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The goal of this paper is to study the theory of last multipliers in the framework of complex manifolds with a
fixed holomorphic volume form. The motivation of our study is based on the equivalence between a holomor-
phic ODE system and an associated real ODE system and we are interested how we can relate holomorphic
last multipliers with real last multipliers. Also, we consider some applications of our study for holomorphic
gradient vector fields on holomorphic Riemannain manifolds as well as for holomorphic Hamiltonian vector
fields and holomorphic Poisson bivector fields on holomorphic Poisson manifolds.
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1. Introduction and Preliminaries
1.1. Introduction

The last multipliers are very useful tools in the study of completely integrable systems of first-order
ODE’s [17]. More precisely, if the given system ¥ has n equations and we already know (n — 2)
first integrals of X then, by using last multipliers, we can obtain a new first integral and hence we
can approach the topics of complete integrability or super-integrability. Also, the last multipliers
sometimes allow the construction of an associated Lagrangian in the case of systems of second-
order ODE’s [29], so they are useful for the inverse problems, and for integrating nonholonomic
systems [37].

Their history begins with Jacobi as it is pointed out in [9] and hence, sometimes they appear
in literature as Jacobi last multipliers as in [27-29] and references therein. For all those interested
in historical aspects we refer to the survey [2]. Until recently, their use was restricted to systems
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on Euclidean spaces [31]. The first named author of this work initiated their study on manifolds
in [8] and [9], where he pointed out their relationship with the Liouville equation of transport. Since
then, the last multipliers have been considered in various (non-flat) settings such as: Riemannian
and Poisson geometry in [9], Lie-Poisson structures in [10], weighted manifolds in [11], Dirichlet
forms and Markov diffusion semigroups in [12], Lie algebroids in [13].

The present paper makes a new extension, namely one referring to the complex geometry frame-
work. More precisely, we start with a complex manifold and work in the category of holomorphic
objects. So, the considered volume forms, vector fields, functions as well as Riemannian or Poisson
structures are all supposed to be holomorphic. The motivation of our study is based on the equiv-
alence between a holomorphic ODE system and an associated real ODE system. In this way, we
obtain that a holomorphic last multiplier for a holomorphic vector field defines a real last multiplier
for two associated real vector fields and conversely (Theorem 2.1).

The content of the paper is as follows: in the next subsection we fix a complex manifold of
dimension n and a holomorphic volume form @ and we recall some properties of the divergence of
a holomorphic vector field with respect to @ as basis of our work. The following section describes
the general approach of holomorphic last multipliers for holomorphic vector fields with respect to
o as well as their general properties. When the complex manifold is endowed with a holomorphic
Riemannian metric, we discuss the case of gradient vector field of a holomorphic function and we
relate its holomorphic last multipliers with real last multipliers for gradient vector fields associated
with anti-Kéhlerian metrics defined by real and imaginary parts of the holomorphic Riemannian
metric (Theorem 2.2). Also, some methods for obtaining inverse holomorphic multipliers on com-
plex manifolds will be considered. The case of holomorphic Poisson manifolds is studied separately
in the third section, where the particular class of holomorphic Hamiltonian vector fields associated
with holomorphic Poisson structures with a special view towards the unimodular case and some
examples are considered. Also, we relate the holomorphic last multipliers for holomorphic Hamil-
tonian vector fields on holomorphic Poisson manifolds with real last multipliers for Hamiltonian
vector fields corresponding to some natural real Poisson structures on the underlying real manifold
(Theorems 3.1 and 3.2). In the subsection 3.3 we extend holomorphic last multipliers from holo-
morphic vector fields to holomorphic multivectors and we study carefully the Poisson bivector as
a remarkable example. Concerning practical examples we consider some particular cases in low
dimensions n = 2 and n = 3, respectively.

1.2. Preliminaries

Let M be a n-dimensional complex manifold. A holomorphic section of its holomorphic tangent
bundle 7'°M defines a holomorphic vector field on M, and we denote by 2 (M) the Lie algebra
of holomorphic vector fields on M. Denote by Q% (M) the set of holomorphic p-forms on M, and
suppose that M admits a nowhere vanishing holomorphic n-form @, which is also called a holomor-
phic volume form on M. There are many examples of complex manifolds which posses holomorphic
volume forms.

(i) Let (M,Q) be a 2n-dimensional holomorphic symplectic manifold, i.e. Q is a nondegenerate
closed holomorphic 2-form on M. Then @ := " is a holomorphic volume form on M.
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(ii) Let G be a n-dimensional complex Lie group, and {Z;}, k = 1,...,n be any basis of left
invariant holomorphic vector fields of 2 (G). If {6%}, k= 1,...,n are their dual left invari-
ant holomorphic one forms, that is, Gk(Z j) = 5}‘ ,then @ := 0" A... A 0" defines a holomor-
phic volume form on G.

(iii) A holomorphic Riemannian metric g on M is defined as a global holomorphic section of the
symmetric holomorphic forms ©%(T!**M)* such that the “index-lowering” map T'°M —
(T'OM)* (obtained by indentifying @*(T'°M)* with Hom(T'°M, (T'°M)*) in the tau-
tological fashion) is an isomorphism, see [22]. In local complex coordinates (z!,...,7")
on M, a holomorphic metric g appears as g = ¥, g xdz/dz*, where det(g;i) # 0, and for

Jk

n .
every j,k,/=1,...,n we have dgjx/d7 = 0 and g = g;. For instance, g = ¥, (d7')?

i=1
defines a holomorphic Riemannian metric on C”, called the holomorphic euclidean metric.

Also, if G is a n-dimensional complex Lie group, and {Z,}, a = 1,...,n is a basis of its
holomorphic Lie algebra, then using local complex coordinates (z!,...,z") on G, we can
write Z, = x2(2)(9/9z/) where rank () )nxn = n and xi(z) are holomorphic functions on
G. Then, a holomorphic Riemannian metric on G can be defined by seting gjx = 8u X x,f ,
where (2¢(z)) = ( %2(2))~". Moreover, if G is semi-simple and C¢, are complex constant of
structure of G, that is [Z,,Z)] = C¢,Zc, then the matrix of complex Cartan-Killing elements
Cw =C, dCfb of G is invertible, and a new holomorphic Riemannian metric on G can be
defined by setting g jx = Cap X} x,f .

Such a holomorphic Riemannian metric g defines a holomorphic metric volume form
o, see [22], as a global holomorphic n-form on M such that

(Dg(El,...,En) ==+1,

where {E1,...,E,} is an orthonormal holomorphic frame on (M, g), that is g(E;, Ex) = &jk,
J.k=1,...,n. If (M,g) admits such a volume element, it admits precisely two of them.

According to [34], such a form can be used in the definition of the holomorphic divergence with
respect to @, that is a map divy : Z»(M) — O(M) given by

divy(Z)o = %o (1.D)

where .77 is the Lie derivative with respect to Z € Z4(M).
For instance if {Z;}, k = 1,...,n is any basis of left invariant holomorphic vector fields of a

n
n-dimensional complex Lie group G, and if W = ¥, W*Z; is any holomorphic vector field on G,
k=1
n
then divey,(W) = ¥ Zi(WF).
k=1
Taking into account £y = [-Zz, ZLw] it follows that

dive ([Z,W]) = Z(dive(W)) — W(dive(Z2)), VZ,W € Zs(M). (1.2)

Moreover, using the Cartan’s formula %7 = d o1z +1z00 (where d = d + 2 is the usual decompo-
sition of the exterior derivative and 1 is the interior product with respect to a holomorphic vector
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field Z), we obtain
divy(Z)ow = d(1zm), (1.3)
and, it is easy to see that
dive(f-Z) =Zf+ fdivey(Z2) (1.4)

for every holomorphic function f € &'(M) and every holomorphic vector field Z € 25 (M). Also,
for our next considerations it is natural to consider the set of holomorphic first integrals of a holo-
morphic vector field Z, that is 1},(Z) = {f € O(M)|Zf = 0}, see [34].

2. Holomorphic last multipliers for holomorphic vector fields

In this section we describe the general approach of holomorphic last multipliers for holomorphic
vector fields with respect to a holomorphic volume form as well as their general properties. Also,
we consider the case of gradient vector fields on holomorphic Riemannian manifolds and some
methods to obtain inverse holomorphic multipliers on complex manifolds.

2.1. Basic definitions and results on holomorphic last multipliers
Assume that the complex manifold M is endowed with a holomorphic volume form @ € Q,(M).

n . .
Let Z =Y Z'(z)(d/0d7') € Zx(M) be a holomorphic vector field on M written in local complex
i=1

coordinates (z!,...,z") on M, 8 = 1z € Q%' (M) and
dz* k(1 n
E:Z(Z (),...,2"1), 1 <k<n,teR 2.1

a complex ODE system on M defined by the holomorphic vector field Z.
Then, in relation with the classical definition of a last multiplier function for a vector field on
smooth manifolds, we consider the following.

Definition 2.1. A holomorphic function @ € &'(M) is called a holomorphic last multiplier of the
complex ODE system generated by Z (or holomorphic last multiplier for Z € 25 (M)) if

d(af):=danb+a-06 =0. (2.2)

The above definition of holomorphic last multipliers on complex manifolds has the following
characterizations in terms of some cohomological operators.

If the (n — 1)-th holomorphic de Rham cohomology group of M vanishes, then a € (M) is a
holomorphic last multiplier for Z € Z'»(M) if and only if there is 1 € Q”ﬁ’z(M ) such that 6 = dn.

Also, let us consider the holomorphic version of Marsden differential, which is defined as fol-
lows: for a holomorphic function f € &(M) we consider the operator 9/ : Q% (M) — Q' (M)
given by 0@ = (1/£)d(f¢@). Then @ € (M) is a holomorphic last multiplier for Z € 25 (M) if
and only if 0 is d%*-closed.

Moreover, another characterization of the holomorphic last multipliers on complex manifolds
can be given using the cohomology attached to a function introduced in [25, 26] as follows: if
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f € O(M) and k € Z, then we can define the linear operator 8}k) L QP (M) — QP (M) by

Mo =fao—(p—KIfNg, Vel (M). 2.3)

It is easy to see that 3)(ck) o 3}1{) = 0, and we denote by H} (M) the cohomology of the differential

complex (Q3,(M), 8f(k)), which is called the holomorphic cohomology groups of M attached to the
Sfunction f and to the integer k. This cohomology was considered for the first time in [25] in the
context of Poisson geometry, and more generally, Nambu-Poisson geometry.

Using (2.2) and (2.4) we obtain

Proposition 2.1. A holomorphic function oo € O(M) is a holomorphic last multiplier for Z €
Zo(M) if and only if 0 is aécn)-closed.
Moreover, if we take M = C", then in [25, 26] it is shown that HJ’};I((C") = 0. Thus, if we

consider @ = dz' A ... Adz" the standard volume form on C” we have

Proposition 2.2. A holomorphic function o« € O(C") is a holomorphic last multiplier for Z €
2o (C") if and only if there exists N € Q’}jz((C") such that 6 = 8&”)11.
Now, for every oo € &(M) we have doe A @ = 0. Then, for every Z € 2 (M) it results
0=iz(daNnw)=(1z0a) -0 —Jda A (iz0),
or equivalently,
Z(a)-o=daN(1z0)=doN6.

Thus, using (1.3) and (2.2) we obtain
Proposition 2.3. A holomorphic function oo € O(M) is a holomorphic last multiplier for Z €
Zo(M) if and only if

Z(o)+ o -divy(Z) = 0. 2.4)
Example 2.1. Let us consider an n-dimensional complex manifold M endowed with a holomorphic
volume form ® and let Z € Z»(M) be a holomorphic polynomial vector field on M. We recall
that a holomorphic polynomial function f € &(M) is called a Darboux polynomial for Z if there
is g € O(M) such that Z(f) = g- f, see [19]. The holomorphic function g is said to be the cofactor
corresponding to such holomorphic Darboux polynomial. Now, if fi,..., f, are holomorphic Dar-

boux polynomials for Z with corresponding holomorphic cofactors g, k = 1,..., p, then one can
look for a holomorphic last multiplier for Z of the form

P
oc:Hf,T",mke(C.
k=1

Then, we have
Z(a) v Z(fi) _ ¢
— = ) Mk = ) M8k,

P

and therefore, if the complex constants my can be chosen such that Y mgr = —dive(Z), then,
k=1

according to (2.4), a is a holomorphic last multiplier for Z.
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Let us make some remarks concerning the importance of the relation (2.4).

(i) By (2.4), we see that a function f € &'(M) is last multiplier for the divergenceless holomor-
phic vector field Z if and only if & € I},(Z). The importance of this result is shown by the
fact that three remarkable classes of divergence-free vector fields are provided by: Killing
vector fields in Riemannian geometry, Hamiltonian vector fields in symplectic geometry
and Reeb vector fields in contact geometry. Also, there are many equations of mathemati-
cal physics corresponding to the vector fields without divergence.

(ii) If Z € Z»(M) is not divergenceless, then we have the following relation between the holo-
morphic first integrals and the holomorphic last multipliers. Namely, from properties of Lie
derivative, the ratio of two holomorphic last multipliers is a holomorphic first integral and
conversely, the product between a holomorphic first integral and a holomorphic last multi-
plier is a holomorphic last multiplier. So, since I);(Z) is a subalgebra in & (M) it results that
the set of holomorphic last multipliers for Z is a 1),(Z)-module.

(iii) The relations (1.4) and (2.4) say that o« € (M) is a holomorphic last multiplier for Z €
Zo(M) if and only if divy(aZ) = 0. Thus, the set of holomorphic last multipliers is a
“measure of how far away” Z is from being divergenceless.

(iv) To every holomorphic vector field Z on M we can associate an adjoint Z*, acting on &'(M )
by Z*(f) = —Z(f) — fdive(Z). Then, the set of holomorphic last multipliers of Z coincides
with 1L(Z*).

Proposition 2.4. Let o € O(M). The set of holomorphic vector fields for which & is a holomorphic
last multiplier is a holomorphic Lie subalgebra in Z5(M).

Proof. Let Z,W € Z»(M) such that o is a holomorphic last multiplier for both of them. Using
(1.2) and (2.4) we have

1Z,W]() + adive([Z,W]) = Z(W(a)) + aZ(dive(W)) — W (Z(a)) — aW (dive(Z))
=Z(W(a)) —aZ(W(a)/a) =W(Z(a)) +aW (Z(a)/ )

O

Now, we search for a holomorphic last multiplier for Z € Z»(M) of divergence type, that is
o = divey (W) for some W € Z»(M). Using (2.4) it results

Z(divy(W)) +divey(W) -divey(Z) = 0. (2.5)
Multiplying (2.5) by @ we have
Z7(diveg(W)) - o+divey(W) - Zz0 =0,
or equivalently
Z7(divey (W) o) = £ Lvo =0.
Thus, we have

Proposition 2.5. I[f W € Z5(M) satisfies £7.Zw® = 0 then a = divy(W) is a holomorphic last
multiplier for Z € Z¢(M).
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Although the study of holomorphic last multipliers on complex manifolds seems to be identi-
cally with the study of real last multipliers on smooth manifolds, at the end of this subsection we
present briefly our motivation for their study, and how a holomorphic last multiplier defines a real
last multiplier for the associated real ODE system.

Starting from the equivalence between a holomorphic ODE dz/dt = F(z) and a real ODE system
dx/dt =U(x,y) ,dy/dt =V (x,y), where z = x+iy and F(z) = U(x,y) +iV(x,y) is a holomorphic
function, the holomorphic ODE system (2.1) is equivalent with the real ODE system

D XK (1), .. (0),(2), -,y (£))
,t R (2.6)

DYy (1), (1), (E), " (2)

where ZX(t) = x*(t) + iy*(¢), k = 1,...,n and Z*(z) = X*(x,y) + i¥*(x,y). The above real ODE
system is canonically associated with the real vector field Zr = 2ReZ = Z + Z, where overlines
denotes the complex conjugation. Another real vector field canonically associated with Z is W =
2ImZ = —i(Z-2Z).

Now, if ® € Q7;(M) is a holomorphic volume form on the n-dimensional complex manifold M,
then it is well know that g = @ A @ € Q>*(M) is a total real volume form on the underlying real
manifold M, and we are interested if a holomorphic last multiplier for the holomorphic vector fied
Z defines a real last multiplier for the real vector field Zr or Wr and conversely. In fact, we have

Theorem 2.1. A holomorphic function a € (M) is a holomorphic last multiplier for the holo-
morphic vector field Z € X (M) if and only if |a|*> € C*(M;R) is a real last multiplier for both
associated real vector fields Zr and Wg.

Proof. Firstly, by direct computation we have
Or =12, 0r =12(OAN D) +i(OAD) =0 AND+(—1)"©A6.

Now, according to the study of real last multipliers on smooth manifolds (see [9, 10]), |e|? is a real
last multiplier for the real vector field Zg if d(|a|*6r) = 0. By direct computation we have

d(|a)?6r) = (04 9) (@) A B + 0 (d + ) O
= (@da+ada)A(OAD+(—1)"OANO) +aa(dOAND+d A O)
=AIANOND+ AUXIOND+aONIANO + AAD NI 6.

But, 00 = div,(Z)w and da A 6 = Z(ot) . Then, we have

d(|a?6r) = |@(Z(a) + adive(Z)) + a(Z(a) + adivw(Z))] ONB.

Thus, according with (2.4), if ¢ is a holomorphic last multiplier for the holomorphic vector field Z
then d(|ot|?6g) = 0, that is |a|? is a real last multiplier for Zg.
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Now, if we put Nr = 1, Wr, We obtain
mr=—i[0AD—(-1)"0N6],

and a similar computation as above yields

d(|afng) = —i [G(Z(a) + adivy(2)) — a(Z(a) + adivw(Z))} ON®.

The above relation implies according with (2.4) that if & is holomorphic last multiplier for Z then
|at|? is a real last multiplier for Wg.

Conversely, from the above computations, we have that if |¢|? is a real last multiplier for both
real vector fields Zg and Wg then

Re [a(Z(ot) + adivy(Z))] =0 and Im [a(Z(o) + adivey(Z))] = 0, (2.7)
that is &¢(Z(a) + adivey(Z)) = 0. Since o # 0, this is just (2.4) and the proof is finished. O

2.2. Holomorphic last multipliers for gradient vector fields on holomorphic Riemannian
manifolds

In this subsection we study holomorphic last multipliers for holomorphic gradient vector fields of a
complex manifold M endowed with a holomorphic Riemannian metric g.
If f € O(M) then, as usual, we define the holomorphic gradient vector field of f by

g(W,gradf) =W(f),VW € Zg(M), (2.8)
and the Laplace operator for f € &(M) by
Af = (divy, ograd) f. (2.9)
Now, if a € &(M) is a holomorphic last multiplier for Z = gradf, the relation (2.4) becomes
g(gradf,gradot) + aAf = 0. (2.10)

Using a straightforward computation in local complex coordinates on M, the following relation
(similar to the smooth case) also holds for holomorphic Riemannian manifolds

g(gradf,grado) = %(A(fa) — fAa — aAf). (2.11)
Hence, we obtain
A(fa)+ aAf = fAa. (2.12)
The last equation leads to

Proposition 2.6. Ler (M,g) be a holomorphic Riemannian manifold and f,a € O'(M) such that f
is a holomorphic last multiplier for grada and a is a holomorphic last multiplier for gradf. Then
fa is a holomorphic harmonic function on (M, g).

Corollary 2.1. Let (M,g) be a holomorphic Riemannian manifold and o« € O(M). Then « is a
holomorphic last multiplier for Z = grade. if and only if o is a holomorphic harmonic function on

(M, g).
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Corollary 2.2. Let (M,g) be a holomorphic Riemannian manifold and o € O(M). Then o is a
holomorphic harmonic function on (M, g) if and only if

oA+ g(grade, grado) = 0.

According to [22], if g is replaced with g = f - g, where f is a non-vanishing holomorphic
function on M, then 0z = f z ), is also a holomorphic volume form on (M, g). Then, using (1.1), by
direct computation we get

dive, (Z) = dive,(2) + gZ(log ). 2.13)
Thus, from (2.4) and (2.13) we obtain

Proposition 2.7. Let (M, g) be a holomorphic Riemannian manifold. The holomorphic last multipli-
ers for Z € Zo(M) with respect to g coincide with the holomorphic last multipliers for Z € Z (M)
with respect to § = f - g if and only if log f € 1},(Z).

Now, using Theorem 2.1, we can relate the holomorphic last multipliers of a holomorphic vector
field of gradient type associated with a holomorphic Riemannian metric with real last multipliers
of two vector fields of gradient type associated with anti-K#hlerian metrics defined by real and
imaginary parts of the holomorphic Riemannian metric.

According to [5, 32], there is a one-to-one correspondence between holomorphic Riemannian
metrics on the complex manifold M and anti-Kihlerian metrics on the underlying real manifold
(M,J). More exactly, if we consider the local complex coordinates (z' = x' +ix""! ... 2" =x" +
ix*") in a local chart of M and g = (g; i)nxn is @ holomorphic Riemannian metric on the complex
manifold M, then

1 ) Jd d Jd d d d
gij = 2(hij_lkij)7gij:g<8ziaazj) ,hij=h<ax,~,axj> akij:hin+j:h<axiaaxn+j>a

(2.14)
9 (o ,d NI _1(fd . IJ
9z 2\ox ‘oxti) 9z 2\ox oxti )

Here the real part 4 is an anti-Kéhlerian metric on (M,J) and the imaginary part k is the associated
anti-Kéhlerian twin metric defined by k(X,Y) = h(JX,Y) = h(X,JY ). Also, the following relations
hold:

where

hij = —hutintj = 2Re&ij = 8ij + &ij » hntij = hintj = —2Imgi; = i(gij — 8ij) , (2.15)

kij = hiny j = —2Img;; = i(gij — &ij)  kntij = kinyj = 2Re gij = gij + &ij- (2.16)

Moreover, if (h'")2,x2n and (k' )2,x2, denotes the inverse matrices of (h..)aux2, and (k..)2nx2ns
respectively, then it is easy to see that

hij — _hn+in+j — Regij , hn+ij —_ hin+j — Imgl] (217)
and
kij — _kn+in+j — Imgl] , kn+ij — kin+j — _Regl] (218)
Co-published by Atlantis Press and Taylor & Francis
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Let us denote by grad,u and grad,u the gradient vector fields of a smooth function u with respect to
real metrics & and k, respectively. We have

Theorem 2.2. Let f € O(M). Then & is a holomorphic last multiplier for grad, (log f) if and only
if |t|? is a real last multiplier for both vector fields (1/|f|*)grad,| f|* and (1/|f|?)grad,|f|>.

Proof. With respect to the complex coordinates (z',...,z") on M the local form of the holomorphic
gradient vector field gradg(log f) (corresponding to the holomorphic Riemannian metric g) is

1w Lof D
gradg<logf) - ? Z aZl Bzf

ij=1

(2.19)

and with respect to real coordinates (x!,...,x>")

grad,,(|f]?) (corresponding to the real metric h) is

the local form of the gradient vector field

9|fPP 9 dfff a
2 L m
grad, | f|7 = Z] i O e Z w9l o .20
i,j i=1
n+ij n-vintj
N ,]z“lh dxti 8x1 i,jz:"lh dxHi gxnti’

and the local form of the gradient vector field grad, (| f|?) (corresponding to the real metric k) is

a|fI? a|ff> 9
grad, |f|* = Zk’f i 8x1+ Z in+i O] : (2.21)

& oxi Jdxnti
i,j=1

+ Z kn+1ja’f‘2 + i kn+in+ja|f|2 d

n+i n+i Jyn+j°
Pt dx" 1 oxl = Ax" 9xti

Then, using (2.17), (2.18) and

9 _9.9 9 _.(9d
oxk  dzk 82"’8x”+"_l dzx  9zF )’

a straightforward computation in relations (2.20) and (2.21) yields

erady |1 = grad, log )+ gad, (g ) .22)
and

’f‘zgradk|f]2 —i [gradg(logf) —m] . (2.23)
Then the proof follows by Theorem 2.1. O

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
605



M. Crasmareanu et al. / Holomorphic last multipliers on complex manifolds

2.3. Inverse holomorphic multipliers

The relation (2.4) says that if 0 # 8 € &/(M) satisfies the equation

1B = 2(B) — (dive(2)) - B, (2.24)

then 1/f is a holomorphic last multiplier for Z. Hence, B € &' (M) which satisfies (2.24) will be
called an inverse holomorphic multiplier for Z. It is an alternative version of a holomorphic last
multiplier and we use the definition only in this section.

Let us recall that a holomorphic vector field S € 25 (M) is said to be a symmetry of Z € Z5(M)
if there exists A € (M) such that .27S := [Z,S] = AZ. Consequently, if we consider n — 1 symme-
tries Si,...,8,—1 of Z, and we define B =15, , ...15,0, then B is an inverse holomorphic multiplier
for Z. This can be proved using the symmetry condition. Indeed

gzﬁ = "%len—l ... 18 0= (Z[Z,S,,,l] + lSnilfz) IS, 5 ---ls; 0.

The first term in the above expression vanishes, and recursively, it follows .27 = B - divy(Z).
Another characterization of inverse holomorphic multiplier for Z € 2 (M) can be given in the
following theorem which is a holomorphic version of Theorem 10 from [2].

Theorem 2.3. Let M be a n-dimensional complex manifold endowed with a holomorphic volume
form @ and Z € Z'5(M). If there exists a holomorphic frame field {Z,,...,Z,} of Zs(M) such that

2,2] = Z iz, (2.25)
k=1

n
where ff € O(M), i,k=1,...,n satisfies Te(f¥) := ¥, f£=0, then B = &(Zy,...,Z,) is an inverse
k=1
holomorphic multiplier for Z.
Proof. It follows by direct computation involving the formula of Lie derivative and (1.1). O

Also, we have

Corollary 2.3. Let M be an n-dimensional complex manifold endowed with a holomorphic volume
n
form @ and {Z,...,Z,} a holomorphic frame field of % (M) such that [Z;,Z;] = Y, fi’j.Zk, where
k=1
i’} € O(M). If there exist gy € O(M), k= 1,...,n such that

=

Y ( giﬁ'/i—Zk(gk)> =0, (2.26)
k=1 1

n
then B = w(Z,,...,Z,) is an inverse holomorphic multiplier for Z =Y. giZy.

k=1
Proof. By direct computation, we get
n n k
2,2 =Y | Yafli—2Zi(g) | Z
k=1 \i=1
and then the result follows from Theorem 2.3. O]
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Example 2.2. Let us consider the standard holomorphic volume form @ = dz! Adz> Adz? on C3

3. .
and the holomorphic vector field Z = Y. Z/(d/dz') on C3, where
i=1

3
Z'=Y a7, a;€C,i=1,23. (2.27)
=1

Using Theorem 2.3, we describe a method to obtain an inverse holomorphic multiplier for the
holomorphic vector field Z. We choose three holomorphic vector fields on C3 given by Z; =

. . 3
(7)(9/d7), i = 1,2,3, where ¢; € C. By direct computation, we obtain [Z,Z;] = Y. f*Z, where
k=1
f¥(z) =0 fori+# k, and

3
f@)=(ci—=1)Y aijz —aid,i=1.2,3.
=1

3.
Similar computations as in [2] imply that Y f/(z) =0 if
i=1

A,
ci = 1+Z’,z: 1,2,3

where A = det(a;;) and

app az a3 ail ar asi aii az ai

Ay =det| axpanaxn | ,Ay=det| appaxazp | ,A3=det| aip axn axn

asz a3 asz ai3 ass asz ai3 a3 asz

: : _ — (e (2Ye2 3\ : :
Then, the holomorphic function B = @0(Z;,2Z>,7Z3) = (z')“'(z°)“2(z°)*® is an inverse holomorphic

multiplier for Z.
As an application of Theorem 2.1 we obtain that

1 1
B> 1) ()= (@)

is a Jacobi integrating factor for the following six dimensional real ODE system

&= _Zl [pij (x'x = y'yT) = qij(x'y/ 4 y'xT)]
Jj=
Li=1,2,3, (2.28)
;3 A S
= j;l [pij ('Y + %) + gij(x'x! — 'y )]

where Pij = Reaij and qgij = Imaij.

3. Holomorphic last multipliers on holomorphic Poisson manifolds

In this section, we consider the study of holomorphic last multipliers in the framework of holomor-
phic Poisson manifolds. The particular class of holomorphic Hamiltonian vector fields associated
with holomorphic Poisson structures with a special view towards the unimodular case and some
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examples are considered. Also, we relate the holomorphic last multipliers for holomorphic Hamil-
tonian vector fields with real last multipliers for Hamiltonian vector fields associated to natural real
Poisson structures on the underlying real manifold. Next, we extend holomorphic last multipliers
from holomorphic vector fields to holomorphic multivectors and we study carefully the Poisson
bivector as a remarkable example. Also, some examples are considered to illustrate our theory.

3.1. Holomorphic Poisson structures

Holomorphic Poisson structures appear naturally in many places, [1, 16]. For instance, any semi-
simple complex Lie group admits a natural Poisson group structure, which is holomorphic. Its dual
is also a holomorphic Poisson group. Indeed, one of the simplest types of examples of holomor-
phic Poisson manifolds are the Lie-Poisson structures on the dual of complex Lie algebras. We
notice that a study of holomorphic Poisson structures on complex manifolds was initiated in [30].
Here, following [20, 21, 33] we briefly recall some basic notions concerning these structures. A
holomorphic Poisson manifold is a complex manifold M whose sheaf of holomorphic functions
O (M) is a sheaf of Poisson algebras. By a sheaf of Poisson algebras over M we mean that, for
each open subset U C M, the ring &'(U) is endowed with a Poisson bracket such that all restriction
maps O(U) — ¢(V) (for arbitrary open subsets V C U C M) are morphisms of Poisson algebras.
Moreover, given an open subset U C M, an open covering {U;}, i € I of U, and a pair of functions
f,g € O(U), the local data {f|y,,g|u, },i € I glue up and give {f|v,g|v} if they coincide on the
overlaps U; N U;. On a given complex manifold M, holomorphic Poisson structures are in one-to-
one correspondence with sections P € " (/\2 T1°M) such that 9P = 0 and [P,P] = 0. Here [-,] is
the Schouten-Nijenhuis-Poisson bracket (for holomorphic tensor fields, see for instance [18]). The
Poisson bracket on functions and bivector field are related by the formula P(d f,dg) = {f, g}, where
f.8 € O(M). Also, for f € &(M) the operator Z; : O(M) — O(M) : g — Zsg = {f,g} defines a
derivation on &'(M), i.e., it is a holomorphic vector field on M, called the holomorphic Hamiltonian
vector field of f, and satisfies Zy =1, 4P, see for instance [6].

Let (M, P) be a holomorphic Poisson manifold and Z; the holomorphic Hamiltonian vector field
for f € O(M). Assume that M admits a holomorphic volume form @. Then the operator

Zo: f € OM) — dive(Zs) € O(M)

is a derivation on &'(M), i.e., it is a holomorphic vector field on M, called the holomorphic modular
vector field of (M,P,®).

Let us denote by 7/613 (M) the space of holomorphic p-vector fields on M, i.e., skew symmetric
contravariant holomorphic tensor fields of type (p,0) on M. The Lichnerowicz-Poisson coboundary
operator on a holomorphic Poisson manifold (M, P) is defined by

c:=[P]: ¥2(M) = VLT (M)

where [-, -] is the Schouten-Nijenhuis bracket, and the holomorphic Lichnerowicz-Poisson cohomol-
ogy (HLP) of (M, P) is defined as the cohomology of the complex (7,3(M), o), see for instance [7].
Then, for a holomorphic modular vector field one has ¢(Z,) = 0, so it defines an 1-dimensional
HLP-cohomology class [Z,] € H }}>7 1p(M,P). It is easy to see that this class does not depend on the
holomorphic volume form . It is called the holomorphic modular class of the holomorphic Poisson
manifold (M, P).
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The holomorphic Poisson manifold (M, P, ®) is called unimodular, see [33], if Z, is the holo-
morphic Hamiltonian vector field Z, of a given h € O'(M).

3.2. Last multipliers for holomorphic Hamiltonian vector fields

In what follows, we consider (M, P, ®) a holomorphic Poisson manifold endowed with a holomor-
phic volume form . If & € & (M) is a holomorphic last multiplier for the holomorphic Hamiltonian
vector field Z¢, then from (2.4) it results

0= Zf(OC) +0Zo(f) = —Za(f) + 0Zo(f)
which leads to

Proposition 3.1. Let f € O(M). Then a. € 0(M) is a holomorphic last multiplier for the holomor-
phic Hamiltonian vector field Zy if and only if f € I}f((xZw —Zy), where Zy, is the holomorphic
Hamiltonian vector field of a. In the case when (M, P, ®) is unimodular, then  is a holomorphic
last multiplier for Zy if and only if a{h, f} = {a, f}.

Taking into account that f € I,(Zs) we get

Corollary 3.1. Let f € O(M). Then f is a holomorphic last multiplier for Z; if and only if f €
Ig(Zw). In the unimodular case, f is a holomorphic last multiplier for Zy if and only if {h, f} = 0.

The Jacobi and Leibnitz formulas of the holomorphic Poisson bracket {-,-} imply

Proposition 3.2. Let (M,P,®) be an unimodular holomorphic Poisson manifold. Then the set of
all holomorphic last multipliers for the holomorphic Hamiltonian vector field Zy of f € O(M) is a
Poisson subalgebra of (O(M),{-,-}).

Another consequence of the Proposition 3.1 is

Corollary 3.2. If o € O(M) is a holomorphic last multiplier for the holomorphic Hamiltonian
vector fields Zy and Zy of f,g € O(M) then o is a holomorphic last multiplier for Zs,. Then, if & is
a holomorphic last multiplier for Zy then o is a holomorphic last multiplier for Zgr, r € N*.

Let (z!,...,2") be a local coordinates system on M such that ® = dz' A ... Adz" and the holo-
morphic Poisson bivector of (M, {-,-}) is

10 d
P - Z PU — N =—.
= oJ7 d
If we denote P' = Y. (dP"/dz/), then a standard computation similar to the smooth case, see
=1

j=
for instance Ch. 2.6 in [15], yields

n . a
zwzgplg—zi. (3.1)

Then Proposition 3.1 and Corollary 3.1 have the following local form.
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Proposition 3.3. Let f € O(M). Then a € (M) is a holomorphic last multiplier for the holomor-
phic Hamiltonian vector field Zy of f if and only if

; ! ,aaaf
(xZPal {o, f} = ; Jazaf (3.2)

and f is a holomorphic last multiplier for Zy if and only if
noo9 f
YP (33)

Example 3.1. Let M be a 2-dimensional complex manifold with local complex coordinates (z!,7%)
in a local complex chart of M and with a holomorphic volume form @ = dz' Adz?. Then, according
to [33], all holomorphic bivector fields P = f(z!,2%)(d/dz') A (9/97%) € ¥2(M) are automatically
Poisson tensors. Now, if a € &/(M) is a holomorphic last multiplier for the holomorphic Hamilto-
nian vector field Z, of ¢, then the equation (3.3) reads as

df dao  Jdf da

dz! 922 97?2 97!
with the obvious solution a = ¢(f), with ¢ € C'(C). Thus, f is a holomorphic last multiplier for
its holomorphic Hamltonian vector field Z.

=0

Example 3.2. Holomorphic linear Poisson structure on C". Following Example 1.3 in [30] (see
also Example 3.6 in [7]) we consider the complex manifold C", global complex coordinates
(z',...,7"), @ = dz' A... Adz" and the holomorphic bivector field P on C" with the local com-

. . noo. .
ponents P/* holomorphic functions defined by P*(z) = ¥, ¢/*z/, where ¢/* are complex constants
=1

satisfying Z (Cl ctk+ c{ kcfz’ + c'f’cif ) =0and c{ "y ckj = 0. Then, P defines a holomorphic Poisson

Structure on (C" called a linear structure (or holomorphic Lie-Poisson structure). Hence, in this case
Z ¢ i and (3.3) says that f € 0(C") is a holomorphic last multiplier for the holomorphic

Jj=1
Hamiltonian vector field Zy if and only if

noOf
! == =0, 34
i,jZ:’I J 94 (34
with the general solution
i 2j 1 1 2 Z 1 1 3 i I 1 j
', J _ J ", j )
j=1 ’/:1 Jj=1
where ¢ € C1(C"1).

Example 3.3. Take C?, with global complex coordinates (z',z%,z%) and @ = dz' Adz> Adz>. Then
it is easy to see that

(1,22} =72 -2, {2, 2y =222 -2 {7} =% -2 (3.5)

defines a Poisson bracket on C>, and then P/ = {7/, 7/} are the local components of a holomorphic
Poisson bivector P on C3. By direct computation we obtain P’ = 0 for every i = 1,2,3, so that
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the equation (3.3) is satisfied for every holomorphic function f on C3. Thus, on the holomorphic
Poisson manifold (C3,P), every f € 0(C?) is a holomorphic last multiplier for its holomorphic
Hamiltonian vector field Zy.

In what follows in this subsection we are interested how we can relate the holomorphic last mul-
tipliers for holomorphic Hamiltonian vector fields on holomorphic Poisson manifolds with some
real last multipliers for real Hamiltonian vector fields corresponding to natural real Poisson struc-
tures on the underlying real manifold.

According to [21] if (z1 = x! 4t st =x"+ ixz”) are local complex coordinates in a local
chart on the n-dimensional complex manifold M endowed with the holomorphic Poisson structure
P which is defined locally by the bracket {z/,z/} = P/, then the real and imaginary parts of P =
Pr + P define on the underlying real manifold two real Poisson structures by

o 1 o o 1 o S 1 o
{x'xg = ZRe {2}, {x' " g = ZIm{z’,z]}, {" X g = —ZRe{z’,zJ} (3.6)
and
i 1 iy [ 1 ij +i ot 1 ij
{x,xf}H:ZIm{z,ZJ},{x,x" f}:—ZRe{z,zf},{x" X J}:—Zlm{z,zj}. (3.7)

Let us denote by ZX and Z., respectively the real Hamiltonian vector fields of a smooth function u
on M with respect to the real Poisson structures Pg and Py, respectively. We have

Theorem 3.1. Let f € O(M). Then a € O(M) is a holomorphic last multiplier for the Hamiltonian
vector field Zyos  if and only if |t|? is a real last multiplier for both real vector felds (1/|f|*)Z%

£
and (1/|fP)Z, ..

Proof. With respect to the complex coordinates (z!,...,z") on M the local form of the holomorphic
Hamiltonian vector field Zo, ¢ (corresponding to holomorphic Poisson structure P) is

1 & ;df d
T ,-yjzzl 97 97 69
and with respect to real coordinates (x!,...,x?") the local form of the Hamiltonian vector field Z‘ P
(corresponding to real Poisson structure PR) is
SalE i OLP 9
ij in+j
mz - Z Fr oxi 8)6] +ij:lPR oxi JxtJ (39)
am n iy AP0
n+ij n+in+j
+ Z Pr PR axj K- Py ox i oxnti’
i,j=1 i,j=1
where PY = {x,x/ g, Po = {x\ "t }g, AT = — P/ and P = — Py respectively.
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Taking into account that

P T Y TR N e
P/=-RePi=—"~—— P = ImP/=——,
RT° g R 4" 8i
Pl _pir _P”;Pﬂ P pil _P”;‘PU
1

and

00,0 2 (0 0
oxk 97k 9zk 7 dxntk — '\ 9z a7k

a straightforward computation in (3.9) yields

;j9f 0

1 8f d
Z‘Hﬁ‘z 2 <fwz’ 07 97/ +f Z 8z1>

or equivalently (2/|f[>)Z® = =Ziog f +Ziog f = 2Re Ziog 5.

Similarly, the local form of the Hamiltonian vector field Z‘Hf|2 (corresponding to real Poisson
structure Fy) is

n la 2 n in .0 2 pa)
Zlp = ZP] i +_Z P /1 : (3.10)

dxi dxJ Pt dxt dx"ti

+ Z Pn-&-tja‘f’z + i Pn+in+ja’f‘2 J

ox"i dxJ I dxnti gxnti’

i,j=1 i,j=1

where P/ = {x/,x/}y, P"*7 = {x x"*T}y, PP = — P/ and P = P/, respectively. Then a
similar computation as above in (3.10) y1e1ds

L i 0f D =
Zyp =3 (th gg,—fZ ’3Z]>

or equivalently (2/|f|2)Z‘Hﬂ2 = —i(Ziogf — Ziog f) = 2Im Zjog ;.
Finally, the proof follows by Theorem 2.1. O

Relation (3.3) can be read as giving the condition when a holomorphic function is a last multi-
plier for its holomorphic Hamiltonian vector field. This condition can be related as well to the case
of real last multipliers vesus its real Hamiltonian vector fields, as follows.

Theorem 3.2. A holomorphic function f € 0(M) is a last multiplier for its holomorphic Hamil-
tonian vector field Zy if and only if | f ? is a real last multiplier for both Hamiltonian vector fields

Zijp and Zjy.
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Proof. If we take the real Poisson structure Pr we have

P ) ) W QA ) )
PR_Z(&xk+8x”+k _Zkg’l Tzk—l_&izk

k=1

) n aPnJrik aPn+in+k L aPki 9Pk
n-+i R R _ _
P]R - Z ( Ik + dxntk ) - 4 Z 8zk 82" :

and

k=1

(3.11)

(3.12)

Then the relation (3.3) (for the real case [9]) says that | f ]2 is real last multiplier for the Hamiltonian

vector field Z®

KE if and only if

a|f’2 }’H—la|f|2
;(PR Jxi + e axnti )

and, using (3.11) and (3.12), this condition is equivalent with
_n nopik af
E(E%) %]

Similarly, if we take the real Poisson structure Py we have

Re

and

. n aPnHk 8Pn+in+k 1 o Pk aﬁ
ri-$ (e ) B (%)

k=1

Then | f|? is real last multiplier for the Hamiltonian vector field Z 2 if and only if

I/

Il
Z(PJI i +PH+3xn+i =0

i=1

and, using (3.14) and (3.15), this condition is equivalent with
P"‘ J f

Now, the proof follows using (3.3), (3.13) and (3.16).

3.3. Holomorphic last multipliers for holomorphic Poisson bivectors

(3.13)

(3.14)

(3.15)

(3.16)

Let us consider as in the previous subsection ¥ (M) the ¢'(M)-module of holomorphic p-vector
fields on M, 1 < p < n. A holomorphic p-vector field A defines the map 14 : Q% (M) — Qkﬁ_p (M)

given by
(4@, B) = (@, ANB)

forevery ¢ € QY (M) and B € ”Véf_p (M), k> p where (, ) is the natural duality between holomorphic

forms and holomorphic multivectors. We note that 14 ¢ = 0 for k < p.
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Consider that M is endowed with a holomorphic volume form @ € Q,(M). Then @ defines the
map

@ VP(M) = QP (M), @ (A) = 0, (3.17)

which is an &'(M)-isomorphism between ¥J (M) and Q7,7 (M), for every 0 < p < n. For instance,
if (z!,...,2") are local complex coordinates on M, A = A" (z)(d /dZ" ) A... A (9 /dZ¥) € V] (M),
and @ = dz' A ... AdZ", then

@ (A) = 10 = (— 1)1 (= 1) AN ()dZ Adh AL AdZe A AdZ
Also, we denote by & : Q7 (M) — ¥} (M) the inverse map of @’
Definition 3.1. The map D : ¥ (M) — %2~ (M) given by
Dy =0'0doa’, (3.18)

is called the holomorphic curl operator with respect to the holomorphic volume form . If A €
¥} (M) then DA is called the holomorphic curl of A.

We notice that the above definition is considered in [24] in the case M = C".

Definition 3.2. A holomorphic p-multivector A on M is called exact if DyA = 0. Specifically,
a holomorphic Poisson bivector P € ¥2(M) satisfying Do, P = 0 is called an exact holomorphic
Poisson structure.

Using a similar computation as in the smooth case (see Theorem 2.1 and Proposition 2.3 from
[36]), we obtain the following characterization of the exactness of holomorphic Hamiltonian vector
fields and of holomorphic Poisson bivector fields on C".

Proposition 3.4. Let P be a holomorphic Poisson structure on the holomorphic Riemannian mani-

fold (C",g), where g = f (dz/)? is the holomorphic euclidean metric. Then a holomorphic Hamil-

j=1
tonian vector field Z, of h € O(C") is exact if and only if g(DyP,gradh) = 0, or equivalently
h e 1L(DeP).

Proposition 3.5. [f P € ¥2(C") is skew symmetric with the structure matrix (P (z))uxn, then it is
an exact holomorphic Poisson structure on C" if and only if
oP

j; 527 =0,i=1,...,n, (3.19)

and
Lo (A )

= —0,1<i<j<k<n, (3.20)
Z

1:1 7S#i7j7k
where A" = (PP, P'*) and B = (P/* P¥ P,
Another characterization of exactness of holomorphic bivector fields on 4-dimensional complex

manifolds can be given as in the smooth case, see [14].
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Theorem 3.3. Let M be a 4-dimensional complex manifold, P € 7/0% (M) which is skew-symmetric
satisfying P(zo) =0, zo € M, and @ a holomorphic volume form on M. Then the following assertions
are equivalent:

(i) P is an exact holomorphic Poisson bivector.
(ii) ip@ Aip® = 0 and J(1p@) = 0.
Proposition 3.6. Let P be an exact holomorphic Poisson structure on a 4-dimensional complex

manifold M satisfying P(zo) = 0, zo € M. Then we have

(i) The rank of P at any point is at most two.
(ii) For every o € O(M), oP is a holomorphic Poisson structure on M.

Remark 3.1. Let P be a holomorphic Poisson structure on a 4-dimensional complex manifold
which is exact with respect to a holomorphic volume form o¢®@, where & is a non-vanishing holo-
morphic function on M. If P(z9) = 0, zo € M, then P is also a holomorphic Poisson structure on
M, and moreover, aP is exact with respect to @, since 1p® = 1p(0L®).

n
It is easy to see that D¢, 0 Dy = 0, so it is a homological operator, and if ¥,3(M) = @ ¥/ (M) is
p=0

the algebra given by the direct sum of the space of the holomorphic p-multivectors oniM , then the
homology of the differential complex (7,3(M),Dy,) is given by

_ Ker{Dy: YE(M) — "f/gil(M)}
 Im{Dg: VLT (M) = (M)}

H,(M)

For instance, if M = C”", using the Poincaré Lemma for d = d, we get H,(C") = 0, for every
0 < p <nand H,(C") = C. Thus, the differential complex (7,2(C"),Dy,) is exact.
For p = 1 we have Dy = divy. Indeed, if A € Z»(M) then
(DpA)® = @ 0Dy(A) = o’ (A) = doiy(0) = L0 = (divy(A)) . (3.21)
Taking into account(3.21) and (1.4), we consider the following definition.
Definition 3.3. The function o € &(M) is called a holomorphic last multiplier of A € ¥} (M) if
Do(aA) =0, (3.22)

or equivalently, @A is an exact holomorphic p-vector on M.

It follows that the set of holomorphic last multipliers of (M,P,®) is a "measure of how far
away” (M, P, ) is from being exact.

Since @* is an &'(M)-isomorphism between Q7 (M) and ¥2 (M), it follows that (3.22) is
equivalent with d(@’(@A)) = 0, that is

d(aw’(A)) =0 (3.23)

which is a natural extension of the condition (2.2).
From the &'(M)-linearity of ®” we have @’ (0tA) = a@’(A) = (a)’(A) which implies (o®)
(1/a)@" (it is assumed that o # 0 everywhere). It follows that

b:

0Dgo(A) = 009 0 0’ (A) = Dy (atA) (3.24)
which yields the following.
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Proposition 3.7. The function oo € O(M) is a holomorphic last multiplier for A € ¥} (M) if and
only if

Dgo(A) = 0. (3.25)

Now, we study the holomorphic last multipliers for the holomorphic Poisson bivector fields on a
holomorphic Poisson manifold (M, P, ®) endowed with a holomorphic volume form. Let f € &'(M),
Zy its holomorphic Hamiltonian vector field and Z, the holomorphic modular vector field associated
with (M, P, ®). Taking into account that Z,(f) = dive(Zy) = D(Zy) and Z; = 15 P we obtain

Zo(f) = (Do (P))(f)- (3.26)

According to (3.22), o € (M) is a holomorphic last multiplier for the holomorphic Poisson bivec-
tor field P € Y2 (M) if

Dg(aP) =0, or equivalently Dy (P) = 0. (3.27)
From (3.26) we have

Proposition 3.8. A function oo € (M) is a holomorphic last multiplier for the holomorphic Poisson
bivector field P if and only if

Zaw = 0. (3.28)

If (z',...,7") is a local coordinates system on M such that ® = dz' A... Ad7" and P/ are the
local components of the holomorphic Poisson bivector P of M, then using (3.1), the condition from
(3.28) says that o € /(M) is a holomorphic last multiplier for P if and only if

n
X
j=1

Let us reconsider now the previous examples for the case of holomorphic Poisson bivector fields.

d(aP’)y
S =0 i=l..n (3.29)

Example 3.4. Let M be an 2-dimensional complex manifold with local complex coordinates
(z!,2%), the holomorphic volume form @ = dz' A dz* and the holomorphic Poisson bivector field
P=f(z",2%)(d/9z') N (9/d7*) € ¥2(M).If a € O(M) is a holomorphic last multiplier for P then
(3.29) reads as follows:

d(af) _ d(af)

L 972 =0

with the obvious solution &« = A/ f, A € C (it is assumed that f is non-vanishing everywhere).

Example 3.5. Let us consider the holomorphic Lie-Poisson structure P on C" as in Example 3.2. If
o € 0(C") is a holomorphic last multiplier for P then

10 (oZk
Y ¢! ( .):O,izl,...,n. (3.30)
‘ dz/
j=1
If we consider the particular case n = 2 with c}l = cél = c%z = C%Z =0and c}z,céz € C, then the

general solution of (3.30) is & = A/(c1?z! + ¢1?2?), which also follows from Example 3.4.
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Example 3.6. On C? take global complex coordinates (z',7%,7}), ® = dz' Adz> ANdz® and any

constant Poisson structure P on C3 with local components P/ € C, where P/ 4+ P/* = (. Then, if
a € 0(C?) is a holomorphic last multiplier for the holomorphic Poisson bivector field P, the system
(3.29) reads as follows:

PlZao; +P13 ag =0

90 _ () (3.31)

21 da 23
P 7L +P 93

P"!] 306 +P32 =0

with the general solution o = ¢ (P?*7! —i—P3lz2 +P12z3), where ¢ € C!(C).

Example 3.7. Let us consider the holomorphic Lie-Poisson bivector field P on the dual sI*(2,C)
of the Lie algebra of s[(2,C), with holomorphic volume form @ = dz' Adz?> AdZ>, that is, see [7]
d d d d d d
P=27—Aas 205~ Aoz t+2 =5 A=
ooz T e N aE T a2 o
If ¢ is a holomorphic last multiplier for P, then the system (3.29) reads as follows:

21290: 23906_0

a3
20208 17122 (3.32)
223 aoc 1da =0

with the general solution @ = @((z')? +4z2Z3), where ¢ € C'(C).

Example 3.8. Let C3, global complex coordinates (z',z%,z%), @ = dz' Adz> Adz® and the holo-
morphic Poisson bivector field P on C? defined by the Poisson bracket from (3.5) in Example 3.3.
Then, if & € €(C?) is a holomorphic last multiplier for the holomorphic Poisson bivector field P,
the system (3.29) reads as follows:

(22 —2'2%) 9% + (z'2 - 22%) 9% =0
(z'722 — 213)3—;’1‘ + (27" — 1223)3—2 =0 . (3.33)

(272 —zz)gof—l-(zz—Zz)% =0
Multiplying the first equation with z!, the second equation with z? and the third equation with z°,
and suming, we get
da
(1 ()?* -2 (2)?) 3+t (Z(2)*—2(2')?) 32+ (2(z")? -2 (%)?) 7 =0. (3.34)
The general solution of (3.34) is & = ¢ ((z")? + (%)? + (*)%,2'2%2%) with ¢ € C'(C?), and replac-
ing in the first equation of (3.33) we obtain the general solution of (3.33) in the form
a=0 (') + () +) -7,
where ¢ € C!'(C).
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