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Starting from an operator given as a product of g-exponential functions in irreducible representations of the
positive discrete series of the g-deformed algebra sug (1, 1), we express the associated matrix elements in terms
of d-orthogonal polynomials. An algebraic setting allows to establish some properties : recurrence relation,
generating function, lowering operator, explicit expression and d-orthogonality relations of the involved poly-
nomials which are reduced to the orthogonal g-Meixner polynomials when d = 1. If ¢ 1 1, these polynomials
tend to some d-orthogonal polynomials of Meixner type.
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1. Introduction

Let (P,)n>0 be a polynomial sequence with complex coefficients of n-th degree
(i.e degP, = n) and (u,),>0 the corresponding dual sequence defined by

(ttn, By) = Oum, nym=0,1,...

where (u, f) is the action of a linear functional u on a polynomial f and ,,, the Kronecker delta.

For a positive integer d, the polynomials P, (x) are called d-orthogonal with respect to the linear
d-dimensional functional vector % ="(ug,uy,...,uqs—1) [12,17] if they satisfy the following vector
orthogonality relations

(i, PuPy) =0, n>md+i+1, (1
(i, PpPy) #0, n=md+1, '

for each integer i € {0,1,...,d —1}.

When d = 1, we return to the well known notion of orthogonality.
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Recall that the polynomials P, (x) are d-orthogonal if and only if they satisfy a recurrence rela-
tion of order d + 1 of the type

d+1
XPo(x) = Y Yins1Por1i(x), (1.2)
=0

1

where ¥ n+1%4+1.n+1 7 0 and by convention P_, =0, n > 1. The result for d = 1 is reduced to the
so-called Favard Theorem.

During the last three decades, numerous explicit examples of d-orthogonal polynomials and
multiple orthogonal polynomials have been intensively studied and developed by many authors
[1,2,5,11,16,19]. However, only in the past few years, some works dealing with the connection
between d-orthogonal polynomials, multiple orthogonal polynomials and Lie algebras were intro-
duced. Indeed, by means of an algebraic approach, multivariate Charlier and Meixner polynomials,
d-orthogonal Charlier, Al-Salam Carlitz and Krawtchook polynomials appeared as matrix elements
of operators in Lie algebras [6,8,9,18]. In the present paper, we shall identify and study some d-
orthogonal polynomials generalizing the g-Meixner polynomials which are presented as matrix ele-
ments of a suitable operator of the g-deformed algebra su,(1,1). Note that the connection between
the orthogonal g-Meixner polynomials and the g-deformed algebra su,(1,1) has been the subject of
many papers [3,13,15].

The outline of the paper is structured as follows. In section 2, we recall basic facts about
sug(1,1) algebra and its irreducible representations of the positive discrete series. Moreover, we
define a set of g-coherent states and we establish some useful identities in su,(1,1). Section 3 is
devoted to introduce an operator S that shall be studied along with the associated matrix elements
which will be expressed in terms of d-orthogonal polynomials. When d = 1, the obtained results
are reduced to the g-Meixner polynomials. An algebraic approach allows us to derive some prop-
erties: recurrence relation, generating function and lowering operator. In section 4, we focus our
study to a family of d-orthogonal polynomials of g-Meixner type that will be expressed in terms
of g-hypergeometric functions and we determine explicitly a linear d-dimensional functional vec-
tor insuring the d-orthogonality of the involved polynomials. Moreover, we show in section 5 how
these polynomials are reduced to some d-orthogonal polynomials of Meixner type when g 1 1.

In the remainder, we assume that g is a real number such that 0 < g < 1.

2. The g-deformed algebra suq(1,1)

In this section, we present a few basic elements of g-calculus that shall be needed throughout the
paper (the interested reader may consult [7]) and we review basic facts about su,(1,1) algebra
concerning its positive series representations and the associated g-coherent states.

2.1. Elements of g-analysis

The basic hypergeometric series is defined by

ap,ay,...,ar = (ar,a2,-..,ar59)n ( ; (n))l—l-s—r .
2| = —1 2 ",
r¢s <b1,b2,...,bs 7 > ,;)(q,bl,bz,...,bs;q)n ( ) g
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with () =n(n—1)/2, (a;¢), stands for the g-shifted factorial

(a:q) :{1, n=20,
"dn (1—-a)(1—aq)---(1—aq*"), n=1,2,....

r

and (ay,az,...,a,)n = H(ai;q)n.
i=1
The g-shifted factorials satisfy a number of identities :
(D @ dn (8) -

(@) ’ 2.1
g =0, if k>n,

(QQQ)n—k =
(g
. ril . .
(@:@)nrti = (@:9)i(aq"sq)nr = (a:q)i [ [(ag"™ 56 ), (2.2)
=0

where n,k,r and i are non-negative integers.
The g-binomial coefficients are defined by

m _ (@9

k (@D @G Dn—k

The little g-exponential, denoted by e,(z), is defined as

Q;z>=i < = :

= (@ (9=

es(c)= 10

and the big g-exponential, denoted E,(z), is given by

_ = ()
E,(z) = 0o (_ q; —Z> = Z q. '=(-2¢)w -

It follows that e, (z)E,(—z) = 1.
The g-binomial theorem states that

(@)= S (0 @)
With the help of (2.1) we show that
Ey(t) 101 ( % q;—(1 —q)zqﬁzlzf> = i 101 <q,3n g; (1 —q)zqﬁ;IZ> q.(2> 1" (2.4)
9 n=0 q (4:9)n
The g-difference operator D, is defined by
i) = {01189,

D, satisfies the following useful property
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1 & 0 (n _
)= 5 L0407 st @3
X =0 q

2.2. suq(1,1) algebra and its positive discrete representation

The g-deformed algebra su,(1,1) is defined as the associative algebra generated by the elements

J_,J;,q" and g7 subject to the defining relations
V-] = [240lg,
Jo,Jx] =+,
qJ()Jiq*J() — qilji’
q"q " =q"q",

(2.6)

where

a/2 —a/2

— 97 —q
[A,B]:=AB—BA, lalg:= ~15——7,
q q
and satisfying the involution relations
Jo=0 () ="

In the remainder of the paper, we are interested in the positive discrete representations of
sug(1,1) labelled by a positive number 8 and acting on a Hilbert space .73 in the following manner:
If |n) is an orthonormal basis (i.e (n|m) = J,,), we have

J_|n) = oyln—1),

Ji|n) = auyi|n+1), (2.7)
B

qij0|n> :qi(”+2)|n>,

where

g~

(1-q)

The action by powers on the basis |n) are given by

V=g (1—gbin). 2.8)

o, =

o,!

Ji|n) =
Jin) =0, i>n, (2.9)
Ttm) = C ),

Ol

where o,! is the sequence defined by

n gn(B+n=2)/4
anti= [T o =" @ n(ahn . ool =1. (2.10)
k=1

It is obvious to see that
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VA
o,

= |n).

By induction on n we show according to (2.6) that

a0 = @l
T =0 " = cg(1—=g") (g"mt =g ™),

where

_ V4
T g7

It follows that for every formal power series f such that f(J_) exists
g fU-)=fla)-)g ",
{ T fU=) = fU-)s = cqq"Dyf (J-) +cgDgf(J-)g ™,
and by conjugation we get
fUa P =a"fq)),
{ FUM-=T-f(J+) = gD f (J1)q" +cqq "Dy f(J5).

Since Dye,(—z) = —e4(—2) and e,(—qz) = (1 +2z)e,(—z) we get from (2.13),

eqg(—J)g E,(Jy) =q " +q Iy,
Ej(J ) eq(=J1) =T —coq®+cog 0 (1471) 7"

2.3. g-coherent states

2.11)

2.12)

2.13)

(2.14)
(2.15)

The concept of coherent states and their applications can be traced to early literature in the field of
quantum optics and was widened for more general applications, primarily in quantum mechanics
[14]. In our work, we introduce the notion of g-coherent states associated with su,(1,1) as an
algebraic tool which will be exploited in order to establish basic properties of some d-orthogonal

polynomials.
Let z be a complex number. By |z), we denote the g-coherent state defined as

n=0 a"!
n
Its expansion coefficients are (n|z) = %. Using (2.10) and (2.11) we show that
!
0 B-1
lz) = 101 <qﬁ g:—(1—q)*q 2 ZJ+> |0).

The state |z) can be looked upon as an eigenstate of the operator J_. Indeed we have

J-|z) =zlz),
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and for a power series f,

fU)2) = f(2)lz)- (2.18)

For g-coherent states |z;) and |z2), the inner product is

0
(z1lz2) = 11 <qﬁ q

B-1
— —61)26122112> |

3. Matrix elements of an operator and d-orthogonal polynomials

Let r,d be two positive integers such that d = 2r — 1 and let ay,a»,...,a, be complex numbers in
C — {0}. The operator S which will be the subject of our study in the remainder of the paper is
defined by

-
=E,(J) [ eq(ail-). (3.1
i=1
It is clear that S is invertible and
-
ST =T]E (—aiJ-)eq(—J+). (3.2)
i=1

We define the matrix elements of S by v, x = (k|S|n).
To establish a recurrence relation satisfied by y;, x we need the following obvious results.

Fq(qz) = P(Z)Fq(z) and Dqu(Z) = Q(Z)Fq(z)’ (3.3)

where Fy, P, Q are given by

o) = [Testa). P = [10-a2). 00 = == 64
3.1. Recurrence relation
Starting from the matrix element (k|g~%S|n), we have from (2.7)
(KlgS|n) = gDy (3.5)
On the other hand
(klg~"S|n) = (KIS(S~ g™ $)In). (3.6)

According to (2.12),(2.13),(2.14),(3.2) and (3.3), we have

ST = Fy(0 )7 (eg(=01)a Ey(J1) ) Fy(-)
FU-) " ) + By a7 (1R 00)
=F,(J-) " "Fyla-)g "+ Fy0-) g PR (o)
—cqFg(J-)~ quFq( -)+eq q(J—)fqujquFq(J—)qijo

= P(J_)q " +PU-)q "I = cQU-) +¢Q(qI-)P(I-)q "

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
6



A. Zaghouani / Automorphisms of the q-deformed algebra sug(1,1)
Therefore (3.6) becomes

(klg~"S|n) = (kISP(J_)g~*|n) + (kISP(J_)g " J {|n)
— g (KISQ(J-) ) + ¢4 (K[SQ (g )P(J-)g~*"|n). (3.7)

After writing the polynomials P(z), Q(z), Q(gz)P(z) under the form,

d .
=Y &z, 0 Z niz', Q(qz)P Z iz,
i=0

with g # 0, n; = & =0, i > r, we obtain successively according to (2.9)

d
P(J g "n) = ~(n+5 Z |n—l
PU_)g "d |n) = ¢ 1+E a+1Z§, ! +1-1i),
O1— l
Zd:
ni !n—l>
i=0 On—i

Hence we get from (3.7)

|
1 1

ll/n iktq (n + OC+1Z§, lVnJrl i.k
Oy — z Op+1— L

(Klg " S|n) = ¢~ "% Zé

o,!

—chnlan ¥k g (2n+B) Zuz Wik (3.8)

al’l l
Comparing (3.5) and (3.8), we obtain

Proposition 3.1. The matrix elements W, i satisfy the following recurrence relation of order d+1 =
2r.

d
qiku/n,k = qi(n+l)an+l lI/rH»l,k + Z ﬁn.,ill’nﬂ}ky (39)
i=0

where B, ; are complex numbers, with B, 4 # 0.

From this relation one can express Y, ; recursively, starting from Y. Indeed, putting n = 0
(respectively n = 1) in (3.9), we get

Yk = i(éfk — Bo.o) Yok
o

3

Yo = ——((q ™ = Bro)(a ™ — Boo) — Br1) Wox-

o100

Repeating this process we arrive at the following:
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Corollary 3.2. The matrix elements W, x are expressed under the form

Yk = VouPa(g75), (3.10)

where P,(q*) is a polynomial of degree n in the argument ¢~ * and satisfying the recurrence relation
of order d + 1 given by

d
qikPn(qik) = qi(n+1)an+lpn+l (qik) + Z Bn,iPn—i(qik%
with the initial conditions Py(g~*) =1, P,(¢g7¥) =0, n < 0.
According to (1.2), the polynomials B,(g~*) are d-orthogonal.

3.2. Generating function

In order to calculate the (formal) generating function F(z,k) of the d-orthogonal polynomials
P,(q7%) defined by

n=0
we consider the expression of (k|S|z). On the one hand, we have from (2.16)

(k|S|2) = (K|S] Z—| Z ‘O”;’k " 3.11)
n-
On the other hand, taking into account of (2.4),(2.10),(2.17) and (2.18), we get successively

(KIS]2) = (kE, (1) [ T ealaid ) 2)

i=1

— eaaa) KE,(2:) 10 (q%

i=1

:Heq( a;z) Z (qq 1¢1<
i=1 q

m=0

B-1
¢—u—@%zzu)m

,u—mMZZ)wmm>

M. = alq?) a2 B "

= [ed(a) Z:, Gdm <q,3 ¢:(1-4)°q Z> (klm)
g0 —k pe1

—Heq aiz)> Tadr 191 (qq;s (1—q)%q > Z>

r ,¢“M/ @iae (0] 4ot

= L a0\ (o 1¢1< &(1-g)q Z>'

It follows by virtue of (3.11) that the matrix elements y, ; are generated by

g (1 —q)zqﬁ;l1> :

> Wk qk(k—ﬁ)/4 (
~7' = eq(aiz) 1
,;)ocn! (1—g)t qqk,Hq
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From the previous calculus we get

ak'q(lz() qk(kfﬁ)/4 (qﬁ’q)k
YO =g ~ 0=\ (@)

Using the relation (3.10) we arrive at the following:

Proposition 3.3. The d-orthogonal polynomials P,(q~*) are generated by

. Pﬂ(qik) no__ - qik
al C —Eeq(aiz)lgbl y

)y

n=0

B+1
q:(1—q)%q Z>-

3.3. Lowering operator

We have obviously from (2.7)
(k|ST-|n) = oty Why—1 k-
On the other hand, we have
(k|ST_|n) = (k|(ST_S~1)S|n).
According to (2.15)

SI_S™' = E,(J1 ) _ey(—J1)
=J_—cyq" +e,g (1 +7)7!

oo

=J_ —c,q" +cyg " Z (="

m=0

Hence (3.15) becomes

(KISJ_|n) = (kIJ_SIn) — c, (KIg"S|n) +cq(Klg " (145) "' Sln).

oy !
(Xk_m!

k
B (kB
= Qg1 Yn k+1 —quk+2 Wk + Cqq (k+2) Z G

m=0
Dividing by ¥ x and combining (3.14) with (3.16), we obtain
Y0, k+1 P,
Yok

k
(kB 0! Vok-mp , (k-

+e (k+5) _ym 2k } P, (k—m) .

o mZ::o( L Vo (q )

_ _ B _
0uPuo1(q7%) = gyt (@) —cod TP (g7

By virtue of (2.1),(2.8) and (3.12), we have
1-B

0,k+1 2
05/<+1W'+ = (1- ﬁ+k)

Vox  (1—9q)?
= —ciq " (1=,

and
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k—m
! Yorm  (@:0)al )

O —m! Yo,k (Q;Q)kfmq(é)
= (=1)"q" (g “:q)m-

Thus we get from (3.17)

- 5 (P.(a - B
anPn_l(q k):cqqk+2(Pn(q (k+1))_Pn(q k))_cqq 2Pn(q (k+1))

By e s - "
+egg “T Y " (g @) mPu(d™ ). (3.18)
m=0

Using now the notation Tq(m) f(x) = f(¢"x), for any integer m, we announce according to (3.18) that

Proposition 3.4. The operator ¢ defined by

oo

-1 - m(, — m
o=T, " ~¢Diy—a* Y ¢"(aFq)uTy",

m=0

satisfies the following equality

oPi(g7) = (1-q)g > B0 (1= ) (1 — b )P (g7,

Hence o is a lowering operator of P,(g¥).

4. d-orthogonal polynomials of q-Meixner type
1-8 1-B

After replacing z by Lzz and a; by d; = qiza,- in (3.13) with ¢ > 0, we assume in this
c(l—q) c(1-q)
section that a} —e 7 ,1< j < r. Then we get
- / - / 1
r r
P(z):H(lfajz)zlfz and Heq(ajz):eqr(z): T
=1 j=1 e

According to (3.13), it is natural to consider the d-orthogonal polynomials
1‘/1n(61_k;q5_1 ,¢,d;q) generated by

Y Malg™50P " c,dig)— L <qk
n ’ 7C7 7 =
PN Vigan i)'\ g

q;_qz>, @.1)

c

which are reduced when d = 1 to the g-Meixner polynomials M, (g *;b, c;q), where
0<b<qg ' c>0and b=gP ! [10].
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Recall that M,,(¢~*%;b,c;q) are defined and generated by

-n ,,—k n+1
M, (g %;b,c59) = 201 (q b’q q;—q ) ; 4.2)
q C
= _ " 1 gk qz
M,(g%:b,c:q = 1¢1< g —= (4.3)
n;) nl )(q;q)n (2:9)- bq c
and they satisfy the orthogonality relations
= (bg:q)uckq(?)
y PEDCTE kMg beg) =0, ifm £ (4.4)

= (—beg:q)i(q:9)k

M, (g%, qP~",c,d;q) are called d-orthogonal polynomials of g-Meixner type.

4.1. Explicit expression

To obtain the explicit expression of the polynomials M, (g; g1 e d; q), we can proceed directly
by expanding the generating function (4.1). Indeed, we have

S k. B-1 " = . a3 (g:q); i+
Mi(qq" ¢ d3q) = : ’ .
ngb ! (4:9)n sgél—gé c(¢:9)i(dP:9)i(q":q")s
Then we get
i+1
u a3 (g*;q);

Mai(g ¢ e diq) = (4:9)n Y (4.5)

i=0 Ci(q;q)i(qﬁ;q)i(q’;q’)n%i ’
In (4.5) the discrete variable i can take the values such that
(n—i)/r=s=0,1,...

For any non-negative integer we can putn =mr+ j, m=0,1,... and j =0,1,...,r — 1. Then i can
take the valuesi=rl+j, [ =0,1,..
Therefore (4.5) can be written in the form

rl+j+1
m J

k. B~ a" (g q)ns;
My(g*qP " c,d;q) = (¢39) : :
! " E(’) " 9) 14 (P 9)rs (a0 ) mt

(4.6)
which becomes after an easy calculation according to (2.1) and (2.2)

Jj+l1

a")(@:9)n(a 5 q);
g q" ) m(4:9) (9P q);

r—1 . N r—1 1 .
_ (g4, H(q—k-i-j-i-s;qr)l ((_l)lqr(2)> ql( S +r(m+j)
% Z s=0

r—1
=0 i i
(=) 1@ P74
=0

N

Mg %P e dsq) =

Co-published by Atlantis Press and Taylor & Francis
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Therefore if we denote by A(a;r,q) and A(a,b;r,q) the arrays defined by

A<a; r’ q) = (qa/r7 q(a+1)/r7 ceey q(a+r71)/"))7
A(a,b;r,q) = (Ala;r,q),Alb;1q)),

we get

j+1 B
a")(@9)n(a*:9);
(g g )m(a:9)j(qP:q);
r7 —mr7A —k+ ';I", r
X r+2¢2r (q 1 ( / K )

M, (qg7%qP e dsq) =

; 4.7
q (o) 4.7

In the particular case when d = r = 1 (then m = n and j = 0), we get from (4.7)

()t
AG+1,B+ jsnq) '

—k ,—n n+1
_ _ q9,9 .4 —q
My(qg*,¢P " e q) = 3¢2( PEUE )
q,9 ¢
B qfqufn . _qn+l
=20 g |T .
q c

Hence we meet again the g-hypergeometric representation of M, (g~; g1 e q) given in (4.2).

4.2. d-orthogonality relations

Let us now express explicitly in terms of g-hypergeometric functions the linear d-dimensional
functional vector % = "(ug,uy,...,uq—1) insuring the d-orthogonality of the polynomials
Mn(q_k;qﬁ ~!.¢,d;q). The adopted approach is based on the notion of obtaining dual sequence
of a polynomial set via inversion coefficients [4].

The main result of this section is the following theorem.

Theorem 4.1. The polynomials Mn(q_k;qﬁ_l,c,d;q) generated by (4.1) are d-orthogonal with
respect to the linear d-dimensional functional vector % ="'(ug,uy,...,uq—1) given for every
0<i<d—-1by

rk+s)

Ne

. r—1
1

(uir ) = c'q~ G (gP 1 q); O e f (g™ ) (4.8)

—0k=0 (4:@) ric+s

where f is a polynomial and @; si+ is given by

(1) for rk+s<i—1

s = Vo (G 1B g
i rk+s = (q;CI)i—rk—.v 2rQr A ,'_rk—s+1;r,qr) q

2) for rk+s>iand 1 —r<s—i<0
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r

—k*(3)—irk( i+1. i
(— 1) ks ek =R () =ik (441 gy L (P )
(@:9)i-s(q"5q" )k

qr,A(}"k—l—l—i— 17ﬁ —|—Vk+i;”,qr) r r fir7(2k+1)(r)
X o 2
2r+19r+1 < qr(k+1),A(i—s+ L;r,.q") 73l

@; rg+s =

i

B)for rk+s>iand 1 <s—i<r—1

(— 1) Dk prhe ) = (et D2 () =ikt 1) i1,

(@:9)r+i-s(q"39" k1
LA(r(k+1)+i+ L, +r(k+ 1) +isng” r r_—ir— 4

X 2r+1¢r+1 <q (r( ) l ﬁ r( ) o ) 7 (_C) 1 (2k+3)(2)>

g 2 A(r+i—s+1;r,q") ’

_ Q)r(k+l)(q6+i;Q)r(k+l)
a)i,rk+s -

)

(4) for rk+s>iand 2(1—r)<s—i<—r

—(k=1)2(5)—=ir(k=1) ( ji+1. i
(— 1)U Dk ol g = (k1) () =ik (@™t -1) (@) )
a)i,rk-‘rs = . re o1
(4:9)—r+i-s(q":9" k-1
qr7A(r(k_1)+l+17ﬁ+r(k_1)+l’raqr) r. r 7ir7(2k71)(r)
X 2r410r41 < g  A(—r+i—s+1;rq") 73(ere ')

Example. If d = r = 1 (then i = s = 0). We get from Theorem 4.1 (case (2)) and with the help of

(2.3)
-

k+1 B+k
9,9 4
wo,kzck(qﬁ;CI)m(Pz( T

Bk
=t Pk 100 <q_ q;0>

_ K=" iq)-
(—¢1q)w
_ K@ i(=cqP1q)-
(—cqPiq)i(—c1q)

Then we obtain

(o, f) = (—cd’10)e & gD (@Pigh . 4
’ (—@)e S (@:@(—cqPiq) '

Hence we recognise the orthogonality of g-Meixner polynomials M, (x; ¢ e q) given in (4.4).

In order to prove Theorem 4.1, we need the following lemma.
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Lemma 4.2. For every polynomial f, we have

f@=Y 2 { h,f(x)} (x:q)- 4.9)
n=0
Proof. Writing f under the form
f(x) = Z am(x;Q)ma (4.10)
m=0

then applying the operator DY /q O each side of (4.10) and using the fact that

q " (@ @)m
(CIQQ)mfn
D’l’/q(x;q)m =0, ifm<n,

Drll/q(x;CI)m = (X;Q)mfna ifm>n,

[(X; Q)n]le = 5n,0>

we get

[ 7/qf(X)] =q "0 (q:q)n;

x=1

which finishes the proof.

Proof of Theorem 4.1. We have from (4.1)

X
101 <q’3

Then by equalizing the coefficients of 7, we get

q’_qz> - (Zr;qr)‘x’iMn(X;qB717c7d;q) Zn .
c = (¢:9)n

m

(i), = @ D@ ) W (g ()
3q)n q(";rl) = @7 G D nmr

My-mr(x:¢P 7" e, dxq). (4.11)

(where [a] is the integer part of a).
Applying the dual sequence (1;);>0 of M, (x;qP~",¢,d:q) to each member of (4.11) we obtain

(—=1)"q" D) e (g:9)u(dP;q)n

n+1
a3 )m(g:q);
(ui, (x;q)n) =0, otherwise.

(i, (55 )a) = if0 = mr )
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With the help of (2.5),(4.9) and (4.12), we get successively for every polynomial f

n

q
“ (q:q)n

agki

(uir f) =

IRy

x=1

n

> mr+i
- m |:D1/q f<x>:| x=1 <M,, (x’q)mr+t>

oo mr+i (_ )m+k () ( )(Q'q)mm(qﬁ;q)mmcm’“ i
= i f( )
mgoz;) (@G DG D i@ Ia D
i( 1) g () () (g, q)mr—&-i(qB;Q)mr-(:i:;r+i g™

m=0k=0  (4:9)i(@: D@ Dmr+i—k(@"39" ) mq

#(f)

i mr+i (_1)m+kq( )+r(3) (q; Q)mr+l(qﬁ q)mr-&-wllil) +lf(cl_k)a

w0 1= (@G DG Dmri (@3 q ) mg"
Bi(f)

with 2% (f) = 0. Using the identity (2.2), we obtain

izl 40)

) = OFan Tl
(f)=c'q\V(q";q) k:()(q;Q)kwl’kf(q )

where

r—1

o) = (EDF 35 =0

H(qi+j+l7qﬁ+i+j;qr)m ((—l)mq’('ﬁl)) 1—r((_c)rq_(£)_ir>m

Lk T (4. —1
(quI)l—k m=0 (C]rQC]r)m h(qi—k-i-j-i-] ;qr>m

_ (=Dt 2¢< (i+1,B+inq")
(@i T\ Ali—k+ Ling)

By virtue of the following transformation:

o mr+i 0 oo k—i—1
¥ Y HOu0 =Y T Hwtne. =1+ |
m=0 k=i k=im=0

and (2.2) we get
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where
o2 _ (EDM e (g D (P 59)
Lk (qr;qr)ni,k (q’q)rni,k—H—k
(Mt B+ titj. 1y r(7) I-r v\
- H q ,Q)m ( )q ( C)q
J:
X Z r—1
m=0 (qr(lJrni,k);qr)m H(qrm,k-i-i—k-i-j-i-l;qr)m
=0
— (* 1)m'k+kqvi’kcrm‘k (qi+1 ;q)rni‘k (qﬁH; q)rni‘k
(@50 )nii(@5@) rmgvi—k
qr7 A(rni,k+i+17B+rnik+i;r7qr> r ro Wik
X 2r r . . ' S\ b P
2r+10r+1 < q’(H”’vk),A(rmk—i-l—k—F l;r,qr) q ( C) q
with

r :
Mig = —(142n;z) <2> —ir,
. r
Vik = —rMix — <2> (Th,k)z-

Hence we get

A = gl
<Mtaf> CC] lk;) q’q wlkf )

with
=04, if0<k<i—1,
W =00, if i<k

Since 0 <i<2r—2and 0 <s < r—1, then the result follows from the following three cases.

k, if 1—-r<s—i<O,
Nipkrs = k+1, if 1<s—i<r—1,
k=1, if 2(1—r)<s—i<-r.

5. Link with a d-orthogonal polynomials of Meixner type

Mention that in a paper which is under review, we have considered a family of d-orthogonal poly-
nomials M, (k; B,c,d) generated by

iMn(k;B,c,d)Zr:—eZHFl( ’1_0 ) (5.1)
=0 n! B

where ,F; is the hypergeometric function defined by
ai,....ar = (ar)n-(ar)n
F, )=y ———7—7.
' s(bl,...,bs > )3 (b1)n-..(bs)an!

n=0
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(a), is the pochhammer symbol given by
(@) =ala+1)---(a+n—-1), (a)o=1.

M, (k;B,c,d) reduced to the Meixner polynomials M, (k;B,c) [10] when d = r = 1 are called
d-orthogonal polynomials of Meixner type. Moreover they are related to the polynomials

M, (g *:qP~",¢,d;q) in the following manner:
. 1 1 , cr%(l—q)_“‘% ) .
Replacing z by r7(1 —¢g)7z and ¢ by ¢ = = in (4.1), then the polynomials
—C
M,(q7%;qP~",c . d;q) are generated by
" n k. B— 7" 1
r(1—q) Mu(qg *:qP " dig =
n;) (= )(q;q)n (r(1=q)z":q")e
K —g(1—c)(1—
X 191 <qﬁ g (Gl q>z>. (5.2)
q c

On the other hand, we have

(@ Dmrs . (@ Dmrss
P gyrts = @ress - I s = (7 +9)! 53
and
i qaly,.wqar .1 stl_r —F a,...,qar 1s+17r 5.4
qlir}rq)s qbl’”.’qbs Qa( *CI) Z — riys bl,...7bs (* ) Z . ()
Since lin} W = ezr, then we get from (5.1),(5.2) and (5.4)
. n 1_ _ _
lim 7 (1= )" "My (g754P " dsq) = My(k: Bc,d). (5.5)

When d = r = 1, we obtain the classical limit relation

. _ _ C
hmM,,(q k;qﬁ I,E;C]) :Mn(k;ﬁ,C)-

q—1
Using the identities (4.7), (5.3), (5.4) and (5.5), therefore the hypergeometric representation of the

polynomials M, (k; B,c,d) are given by
1 _ r
- < C> > . (56
cr

. _ nl(=k);(1-¢) 1,—m,A(—k+ j;r)
Mn(k,B,C,d)— m!j!(ﬁ)jcj r+2072r (A(j+1;r),A(ﬁ+j;r)

a a+1 a+r—1 )
- )andn:mr—i—].

where A(a,r) = ( —, et
ror r
In the particular case d = r =1 (then m = n and j = 0), we get
1,—n,—k|c—1
M, (k;B,c)=3B | ] —_—
aspor=n (")
_F —n,—k|c—1
= 2l B )
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Hence we meet again the hypergeometric representation of the Meixner polynomials

M, (k; B c) [10].
In order to determine the d-orthogonality relations of the polynomials M, (x;3,c,d), we start
from (1.1). Indeed we have

(uiyMyM,,) =0, if n>md+i+1.

Then we immediately obtain according to (4.8)

- oo (rkﬂ)
Z Z D Oy (g~ "N\ My () =0, (5.7)

with M, (q7%) = Ma(g7%:6P 71 e, d3q).
Thus, by means of (5.3),(5.4),(5.5),(5.7) and Theorem 4.1, the d-orthogonality relations satisfied
by M, (k;B,c,d) are expressed under the form

Z Z lrk+S rk—l—S) m(rk+s) :O7 lf and+l+1; (58)

where 6; ;s is given by

(1) for rk+s<i—1

(=)™ Ali+1:r),A(B+157)
ei.rkJrs = 7 2rFy .
’ (i—rk—s)! Ali—rk—s+1;r)

cr \'
1—c¢ ’
2) for rk+s>iand 1 —r<s—i<0

6pss — (—l)(”rl)kﬂ(rk—l—i) (ﬁ‘f‘i)rkcrk

b ik (i—s)!(1—c)*

% 1 Foe (1,A(rk+z+1;r), (B+rk+isr)|
e k+1,A(i—s+1;r)

B)for rk+s>iand 1 <s—i<r—1

(1R (1) 1B+ )y )
iNr+i—s)!(1—c)rk+l)

B

0; Jk+s =

X 2r1Frt1 <
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(4) for rk+s>iand 2(1—r)<d—i< —r

(=D (k= 1) + D)1 (B + i) ye ™Y

eir s = B X

e iN(—r+i—s)!(1—c) k1)

" . LA(r(k—1)+i+ Lir),A(B+rk—1)+1i;r)) o cr "
it kA(—r+i—s+1;7) 1-c) )’

Example. If d = r =1 (then i = s = 0), we get from case(2) and with the help of the binomial
theorem

_ Bk g <1J<+1,B+k'_ ¢ )

r =10 U k1,1 1—¢
_ HB . (BHE|_ e
TR(I—oF O\ — | T 1=¢
_ (=Pt (B)x
N k! ‘

Then we obtain according to (5.8)

*(B)k
k!

gk

M, (k;B,c)M,(k;B,c) =0, if n#m.

k=0

Hence we recognise the orthogonality of the Meixner polynomials M,,(k; B, ¢) [10].

Remark 5.1. For n = md +1i, I don’t succeed to determine the d-orthogonality relations satisfied
by the polynomials M, (k;3,c) and I will try to solve this problem in a future work.

6. Concluding remarks

In this paper, we have considered a suitable operator defined in the g-deformed algebra su,(1,1)
and showed that the associated matrix elements can be expressed in terms of new d-orthogonal
polynomials that generalize the g-Meixner polynomials. Furthermore, it was shown that the basic
properties of the polynomials were derived from an algebraic approach.

In the limit ¢ 1 1 where su,(1,1) contracts to su(1,1), the polynomials tend to some d-orthogonal
polynomials of Meixner type; this has been the subject of another work.

Note that in [11] another sequence of d-orthogonal polynomials generalizing the g-Meixner poly-
nomials was introduced in the context of solving a d-Geronimus problem type.

In a subsequent paper, we will try to investigate under which operator we obtain matrix elements
expressible in terms of d-orthogonal polynomials.
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