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We show that the generalized Yang—Mills system with Hamiltonian H = (p? + p3)/2+V(q1,92) where V =
1/ 2(aq% + bq%) (cql + Zeqlq2 + dq‘z‘) /4 is not completely integrable with Darboux first integrals.
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1. Introduction and statement of the main results

We consider R* as a symplectic linear space with canonical variables ¢ = (¢q1,42) and p = (p1, p2),
with g; called the coordinates and p; called the momenta. We want to study the Hamiltonian systems
with Hamilton’s function of the form

1 2
=5 Y i +V(gna)
i=1

where

2

d
V(gi,q2) = Z a%+wﬁ N”_%%+43 (1.1)
:1

being a,b,c,d, e constants. We will study the Hamiltonian systems
C]i:pi, p.i:_?, l:1,2 (12)
qi

These systems are the generalized form of the classical Yang—Mills Hamiltonian systems and
can be reduced from them in scalar field theory [25]. They appear in a variety of problems in scalar
field theory [10, 25], celestial mechanics, cosmological models [2, 5, 14] and quantum mechanics
[1,20].
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We start by recalling some definitions. Let A = A(p,q) and B = B(p, q) be two functions. Their
Poisson bracket {A,B} is defined as

2
wn-g (32 22)
i=1 qi 9 Pi Pioqi

We say that two functions A and B are in involution if {A,B} = 0, and that a non-constant function
F =F(q,p) is a first integral for the Hamiltonian system (1.2) if it commutes with the Hamiltonian
function H, i.e., {H,F } = 0. Moreover, we say that the Hamiltonian system (1.2) is completely inte-
grable if it has 2 functionally independent first integrals which are in involution. One first integral
will always be the Hamiltonian H. We say that two functions H and F are functionally independent
if their gradients are independent at all points of R* except perhaps in a zero Lebesgue measure set.

Many papers have been published regarding the integrability and non-integrability of the Yang—
Mills Hamiltonian systems (1.2) by using different methods such as the Painlevé method, direct
calculations, algebraic geometry tools,..., see for instance [1, 2,9, 13, 22, 24] and the references
therein.

During the last century Hamiltonian systems with potential V(g;,q>) of degree at most 5 have
been intensively studied in the view point of integrability looking for a second independent first
integral (see for instance [3,11,12,21] and the references therein).

A relevant result providing a method that gives a necessary condition for the existence of an
additional meromorphic first integral for Hamiltonian systems with homogeneous potential was
given by Morales and Ramis (see page 100 of [18] and the references therein). However system (1.2)
has no a homogeneous polynomial V. Nevertheless in [23] the authors were able to use Morales—
Ramis theory [17,18] and its generalization to higher order variational equations [19] to characterize
the meromorphic integrability of the Yang—Mills system (1.2). More precisely, due to the symmetry
of the parameters ¢ and d in (1.1) and that if ¢ # 0 with the transformation ¢; = x;/\/c, p; = yi/\/c
for i = 1,2 and setting a; = a, ay = b, a3 = d/c, as = e/c, the Hamiltonian with potential given in
(1.1) is equivalent to the Hamiltonian

1 1 1, 1 1
H= (Pt + ) + 5 (@di + agd) + 4 ai + sadias + Jasq3,

the authors in [23] prove the following result.

Theorem 1.1. System (1.2) is meromorphically integrable if and only if one of the following condi-
tions hold:

(i) d = 0. In this case the additional first integral is G = %p% + %aq% + cq‘f/4;

(ii) ¢ =d = e. In this case the additional first integral is g1 p1 — q2p2;

(iii) a = b, d = 3c = 3e. In this case the additional first integral first integral is G = aq1q> +
cq192(91 + 43) + p1p2;

(iv) b=4a,d =3c, e=8c, or b=4a, d =3e, c = 8e. In these cases the additional first integral is
G= g‘f +62lzé61‘1‘ + 0(612‘1‘ qu?qﬁ + 2aq?4)p% . 44€q?qul P +cg?129% + cazzq‘]‘ ercaq? +32a06f1‘q% +
36741 T ¢°41q5 + ¢qiq5, or G = pi +a*q| + 8c(q] + 6q1q; + 2aq7) p1 — 36¢qiq2p1p2 +
8cq‘1‘ p% + 8ca2q? + SCaq? + 16acq‘]‘q% + 16c2q§ + 64c2q?q% + 64c2q‘1‘q3;

(v) b=4a,d=6¢c, e =16c, or b=4a, d = 6e, c = 16e. In these cases the additional first inte-
gral is G = aqiqx — q2pT + q1p1p2 +\/Calqa +2y/cqiqy, or G = agiqa — q2pi +q1pipa +
4\/calqy +8+/cqiqs.
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Note that Theorem 1.1 can be reformulated as follows:

Corollary 1.1. System (1.2) is meromorphically integrable if and only if it is polynomially inte-
grable and one of the conditions (i)—(v) in Theorem 1.1 hold.

Our main objective is to study when system (1.2) is completely integrable with Darboux func-
tions (see below for a definition). We recall that, as it will be clear below from its definition, not
all meromorphic functions are Darboux functions, and that not all Darboux functions are meromor-
phic functions. This shows that our results given in Theorem 1.2 and the results in [23] given in
Theorem 1.1 are independent.

To study the existence of Darboux first integrals we will use the well-known Darboux theory
of integrability. The Darboux theory of integrability in dimension 4 is based on the existence of
invariant algebraic hypersurfaces (or Darboux polynomials). For more details see [6,7] and [15].
This theory is one of the best theories for studying the existence of first integrals for polynomial
differential systems.

A Darboux polynomial of system (1.2) is a polynomial f € C[py, p2,41,492] \ C such that

2 af IV af\
Z (piaqi_acliapi> —&

i=1

for some polynomial K called the cofactor of f and with degree at most two.

Since on the points of the algebraic hypersurface f = 0, the vector field of system (1.2) is
tangent to it, it is thus formed by orbits of the vector field and so the hypersurface f = 0 is invariant
under the flow of system (1.2). It is called an invariant algebraic hypersurface. On the other hand, a
polynomial first integral (a first integral which is a polynomial) is a Darboux polynomial with zero
cofactor. We recall that if f € R[p1, p2,41,42] \ R is a Darboux polynomial then there exists another
Darboux polynomial f (the conjugate of f) with cofactor K (the conjugate of K).

An exponential factor F = F(pi1,p2,q1,q2) of system (1.2) is a function of the form F =
exp(go/g1) & C with go,g1 € Clp1, p2,91,42] coprime satisfying that

2 JoF 0V oF
¥ (n5e 5w sr)

i=1

=LF,
for some polynomial L = L(p1, p2,q1,q2) called the cofactor of F and with degree at most two.
We recall that if F € C[p1, p2,4q1,42] \ C is an exponential factor that is not real, then there exists
another exponential factor F (the conjugate of F) with cofactor L (the conjugate of L).

A Darboux first integral G of system (1.2) is a first integral of the form

G_fh ...fgpplﬂl . Fl (1.3)
where fi,..., f, are Darboux polynomials and Fi,...,F, are exponential factors and A;, u € C for
j=1,....,pand k =1,...,q. Note that a Darboux first integral is always a real function due to

the fact that if there are complex Darboux polynomials or complex exponential factors always also
appear their conjugates.

Our main result is the following one.

Theorem 1.2. The Hamiltonian system (1.2) is completely integrable with Darboux first integrals
if and only if it is polynomially integrable and one of the conditions (i)—(v) in Theorem 1.1 hold.
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As explained above, Theorems 1.1 and 1.2 are independent.

The proof of Theorem 1.2 is given in section 3. For this, we will restrict to the potentials that
do not satisfy any of the conditions (i)—(v) in Theorem 1.1, otherwise they are polynomially inte-
grable. First we will prove the non—existence of Darboux polynomial with non-zero cofactor for
the potentials not satisfying any of the conditions (i)—(v) in Theorem 1.1.

2. The Darboux polynomials with nonzero cofactor

It follows from Theorem 1.1 that the unique polynomial first integrals are the ones satisfying any of
the conditions (i)—(v) in Theorem 1.1. Therefore, we will only study the Hamiltonian system (1.2)
with potential (1.1) that do not satisfy any of the conditions (i)—(v) in Theorem 1.1. In particular,
we consider that d # 0.

Our main result in this section is the following.
Theorem 2.1. The Hamiltonian system (1.2) with potential (1.1) satisfying d # 0 has no irreducible
Darboux polynomials with non—zero cofactor.

To prove Theorem 2.1 we recall the following auxiliary result that was proved in [4].

S
Lemma 2.1. Let f be a polynomial and f = H f]qj its decomposition into irreducible factors
j=1
in Clx,y,z]. Then f is a Darboux polynomial if and only if all the f; are Darboux polynomials.
S

Moreover, if K and K are the cofactors of f and fj, then K = Z oK.
j=1

Now we recall some properties of our Hamiltonian system (1.2) with homogenous potential
(1.1).
Let T: C[p1,p2,91,92) — Clp1,P2,41,42] be the automorphism

T(p1,p2:491,92) = (—p1,—P2, —q1,—q2).

Proposition 2.1. If g is an irreducible Darboux polynomial for system (1.2) with cofactor

K =oy+og1 + gy +03pq +O!4P2+0656ﬁ+ U6q192 + 07q1p1 + 0gq1 p2

5 5 5 2.1
+ 0oq; + Qogap1 + Q1qap2 + Q2 py + Ci3p1p2 + 4 py,
then f = g-tg is a Darboux polynomial invariant by T with a cofactor of the form
K; =200 + 20567 + 2064192 + 20791 p1 + 20641 p2 + 20045 + 201042 P1 2.2)

+2001g2p2  +200pt +2003p1 pr + 200403

Proof. Since system (1.2) with V as in (1.1) is invariant under 7, Tg is a Darboux polynomial of
system (1.2) with V as in (1.1) and with cofactor 7(K). Moreover, by Lemma 2.1, g- 7g is also
a Darboux polynomial oof system (1.2) with V as in (1.1) and with cofactor K + t(K). Therefore
again by Lemma 2.1, the cofactor of f is the K; which is given in (2.2). O

We first study the Darboux polynomials of the Hamiltonian system (1.2) with potential (1.1) not
satisfying any of the conditions (i)—(v) in Theorem 1.1 and that are invariant by 7.
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Proposition 2.2. The Hamiltonian system (1.2) with potential (1.1) not satisfying any of the condi-
tions (i)—(v) in Theorem 1.1 and that are invariant by T have no Darboux polynomials with non-zero
cofactor K; as in (2.2).

Proof. Let f be a Darboux polynomial of the Hamiltonian system (1.2) with potential (1.1) not
satisfying any of the conditions (i)—(v) in Theorem 1.1, that is invariant by 7 and has non-zero
cofactor Kr. We write itas f =Y}, f; (p1,P2,91,92) where each f; is a homogeneous polynomial
of degree j in the variables pi, p»2,q1,q> and is invariant by 7. Without loss of generality we can
assume that f,, # 0 with n > 0. We have

af af 3 2 Of 2 3\ 9f
Pioa +p2 90 (aq1 +cqi +dq193) o 92 +dq1q2 +eq; TS K. f (2.3)
where K is as in (2.2) with ¢; € C not all zero.

The terms of degree n+ 1 in (2.3) satisfy

d 0
— (eqi + dqm%)aﬁ - (dcﬁqz + qu) 81{’; = (20547 + 20649192 + 20791 p1

2.4
+ 2081 p2 + 200g3 + 2010g2p1 + 200 1q2p2 + 2002 p3 + 2003 p1 P2 24

+20614P%)fn~

Solving the differential equation in (2.4) we have

p1(3dq3qr +3eq3) )2V4
fn=F <Q1,Qz,p2— exp (2.5)
S 3q1(cqi +dg3) 2743 (cqi +dg3)?

where K, is an arbitrary function and

Ti = —9¢*q}(20u2p7 + 3au3p1 p2 + 6Quap2” + 30 p1q1 + 60321 + 60t5q7)
— 34792 (96’2611 (aiop1 42011 p2 +206q1) — 3cdpi (03 p1 +60ap2
+305q1)) —3q1¢5(—4ardpi (Qi3p1 + 60apa) +6d ((2c0n +dous) pt
+3couzpip2 + 6c0614p22) —9cd(o1p1 —207p1 —40gp2)qi
+ 18c(2dos + C(Xg)q%) — Sq?qg (18cdq1 (aop1+2011p2 +206q1)

—3d*pi(au3p1 +6Q1ap2 +308g1) — 3cepy (031 + 60u4p2 +30t3q1)) (20

+9g1g5 (= 3ceon prg1 +d*(2012p} + 30131 p2 + 6044p2° — 3011 p1qi

+307p191 +608p291 + 606561%) + 2d(2ea14p% + 6006961%))

+94193 (—3d*q1 (op1 + 201 p2 +206q1) +depi (013p1 + 60142

+303q1 )) — 9qg(2e2a14p% —3deoty1p1g1 + 6d2(x9q%).

Let
3dq? 3eq3 3dg? 3eq3
y = py P 92+ 62q2) then py—v 4+ 2L CICERE 62612).
3q1(cqt +dq3) 3q1(cqi+dqy)
Then we can rewrite (2.5) and (2.6) as
pITI
f :K(CllaCILY)eXP( )7
e 2743 (cq? +dq3)?
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where T1 = Ti(q1,92,p1,Y) = Ti(q1,492, p1, p2). Since f, must be a polynomial and the function
K, in the variables g;,¢>, p; and Y does not depend on p;, we must have 7} = T} = 0. Computing
the coefficient in 77 of q%qg we get 54d%ow = 0. Since d # 0 (otherwise the potential V in (1.1)
would satisfy condition (i) in Theorem 1.1) we get o = 0. Then the coefficients in 77 of p%q‘l‘q%,
qdl'q‘zt, q‘l‘p%q% and q%qu% are, respectively, —54d%ay,, —54d* 0, —18d? 0y, and 36d20y4. Setting
them equal to zero we obtain oy = ;] = 0¢;» = 014 = 0. Now computing in 77 the coefficients of
q? q%, q? q% and p%q?qz we get —54d%ag, —54d* o and 3d% 5. Setting them equal to zero we obtain
0 = oy = a3 = 0. Finally, the coefficients of p lq? q%, q?q% and plq‘l‘qg are, respectively, —27d% o,
—54d? o5 and —27d% . Setting them equal to zero we get o = a7 = o9 = 0. In short, we have
proved that K; = 2.

Now we show that oy = 0. If @y # 0, from the terms of degree 0 in (2.3) we have ap fo = 0, and
so fo = 0. We consider four different cases: assume first that a = b = 0. In this case the terms of
degree 1 in (2.3) become

d 0
Pli-i-l?zi =200f.
a611 a612

Solving it we get
— 2
fi=c (,,1,1,271916121%) exp (M)
P1 P1

Since f; must be a polynomial and o # 0 we must have C; = 0 and thus f; = 0. Proceeding
inductively we get that f; = 0 for j = 2,3,...,n in contradiction with the fact that f, # 0. This
implies that oy = 0, i.e., K; = 0 and concludes the proof of the proposition in this case.

Assume now a = 0 and b # 0. Then the terms of degree 1 in (2.3) become

afi afi afi
—— Py — —— =20fi-
P1 241 P2 o0 aqi o fi

Solving it we get

@)
fi=C <P1 p2, B i v ( = ) exp <2ocoq1>
T Vb p1

Proceeding as above, since f| must be a polynomial and o % 0 we must have that C; = 0 and thus
f1 = 0. Proceeding inductively we get that f; = 0 for j = 2,3,...,n in contradiction with the fact
that f,, # 0. This implies that oy = 0, i.e., K; = 0 and concludes the proof of the proposition in this
case.

Now consider the case a # 0 and b = 0. Then the terms of degree 1 in (2.3) become

d d d
s f1+p2 fl_bq2 fi —2afi.
Iq Iq P2

Solving it we get

Vagqi

arCtan( ) 2
(04)]
f1=C1<P1,P2,Zz—m>eXP< qz>.

Va P2
Proceeding as above, since f; must be a polynomial and o 7# 0 we must have that C; = 0 and thus
f1 = 0. Proceeding inductively we get that f; = 0 for j = 2,3,...,n in contradiction with the fact
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that f,, # 0. This implies that o = 0, i.e., K; = 0 and concludes the proof of the proposition in this
case.

Finally, assume ab # 0. Then the terms of degree 1 in (2.3) become

2/ dfi afi afi
G 2 T gy I 2 .
D1 E P2 905 aqi I q2 92 il

Solving it we get

arctan (‘/Iflq‘) arctan (‘/ffz> ) exp <2oco (\/;1611)>>.

i 1(1’171927 \/Zl + \@ \/aarc an "

Proceeding as above, since f| must be a polynomial and o # 0 we must have that C; = 0 and thus

f1 = 0. Proceeding inductively we get that f; = 0 for j = 2,3,...,n in contradiction with the fact
that f,, # 0. This implies that o = 0, i.e., K; = 0 and concludes the proof of the proposition. O

Proof of Theorem 2.1. Let g be an irreducible Darboux polynomial of the Hamiltonian system
(1.2) with potential (1.1) not satisfying any of the conditions (i)—(v) in Theorem 1.1 and with non-
zero cofactor K of the form in (2.1). Then, from Proposition 2.1, we can assume that f = g- Tg is
a Darboux polynomial of the Hamiltonian system (1.2) with potential (1.1) not satisfying any of
the conditions (i)—(v) in Theorem 1.1 and invariant by 7, with degree 2n and non—zero cofactor K;
of the form in (2.2). From Proposition 2.2, we get that K; = 0, otherwise we get a contradiction.
Hence, f must be a polynomial first integral of the Hamiltonian system (1.2)with potential (1.1)
not satisfying any of the conditions (i)—(v) in Theorem 1.1. Hence, f is of the form f = H 27 Then,
from the definition of f and since H and g are irreducible, invariant by 7, and g, Tg have the same
dimension, it follows that g = H", in contradiction with the fact that the cofactor of g is not zero. [

3. Proof of Theorem 1.2

In order to proof Theorem 1.2 we will introduce some well-known results. The first one whose
whose proof and geometrical meaning is given in [4, 16] is the following.

Proposition 3.1. The following statements hold.

(a) If E = exp(go/g) is an exponential factor for the polynomial system (1.2) and g is not a
constant polynomial, then g = 0 is an invariant algebraic hypersurface.

(b) Eventually e%° can be an exponential factor, coming from the multiplicity of the infinite
invariant hyperplane.

The proof of the following results is given in [8].

Theorem 3.1. If system (1.2) has a rational first integral then either it has a polynomial first integral
or two Darboux polynomials with the same nonzero cofactor.

Theorem 3.2. Suppose that system (1.2) admits p Darboux polynomials and with cofactors K; and
q exponential factors F; with cofactors Lj. Then there exists A;, 11 € C not all zero such that

1

q g
MKi+ ) pili =0
=y =1

=

if and only if the function G given in (1.3) (called of Darboux type) is a first integral of system (1.2).
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In view of Theorems 2.1 and 3.2 if G is a Darboux first integral then it must be of the form
G=F" -~Fq“ “ with Y4, ;L; = 0 and such that F; = exp(g;/H’) with j € N, cofactor (;L; being
gi a polynomial. Take

tgt

T MQ

Note that G = exp(h) being h a rational function, that has cofactor L = Y7 1L, = 0 and that
satisfies, after simplifying by G

dg ag 8
- 34+d —(dg?q + E =0.

In particular 4 must be a rational first integral. However, in view of Theorems 2.1 and 3.1, if system
(1.2) has a potential (1.1) not satisfying any of the conditions (i)—(v) in Theorem 1.1, then it cannot
have rational first integrals. This completes the proof.
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