lett. Math. Phys., 104, Issue 12 (2014) 571-1588.

O. Bihun and F. Calogero, Properties of the zeros of generalized basic hypergeometric polynomials, J.
Math. Phys., 56 (2015) 112701, 1-15.

O. Bihun and F. Calogero, Properties of the zeros of the polynomials belonging to the g-Askey scheme,
J. Math. Analysis Appl. 433 No. 1 (Jan 2016) 525-542.

F. Calogero, Interpolation and differentiation for periodic functions, Lett. Nuovo Cimento, 42(3) (1985)
106-110.

F. Calogero, Classical many-body problems amenable to exact treatments, Lecture Notes in Physics
Monographs m66, Springer, Heidelberg, 2001.

F. Calogero, “The “neatest” many-body problem amenable to exact treatments (a “Goldfish”?)”, Physica
D 152-153, (2001) 78-84.

F. Calogero, Isochronous systems, Oxford University Press, Oxford, 2008; marginally updated paper-
back edition 2012.

A.J. Duran, Exceptional orthogonal polynomials via Krall discrete polynomials, Lecture notes, OPSF
Summer Workshop 2016, University of Maryland, College Park (to be published).

A.J. Duréan, Using Z-operators to construct orthogonal polynomials satisfying higher order difference
or differential equations, J. Approx. Theory, Vol. 174 (2013) 10-53.

D. Funaro, Polynomial approximations of differential equations, Springer-Verlag, Berlin, 1992.

D. Gémez-Ullate, Y. Grandati and R. Milson, Rational extensions of the quantum harmonic oscillator
and exceptional Hermite polynomials, J. Phys. A, 47 (2014) 015203.

F.B. Hildebrand, Introduction to numerical analysis, McGraw-Hill: New York, 1956.

M. Ismail, Classical and quantum orthogonal polynomials in one variable, Cambridge University Press,
2005.

R. Koekoek and R. F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomi-
als and its g-analogue, Delft University of Technology, Faculty of Technical Mathematics and
Informatics, Report no. 94-05 (1994), revised in Report no. 98-17, 1998, available online at
http://homepage.tudelft.nl/1 1r49/askey/.

A .M. Krall, Orthogonal polynomials satisfying fourth order differential equations, Proc. Roy. Soc. Edin
Vol. 87A (1981) 271-288.

A.M. Krall, Hilbert space, boundary value problems and orthogonal polynomials, Birkhiduser, 2002.
H.L. Krall, Certain differential equations for Tchebycheff polynomials, Duke Math. J Vol. 4 (1938)
705-718.

H.L. Krall, On orthogonal polynomials satisfying a certain fourth order differential equation, The Penn-
sylvania State College Studies, No. 6 (1940).

G. Mastroianni, G. Milovanovi¢, Interpolation processes: basic theory and applications, Springer, 2008.
A. Nikiforov, V. Uvarov, Special functions of mathematical physics, Birkhéduser: Basel, 1988.

D. Occorsio, M. G. Russo, Extended Lagrange interpolation on the real line, Journal of Comp. and App.
Math. 259 (2014) 25-34.

S. Odake and R. Sasaki, Exactly solvable quantum mechanics and infinite families of multi-indexed
orthogonal polynomials, Phys. Lett. B 702 164-170 (2011).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
509



O. Bihun / New Properties of the Zeros of Krall Polynomials

[28] R. Sasaki, Perturbations around the zeros of classical orthogonal polynomials, J. Math. Phys., 56 (2015)
042106.

[29] G. Szego, Orthogonal polynomials, American Mathematical Society, 1939.

[30] A. Zhedanovs, A method of constructing Krall’s polynomials, J. Comp. Appl. Math. 107(1) (1999)
1-20.

Appendix A. Pseudospectral Representations of Linear Differential Operators

In this section we provide several formulas useful for computation of pseudospectral matrix rep-
resentations of linear differential operators. Recall that the pseudospectral, or spectral collocation,
matrix representation A° of a linear differential operator 27 is defined by (1.3).

A.1l. Pseudospectral Matrix Representation of ;—;

Let the N x N matrix Z¥) denote the pseudospectral matrix representation of the differential operator
k . . L.
% with respect to N distinct nodes x, ..., xy. The components of Z®) are defined by

k
W _|d
Zmn = {dxkfn(x)]

; (A.D)

N w&m;; [(fﬁ(ffj)]

X=Xy X=Xm
where Yy (x) = ky H’}’: 1 (x—x;) is a node polynomial with an arbitrary chosen leading coefficient
kn.

We begin with explicit formulas for Z() and Z(?) = [Z(1>]2, given in terms of the nodes
X1,...,xy. Let

N
=1 (=) (A2)
k=1,k#n
Then
1
Z) — T if m£n, (A.3a)
Ty Xm — Xp
m_ v |
Zd = Y, (A.3b)
k=1 Jetn Fn — Xk
and
2 1 N
7@ L ifmn, (A4a)
T (Om = Xn) G Xm — X
(2) N N 1
Zi =Y, ) (A.4b)

k=1,k#n p=1,p#n.k (xﬂ _xk)(xn _-xp) '
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Remark A.1. It is interesting to compare the matrix Z(!) given in (A.3) with a somewhat simpler
N x N matrix Z defined componentwise by

N
Zmn - 5mn Z (xn _xk)71 + (1 - 5nm)(xn _xm)717
k=1,k#n

see Sect. 2.4 of [10] and references therein. Of course, the matrices Z() and Z are similar: Z(1) =
PZP~!, where P is the diagonal matrix with (71,...,my) on its main diagonal. The matrix 7 is
just another matrix representation of the differential operator %, albeit with respect to the basis
{0, (x)}_, as opposed to the basis {£,(x)}"_, used in the paper. We note that the choice to use
this different basis {7,¢, (x)}g: 1 would not result in a simplification of the main identities (1.8) of
Theorem 1.1, since these identities are derived from the similarity relation (1.5) and a change of
basis in the pseudospectral matrix representation A in relation (1.5) would result in an appropriate

change in the transition matrix L, the entire relation (1.5) leading to the same identities (1.8).

The matrix Z®), where k is a positive integer, can be expressed in terms of the node polynomial

Y (x):

(k)
1 |7 (xm) (k—l) .
S0 _ ) T | Vi) K } if m # n,
mn —

V’}E]kﬂ)(xn)
(k1) (xn)

(A.5)

if m=n,

where Z(©) is a diagonal matrix, for example Z©) — . If the last recursive formula for Z,(,f,g with
m # n is inconvenient, the alternative formula

LDy o)

(
Lo = - :
mn ] ]! (xm _xn)kfhtl

k) 1
Wy (xn) j

(A.6)

may be used.

The diagonal entries of Z*) in formula (A.5) are computed using the Taylor expansion of the
node polynomial yy about x = x,,. The off-diagonal entries are computed by applying the Leibnitz
differentiation rule to the product wy (x)(x —x,) !, where x # x,,.

If the node polynomial yy (x) satisfies a differential equation, formulas (A.5) for Z%) can often
be simplified. For example, in the case where the node polynomial yy(x) = py(x) with py(x)
belonging to a classical orthogonal polynomial family {py (x)}5_,, differential equation (2.2) may
be used to simplify formulas (A.5), see [2]. Because the pseudospectral matrix representation D¢
of the differential operator (2.1) is given componentwise by D5, = o(xm)z,(,?) +7 (xm)Z,Sql,z , the new
simplified expressions for Z,Si‘,%, k =1,2, can be used to derive formula (2.4) for the components of
De.

A.2. Pseudospectral Matrix Representation of the Fourth Order Differential
Operator (2.5)

Let Z be the fourth order linear differential operator (2.5). Let {py(x)}5_, be an orthogonal poly-
nomial family satisfying differential equations (2.6) and let xy,...,xy be the zeros of the polyno-
mial py(x). Let us find the pseudospectral matrix representation of the differential operator & with
respect to the nodes xi, ..., xy.
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The matrix D¢ is given componentwise by

Dfy, = aa(n)Z) + 3 ()i + 2 () 21
a1 (n) Zind (A7)
where Z\¥) can be computed using (A.5) with the node polynomial yy (x) replaced by py(x). Let us
use the properties of the polynomial py(x) to simplify formula (A.7).
Because py(x) satisfies the differential equation Zpy(x) = ypy(x) as well as L [Zpy(x)] =
Uy piy(x), for every integer n such that 1 <n < N we have

(5P (5) + a3 (5,) P (n) + @2 (60) P () + @1 (k) Ply (50) = O (A8)

and

@y (%) Py () + [ () + a3 (00)] Py (k) + [ () + a2 (x0)] P (5n)
+ [alz(xn) +ai (xn)] Pﬁ\ll(xn) + [all (xn) — IiN] P;V(xn) =0. (A.9)

Using formulas (A.5) for the pseudospectral representations of the operators d* /dx*, where k =
1,2,3,4, from the last two identities we derive

4as () Z5) +3a3(x2) Z2) + 2a2(x,) 24 + ay (x,) = 0 (A.10)
and
Say (x,,)Z,(;t) +4 [ (xn) + a3(xn)] z¥+3 [dy(xn) + a2 (xn)] z?
+2 [ (xa) + @1 (x)] Zin) + [ (xn) — ] = 0. (A11)

We use the last two identities (A.10) and (A.11) to eliminate Z,(zf,) and Z,(lf,) in the diagonal elements

D¢, of D¢, see (A.7), and then express Z,(,%l) and Z,(J,) in terms of the values of py(x) and its derivatives
at x = x,,, see (A.5), to obtain

D = oo {50~ § [ + st
Jasxnpi ) +az<xn>pN<xn> a1 () ()|
31’;;’; { 2 14 xn)—l—az(xn)]}
;;fjv L) -2 et o]}
-3 [al(xn) U] - (A.12)

Remark A.2. Note that formula (A.12) must be understood in terms of an appropriate limiting
procedure as x — x,, in case a4 (x,) = 0.

Let us now find a simplified expression for the off-diagonal elements D¢, m # n, of D°. Let
us multiply identity (A.8) with n replaced by m by the quantity B,,,/p) (x»), see (2.8), and use the
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®
equality an‘;;YTi;”’)) — 7% kB, 7%=V valid for all integer k > 1, see (A.5), to obtain

a3(%n) Zim) + (404 (%) Boun + a3 ()] Zio)
+ [303 () By ++ @2 ()] Z52 + 202 (X)) Bunn + a1 (X)] Ziomt = 0. (A.13)

We then use identity (A.13) to eliminate Z,an) in DS, with m # n, see (A.7), and then express Z,Sf,g ,

Z,Sf,? and Z,(,,ln) in terms of the values of py(x) and its derivatives at x = x,, or x = x,,, see (A.5), to
obtain

2
Dy =~ {4a4<xm>p;¢’<xm> +3[ay(x) — 4 ) B i)
-2 [3Bm,, (ag (xm) — 4ay (xm)Bm,,> — az(xm)} Py (m) }, (A.14)

where B,,, is given by (2.8).

In summary, the pseudospectral N x N matrix representation D¢ of the differential operator (2.5),
with respect to the nodes xi,...,xy that are the zeros of the polynomial py(x) from the orthogo-
nal family {py(x)};_, satisfying differential equations (2.6), is given componentwise by formu-
las (A.12) and (A.14).

A.2.1. Pseudospectral Matrix Representation of the Krall-Legendre Differential
Operator (2.11)

Let Z be the Krall-Legendre differential operator (2.11) and let xy, . ..,xy be the N distinct real zeros
of a Krall-Legendre polynomial Py(x) characterized by the parameter & > 0, see definition (2.9).
By applying formulas (A.12) and (A.14) for the pseudospectral N x N matrix representation of the
differential operator (2.5) to this special case where

a1 (x) = 8ax,ax(x) = 4(a+3)(x* — 1),
a3 (x) = 8x(x* — 1), a4(x) = (1 —x*)%,
py =N(N+1)(N* +N 440 —2), (A.15)

we obtain the matrix representation D¢ of the Krall-Legendre differential operator (2.11) with
respect to the nodes xi,...,xy:

e 8= [RYe] 120w [Byx)
nn — 15 P&(xn) 5 P](/(xn)
2 2 - 2 _
+[8a(xn+l)+N(N+l)(N +N+4a—2)(x; 1)] (A.16)
56 —1)
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and
(Bw)’
Py (xn)

1202, = 1) [ B (53, — 1) = 25| P ()

Dy, = {4(1 _xrzn)QPJGI(xm)

+8(:2 — 1) [3Bfnn(x,2,, 1) — 6Byt + 0+ 3} Pl () } m#n, (A.17)
where B,,, is defined by (2.8).

A.2.2. Pseudospectral Matrix Representation of the Krall-Laguerre Differential
Operator (2.17)

Let & be the Krall-Laguerre differential operator (2.17) and let x, . .., xy be the N distinct real zeros
of a Krall-Laguerre polynomial Ry (x) characterized by the parameter ¢« > 0, see definition (2.15).
By applying formulas (A.12) and (A.14) for the pseudospectral N x N matrix represnetation of the
differential operator (2.5) to this special case where

aj(x) =2[(ax+1x—a],a(x) = x[x—2(a +3)]
a3(x) = —2x(x —2),a4(x) = x°,
uy =N(N+20+1), (A.18)

we obtain the matrix representation D¢ of the Krall-Laguerre differential operator (2.17) with
respect to the nodes xi,...,xy:

De _ Xa(xt+4a) | RY () +xﬁ+2(2a—1)xn—6(x R} (xn)
e 15 R} () 10 Ry (%)
Dxz+ (N(N+2a+1)— -2
(+ 12+ (N(N+20+1) — a)x, a] A19)
5x,
and
B2 )
D, = — M Ax RY (Xim) — 6 [2BinXim + Xim — 2] Ry (Xim)
Ry (xn)
+2x,, IZBinxm+6an(xm —2) +xm—2(a+3)}R§V(xm)}, m#n, (A.20)

where B,,, is defined by (2.8).
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A.2.3. Pseudospectral Matrix Representation of the Krall-Jacobi Differential
Operator (2.23)

Let 2 be the Krall-Jacobi differential operator (2.23) and let xy,...,xy be the N distinct real zeros
of a Krall-Jacobi polynomial Sy (x) characterized by the parameters & > —1 and M > 0, see defini-
tion (2.21). By applying formulas (A.12) and (A.14) for the pseudospectral N x N matrix represen-
tation of the differential operator (2.5) to this special case where

a(x (a+2(a+M+l)x—2M

ar(x) = x[(o® +9a +2M + 14)x — 230+ M +6)],

az(x) =2x(x—1)[(a+4)x—2],
as(x) =2 (x—1)%,

uy =N(N+a+1)2M+ (N+1)(N+a)], (A21)

we obtain the matrix representation D¢ of the Krall-Jacobi differential operator (2.23) with respect
to the nodes xi,...,xy:

. {xn[(4M—a2+4)xn_4M] } [S;\I;(X")]
D¢ =
n 15 S ()
N 2M (x, — 1) [2(a+3)x, — 3] — (a? —4)x, [ (04 3)x, — 2] | | S% ()
10(x, — 1) S (xn)
+{ [—o® — (M + 1)a2+4a+41\§j;1x+_uﬂx§+ [M(a—4)—uN]xn+2M} A2
and
~ 2 2.
Dmn S/ ( ) <4x ( 1) SN(xm)
62 (s — 1) [— 2Byt (X — 1) + (4 + )0 — z} S ()
—2xm{ —12B2 3 (i — 1) 4 6By (i — 1) [(4 + @) — 2]
—(* 4+ 9004+ 2M + 14)x, + 230t +M + 6)}S;V(xm)> , m#n, (A.23)

where B,,, is defined by (2.8).
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