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1. Introduction

Chiral-type systems (see, for example, [4]) are the systems of partial differential equations of the
form

A*=US+ Gy UPUY + 0% =0. (1.1)

Here and further, the Greek indices range from 1 to n and the subscripts denote partial deriva-
tives with respect to the independent variables x and y. The coefficients Ggy, Q% are assumed to be

smooth functions of the variables U',U?,...,U". The summation rule over the repeated indices is
also assumed.

Further on, the covariant derivatives w.r.t. the connection defined by the coefficients Ggy are
denoted by V.

The Euler-Lagrange equations of the form (1.1) are called a nonlinear generalized sigma model.

Following [7], recall that the characteristic of the conservation law L = (L;,L;) of the system

(1.1) is a set of functions R = {Ry } such that
Div L = DL +DyL, = RoA%,

where D, and D, are the total derivatives w.r.t. x,y, and A% denotes the L.h.s. of Eq. (1.1).
We understand integrable systems as the systems admitting a Lax representation also called
zero-curvature representations.
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In the sequel, we assume that the system (1.1) admits the matrix g-valued Lax representation of
the form:

DyA—D,B+[A,B] = SqA”, (1.2)
where
~ - 1
A=AqU% +AM, B:BaUyO‘—kzN, (1.3)
So =Aq — B,

A is an irreducible parameter, A, B, M, N are smooth functions of the variables U',U?, ...,U", taking
values in a matrix Lie algebra g.
It is easy to see, collecting the terms by A, %, that M,N, Ay, By satisfy the following conditions

M o = [By, M|, 1.4)
N g = [Ag,N]. (1.5)
0%Sy = [M,N], (1.6)

Agp—Bp.a+[AaBg] —SyGlg = 0. (1.7)

ﬁ =
Here and further, comma denotes the partial derivatives, that is, Py = a‘if)a .

The set of functions Sy in Eq. (1.2) is referred to as a characteristic element of the Lax repre-
sentation [6]. In the sequel, it is assumed that Sy, S5, ...,S, are linear independent.

Remark 1.1. Note that the functions M, N, and the characteristic element S, of the Lax represen-
tation (1.2), (1.3) are transformed under a gauge transformation by the formulas

M—T 'MT,N— T NT, Sq — T 'S,T.

Thus, the functions of the form f(So,,Sa,;.--Sa,,M,M,...,M,N,N,...,N) are well defined tensor

r s
fields for an arbitrary ad-invariant symmetric (p + r + s)-form on g. It turns out that these tensor

fields carry important information about the system under consideration.

It was mentioned in [1] that for an arbitrary ad-invariant symmetric (k + p)-form on g, tensor
fields of the form

FOC[OCg...(Xk :f(S(Xl7S0627"'S(XkaM>M7"'7M)’ (k > 03 p Z 0)
)4
are Killing fields, that is

V(ﬁFal 0...0) = 0.
Here the proof of it is given (Proposition 2.1).
Co-published by Atlantis Press and Taylor & Francis
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The important case kK = 1 of such tensors was considered in [2]. It turns out that the sets Fy
defined by the expressions

Fa — f(Sa,M,M,M)

are characteristics of the zero order of conservation laws of system (1.1).
In this paper, in a similar way, we investigate the meaning of the tensors

KalaZMO‘k = f([Sal,M], [S(ZZ’M}?"" [Sak7M],M, ,M)

It is shown that covariant derivatives of these tensors vanish (Theorem 2.1). According to well
known result, these tensors for k = 2 define conservation laws Kop u? Uf dx for the system

A*=US+GEUPUY =0, (1.8)

that is, the sets KU form the characteristics of the first order of conservation laws for system
(1.8).

Note that the last result is not valid for the general case of system (1.1) with non vanishing Q%
(Example 2.1).

However, the sets Kaﬁ Uf‘ form the characteristics of the first order of conservation laws for
3-dimensional Lie algebras g. This result was announced in [2]. Here the full proof of it is given
(Theorem 2.2).

Remark 1.2. It is obvious that the results obtained from the above mentioned ones are valid also if

we change x <>y, M <> N, Ggy < Ggy_zG%Y]'

2. Main theorems

Proposition 2.1. Let the system (1.1) admit the matrix g-valued Lax representation of the form (1.3)
and f be a symmetric ad-invariant p-form f on Lie algebra g. Then the tensor field

F(X|062~~(Xk = f(Sa] 7Sa27...Sak,M7M, ...’M), (k > 0, p Z 0)
———

P
satisfy the condition
V(ﬁFal 0...04) — 0,

that is, Fo,a,...a; is a Killing field.
Proof. Rewrite Eq. (1.7) in the form

VSa = Sap —SyGlg = [Bp,Sal +Dag, (2.1)
where

Dyp = [Bg,Ba] +2Bg o- (2.2)

Then, one can obtain
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VBFOC|062...OCk - f(VﬁS(xl ,S(XZ, ...Sak,M,M, 7M)

p

+f(Sa] ,V'BS(X27...Sak’M7M, ...’M)
————

p
+... +f(Sal 7Sa27 ...7VﬁSak,M,M, ...7M) +pf(Sal 7Sa2, "'Sak’M7ﬁ7M7 ...’M).
p P
Using Ad-invariancy of form f and Eq. (1.4),(2.1), one can see that

VﬁFalaZ»--ak = f(Dalﬁ,Sa27...Saij,M7...7M) +f(Sa] 7Da2ﬁ,...Sak7M,M7...,M)

P P
+f(Sa;,Sey,-Dayp, M, M, ... M). 2.3)
N——
P
Symmetrizing Eq. (2.3) and taking into account that D,y = 0, we finish the proof. O
Denote the —th Euler operator by
Ea= YD),
7 IUf

where the sum extending over all multi-indices J = (ji, j2).
To proceed we need the following lemma.

Lemma 2.1. Let R be a function of the form:
R=KopUZUP + Lo, USUPUT + WoUZ,

where Kop,Logy, Wo are functions of UL U?,...,.U".
Then, the equations

Ey(R)=0
are equivalent to the following conditions:
Kigu =0, 2.4)
Kuap = 2L(payp =0, 2.5)
Wia) =0- (2.6)

Here and further, the comma denotes the partial derivatives, that is, P o = %.
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Proof. The proof is obtained by direct computation. Collecting the terms by US,, UgUyﬁ ,

Ux“Uxﬁ U/, U% in the expression E, (R) and taking into account the condition E (R) = 0, we obtain
Eq. (2.4),(2.5), the equation Kop.juy =0 (which is an identity), and Eq. (2.6). ]

Remark 2.1. Assuming that
Loy = KauGl,, Wa = KopOP.
Then one can easily verify that Eq. (2.6) can be rewritten in the form
(Q%Kop) .y — (Q%Kay) g =0, (2.7)
and Eq. (2.4),(2.5) are equivalent to the condition
VyKap = 0.

Theorem 2.1. Let the system (1.1) admit the matrix g-valued Lax representation of the form (1.3)
and f be a symmetric ad-invariant p-form f on Lie algebra g.
Then the tensor field

KOHO‘Z“-O‘/{ - f([Sal,M], [Saz,M], ceey [Sak,M],M,...,M)
p—k

satisfies the condition

VyKalaz...(xk =0.
We will give the proof of the theorem in Appendix.

Corollary 2.1. Let the system (1.8) admit the matrix g-valued Lax representation of the form (1.3).
Then for every symmetric ad-invariant p-form f on Lie algebra g the set

Yo :f([SOCaM]’ [SﬁvM]vMaM>7M)U)E
p—2
is the characteristic of the conservation law 6 = %f([Sa,M], [Sg, M],M,M, ...,M)Uf‘dex.
—_————
p—2

Proof. The proof follows from the well known result that Kz Ux‘"U)f3 dx is an integral of system
(1.8) iff VyKqp = 0. O

Corollary 2.2. Let n-component system (1.1) admit g-valued Lax representation of the form (1.3),
where g is compact algebra Lie of rank | and | < n. Assume that M is a regular element of Lie
algebra g in a point Py.

Then the covariant constant tensor field Ky defined by

Kop = f([Sa;M], [Sp,M]), (2.8)
where f is a Killing form on g, does not vanish at point P,.
Co-published by Atlantis Press and Taylor & Francis
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Proof. One can obtain the proof taking into account the linear independence of S, the compactness
of g, and reasons of the dimensionality. 0

Remark 2.2. It is well known that the Euler-Lagrange system for Lagrangian

L =gas(UNULUP +0(UY),

where gjqp) = 0,det||gqp|| # 0, admits the integrals gaﬁUf‘dex, gaBU;‘dey. Thus, if tensor
field f([Sa,M],[Sg,M|,M,M,...,M) is up to a constant proportional to the metric g,p determined
—_———

p—2
by Lagrangian L, then the set f([Se,, M|, [Sg,M],M,M, ..., M)U is the characteristic of conservation
N——

p—2
law. Note that no examples of such systems admitting the Lax representation with dim g > 3 are

known to the author.

Remark 2.3. Corollary 2.1 could not be generalized to the case of the chiral-type systems (1.1)
with non vanishing Q%. This illustrates the following example.

Example 2.1. Consider the 3-component variational system
A = UL —aU?V 1 pUPe ' =0,
A =U% by eV —yUAURU2 =0,
A =U3 —ay~'eV —yUPUlU} =0,

X7y

where ¥ = (U?U? +¢)~! and a, b, c are arbitrary constants, and a® + b # 0.
This system is the Euler system for Lagrangian

L=2U'U} + y(U2U3 + U2U2) +2aU%" 1 2bU3e 2 (2.9)

x“y

and admits the Lax representation which takes values in s/(3), where [4]:

_ 3([%3[%:_0) *bC_] (]36—2U1 0
A= | AaU?eV' _% Aael' ||
0 bele=2U! (UU? +¢) 73([2;2]{2,?;)
2173 3
B= -¢ %(4Uy} - Ulzjugic) 0 .
2U-°U;
v o deu-
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This Lax representation is not of the form (1.3). In order to construct tensor K g using Eq. (2.8),
we rewrite this Lax representation in the gauge equivalent form:

_3(1%21/[]31(:) —be eV 0
A= raU?eV' _% Aael' |,
0 be~le 2! (UU3 +c)A 73(?]%?;)
2773 3
B= —cA! 14U} — i) o
2U0°U;
Uy 0 =320y — g

Choosing f(x,y) as Killing form 7r(xy), one can find by direct calculation

8 0 0
1

K=-ab| 0 0 g
OU2U3+c 0

Analogously one can obtain by direct calculations:

4 0 0

K =f([Sa,N],[Sg.N))=c | 0 0  goprrs
0 e O

C
Consider the case a = b = 0. Then, one can easily see that I?aﬁ Uy* is the characteristic of the

. 12, B0
conservation law ¢[4(Uy )* + gap5s I
In a general case a # 0 or b # 0 matrices K, K are not proportional up to a constant to the metric
defined by Lagrangian (2.9), and one can verify that the sets K,gU. f , Kog Uf are not characteristics

of the conservation laws.

]dy, in accordance with Corollary 2.1.

It is interesting to note that the linear combination cK + 3abK is proportional to the metric and
defines the characteristic of the conservation law.

Theorem 2.2. Let the system (1.1) admit the Lax representation of the form (1.3) valued in a 3-
dimensional Lie algebra g. Then for every symmetric ad-invariant p-form f on Lie algebra g the
set
Yo = f([Sa, M), [Sg, M|, M,M,....M)UF, (2.10)
——
p—2

is the characteristic of the conservation law

! (M, M)
6 = = f([So:M], [Sp. M), M. M, .. MUPUZ dx + o D,
p—2
where H = f(N,M,M,...,M) and the round brackets (M,M) denote the scalar product w.r.. the
————

p—1
Killing metric on g.
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Proof. The proof for the two cases of so(3) and s/(2) is the same due to the well known isomor-
phism over C of these Lie algebras. The only statement we need to prove is the condition (2.7).
Denote Zg = Q%K. Then, using Eq. (1.6), we have the following equalities
Zg = “Se,M],[Sg,M],M,M,....M) = f([[M,N],M],[Sg,M|,M,M, ... M
g =f(1Q%Sa, M],[Sp, M] ) = f([[M,N],M],[Sg, M] )

p—2 p—2

= —f(M(M,N),[Sp,M|,M,M,....M)+ f(N(M,M),[Sg,M|,M,M,....,M).
p—2 p—2

Now, one can see that the first summand vanish due to Ad-invariance of the form f. Thus, we obtain

Zﬁ = (MvM)f(Na [S,BaM]vMaMa aM) = _(M>M)f([N7M]7Sﬁ>M7M7'-'7M)'
p—2 p—2

It turns out that the last equation can be integrated. At first, note that from condition (1.4) it fol-
lows that (M,M) = const. Now, one can verify, using Eq.(1.4) and (1.5), the following identity:

Hgo= 2% = (p— 1)f([N,M],Sq,M,M,...,M). Then, we arrive at Zg = — 57 (M,M)H 5. Now,

p—2
one can verify that form 0 is the conservation law of the system under consideration, and the proof

is finished. U
Example 2.2. Pohlmeier-Lund-Regge system [5],

1 __ 71 1772 1rr2y
A= U+ s (DU +UUE) =0,
. U2
A=y Y ylyl - psinU? =0,

P (I4cosU?2)2 7Y

where p is an arbitrary constant. It will be convenient to write the Lax representation of PLR system
in the form (1.3), where

cosU2U} U271
0 —(Ap—="—5) —te 5 Uy
A cosU2U]! 2
A= pk — M 0 Ux )
U2rrl 2
thUx *Ux 0
0 cosU? U) _sinU2
A 2cos2 L& A
B= | _ (cosU? Uy
( A +20052U72) 0 0
sinlU2 0 0

Choose the following basis B of the Lie algebra s0(3)

000 00—1 0-10
Zi=l001],72=[000 |, Z35=([100];
0-10 10 0 000

then we have
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2 2

N - 0 tgz%—tg%
D,A—D,B+[A,B]=SoA% = | 122 0 0 |A

% 0 0

000
+(0 0 1]A2%

0-10

Thus, w. r. t. the basis B,
U? U?
S; = (o,th,—thT), S, = (1,0,0),

M =(0,0,p), N = (0,sinU?,—cosU?).

Assume that the 2-form f is the Killing metric of the Lie algebra so(3) which, w. r. t. the basis
B, is §;; up to a constant factor.

Construct a characteristic of the first order, using expressions (2.10). Assuming that f is the
Killing form, we obtain

202
K:f([somM]ﬂ[Sﬁ’M]) :p2 <tan0 ’ 1) ,

= tan? 2> 0
Kaﬁzf([savN]a[Sﬁ>N]): ( 2 )7
and
U? - U -
Y; = p*U/ tan? ERRe = p*U;, Y1 =U, tan® — = U;.
One can verify that Y and Y are the characteristics of the following conservation laws:

1P (U2 tan? U; + (U2)¥dx — p?cosU*dy and 1[(U})? tan? %2 + (U})?*]dy — pcosU?dx, respec-
tively.

Example 2.3. Consider the 3-component system

1 3771 3 3r72, _
Uy + U ctgU® — U U+ =0,
2 3772 3 3r71 _
U, + U UfergU? — — U} =0,

Uy, +U Ul sinU? — psinU® =0,

where p is an arbitrary constant. This system admits the Lax representation of the form (1.3), where

(31, [2]:
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N 0 iAM? —iAM?
A= | -AM> 0 iaM' |,
iAM? —iAM' 0

0 7 — (cosU U} +U}) —b3
B=| —5+(cosU’U} +Uy) 0 by |,
b3 —ba3 0

M! :psinU3 sinU?, M? = —psinU3cosU27 M :pcosU3,

b3 = sinU3cosU2U; —sinUzU;, by = —cosUzUy3 —sinUzsinU3Uy1.

Consider the same basis B and the same 2-form f as in example 1. Then, we find S| =
(sinU?sinU3, —cosU?sinU3,cosU?), S, = (0,0,1), S3 = (cosU?,sinU?,0).
Again, using (2.10) and assuming f to be the Killing form, one can find

0O O O
Kaﬁ:f([sa,M],[Sg,M]):pz 0sin?U30 |,
0O 0 1

N sinfU3 00
Kaﬁzf([Sa,N],[Sﬁ,N]):— 0 00
0 01

Thus, according to the Theorem 2, the set Yo, = p?(0,sin> U3U2,U?) is a characteristic of the
conservation law. Indeed, the corresponding conservation law is

2
6 = —p’cosUdy + %dx[(U;)z + (U%sinU?)].

Analogously, one can see that Yo = —(sin’U 3Uy1 ,0, Uy3) and corresponding conservation law is
of the form

. d
6 = pcosU>dx — jy[(U;)2 + (Uy1 sinU>)?].

3. Conclusions

In this paper, the geometric meaning of some tensor fields constructed by the Lax representation of
chiral-type systems is shown. The formula for characteristics of the first order of the conservation
laws for the chiral-type systems admitting g-valued Lax representation (dim g = 3) has been proved.
It seems interesting to find similar formulas for characteristics of higher orders. Such fields may turn
out to be useful to obtain a criterion of existence of a Lax pair.
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Appendix

Here, we prove theorem 1.

According to Eq. (1.4),(2.1) rewrite VyKq, o,...o;, by the following way
V’}’K(XIO‘ZH-O‘/( - f([vySal ,M], {Saz,M:I, ceey I:Sak,M:I,M, 7M)
p—k

+1([SasMy), [VySay M), ... [Seys M, M, ... M) + .

p—k

+1([Say, M), [Say. M), ..., [Sepe, My} M, ... M)
p—k

+(p— k)£ ([Seq - M), [Says M), .o, [Seq.. M), M . M, M, ..., M)

p—k—1

= f([[By,Sa,)sM],[Sa, , M|, ..., [Se,, M|, M, ..., M)

p—k

+f(IDayys M), [Says M), ... [Sa, M), M, ..., M)

p—k

+f([Se, [By:M]], [Say s M), ..., [Se,. .M, M, ..., M)

p—k
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+f([SO!1 7M]7 [[B%Saz]aM]a ) [SOCHM]?M’ 7M)

p—k

+£(1Sas - M), [Deys M), ... [Sep.s M), M, ..., M)
p—k
+1([SeysM], [Sa,, By, M}, ..., [Se., M|, M, ..., M)

p—k

+..+(p—k)f([Se.M],[Sa,,M],...,[Se.,M|,[B y, M| M,....M).

p—k—1

Now, one can see that the underlined terms vanish due to Ad-invariancy of the form f.
Next, one can obtain from Eq. (1.4) the following identity

2B(q),M] = —[[Bq, By], M|.

Taking into account Eq. (2.2), one can find that [Dyg,M] = 0. The proof is complete.
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