
 

 
 

Journal of Nonlinear Mathematical 
Physics 

 
ISSN (Online): 1776-0852 ISSN (Print): 1402-9251 
Journal Home Page: https://www.atlantis-press.com/journals/jnmp  

 

On Peakon and Kink-peakon Solutions to a (2 + 1) Dimensional 
Generalized Camassa-Holm Equation 

Eric Tovar, Haicheng Gu, Zhijun Qiao 

To cite this article: Eric Tovar, Haicheng Gu, Zhijun Qiao (2017) On Peakon and Kink-
peakon Solutions to a (2 + 1) Dimensional Generalized Camassa-Holm Equation, Journal 
of Nonlinear Mathematical Physics 24:1, 29–40, DOI: 
https://doi.org/10.1080/14029251.2016.1274113 

To link to this article: https://doi.org/10.1080/14029251.2016.1274113 

 

Published online: 04 January 2021 



Journal of Nonlinear Mathematical Physics, Vol. 24, No. 1 (2017) 29–40

On Peakon and Kink-peakon Solutions to a (2+1) Dimensional
Generalized Camassa-Holm Equation

Eric Tovar

School of Mathematical and Statistical Science, University of Texas – Rio Grande Valley, 1201 W University Dr
Edinburg, TX 78539, USA
eric.tovar01@utrgv.edu

Haicheng Gu

School of Mathematical and Statistical Science, University of Texas – Rio Grande Valley, 1201 W University Dr
Edinburg, TX 78539, USA
haicheng.gu01@utrgv.edu

Zhijun Qiao ∗

School of Mathematical and Statistical Science, University of Texas – Rio Grande Valley, 1201 W University Dr
Edinburg, TX 78539, USA

zhijun.qiao@utrgv.edu

Received 31 August 2016

Accepted 15 November 2016

In this paper, we study a (2+1)-dimensional generalized Camassa-Holm (2dgCH) equation with both quadratic

and cubic nonlinearity. We derive a peaked soliton (peakon) solution, double-peakon solutions, and kink-peakon

solutions. In particular, weak kink - peakon solution is the first time to address in the 2+ 1-dimensional inte-

grable system.
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1. Introduction

In recent years, the Camassa-Holm (CH) equation [4]

mt −αux +2mux +mxu = 0, m = u−uxx, (1.1)

has attracted much attention in the theory of integrable systems and solitons. Since the work

of Camassa and Holm [4], various studies on this equation have remarkably been developed

[1, 2, 6, 7, 11, 13, 15, 16]. One of the most interesting features of the CH equation (1.1) is that it

admits peaked soliton (peakon) solutions in the case of α = 0 [4, 5]. A peakon is a weak solution

in a suitable Sobolev space with a corner at its crest. The stability and dynamical interaction of

peakons were discussed in several references [1,2,6,7,13]. In addition to the CH equation being an

integrable model with peakon solutions, other integrable peakon models have been found, includ-

ing the Degasperis-Procesi (DP) equation [8], the cubic nonlinear peakon equations [14, 17],and a
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generalized CH equation (gCH) with both quadratic and cubic nonlinearity [18]

mt = k1[m(u2 −u2
x)]x +

1

2
k2(2mux +mxu), m = u−uxx, (1.2)

where k1 and k2 are two arbitrary constants.

It is an interesting task to study the (2+1)-dimensional generalizations of the peakon equations.

For example, in [9, 10] the authors provided a (2+ 1)-dimensional extension of the CH hierarchy,

and they further studied peakon solutions for their (2+1)-dimensional CH equation. In this paper,

we study a generalized (2+1)-dimensional Camassa-Holm equation (2dgCH) proposed by Xia and

Qiao in [19] {
mt = bux + k1[m∂−1

x mux]x +
1
2
k2(2mux +mxu),

my = ux −uxxx,
(1.3)

where b,k1,k2 are arbitrary constants. Moreover, we discuss the single-peakon solution found in [19]

and derive two-peakon solutions for (1.3). For the double-peakon case, the peakon dynamical sys-

tem is explicitly presented and their collisions are discussed in details. We also show that equation

(1.3) with k2 = 0 allows the weak kink solution in the case k1 �= 0, b �= 0. Different from the double-

peakon solutions in the form of linear superposition of the single-peakon, equation (1.3) with k2 = 0

and b �= 0 does not allow the multi-kink solution in the form of superposition of single-kink. How-

ever, we find that equation (1.3) with k2 = 0 and k1 �= 0, b �= 0 allows the solutions in the form

of superposition of kink and peakon. In particular, the weak kink and kink-peakon interactional

solutions are analyzed and plotted. Within our knowledge, this is the first time discussing double-

peakon, weak kink and kink-peakon interactional solutions in (2+1) dimensions.

2. Single-peakon solutions

In [19], the authors showed integrability and found single-peakon solutions for (1.3) with b = 0.

Let us briefly discuss their results for a single-peakon solution and add some additional comments.

Assume the single-peakon solution of the (2 + 1)-dimensional general Camassa-Holm equation

(1.3) is given in the form

u = p(y, t)e−|x−q(y,t)|, m = 2r(y, t)δ (x−q(y, t)), (2.1)

where p(y, t), q(y, t) and r(y, t) are to be determined. Differentiating in a distributional sense, we

can find derivatives of (2.1)

ux = −pe−|x−q(y,t)|sgn(x−q(y, t)),

uxx = pe−|x−q(y,t)| −2pδ (x−q(y, t)),

mx = 2rδ
′
(x−q(y, t)),

mt = 2rtδ (x−q(y, t))−2rqtδ
′
(x−q(y, t)).

After substituting the derivatives into (1.3) and integrating against a test function, we arrive at
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Fig. 1: Single-peakon solution u(x,y, t) in (2.8) with c =−1 and t = 0.

ry = 0,

rt = 0,

p = −rqy,

qt = −1

3
k1rp− 1

2
k2 p,

which yields

r = c, (2.2)

q = F
(
y+(

1

3
k1c2 +

1

2
k2c)t

)
, (2.3)

p = −cqy, (2.4)

where c is an arbitrary constant, and F is an arbitrary smooth function. Thus, the single-peakon

solution of (1.3) is given by

u(x,y, t) = −cFy(y+(
1

3
k1c2 +

1

2
k2c)t)× (2.5)

e−|x−F(y+( 1
3 k1c2+ 1

2 k2c)t)|,

m(x,y, t) = 2cδ (x−F(y+(
1

3
k1c2 +

1

2
k2c)t)). (2.6)

As k1 = 0, k2 = 2 we recover the single peakon solution of the (2+ 1)-dimensional CH equation

proposed in [10]. In particular, if we take F(y+(1
3
k1c2 + 1

2
k2c)t) = y+(1

3
k1c2 + 1

2
k2c)t, then the

single-peakon solution is given by

u(x,y, t) = −ce−|x−y−( 1
3 k1c2+ 1

2 k2c)t|, (2.7)

m(x,y, t) = 2cδ (x− y− (
1

3
k1c2 +

1

2
k2c)t). (2.8)

See Figure 1 for the graph of the single-peakon solution u(x,y, t) at t = 0.
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An interesting case to note is the special case c = i and k2 = 0, then we see the nonlinear cubic

equation

{
mt = k1[m∂−1

x mux]x

my = ux −uxxx,
(2.9)

has the complex peakon solution

u(x,y, t) =−ie−|x−y+ 1
3 k1t|. (2.10)

3. Double-peakon solutions and their dynamics

We are interested in a double-peakon solution to equation (1.3). Assume

u = p1(y, t)e−|x−q1(y,t)|+ p2(y, t)e−|x−q2(y,t)|, (3.1)

m = 2r1(y, t)δ (x−q1(y, t))+2r2(y, t)δ (x−q2(y, t)), (3.2)

where pi, qi, ri are to be determined. The expression of u has two peaks at positions x = q1 and

x = q2. Similarly as in the previous section, we differentiate (3.1) and (3.2) in a distributional sense.

Then assuming

p1

r1
=

p2

r2
= k̄, (3.3)

and substituting the derivatives of (3.1) and (3.2) into (1.3) and integrating against a test function,

we have the following double-peakon dynamical system:

r1,y = 0, (3.4)

r2,y = 0, (3.5)

p1 = −r1q1,y, (3.6)

p2 = −r2q2,y, (3.7)

r1,t = −1

2
k2r1 p2e−|q1−q2|sgn(q1 −q2), (3.8)

r2,t = −1

2
k2r2 p1e−|q2−q1|sgn(q2 −q1), (3.9)

q1,t = −1

3
k1 p1r1 − 1

2
k2 p1 − 1

2
k2 p2e−|q1−q2| (3.10)

−1

2
k1r1 p2e−|q1−q2| − 1

2
k1r2 p1e−|q2−q1|,

q2,t = −1

3
k1 p2r2 − 1

2
k2 p2 − 1

2
k2 p1e−|q2−q1| (3.11)

−1

2
k1r1 p2e−|q1−q2| − 1

2
k1r2 p1e−|q2−q1|.
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Substituting (3.6) and (3.7) into (3.8)-(3.11), and using relationship (3.3) along with the transfor-

mations

r(t) = r1(t)+ r2(t),

R(t) = r1(t)− r2(t),

q(y, t) = q1(y, t)+q2(y, t),

Q(y, t) = q1(y, t)−q2(y, t),

the double-peakon dynamical system (3.4)-(3.11) becomes

r
′
(t) = 0, (3.12)

R
′
(t) = −1

4
k̄k2(r2 −R2)e−|Q|sgn(Q), (3.13)

qt(y, t) = −1

6
k̄k1(r2 +R2)− 1

2
k̄k2r(1+ e−|Q|)− 1

2
k̄k1(r2 −R2)e−|Q|, (3.14)

Qt(t) =
1

2
k̄k2R(e−|Q| −1)− 1

3
k̄k1rR. (3.15)

From (3.12), we see that r(t) = A1, where A1 is an arbitrary constant, which suggests we will have

a peakon-antipeakon interaction. Letting Γ = 1+ 2
3

k1
k2

A1, we have the following results.
Case 1. If 0 < Γ ≤ 1, then (3.12)-(3.15) admit the following solutions

R(t) = ±a2
1+ Ã3eBt

1− Ã3eBt
, Q(t) =± ln

4Γa2
2Ã3eBt

a2
2(1+ Ã3eBt)2 −A2

1(1− Ã3eBt)2
,

q(y, t) = −2k̄y− ln
|Ã3eBt − A1+a2

A1−a2
|

|Ã3eBt − A1−a2
A1+a2

| −
2k̄k1a2

2(3Γ−1)

3B(Ã3eBt −1)
− 1

2
k̄[k2A1 +

1

3
k1(A2

1 +a2
2)]t +D,

where a2 > |A1|, Ã3 > 0, B =− 1
2
a2k̄k2Γ and D is an arbitrary constant.

Case 2. If Γ > 1, then we have the following solutions

R(t) = ±a2
1− Ã3eBt

1+ Ã3eBt
, Q(t) =± ln

−4Γa2
2Ã3eBt

a2
2(1− Ã3eBt)2 −A2

1(1+ Ã3eBt)2
,

q(y, t) = −2k̄y− ln
|Ã3eBt + A1+a2

A1−a2
|

|Ã3eBt + A1−a2
A1+a2

| −
2k̄k1a2

2(3Γ−1)

3B(Ã3eBt +1)
− 1

2
k̄[k2A1 +

1

3
k1(A2

1 +a2
2)]t +D,

where 0 < a2 <
|A1|√

Γ
, Ã3 > 0, B =− 1

2
a2k̄k2Γ, and D is an arbitrary constant.

For Case 1, let A1 = 0, a2 = 2, Ã3 = 1, k1 = k2 =−2, k̄ = 1 and D = 0, then we get

r(t) = 0, R(t) = 2coth(t), q(y, t) =−2y+
16

3(e2t −1)
+

4

3
t, Q(t) =− ln

4e2t

(1+ e2t)2
. (3.16)
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(a) Double-peakon solution at

t =−5

(b) Double-peakon solution at

t =−2

(c) Collision of double-peakon

solution at t = 0

(d) Double-peakon solution at

t = 2

(e) Double-peakon solution at

t = 7

Fig. 2: Double-peakon solution (3.18) of the 2dgCH equation (1.3) at different time steps.

These yield

r1(t) = coth(t), q1(y, t) =−y+
8

3(e2t −1)
+ ln(e2t +1)− 1

3
t − ln2,

r2(t) =−coth(t), q2(y, t) =−y+
8

3(e2t −1)
− ln(e2t +1)+

5

3
t + ln2.

(3.17)

Therefore, we obtain the following (2+1) peakon-antipeakon solution

u(x,y, t) = coth(t)
(
e−|x−q1(y,t)| − e−|x−q2(y,t)|), (3.18)

where q1 and q2 are defined above. Profiles of the solution (3.18) for different time steps can be see

in Figure 2.

From (3.16), one can easily see the collision of the peakon-antipeakon interaction happens at

the moment t = 0 since Q(0) = 0. From (3.17), we may compute [18]

lim
t→0

r1(t) =− lim
t→0

r2(t) = ∞, lim
t→0

q1(y, t) = lim
t→0

q2(y, t) = ∞. (3.19)

But from (3.18), we may infer that

lim
t→0

u(x,y, t) = 0, for every x ∈ R, (3.20)

which indicates that the peakon and antipeakon vanish when they overlap. Using our results, we can

discuss the dynamics of the peakon-antipeakon solution (3.18). When t < 0, we see that the peak is

at q2(y, t) and the trough is at q1(y, t). The peak and trough are approaching each other as t goes to

0, with the peak traveling faster than the trough. At the moment of t = 0, the peakon and antipeakon

collide and then vanish. After the collision (t > 0), they depart and redevelop with the trough at

q2(y, t) and the peak at q1(y, t).
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(a) Double peakon solution at t =−1 (b) Collision of two-peakon into single

peakon at t = 0

(c) Double peakon solution at t = 1 (d) Double peakon solution at t = 2

Fig. 3: Double peakon solution with (3.22) of the 2dgCH equation (1.3) at different time steps.

For Case 2, let A1 = 3, a2 =
√

3, Γ = 3, Ã3 = 1, k1 = k2 =−2, k̄ = 1, B = 3
√

3 and D = 0. Then

the first two equations of Case 2 yield

R(t) =
√

3sgn(t)
1− e3

√
3t

1+ e3
√

3t
, Q(t) = sgn(t) ln

6e3
√

3t

e6
√

3t +4e3
√

3t +1
. (3.21)

Then using the equation for q(y, t) we see that

r1(t) =
3

2
−
√

3

2
sgn(t) tanh(

3
√

3

2
t), r2(t) =

3

2
+

√
3

2
sgn(t) tanh(

3
√

3

2
t),

q1(y, t) =−y+
1

2
sgn(t) ln

6e3
√

3t

e6
√

3t +4e3
√

3t +1
− 1

2
ln

e3
√

3t +2+
√

3

e3
√

3t +2−√
3
− 16

√
3

9(e3
√

3t +1)
+

7

2
t,

q2(y, t) =−y− 1

2
sgn(t) ln

6e3
√

3t

e6
√

3t +4e3
√

3t +1
− 1

2
ln

e3
√

3t +2+
√

3

e3
√

3t +2−√
3
− 16

√
3

9(e3
√

3t +1)
+

7

2
t.

(3.22)

Notice that (3.21) shows that the collision of the two-peakon happens at the moment t = 0 since

Q(0) = 0. We can see from (3.22) that the double-peakon collides and overlaps into the peakon

u(x,y,0) = 3e−|x+y+ 1
2 ln(2+

√
3)+ 8

√
3

9 |, (3.23)

at the moment t = 0. After the collision, the two-peakon departs and redevelops. See Figure 3 for

the profile of the two-peakon dynamics at different time steps.

For 1+ 1 dimensional integrable peakon systems, an analysis approach for peakon-antipeakon

collisions was developed for the CH-equation in the papers [3, 12]. However, it is open for the

(2+1)-dimensional 2dgCH system (1.3).
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4. Single Weak Kink Solution

We have already shown that the 2dgCH equation (1.3) admits peakon and double-peakon solutions

in the case of b = 0. We are also interested in what kind of solutions arise in the case b �= 0. We will

see that equation (1.3) with k2 = 0 and b �= 0 (i.e. only keeping the cubic term) possesses weak kink

solutions and kink-peakon interacted solutions. We seek weak kink solutions in the form of{
u(x,y, t) = p(y, t)sgn(x−q(y, t))

(
e−|x−q(y,t)| −1

)
,

m(x,y, t) =−r(y, t)sgn(x−q(y, t)),
(4.1)

where p,q, r are to be determined. Substituting the distributional derivatives of (4.1) into (1.3) with

k2 = 0 and b �= 0, we have

ry = 0,

rt = 0,

r = ±
√−b

k1
,

p = −rqy,

qt = k1 pr,

which yield the following results

r = ±
√−b

k1
, (4.2)

q = F(bt + y), (4.3)

p = −rqy, (4.4)

where F is an arbitrary smooth function. Then we obtain the following weak kink solution

u(x,y, t) =∓
√−b

k1
Fy(bt + y)sgn(x−F(bt + y))

(
e−|x−F(bt+y)| −1

)
. (4.5)

Although F may be arbitrary, one must check that (4.5) still satisfies the definition of a kink. We

can choose q to be the identity function F(bt + y) = bt + y. Thus, we have

u(x,y, t) = ∓
√−b

k1
sgn(x− y−bt)

(
e−|x−y−bt| −1

)
, (4.6)

(4.7)

where

lim
t→∞

u =− lim
t→−∞

u =∓
√−b

k1
.

In the special case of b = 1,k1 =−1 and forcing r =−1 yields

u(x,y, t) = sgn(x− y− t)
(
e−|x−y−t| −1

)
.. (4.8)

See Figure 4 and Figure 5 for the profile of this weak kink wave solution at different time steps.

Note that we see a white line in the middle of the kink’s profile which shows that this is indeed a
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Fig. 4: Weak kink solution of (1.3) with b �= 0 and k2 = 0 at t = 0.

Fig. 5: Weak kink solution of (1.3) with b �= 0 and k2 = 0 at t = 5.

kink solution, but in a weak sense (namely, the first order derivative exists on the white line, but the

2nd order does not).
We also want to point out that equation (1.3) with k2 = 0 and b �= 0 does not allow a double-kink

solution in the form of the superposition of two single-kink solutions:

u = p1(y, t)sgn(x−q1(y, t))
(
e−|x−q1(y,t)| −1

)
+ p2(y, t)sgn(x−q2(y, t))

(
e−|x−q2(y,t)| −1

)
. (4.9)

5. Kink-Peakon Solutions

We now look for a new phenomena of kink-peakon interacted dynamics in soliton theory for 2+1-

dimensional systems. This phenomena was first proposed in 2012 by Xia, Qiao, and Li in [18]. To

our knowledge, this will be the first time this phenomena is presented in (2+1)-dimensions. Let us

consider the solution

{
u(x,y, t) = p1(y, t)sgn(x−q1(y, t))

(
e−|x−q1(y,t)| −1

)
+ p2(y, t)e−|x−q2(y,t)|,

m(x,y, t) =−r1(y, t)sgn(x−q1(y, t))+2r2(y, t)δ (x−q2(y, t)),
(5.1)

where p1,q1 are the amplitude and the position of the kink, respectively, and p2,q2 are the amplitude

and position of the peakon. Assuming the following relationship

p1

r1
=

p2

r2
= k̃, (5.2)
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and substituting the distributional derivatives of (5.1) into (1.3) with k2 = 0,b �= 0 and integrating

against a test function, we arrive at the following kink-peakon dynamical system:

r1,t = 0, (5.3)

r1,y = 0, (5.4)

r2,y = 0, (5.5)

p1 = −r1q1,y,, (5.6)

p2 = −r2q2,y, (5.7)

r1 = ±
√−b

k1
, (5.8)

r2,t = k1r2
1 p2e−|q2−q1|sgn(q2 −q1), (5.9)

q1,t =
1

2
p1r1 − k1r1 p2e−|q2−q1|sgn(q2 −q1), (5.10)

q2,t = −1

3
k1 p2r2 − 1

2
k1 p1r1 + k1(p1r1 − r1 p2sgn(q2 −q1))e−|q2−q1| (5.11)

+k1r1r2 p2sgn(q2 −q1).

Then using (5.2) and substituting (5.6) and (5.7) into (5.8)-(5.11) lead to

r1 = ±
√−b

k1
, (5.12)

r2,t = k̃k1r2
1r2e−|q2−q1|sgn(q2 −q1), (5.13)

q1,t = −1

2
k̃b− k̃k1r1r2e−|q2−q1|sgn(q2 −q1), (5.14)

q2,t = −1

3
k̃k1r2

2 −
1

2
k̃k1r2

1 + k̃k1(r2
1 − r1r2sgn(q2 −q1))e−|q2−q1| (5.15)

+k̃k1r1r2sgn(q2 −q1).

Choosing k1 =−b = 2, then r1 =±1. Without loss of generality, taking r1 = 1 forces (5.12)-(5.15)

to become

r1 = 1, (5.16)

r2,t = 2k̃r2e−|q2−q1|sgn(q2 −q1), (5.17)

q1,t = k̃−2k̃r2e−|q2−q1|sgn(q2 −q1), (5.18)

q2,t = −2

3
k̃r2

2 − k̃+2k̃(1− r2sgn(q2 −q1))e−|q2−q1| (5.19)

+2k̃r2sgn(q2 −q1).

To solve the system above, we may assume that q1 < q2. Then integrating, we have

q1 = −k̃y+ k̃t − r2 +A1, (5.20)

q2 = −k̃y+ k̃t − r2 − ln(
1

9
k̃r2

2 −
1

2
k̃r2 + k̃+

k̃A2

2r2
)+A1, (5.21)

r2,t =
2

9
k̃r3

2 − k̃r2
2 +2k̃r2 + k̃A2, (5.22)

Co-published by Atlantis Press and Taylor & Francis

Copyright: the authors

38



E. Tovar et al. / On peakon and kink-peakon solutions

(a) Kink-peakon interaction at

t = 0.

(b) Kink-peakon interaction at

t = 1.

(c) Kink-peakon interaction at

t = 2.

Fig. 6: Kink-peakon interactional solution (5.24) of the 2dgCH equation (1.3) with k2 = 0 at differ-

ent time steps.

where A1 and A2 are arbitrary constants. Letting A2 = 0, we may solve equation (5.22) for r2, which

has the following implicit form:

ln |r2|− 1

2
ln |r2

2 −
9

2
r2 +9|+ 3

√
7

7
tan−1(

4r2 −9

3
√

7
) = 2k̃t +A3. (5.23)

Then with A1 = A2 = A3 = 0 the kink-peakon solution (5.1) can be rewritten as

u(x,y, t) = k̃sgn(x+ k̃y− k̃t + r2)
(
e−|x+k̃y−k̃t+r2| −1

)
+ k̃r2e−|x+k̃y−k̃t+r2+ln( 1

9 k̃r2
2− 1

2 k̃r2+k̃)| (5.24)

Because of the implicit form of (5.23), we do not have explicit results about the collision of the kink

and peakon. See Figure 6 for a profile of the kink-peakon interaction with k̃ = 1,A1 = A2 = A3 = 0.

6. Conclusion

We have shown single-peakon solutions and double-peakon solutions for the (2+ 1) dimensional

generalized Camassa-Holm equation (1.3) with b = 0,k1,k2 �= 0 and discussed the double-peakon

dynamical system in detail. We also showed that (1.3) admits weak-kink and kink-peakon interac-

tion solutions with b,k1 �= 0,k2 = 0.

For further study, we would like to investigate the kink-peakon solutions in more detail and

provide more information about the interaction of the kink and peakon. We may also study topics

such as all possible traveling wave solutions, peakon stability, kink-peakon stability, etc.
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