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A non-isospectral linear problem for an integrable 2 4- 1 generalization of the non linear Schrédinger equation,
which includes dispersive terms of third and fourth order, is presented. The classical symmetries of the Lax
pair and the related reductions are carefully studied. We obtain several reductions of the Lax pair that yield in
some cases non-isospectral problems in 1+ 1 dimensions.

Keywords: Lie symmetries, similarity reductions, Lax pair.

2000 Mathematics Subject Classification: 35C06, 35C30, 35051

1. Introduction

Recently, an integrable system [6] in 2+ 1 dimensions has been proposed as a promising starting
model for describing energy transfer processes in ¢t-helical proteins within the continuum limit.
This model is described by the following system of equations:

ity + Uy + 2uny + i (tyxe — OUOU,)
71 (U — SUDU e — 20> O — 4ut1t, 0 — 6(Du§ +6ulw*) =0,
—i0y + O+ 20my — i (O — OUD D)
+91 ( Oprxx — BUD Dy — 200Uy, — 40U O, — 6uw? + 612 %) =0,
(my+uw), =0, (1.1)

where m is a real field and @ = u*. This equation can be considered as a higher order nonlinear
Schrodinger equation (HONLS in the future) that includes third (9, # 0) and fourth (y; # 0) order
derivatives with respect to x. A non-isospectral Lax pair for HONLS was obtained in [6]. It has the
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following form:

Vi = —id Y —yu,
Xe=ixA—vyo,
v, = —ip(=2ix P o —4iy ul® — ivuw, + iy ou, +2 yuol +
AyAP +2x Ay +ixuy) +in (—dixu* oA — 8ixud® — 2iyul w, +
21y 0Auy + 3 Wil 0® + 4 yuwd® + 8 WA +2ix Aug, + 6 x uou, +
A APty — WUOw — W Ol + Y it Oy — [ Unee) + 2 AWy + iWmy — ig uy+ YA,
X = ipivuw® +4iy 0L + 2 uod +4x A3 — iy o, —
i Uy + iy Oux+2YAw,) + iy (—4ivuw’A —8iy wA> +2ix ul o, —
2ix Ay — 3P 0° — 4y uoA? —8 Y A* +2iy A — 6 Y um o, —
AY A2 W, + Y U@y + X Oy — X Uy Oy + W Oriy) + 2405 — iWmy +ix @y + XAy,  (1.2)

where W (x,y,¢) and y(x,y,t) are the eigenfunctions, i is the imaginary unit (i> = —1), and A (y,?) is
the spectral parameter. Furthermore, the equations for y are the complex conjugate of the equations
for ). The compatibility condition of the cross-derivatives yields (1.1) as well as the non-isospectral
condition

A =240, =0 (1.3)

The system (1.1) generalizes to 2+ 1 dimensions the system proposed by Ankiewitz ef al in [1].
This equation of reference [1] contains many integrable particular cases such as the standard NLS
equation (y; = % = 0), the Hirota equation (y; = 0) [8] and the Lakshmanan-Porsezian- Daniel
equation (9 = 0) [9]. Furthermore (1.1), when 73 = %5 = 0, reduces to a 2+ 1 NLS equation [2]
that has been extensively analyzed in [3].

The classical Lie approach is a very well established procedure [12], [13] to get point symme-
tries of a system of differential equations. Nevertheless, in this paper we are more concerned with
the identification of symmetries of the Lax pair (1.2). This approach [4], [10] has the benefit that
the reduction associated to each symmetry of the Lax pair provides, not only the reduction of the
fields u, @ and m, but the reductions of the eigenfuntions and the spectral parameter itself [5], [7].

We shall apply, in section 2, the classical Lie procedure to identify the symmetries of (1.2) in the
four cases that arise from the different combinations of the possible values of ; and 7. Sections 3,
4, 5 and 6 are devoted to consider the reductions associated to the symmetries identified in section
2 for the above mentioned four different cases. We close with a section of conclusions.
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2. Classical Lie symmetries

In this section we apply the classical Lie approach [11], [14], in order to obtain symmetries of (1.2).
Let us consider the following infinitesimal transformation [15]

x = x+ €& (x,y,t,u,@,mA, W, ),
y = y+e&(xny,tu,0.mA, v, x),
t —t+e&(x,y,t,u,0,m A, W, x),

u—u+en (xytu,@,mi yx),
0 — O+ em(x,y,tu,0,mA,y,x),
m— m+eNs(x,y,t,u,0,mA, W, x),
A= A+ena(x,y,t,u,0,m Ay, x),
v — y+EeP(x,y,t,u,@,mA W, x)

%_>x+8¢2(x7yatau)wam)lvW)X)) (2‘1)

I

where € is the parameter of the Lie group and &, &, &3, M1, N2, M3, N4, @1 and ¢, are the infinitesi-
mals of the vector field

d d d d d d
X = 51 +§2 +~§3 Jr771a +n28 +n%a +n4al+¢1w+¢2ﬁ- (2.2)

This infinitesimal transformation induces a well known one in the derivatives of the fields [13] [15].
This procedure, when applied to (1.2), yields an overdetermined system o PDEs, whose solution
provides the infinitesimals. We shall remark that Lie approach requires a substitution of the higher
order derivatives. The order of the higher derivatives in (1.2) is different depending whether y; and
%, are (one or both) equal or different from 0. It means that it is necessary to split the problem in
four different cases depending on the different combinations of ¥; and 5.

As we said in the introduction, we are dealing with symmetries and reductions of (1.2). These
symmetries obviously provide the corresponding symmetries and reductions for (1.1). When the
infinitesimals (2.1) are known, we can proceed to calculate the associated reductions by solving the
following characteristic equation

b _dy_di_du_do_dn_dh_dv_dy )
G & & m o om o om o ¢ '

2.1. The case vy #0and p» #0

By applying the infinitesimal transformation (2.1) to (1.2) and, following the standard procedure
[13], [15], we obtain the infinitesimals listed in Table 1.
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51_ 1(1) | S=a | S=m |
i (K1 (1)y+ 2K, (1)) M = —iw (Ki(1)y+2K2 (1))
**Kl()yz K> (1)y +K3(x,1) Ms=0
o=y (zKl(t)y—‘riKz (1) + Ko (y,t,l)) =y (—Kl( )y —iKy (1) + Ko (y,t,l))

Table 1. 4 #0,» #0

The dot denotes derivative with respect to t. ¢&¢; and ; are arbitrary constants and K; i=1,...,3)
are arbitrary functions of the indicated variables. Furthermore Ky (y,?, A ) should satisfy the equation.
aKO(yvtal) aKO(y7t7A')
—2A
dt dy

=0. (2.4)

2.2. The case y; #0and y», =0

In this section we are considering (1.2), when » = 0. If we apply the infinitesimal transformation
(2.1), then we obtain the following infinitesimals

| El =K (1) +ozx | =0 +3my | G =w+4a3t |
n =iu (Kl (t)y+2K2 (l‘)) — 03U m=—i0 (K] (t)y+2K2 (l‘)) — 030
1., .
n3:ZKl(t)yz—l-Kz(t)y—i-Kg(x,t)—Ot3m My =—03A
o=y (S0 K0a) | o=z (- pKOy- K0+ Ko0))

Table2. 1 #0, 7 =0

where o; (i = 1,...,3), are arbitrary constants and K; (j = 1,...,3), are arbitrary functions of the
indicated variables. Ky(y,#,A) satisfies the equation (2.4).

Notice that the infinitesimals are just the same as in Table 1, except for those terms related to
the constant o3.

2.3. The case yy =0and y» #0
The procedure [13] yields the infinitesimals listed below (Table 3).

| &1 =K () +ozx | =0 +20a3y | &= +303t |
1’]11: iu (Kl(t)y+2K2 (t)) —o3u n = —iw (K](l)y-i-ZKz (t)) — 03
713=Zkl(f)y2+Kz(f)y+K3(xal)—063"1 Ny =—03A
o= v (SR 4K () + Kot 1)) o =2~ 5 K0y~ K () + Ko 0. 0) )

Table 3. N = 0, bl 75 0
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o; (i =1,...,3) are arbitrary constants and K; (j = 1,...,3) are arbitrary functions of the indicated
variables. Ky (y,7,4) satisfies the equation (2.4).

We can easily see that the only additional symmetry to those listed in Table 3 is the symmetry
associated to 0.

2.4. The case yy =0and y» =0

The infinitesimals obtained in this case are presented in Table 4.

‘ 51 =K (t)+(x3x+2(x5xt | 52:(11+(X4y+2066t+2055yt | 63:(12+(X3l‘+064l—|—2065t2 ‘
N =iu (Kl (t)y+ 2K, (t) -|—2x((x5y+ OC(,)) - m =—Ii® (K1 (t)y+2K2 (l) + 2x(a5y+ aﬁ)) —
(a3 +2050)u (a3 +20st) o
1. .
m = K0y + Ka()y + Ks (1) Na=—06A —as(2A +y) -
(Ot3+2065t)m
or=v (SO0 +Ko0a)) + | o= (5RO iKal0)+ Kot 1)) +
v (ix(asy + o) — Qist) X (—ix (asy + o) — otst)

Table4. 71 =0, =0

where ; (i = 1,...,6) are arbitrary constants and K; (j = 1,...,3), are arbitrary functions of the
indicated variables. Ky(y,?,A) should satisfy the equation (2.4).

In this case, we have four additional symmetries to those listed in Table 1. These new symmetries
are related to the constants o3, O, 05 y .

3. Reductions for the y; #~ 0 » # 0 case

In what follows, we will use the following notation: p and g will be the new independent variables.
A(p,q), F(p,q), H(p,q), N(p,q), ®(p,q,A) and Q(p,q,A) are the invariants that arise from the
integration of the charasteristic system (2.3). They correspond to the integrations in A, u, ®, m, Y
and y. These notation can be summarized as follows:

x,y,t —)p,q
A(y:t) (P,q)
u(x,y,t) — F(p,q)

o(x,y, ) H(p,q)

v(x,y,0,4) = Q(p,q,A)
x(x,3,1,4) = P(p,q,A)

A3.1)

According to Table 1, we have six different reductions corresponding to two arbitrary constants
and four arbitrary functions. Nevertheless, the only symmetries that yield nontrivial reductions, are
those related to K;(r), & and a,. Therefore, we are only considering the reductions associated
to these three cases. In what follows, we consider different subcases depending which functions
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or constants are different or equal to zero. For instance: “K; = 1” means that we are setting all
functions or constants to zero with the exception of Kj.

3.1. K; =1

We have to solve the characteristic system (2.3) that yields the following reduced variables

p=y, q=t,

ux,y,t) =F(p,q), o(x,y.t) =H(p,q),

m(x,y,t) =N(p,q), Ayt) =A(p.q),

y(x,y,1,4) =@(p,q,A), x(x,y,1,4) = Q(p,q,A). (3.2)

Nevertheless, it is not an interesting reduction because the reduced equations can be easily integrated
providing a trivial solution

F(p.q) = boe”\P?,
H(p,q) =boe™" (pq)

N(p,q) = —3nbgp+ 3 /Z(p,Q)qdp- (3.3)

where Z(p, q) is an arbitrary function.

3.2. o =1

We have to solve (2.3) in order to have the reduction

p=x, q=t,

u(x,y,t) =F(p.q), o(x,y,t) =H(p,q),

m(x,y,t) =N(p,q), A(y,1) = A(qg),

v(x,y,t,4) =@(p,q,A), 2(x,3,1,4) =Q(p,q,A). (3.4)

By introducing these new variables into (1.2), we obtain the following reduced spectral problem

@, +iAP +FQ=0,

Q,—iAQ +HD =0,
@, + 1 {[i(—8A* —4A’FH — 3F*H* + HF,, + FH,, — F,H,) +2A(F,H — H,F)|®
+[i(Fypp — 6FHF, —4A*F,) + 2A[F,,, — 2F2H 4A2F]Q}
+ 1 {[2Ai(2A* + FH) — (HF, — FH,)|® + [2AiF, — F,, + 2F*H +4A’F|Q} = 0,

Q,+ 7 {[~i(—8A* —4A’FH — 3F*H* + FH,,, + HF,, — F,H,) + 2A(H,F — F,H)|Q
+[~i(Hppp — 6FHH, — 4N*H,) + 2A[H,,, — 2H*F — 4A*H|D}
+1 {[~2Ai(2A + FH) — (HF, — FH,)|Q + [-2AiH, — H,, + 2H*F +4A’H|®} = 0.

(3.5)
Co-published by Atlantis Press and Taylor & Francis
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whose compatibility requires A = constant and provides the reduced equations

(8FHF,,+6HF,” +2F*H,, +4FF,H, — F,,,, —6F°H*) 1,
+i(6FHF, — Fypp) 12— iF; =0
(8 FHH,, + 6 FH,* +2H"F,, + AHF,H,, — Hyy,, — 6 F*H>) 1.
—i(6 FHH), — Hpy,,) V2 +iH, =0 (3.6)

This reduction yields the equations and the isospectral Lax pair of reference [1].

33. 00 £0

The solution of the characteristic system (2.3) trivially yields the reductions

p=x, q="y
u(x,y,1) =F(p,q), o(x,y,1) =H(p,q),

m(x,y,t) =N(p,q), A(y:t) =A(q),

v(x,y,1,4) = P(p,q,A), x(x,3,1,4) = Q(p,q,A). (3.7)

By inserting these new variables into (1.2), we obtain the spectral problem

®,+iADd +FQ=0,

Q,—iAQ+HP =0,

2AD, =iF,Q—iN,®+ 7y {[i(—8A* —4A*FH — 3F*H* + HF,, + FH,, — F,H,)
+2A(F,H — H,F)|® + [i(F,p, — 6FHF, — 4A’F,) + 2A[F,, — 2F*H — 4A’F]Q}
+1{[2Ai(2A2 + FH) — (HF, — FH,)|® + 2AiF, — F,, + 2F*H + 4A’F|Q},

2AQ, = —iH,®+iN,Q+ v {[—i(—8A* —4A*FH — 3F*H* + FH,, + HF,, — F,H,)
+2A(H,F — FyH)|Q+ [—i(H,pp — 6FHH, — 4A*H,) + 2A[H,, — 2H*F — 4A*H|®}
+1 {[~2Ai(2A + FH) + (HF, — FH,)|Q + [~2AiH, — H,, + 2H*F +4A’H|®}.

(3.8)
The compatibility of (3.8) implies A = constant and yields the reduced equations
(8FHE,, +6HF,* +2F*H,, +4FF,H, — Fypp, —6F°H*) 7
+i(6 FHF, — Fy,) » —2FN; — F,, =0,
(8FHH,, +6FH,* +2H*F,, +4HF,H, — Hy,,, —6 F*H>) 1
—i(6FHH, —H,,p) » —2HN, — H,; =0,
FH,+HF;+N,, =0. (3.9

4. Reductions for the y; #£ 0 % = 0 case

For this section we will set 15 = 0 in (1.2). According to Table 2, we have four non trivial reductions
related to K (1), a1, 0, and o, but only the last one gives us a new result. The other three reductions
provides us the same results as in previous section, by imposing 9» = 0 in equations (3.3), (3.5) and
(3.8).
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4.1. =1
The solution for the characteristic equation (2.3) provides the following reduction
3
_1 4
p=t 4x, q9= ",
y
_1 1
u(x,y,t) =t *F(p,q), o(x,y,1) =t *H(p,q),
_1 _1
m(x,y,t) =1~ *N(p,q), A(y,1) =17 A(q),
y(x,y,1,4) = P(p,q, ), x(x,y1,4) =Q(p,q,A). (4.1)

By inserting these new variables in (1.2) with 75 = 0, we obtain the following non-isospectral
Lax pair

@, +iAD +FQ=0,
Q,—iAQ+H® =0,
8Ag+3 {Ap pF .
(4) qP,+i <4 +q2Nq> <I>+q2Aq‘I>+ (4 — 1q2Fq Q
+1[{2A(HF, — FH,) +i(—8A* —4A’FH + HF,, + HF,, — F,H, — 3F*H*) } ®
+{2AF,, —4AF*H — 8A°F +i(F,,, — 4A’F, — 6FHF,) }Q] = 0,

8Ag+3 ([ Ap Hp .
(P47 )a0umi (Y wm)ovins (7 vicm ) o

+1[{2A(FH, — HF,) — i(—8A" —4A’FH + FH,, + FH,, — F,H, — 3F*H*) } Q
+{2AH,, — 4AH*F —8A’H — i(H,pp — 4A’H, — 6FHH,) } ] = 0.
(4.2)

The compatibility of the above equations yields the reduced equations
(=6 F*H*+2F*H,, + 8 FHF,,+4FF,H,+6HF,> — F,y,,) 11
i
+2¢° FN; + @*Fpy + 7 (PFp—=34F;+F) =0,
(=6 F*H? + 2 H*Fy, + 8 FHH,, + 4HF,H, + 6 FH,* — Hyppp) 1h

1
+2¢* HN, + q*Hyy — 3 (PHy—3qH,+H) =0,
FH,+HF,;+ Ny, =0, (4.3)

and the non-isospectral condition

A
Ao vES) o

5. Reductions for the y; =0, y» # 0 case

In this section we will set 7 = 0 in (1.2). From Table 3, we can realize that, as in the previous
section, we have four non trivial reductions related to K (¢), ¢, &, and 3. The first three reductions
provides the same results of section 3 by setting y; = 0.
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5.1. =1

The characteristic equation (2.3) yields the reduction

p=t3x q9=—,
y
u(x,y,1) =173F(p,q), (x,y.1) =1 3H(p,q),
m(x,y,1) =17 N (p,q), A1) =175 A(g),
y(x,y,1,A) =2(p,q,A), X(xyt,A) =Q(p,q,A). (GRY

The introduction of these reductions in the Lax pair (1.2) yields the following non-isospectral
linear problem

®,+iAD +FQ =0,
Q,—iAQ +H® =0,
2
<3q+2Aq2) c1>q+§ (FQ+iA®D) +¢* (A, +iN,D—iF,Q)
+[(2iFHA+4iA} + FH, — HF,)® + (2HF* + 4FA* + 2iAF, — F,,)Q]p = 0,
2 p . . .
<3 q+ 2Aq2> Q,+ 3 (H® —iAQ) +¢* (A, Q—iN,Q+iH,P)
+[(—2iFHA —4iA* — FH, + HE,)Q+ (2FH* + 4HA* — 2iAH, — H,,)®]y, = 0.
(5.2)

The compatibility of the above system provides the following equations

g
(6FHF, — Fypp)its + 3 (F + pF, —2qF,) +q¢* (Fpy + FN,) = 0,

. i
_ (6FHHP _H[JPP) 1p — g (H+pHp —2qu) +q2 (H[Jq +HNq) = 07

FH,+HF,+N,, =0, (5.3)

and the non-isospectral condition

1 A

WL —
7 24qBAg+1)

5.4

6. Reductions for the y; =0, 7» = 0 case

For this section we will set 7} =0 and p» = 0 in (1.2). We new four additional non trivial reductions
related to the constants o3, O, 05 y .
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6.1. a3 =1

Characteristic equation (2.3) yields the reductions

X
pP= ;> q=Y
u(x,y,t) = F(P;,q)7 a)(x,y,t) = H(I;CI)’
N(p, A
m(x,yt) = (I; Q), Ayt) = (t)
W(xayvtal):q)(Pv%A% X(X,y;fﬂ):Q(P’q,A)- (61)

By inserting these new variables into (1.2), where we have taken previously 1 = » = 0, we
obtain

@, +iAD +FQ=0,
Q,—iAQ +HD =0,

1
2AD, = <2 +ipA— iNq> @+ (pF +iFy) Q,
1
2AQ, = (2 — ipA—HNq) Q-+ (pH — iH,) ®, (6.2)

whose compatibility provides us the :

and the reduced equations

2FN, + Fpy — ipF, — iF =0,
2HN, + H,, +ipH, +iH =0,
FH,+HF,+ Ny, =0. (6.3)

6.2. au=1

The reductions obtained through the integration of (2.3) are:

t
p_x7 q ]
y
”:F(p7q)7 W:H(qu)7
m=N(p,q), A =Aq),
v =®(p,q), X =Q(p,q). (6.4)

The Lax pair (1.2) reduces to the spectral problem
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@, +iAD +FQ =0,

Q, —iAQ +HP =0,

®,—igQF,+ig®N,+2AqP, =0,

Q, +ig®H, —igQN, +2AqQ, = 0. (6.5)

whose compatibility provides us: A = constant and the reduced equations
—iF, +2qFN,+qFp, =0,

iH;,+2qHN,+ qH,; = 0,
H,F +HF,+N,, =0. (6.6)

6.3. os =1

The integration of the characteristic system (2.3) yields the reduction

_x _Y
p - ¢ ) C] - t )
F H
u="PD e itp). R ]
N —qt+ A
I (p,q)’ PR (p,q)7
t 2t
(p,q) itpq o(p.q) —itpq
= = . 6.7
v i Pl ) X i exp\ — (6.7)
The reduced Lax pair is in this case
L.
(I)I,—i-izACID—l—FQ:O,
1
Q,— EiAQ—i—HCI):O,
AP, —iF,Q+iN,P =0,
AQ,+iH,® —iN,Q = 0. (6.8)

whose compatibility implies that A = constant and the reduced equations

2FN,+ Fpy =0,
2HN, + H,, =0,
FH,+HF,+ Ny, =0. (6.9)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
58



P. Albares et al. / Classical Lie symmetries and reductions

64. o =1

These are the reductions obtained through the integration of (2.3)

P =X, q:t,
_ P - p
u=F(p,q)exp (qu’>a o =H(p,q)exp <—zqy>,
2A(p,q) —y
m=N(p,q), I
y=d(p,g)exp iy x=Q(p.g)exp( —i-y (6.10)
M 2q ) M 2q )

The reduced Lax pair is

q®,+qF Q+iA® =0,
qQ,+qH® —iAQ =0,

—2¢°®,+2pgFQ+2ipAP — P =0,

—2¢°Q,+2pgH® —2ipAQ—gQ =0, (6.11)

whose compatibility implies A = constant. The reduced equations are

pF, +qF,+F =0,
pH, +qH,+H = 0.
(6.12)

7. Conclusions

We have determined the classical Lie symmetries of a rather complicated non-isospectral Lax pair
in 2+ 1 dimensions, which generalizes the well known nonlinear Schrodinger equation. This pro-
cedure allows us to get the infinitesimals related to the independent variables and fields, as well as
those associated to the spectral parameter and eigenfunctions. Four different sets of symmetries can
be obtained depending whether the parameters ¥, 9> are zero or different from zero.

The next step is the identification of the reductions associated to each symmetry. Our procedure
has the advantage that the reduced spectral parameter and eigenfunctions are simultaneously deter-
mined. Therefore, we can have, not only the reduced equations, but the reduced spectral problem.
Actually, three special cases have been obtained, in which the reduced spectral problem in 1+ 1
dimensions is yet non-isospectral.

We should remark that the reduced equations are, in most of the cases, quite complicated and,
in many cases, non-autonomous. The identification of the integrability of these equations and its
associated Lax pair could be in general a non easy problem. Nevertheless, the identification of the
symmetries of (1.2) yields the right reduced spectral problem.
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