NONLINEAR ATLANTIS
MATHEMATICAL PRESS

PHYSICS

Journal of Nonlinear Mathematical
Physics

ISSN (Online): 1776-0852 ISSN (Print): 1402-9251
Journal Home Page: https://www.atlantis-press.com/journals/jnmp

Initial-boundary value problem for the two-component nonlinear
Schrodinger equation on the half-line

Jian Xu

To cite this article: Jian Xu (2016) Initial-boundary value problem for the two-
component nonlinear Schrédinger equation on the half-line, Journal of Nonlinear
Mathematical Physics 23:2, 167-189, DOI:

https://doi.org/10.1080/14029251.2016.1161259

To link to this article: https://doi.org/10.1080/14029251.2016.1161259

Published online: 04 January 2021



Journal of Nonlinear Mathematical Physics, Vol. 23, No. 2 (2016) 167-189

Initial-boundary value problem for the two-component nonlinear Schrodinger equation on
the half-line

Jian Xu

College of Science, University of Shanghai for Science and Technology, NO.334 Jungong Road
Shanghai, 200093, People’s Republic of China

Jianxu@usst.edu.cn

Received 16 October 2015

Accepted 19 January 2016

We present a 3 x 3 Riemann-Hilbert problem formalism for the initial-boundary value problem of the two-
component nonlinear Schrodinger (2-NLS) equation on the half-line. And we also get the Dirichlet to Neue-

mann map through analysising the global relation in this paper.

Keywords: Riemann-Hilbert problem; Initial-boundary value problem; two-component nonlinear Schrodinger

equation.

2000 Mathematics Subject Classification: 37K40, 35Q53

1. Introduction

Integrable PDEs can be written as the compatibility condition of two linear eigenvalue equations,
which are called Lax pairs [9]. In 1967, Gardner, Greene, Kruskal, Miura [7] used the Inverse
Scattering Transform (IST) formalism to analyze the initial value problem for KdV equation. From
then on, the IST method became a powerful tool to analyze the other integrable PDEs, such as
NLS equation, Sine-Gordon equation and so on. Until the 1990s the IST methodology was pursued
almost entirely for pure initial value problems. However, in many situations, we need to consider an
initial-boundary value (IBV) problem instead of a pure initial value problem.

In 1997, Fokas announced a new unified approach for the analysis of IBV problems for linear
and nonlinear integrable PDEs [2, 3](see also [4]). The Fokas method provides a generalization of
the IST formalism from initial value to IBV problems. As the IST on the line, the unified method
yields an expression for the solution of an IBV problem in terms of the solution of a Riemann-
Hilbert problem. But there has a big difference between the unified method and IST method. The
IST method just need analyze the x-part of Lax pairs to obtain the scattering data, the other t-part of
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Lax pairs is used to determine the time-dependent of the scattering data. But the unified method need
analyze simultaneously the x-part and t-part of Lax pairs. This difference leads to some difficulties
in analyzing the IBV problem. Usually, the derivative order involved in the t-part of Lax pairs is
less than the original integrable PDEs one. Hence, we need know all these boundary data to the
spectral analysis. However, it needs “more” boundary data than a well-posed IBV problem. We
need determine these “more” boundary data. This can be done by analyzing the global relation,
which expresses the initial value data and all boundary data are not independent.

The unified method was usually used to analyze the IBV problem for integrable PDES with
2 x 2 Lax pairs [1, 5] (see also a series of paper [6, 12, 13]). But many important integrable PDEs
involve 3 x 3 Lax pairs, such as Boussnissq equation, DP equation, manakov systems and so on. It
naturally leads to extend unified method from 2 x 2 Lax pairs to 3 x 3 Lax pairs. In 2012, Lenells
developed an extended methodology for analyzing IBV problems for integrable evolution equations
with Lax pairs involving 3 x 3 matrices [10], Degasperis-Procesi equation [11]. And some other
3 x 3 integrable equations, such as Sasa-Satsuma equation [15], the three-wave equation [16] are
considered by the authors.

In this paper, we will consider IBV problem for the manakov systems. It is well known that the

nonlinear Schrédinger(NLS) equation
iqi +qu+20\g/*¢ =0, o©==I, (1.1)

describes slowly varying wave envelopes in dispersive media and arises in various physical systems
such as water waves, plasma physics, solid-state physics and nonlinear optics. One of the most
successful among them is the description of optical solitons in fibers. But, many complex systems,
such as nonlinear optics, etal, involves more than one-component. It is nature to extend the studies
to the two-component case, see [14].

The two-component nonlinear Schrodinger equation or Manokov equation is

g1 + q1xx —2G(|Q1|2 + |q2|2)q1 =0,

. , ) c=4+l. (1.2)
iq2 + @2 —20(|q1]” +192|7)g2 = 0.

Here, 0 = 1 means defocusing case and ¢ = —1 means focusing case. In this paper, we consider the

defocusing case® on the half-line x > 0. That is to say, we consider the following initial-boundary

2After we finish this paper, we are told that the focusing case is considered in a very recently paper [8]. So here we just
consider the defocusing case. And we compare this paper with the paper [8], the Lax pairs of equation (1.2) are chosen
different form and we find that although we all use the same unified method, but we use block matrix to analyze the
global relation, as we did in [15]. And in the results of Dirichlet to Neumann map, we also consider the possible finite

simple poles, which wasn’t considered in [8].
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value problem of the 2-NLS equation,

qu(-x) ={(1 (X,f = 0)7 QZO(X) = QZ(xut - 0)7
g()l(t):Ch(X:O,t), gOZ(t):qZ(x:07I)7 (13)
gu(t) = qiu(x=0,1), gia(t) = qax(x=0,1).

where g10(x) and g20(x) lie in Schwartz space.

In fact, the most important motivation for us to consider this IBV problem for 2-component
NLS equation or manakov systems is that we try to extend the IBV problem on the half-line to the
IBV problem on the finite interval for integrable PDEs with 3 x 3 Lax pairs. And we indeed do
this extension in the paper [17], where we consider both the defocusing and focusing case. And the
results about the Dirichlet to Neumann map obtained in this paper can be viewed as the results of
the length of the finite interval goes to infity, in [17].

Organization of the paper: In section 2 we perform the spectral analysis of the associated
Lax pair. And we formulate the main Riemann-Hilbert problem in section 3. We also get the map
between the Dirichlet and the Neumann boundary problem through analysising the global relation

in section 4.

2. Spectral analysis

The 2-NLS equation admits a 3 x 3 Lax pair,

¥
w-—UY, ¥=|w, |. (2.12)
V3
Y, — VY. (2.1b)
where
U =ikA+V,. (2.2)
and
V =2ik*A+ Vs (2.3)
here
—-100 0 q1 92
A=l o10|Vi=|g oo | wm=kvV+vO (2.4)
001 300
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where

viV=av;, V9 =iA(vE—viy). (2.5)

2.1. The closed one-form

Suppose that u(x,?) is sufficiently smooth function of (x,#) in the half-line domain Q = {0 < x <

00,0 < t < T} which decay as x — co. Introducing a new eigenfunction i (x,,k) by
Y-y oI M 2IART (2.6)

then we find the Lax pair equations

{ e — [ikA, 1] = Vi, 0

W — [2ik*A, 1] = Vap.

Letting A denotes the operators which acts on a 3 x 3 matrix X by AX = [A, X] , then the equations

in (2.7) can be written in differential form as
d(ef(ikx+2ik2t)/’\\'u) — W, (28)
where W (x,7,k) is the closed one-form defined by

W = e~ A 20X (v g L Vodn) (2.9)

2.2. The u;’s

We define three eigenfunctions {u j}% of (2.7) by the Volterra integral equations

wi(x,t, k) =T+ | ®H2ROAY (o ¢ j) j=1,2,3. (2.10)
Yi

where W; is given by (2.9) with u replaced with u;, and the contours {y]}? are showed in Figure 1.

The first, second and third column of the matrix equation (2.10) involves the exponentials

t t t
Te-------- T¢-------- Te¢--------
x,t x,t —e—
(z,1) (2.1) W
0 ) ) T
Y1 Y2 73

Fig. 1. The three contours 1, % and ¥ in the (x,7)—domain.
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- Q2ik(x—x')+4ik* (1—1")  2ik(x—x')+4ik? (1—1")
. b

(111
[]o: e~ 2ik—x)-4i2=r) 2.11)
[]3: = 2iklr—)—4ik2a~t')

And we have the following inequalities on the contours:
Y:x—x'>0,t—1 <0,
?’zix*x,ZOJ*f,ZO, (212)
1 x—x' <0.

So, these inequalities imply that the functions {u J}? are bounded and analytic for k € C such that k

belongs to

1 : (D2,D3,D3),
U2 = (D1,D4,Dy), (2.13)
M3 : (D3 UDy,D1UDy, Dy UD2>.

where {Dn}‘]‘ denote four open, pairwisely disjoint subsets of the complex k—sphere showed in

Figure 2. And the sets {D, } has the following properties:

Dg Dl

D3 Dy

Fig. 2. The sets D,,, n = 1,...,4, which decompose the complex k—plane.

D, = {k € C|Rel; > Rel;, = Rels,Rez; > Rez, = Rezz},
D, = {k € C|Rel; > Rel, = Rel3,Rez; < Rez; =Rezs},
D; = {k € C|Rel; < Rel, = Rel3,Rez; > Rezp = Rezs },
D4 = {k € C|Rel; < Rel, =Rel3,Rez; < Rezp =Rezs},
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where /;(k) and z;(k) are the diagonal entries of matrices ikA and 2ik*A, respectively.
In fact, for x = 0, u;(0,,k) has enlarged domain of boundedness: (D, UD4,Dy UD3,Dy UD3),
and (0,7, k) has enlarged domain of boundedness: (D UD3,DyUDy,DyUDy).

2.3. The M,’s

For eachn =1,...,4, define a solution M,,(x,t,k) of (2.7) by the following system of integral equa-

tions:
(My)ij(x,1,k) = &+ / (20N, (¢ 1))ij, k€D, i,j=1,2,3. (2.14)
Y

where W, is given by (2.9) with u replaced with M,,, and the contours ¥, n=1,...,4,1,j=1,2,3
are defined by

N if Rell(k) < Relj(k) and Rez,-(k) > Rer(k),
Y; =19 % if Reli(k) < Rel;(k) and Rezi(k) < Rezj(k), for k€& D. (2.15)
V3 lf Rel,(k) > Relj(k)

The following proposition ascertains that the M,’s defined in this way have the properties

required for the formulation of a Riemann-Hilbert problem.

Proposition 2.1. For each n = 1,...,4, the function My(x,t,k) is well-defined by equation (2.14)

for k € D, and (x,t) € Q. Moreover, M,, admits a bounded and contious extension to D,, and

1
Mn(x,t,k):]l—i—O(%), k— o, keD,. (2.16)

Proof. Substituting the expansion

M 2
M=My+——+

et ko

into the Lax pair (2.7) and comparing the terms of the same order of k yield the equation (2.16). [

Remark 2.1. Of course, for any fixed point (x,#), M, is bounded and analytic as a function of
k € D, away from a possible discrete set of singularities {k;} at which the Fredholm determinant

vanishes. The bounedness and analyticity properties are established in appendix B in [10].

2.4. The jump matrices
We define spectral functions S, (k),n=1,...,4, and
Su(k) = M,(0,0,k), keD,, n=1,...,4. (2.17)
Co-published by Atlantis Press and Taylor & Francis
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Let M denote the sectionally analytic function on the Riemann k—sphere which equals M, for

k € D,,. Then M satisfies the jump conditions
My = My n, k € D,ND,,, nm=1,....,4, n#m, (2.18)
where the jump matrices J,, , (x,7,k) are defined by
Jon = e(ikx+2ik21)A(Sr;ISn)_ (2.19)

According to the definition of the y”, we find that

BBV BV
Y=lren|r=[nnnr

LY nyv (2.20)

BNh BrY
Y=lwnn|r=|nnn

BB BB

2.5. The adjugated eigenfunctions

As the expressions of S, (k) will involve the adjugate matrix of {s(k),S(k)} defined in the next sub-
section. We will also need the analyticity and boundedness properties of the minors of the matrices

{u;(x,2,k)}3. We recall that the adjugate matrix X of a 3 x 3 matrix X is defined by

mi(X) —mp(X) mi3(X)
XA = —m21(X) I?’I22(X) —m23(X) 5
m31(X) —m3x(X) maz(X)
where m;;(X) denote the (ij)th minor of X.
It follows from (2.7) that the adjugated eigenfunction u* satisfies the Lax pair
{ e (2.21)
pi + [2ik*A, uh) = -V pA.
where VT denote the transform of a matrix V. Thus, the eigenfunctions { /.L;‘}? are solutions of the
integral equations
i (x,t,k) =T — / e k=) 2R =AY T gy Ly A j=1,2,3. (2.22)
: ”
Then we can get the following analyticity and boundedness properties:
itz (D3,D2,D,),
1 = (D4,Dy,Dy), (2.23)
,u? : (Dl UDy,D3UDy,Ds UD4).
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In fact, for x =0, ,uf (0,,k) has enlarged domain of boundedness: (D; UD3,D,UDy4,D;UDy), and
p4(0,2,k) has enlarged domain of boundedness: (D, U Dy, Dy UD3,D1 UD3).

2.6. The J,,,’s computation

Let us define the 3 x 3—matrix value spectral functions s(k) and S(k) by

w3 (x,,k) = o (x, 1, k)W 2R0A (1), (2.24a)
1y (x,1,k) = o (x, 1, k) e T2RDAG (), (2.24b)

Thus,
s(k) = 13(0,0,k),  S(k) = 1(0,0,). (2.25)

And we deduce from the properties of u; and /.Lj-‘ that s(k) and S(k) have the following boundedness

properties:
S(k) : (D3 UDy4,D1UDy, Dy UDQ),
S(k): (DUD4,DyUD3,D;UD3),
.S‘A(k) : (D] UD,,D3UDy, D3 UD4),
SA(]() : (D] UD3,DyUDy,D, UD4).
Moreover,

My (x,1,k) = o (x, 1, k)e ™20 g 1y ke p,. (2.26)

Proposition 2.2. The S, can be expressed in terms of the entries of s(k) and S(k) as follows:

#(s) 512 513 (sTSslf{)n 512 513
Sl — 0 8§22 8§23 , SZ = (SJ:S‘SZ’{)” $22 8§23 ) (2273)
0 §32 833 (Sigsﬁ)n 532 533
s m33(s)Ma1 (S)—mo3 ()M31(S)  m3a(s)Ma1 (S)—maa (s)M31(S)
11 TS, (sTS%)
S5 = | s rnsa(s)Ml|((SST);(;11|13(3)M3|(S) m32(V)M”((fTS_A";l‘12(Y)M“(S) )
ooy M3 (M1 (S)—mi3 (5)Mon () maa ()M (S) iz (5) Mo (S)
31 T )1 (sTSM1 (2.27b)
S11 0 0
_ 33(5) m3a(s)
Sqe=| s21 m?ll(s) mz;)
nm N m \
31750 e
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Proof. Let )é ¢ denote the contour (Xp,0) — (x,7) in the (x,7)—plane, here Xy > 0 is a constant. We
introduce 3 (x,,k;Xp) as the solution of (2.10) with j = 3 and with the contour 3 replaced by y;(o.
Similarly, we define M, (x,,k;Xp) as the solution of (2.14) with 3 replaced by }é( %, We will first
derive expression for S, (k; Xo) = M,,(0,0,k; Xp) in terms of S(k) and s(k; Xp) = u3(0,0,k;Xp). Then
(2.27) will follow by taking the limit Xy — oo.

First, We have the following relations:

My (x,1,k:Xo) = phy (x,1, k)R H20AR, (1 X,
M, (x,1,k:X0) = 1o (x, 1, k)e R H2DAS (k. X0 (2.28)
My, (x,t,k; Xo) ug(x,t,k)e(ikx+2ik2’)ATn(k;Xo).

Then we get R, (k;Xo) and T, (k; Xp) are fedined as follows:

Ru(k;Xo) = e 2% TAp (0, T, k; Xp), (2.292)
T, (k; Xo) = e MM, (X0, 0,k Xp). (2.29b)

The relations (2.28) imply that
s(k:Xo) = Su(k: X0)T, Y (k: Xo),  S(k) = S, (k:Xo)R,, ! (k: Xo). (2.30)

These equations constitute a matrix factorization problem which, given {s,S} can be solved for the
{Rn, Sy, T, }. Indeed, the integral equations (2.14) together with the definitions of {R,,S,, T, } imply
that

(Ru(k;X0))ij =0 if v =,
(Sn(k: X0))ij =0 if v ="n, (2.31)
(Tu(k:X0))ij = 6 if Vs =15

It follows that (2.30) are 18 scalar equations for 18 unknowns. By computing the explicit solution
of this algebraic system, we find that {S,(k;Xo)}{ are given by the equation obtained from (2.27)
by replacing {S,(k),s(k)} with {S,(k;Xp),s(k;Xp)}. taking Xy — oo in this equation, we arrive at
(2.27). O

2.7. The residue conditions

Since U, is an entire function, it follows from (2.26) that M can only have sigularities at the points
where the S5 have singularities. We denote the possible zeros by {k ]}11\’ and assume they satisfy the

following assumption.
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Assumption 2.1. We assume that

e mj(s)(k) has ng possible simple zeros in D; denoted by {k;}°
e (STs")11(k) has nj — ng possible simple zeros in D, denoted by {k St

e (s"8%)11(k) has ny —ny possible simple zeros in D, denoted by {k;},2.

e s11(k) has N — n, possible simple zeros in D, denoted by {k;}" MIPE

and that none of these zeros coincide. Moreover, we assume that none of these functions have zeros

on the boundaries of the D,;’s.

We determine the residue conditions at these zeros in the following:

Proposition 2.3. Let {M,}} be the eigenfunctions defined by (2.14) and assume that the set {k;}\
of singularities are as the above assumption. Then the following residue conditions hold:

533 (k) [M (K))l2 — 523 (k) M (k})]3 ook,

Resi—;[M] = §33(kj)maa (s) (k;)

1< j<ngkje€D (2.32a)

Resk:kj[M}l _ Sai(kj)s3a (k) —Sa1 (k; )st(kj)eZG(kj)[M(kj)h

(k
s ((.S)‘TSA() ';)( s)mél() ) o
31 S22 j 21 532 29(,{.) ' 2 2
* (STs%)33(kj)myy (kj) e [M(kj)]3 (2.32b)

no+1<j<ny,k;j €Dy,

Resui M1, = M3 k)Mo1(S)(k;)—mas (5) (k) M31 (S) (k) ,~26(k;) [af (k-
skt M)z (511 (k) (k) M) (2.32¢)
ni+1<j<nykjeDs,

Resp_i, [M]3 = m3(5) (k;)Mo1 (S) (k;) —man (s) (k) M1 (S) (k1) ,—26(k;) M (k)]

(sTS) 11 (kj)s11 (k) (2.32d)
ni+1<j<nykjeDs.

m33(s)(kj) s, -
Resp_i. M|y = —2200 =200 [0 (k )y, na+1< j<N,k; € Da. 2.32¢
k k_;[ }2 S]](kj)Sz](kj) [ ( 1)]1 2 J J 4 ( )

m3 () (k;) —20(k;) :
Resj—y. M|3 = ——————— M (k; 1< j<N,k; € Dy. 2.32
esk=k;[M]3 S'11(kj)S21(kj)e M(kj)]1, na+1<j<NkjcD, (2.32)

where f = dk’ and 0 is defined by

0 (x,1,k) = ikx+ 2ik>t. (2.33)
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Proof. We will prove (2.32a), (2.32c), the other conditions follow by similar arguments. Equation

(2.26) implies the relation

— Nze(ikx+2ik2t)AS1 , (2343)

M’; — uze(ikx+2ikzt)As3, (234b)

In view of the expressions for S| and S5 given in (2.27), the three columns of (2.34a) read:

1
M| = 2.
[Mi]i [uzhm“(s), (2.35a)
[M1]2 = [2]1e 512+ [Ua]2522 + [H2] 3532, (2.35b)
[Mi]s = [H2]1€_29513 + [M2]2523 + [U2]3533. (2.35¢)
while the three columns of (2.34b) read:
[M3); = [ua] 111 + [Ua]2521€*® + [Uo]3531€%° (2.36a)
Ms]> =[]y m33<S>M21§S2SA';?f< M (5) 26
+ o], 33(8 )Mn(( T)S t;na( s)M31(S) (2.36b)
+[“2] ma3(s )Mll((ST)SAmB( 5)Mp1 (S)
[M3]3 _ [,Uz] msz(S)le((ST)S 11)122( )M31(5)6729
[ 3(s )Mu(( T)S ’;’12( 5)M31(S) (2.36¢)
+[u2] my (s )Mu((ST)SAmlz( )M21(S).

We first suppose that k; € Dy is a simple zero of my(s)(k). Solving (2.35b) and (2.35¢) for [u],
and substituting the result in to (2.35a), we find

Sz3[M1]2—823[M1]%eze [2]2 220
myy(s)maa(s) my(s)

Taking the residue of this equation at k;, we find the condition (2.32a) in the case when k; € D;.

M1 =

In order to prove (2.32c), we solve (2.36a) for 1], then substituting the result into (2.36b) and
(2.36¢), we find

03], = m33(S)[ ot mo3(s) (] + m33(S)M21(S).—m23(S)M31(S) 203, (2.370)
S11 S11 (sTS) 11511

[M5]3 = maals) 2] + 2(5) [ua]3 + maa()M1(5) —ma()M31(S) 26 IMs),.  (2.37b)
S11 S11 (sTS%) 11511

Taking the residue of this equation at k;, we find the condition (2.32¢) in the case when k; € D3.  []
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2.8. The global relation

The spectral functions S(k) and s(k) are not independent but satisfy an important relation. Indeed,

it follows from (2.24) that
11 (x, 1, k) 2R OA G (1) 5(k) = i3 (x,1,k),  k € (D3UD4,D3U Dy, Dy UD,). (2.38)
Since p;(0,7,k) =1, evaluation at (0,7 yields the following global relation:
ST (k)s(k) = e 2FTA(T k), ke (D3UD4,D3UD4, Dy UD,). (2.39)

where ¢(T,k) = u3(0,T,k).

3. The Riemann-Hilbert problem

In this section, we state our main result that the solutions g (x,7) and ¢»(x,¢) of (1.2) can be recov-

ered from a 3 x 3 Riemann-Hilbert problem.

Theorem 3.1. Suppose that q)(x,t) and q»(x,t) are a pair of solutions of (1.2) in the half-line
domain Q with sufficient smoothness and decays as x — oo. Then q(x,t) and q»(x,t) can be recon-
structed from the initial value {qi0(x),q20(x)} and boundary values {go1(t),802(t),811(t),812(¢) }
defined as follows,

q10(x) = q1(x,0), g20(x) = q2(x,0), go1(¢) = q1(0,1),

3.1
g02(t) = q2(0,1), g11(t) = q1x(0,1), g12() = q2x(0,1).

Use the initial and boundary data to define the jump matrices Jy,(x,t,k) as well as the
spectral s(k) and S(k) by equation (2.24). Assume that the possible zeros {k;} of the functions
my1(s)(k), (STs*)11(k), (sTS*) 11 (k) and s11 (k) are as in assumption 2.3.

Then the solution {q\(x,t),q2(x,t)} is given by

q1 (x,t) =2ilim (kM(X,l‘,k))lz, QQ(X,Z‘) = Zigim (kM(X,l,k))13. (32)

k—>oo —roo

where M (x,t,k) satisfies the following 3 x 3 matrix Riemann-Hilbert problem:

o M is sectionally meromorphic on the Riemann k—sphere with jumps across the contours
D,ND,,n,m=1,--- 4, see Figure 2.

e Across the contours D, N\ D,,, M satisfies the jump condition
M, (x,t,k) = My (x,2,k) I n(x,2,k), k€ DyNDy,n,m=1,2,34. (3.3)
o M(x,t,k)=1+0(3), k—roo.

o The residue condition of M is showed in Proposition 2.3.
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Proof. It only remains to prove (3.2) and this equation follows from the large k asymptotics of the

eigenfunctions. O

4. Non-linearizable Boundary Conditions

As we state in the introduction, the most difficulty of initial-boundary value problems is that some
of the boundary values are unkown for a well-posed problem. All boundary values are needed for
the definition of S(k), and hence for the formulation of the Riemann-Hilbert problem. Our main
result in this section expresses the spectral function S(k) in terms of the prescribed boundary data

and the initial data via the solution of a system of nonlinear integral equations.

4.1. Asymptotics

An analysis of (2.7) shows that the eigenfunctions {u j}% have the following asymptotics as k — oo:

SORACORCY 2,2 2

Hiv Hip' Hys Hiy Hip' Hys
wi(x,1,k) =T+ .U2(1> .Uz(z) .U2(3) + ‘uz(?) ‘uz(g) “2(? +0(3%)
2) (2 (@
“3(1) “3(2) “3(3) N3(1) N3(2) N3(3)
(x,1)
f(xj,z,-)All % %
g X, 1 X, 1
:HJF% _% f((x,f),)Aéz) f((x,t),)Aés) (4.1a)
QR () A(1) plxt) A(1)
R AL nos/
Je a1y - q;ﬂa(z) T ‘Iéﬁ_‘éa)*“lgi
1 (lr ) ~(x,1) 2 X, 2 1
te % J (gf./-,tt_/)Aéz) J ((xj,tt)j)Ag-”) +0(a).
lr X, 2 X, 2
U3, 2‘?2“11 f(i ;t)) Agz) f((xj,tti) A§3)

where

A= 51 * + g2 )dx + 3 (q1G1x — G1q1x + q2G2x — Gogax)dt
A§12) = _%‘ql‘zdx (f]1x611 q1q1x)dt
1 - _
A§3) =—5q192dx — 2(611xQ2 d1q2x)dt (4.2a)
I _
Agz) = —igrqidx — 3(Gouq1 — G2q1x)dt
1
3(q )

1 _
ALY = — 4 ga)Pdx — 3(Goxq2 — G2qoy)dt

X 2 - ~
nj=d (é (f(&.f’jl?f) AU) > + %(QIQIx‘*‘QZQZx)dx

+ [E(q11? +1921%)% + £ (q14G1x — 41100 + G2xGox — G2dxr)]dit

(4.2b)
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Agzz) = ( L|ql |2.u22 éqquﬂgé) + %QIQIx)dx
+ [~ 1 (@1 - m»uﬁ?—%(qlxqz—qlqz)c)u%)fﬁ<|q1|4+\q1|2|qz|2>+ﬁ<q1q1qu-1xq1x>1dr
A = (~ilqi Py — ig 1Q2u3(;)+£élqzx)dx
+[—3(@ xq1 — QIle)uz(;) — (G2 —1?1Q2x),u3<3 HaPaia2+ @1921921%) + 5 (G192 — G10q2x) dt
Ag22) = ( q2q1.u22 - *|£I2|2H32 492611x)dx
[ (@an — Ry — H@ar — a2y — Haq1 Paaar +1a2Paa) + £ (@2q1e — Gogra) ]t
AR (i M iy 2,0 +1g d
33 = (- 292Q1N23 2|612| IJ33 46126]2x) X
+ 2 @2q1 — a0 — 1 (@22 — B2a2) 1Y) — £(|q1 Plaa ) +1a2*) + & (@292 — Gonqa) ]t
(4.2¢)
We define functions {®;;(z,k)}? i1 by:
Dy (1,k) Pra(t, k) Pi3(t,k)
12(0,1,k) = | @y (t,k) Poa(t,k) Poa(t,k) | - (4.3)
@31(l,k> @32(2‘,]{) @33(1,/{)
From the global relation (2.39)and replacing T by ¢, we find
12(0,,k)2 As(k) = ¢(1,k),  k € (D3UD4, D1 UD2, Dy UDy). (4.4)
We partition matrix as following,
Dy Dy .
2 (0,t,k) = ,  J=2,3, 4.5)
D) Prx2

where @, denotes a 2 x 2 matrix, ®;; denotes a 1 x 2 vector, ®;; denotes a 2 x 1 vector. Then,

we can write the second column of the global relation, undering the matrix partitioned as (4.5), as

D11 (t,k)s1, (k)53 (k)e ! 4@y ;(,k) = c1(t,k), k€D UD;, (4.62)

@1 (t,k)s1;(k)s3) oy (K)e ! 4 @y5(t,k) = crua(t,k), k€ DyUDy, (4.6b)

The functions c1;(t,k),c2x2(t,k) are analytic and bounded in D; UD, away from the possible zeros
of my; (k) and of order 0(%) as k — oo,
From the asymptotic of u;(x,z,k) in (4.1a) we have

12(0,1,k) =T+ ¢

“4.7)
(OZ) i (0,)
1 f(oo) mn _EQf(o,o)A(l)'i'%Qx oL
+ K2 i ( )A AT (O:t) A(Z) T (k%>
39" Jo.0) 1+30 J0o
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where Q = (¢1,¢2), Ay is defined by first identities of (4.2a), 1, is defined by (4.2b), A() and A(?)

are 2 x 2 matrices defined as following,

() AL

. A5 A

w- () e as)
A32 A33

here, {A)}¢/—23,j = 1,2 are defined as (4.2a) and (4.2¢). Also, we have

q)(l)(t) cI)(z) (t)

; ~ 1
®y(1,k) = 1;{ + 1112 +0(5), k= eoke€DIUD, (4.92)
(1) (2)
o)) (1) V(1 1
D5 (t,k) = Tno + ZXkZ()+ 2222()+0(k3), k — oo,k € Dy UDs. (4.9b)

where

2 i 0,
o) (1) = Leolt).  ®(1) = dar(r) — igo e AV

1 0, 2 0,
), (1) = [ AV, @, (1) = [ AC),

here go(¢) and g;(¢) are vector boundary functions defined by the boundary data of (1.3) as go(7) =

(g01(1), 802(r)) and g1 (1) = (g11 (), 812(2))-
In particular, we find the following expressions for the boudary values:

g0 =2i®!") (1), (4.102)

g1 = 2igo®y), (1) +40) (1), (4.10b)
We will also need the asymptotic of c;(z,k),

Lemma 4.1. The global relation (4.6) implies that the large k behavior of ¢y j(t,k),c2x2(t,k) satis-

fies
(1) 2)
/() @) 1
c1j(tk) = 1;{ + 1122 +0(5), k= keD. @.11)
Proof. Let

D Dy
nu'2(07t7k): < ! Y >7 J:273
D Poyr

The global relation shows that
— —4ik2
@11(1, k)Slj(k)Sziz(k)e dikct + q)lj(l‘,k) = Clj(l‘,k). 4.12)
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And from equation

e — 20k (A, p] = Vap.

(4.13)
From the second column of the equation (4.13) we get
@y j; +4ik>® ) ; = 2kQD) 2 — kQOT @1 + 10, P22 @.14)
D)o = 2kQP 4+ iQT QP2 xr — iQL Py ;.
where Q = (¢1,¢2) is a 1 x 2 vector function.
Suppose
Dy o (t) ot t t ,
) = (o) + A1) +#+---)+(ﬁ0(t)+M+ﬁ2—g)+~--)e4’k2f (4.15)
Dy, k k k k

where the coefficients ;(¢) and f3(¢), [ > 0, are independent of k. To determine these coefficients,we

substitute the above equation into equation (4.14) and use the initial conditions

o (0) + Bo(0) = (01x2,Inx2)", @1 (0) + B1(0) = (01x2,00x2)" .

Then we get

_0(0) (4.16)
+ % < 2i ) +0(/%2) o4kt
0
From the first column of the equation (4.13) we get
Dy, = 2kQDj; —iQQT Py +i0, D) 4.17)
@, — 4ik* Py = 2kQT Dy +iQT QP —iQl Dy
Suppose
P22 Sir) | &) vit) | va(1) gk’
= (&(r)+ + 4 )+ (volt) + + + o)t (4.18)
<q>3j > k k2 k k2

where the coefficients & (¢) and v;(z), [ > 0, are independent of k. To determine these coefficients,we

substitute the above equation into equation (4.17) and use the initial conditions

&0(0) +vo(0) = (1,021)",
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(1)
@ _ 1 [ P
/! 2 J! (4.19)
0
: <QT(0) ) +0(z)
2i

So, from the equation (4.12) and the asymptotic of s 3 (k) and s33(k), we get the asymptotic behavior

Then we get

=

4 e4ik2t

of ¢j(t,k) as k — oo,

1) (2) (3)

o) @ @l

ci(t,k) = ]f + kf; T kf; N (4.20)
O

4.2. The Dirichlet and Neumann problems

We can now derive effective characterizations of spectral function S(k) for the Dirichlet (go pre-
scribed), the Neumann (g; prescribed) problems.

Define functions as
Q(t,k) = Py(t,k) — Dy (1, —k), Q(t,k) =Dy o(t,k) — Py (t,—k), (4.21a)
and
o(t,k) = D1j(t,k) +P1j(t,—k), @(t,k) = DPro(t,k) + Prya(t,—k) (4.21b)

Theorem4.1. Let T < 0. Let go(x) = (q10(x),q20(x)),x > 0, be a vector function of Schwartz class.

For the Dirichlet problem it is assumed that the function gy(t),0 <t < T, has sufficient smooth-
ness and is compatible with qo(x) at x =1t = 0.

For the Neumann problem it is assumed that the function g(t),0 <t < T, has sufficient smooth-
ness and is compatible with qo(x) at x =t = 0.

Suppose that my, (k) has a finite number of simple zeros in D;.

Then the spectral function S(k) is given by

A(k) e—4ik2TB(k) e—4ik2TC(k)
S(k)= | ¥TD(k)  E(k) F(k) (4.22)
HARTG()  H(K) 1(k)
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where
A(k) = Doy (k) P33 (k) — Doz (k)D3p(k) B(k) = D13(k) D (k) — Pya (k) P33 (k)
C(k) = P (k)Do3(k) — Py3(k)Daa (k) D(k) = Doz (k) D3y (k) — Doy (k) P33 (k)
E(k) = @11 (k) D33 (k) — P13(k) D31 (k) F(k) = Doy (k)Py3(k) — Dy (k)Po3(k)
G(k) = @y (k) D3z (k) — Pop (k) D3y (k) H(k) = Po(k) D31 (k) — Py (k) D3p(k)

and the complex-value functions {@13(t,k)}?:1 satisfy the following system of integral equations:

Di3(t,k) = f3e4F [<i(|gon|? + |go2 ) P13

. ) (4.23a)
+(2kgo1 +ig11) P2z + (2kgo +ig12) P33 (', k)dt’
! 2 / /

Dy3(t, k) :/o [(2kgo1 — ig11) P13 + i[go1 |* P23 + i01802P33] (¢, k)dt (4.23b)

! 2 ! !
c1333(l‘,k) = 1+/0 [(Zkgoz —ig‘12)<I>13 +ig01802P23 +i!g02| CI)33] (t ,k)dt (4.23¢)

and {®y (t,k) };_,, {Pn(t,k)}3_, satisfy the following system of integral equations:

Dy (t,k) =14 [ [—i 24 gnH)®

1(1,k) Jo [=i(lgo1|* +1g02|*) @11 (4.242)

+(2kgo1 +ig11) P21 + (2kgop +ig12)P31] (', k)dt’

4 2 !
Dy (t,k) :/0 e MU= T(2kgor — ig ) P11 +ilgor|* a1 + igo1802®P31 ] (¢, k)dr’ (4.24b)

4 2 !
D3 (t,k) :/o e MU= [(2kg0y —ig12) P11 +ig01802 P21 +i]goa @3] (', k)dr’ (4.24¢)

Pua(t,k) = fg e [~i(lgor 2 + |02l P2

| . (4.252)
+(2kgor + ig11) P22 + (2kgor + ig12) P3| (¢, k)dt’
! 2 / /
Dy (t,k) =1+ /0 [(2kgo1 — ig11) P12 +i|g01 | P22 + 01802 P32 | (¢, k)dt (4.25b)
! 2 ! !
D3 (t,k) :/o [(2kg02 — i812) P12 +ig01802P 22 + il g02| P32 (¢, k)t (4.25¢)

(i) For the Dirichlet problem, the unknown Neumann boundary value g (t) is given by
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§1(1) = 2 Jop, (Kt K) +igo(t)) dk+ 292 [ O(r )k

— & Jopy ke 1Dy (—K)s1 (k)53 L, (—k)dk (4.26)
—4ik3t 1
+ 8Zk_;€D1 kje ™" Res(q)lls]js2xz)(kj)_

(ii) For the Neumann problem, the unknown boundary values gy(t) is given by

go(t) = L [op, @(t,k)dk+2 [5p e 41Dy (—k)s1;(—k)s5), (—k)dk

: o ) (4.27)
+4i Y ep, ¢ 9 Res(Piisijsy ) (k).

= e4ik2T/,t‘2“(O, T,k)T. And the sys-
tem (4.23) is the direct result of the Volteral integral equations of u(0,,k).

Proof. The representations (4.22) follow from the relation S(k)

(i) In order to derive (4.26) we note that equation (4.10b) expresses g1 in terms of CIDSX)2 and

@gi) . Furthermore, equation (4.9) and Cauchy theorem imply

i
—E(I)glx)z([) = /&D [Cbzxz(l‘,k) —Hzxz]dk :/ [(I)zxz(l‘,k) —H2X2]dk
2

oD,
and
a0 2/ [kcbu(f,k) - go@} dk =/ [kcpu(t,k) _80) gy
2 D, 2i oD, 2
Thus,
i”q’gx)z(f) = — (Jap, + Jap,) [P2x2(t,k) = Iru2]dk
= (fop, T+ Jop,) [@2xa(t, k) — Toxa]dk W)
= [op,[P2x2(t,k) —Toxaldk — [5p, [@2x2(t, —k) — Taxa]dk
= [op, (Paxa(t,k) — P2ya(t, —k))dk.
Similarly,

mq)%) (t) = (fam +f8D1> [kq)lj(tak) - gOT(,I)] dk
= (Jony = Jon,) [k®1,(t,~0) = 52| dke+1(0) (4.29)
= [, k(@1 (1K) = D1;(t,—K)) + igoe)] Ak +1(1).

where I(t) is defined by

1) = 2/301 [kq)lj(t,k) _ goz(l’)} dk

The last step involves using the global relation to compute /(¢)

1) = [y, [k(yl1 JSas — @risyje sy 1) — ggﬁ.‘)} dk (4.30)
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Using the asymptotic (4.11) and Cauchy theorem to compute the first term on the right-hand
side of equation (4.30), we find

I(t) = —mcb 2fp,D3k<I>11( k)slj(—k)sz_xlz(—k)e"‘”‘z’dk

) 4.31)
+47UijeD1 kje / Res(@llsljs2xz)(kj).

Equations (4.29) and (4.31) imply

<I>$";> (1) = 251 Jo, k(@1 (1, k) = @1, =) + igo(1)] dk
71 Sy kP11 (—K)s1 (ks Ly (—k)e 4 dk
+ ZijeDl kje ™ Res(@1151753,) (k).
This equation together with (4.10b) and (4.28) yields (4.26).
In order to derive the representations (4.27) relevant for the Neumann problem, we note that

(1)

equation (4.10a) expresses go in terms of @, j Furthermore, equation (4.9a) and Cauchy’s

theorem imply

i 1
~ o) (1) = [, P (t,k)dk =[5, ®1j(t,K)dk, (4.32)
Thus,

imb(llj)(t) = (Jopy + fyp,) @1, (t,k)dk
= (fopy = Jop,) P11, k)dk +2 [, ®1;(t,k)dk (4.33)
= [opy (P1j(t,k) +Pyj(t, k) dk+2 [, P1;(t,k)dk,

and using the global relation, we have
2 [op, ®1j(t,K)dk =2 [5 (13,1850, — Prisijsy e~ )dk
= —in®{) (1) +2 [y, P11 (—K)s1;(—k)s3 Ly (—K)edk (4.34)
_4i2 _
+4i Ly ep, € i Res(Pr151j53,) ) (k)

Equations (4.10a), (4.33) and (4.34) yields (4.27).

O
4.3. Effective characterizations
Substituting into the system (4.23) the expressions
;= D0+ edij +EDP o+, i,j=1,2,3. (4.352)
go1 = €y + e o g =egly e+, (4.35b)
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(1)

gn=¢egl)+e2gW ., gn=egl) +e% P+, (4.35¢)

where € > 0 is a small parameter, we find that the terms of O(1) give

P30 =0DP30=0P330=1,
O(1):q ®110=1Dy10=0D39=0, (4.36)
Di0=0DPpg=1P30=0.

Moreover, the terms of O(€) give

D331 =0 Py3;=0,
@13, (1,k) = Ji 40 (2kglh) 1 i) (1),
D111 =0,

e f><2kgm g () 437)
D311 = fye W0 (2kgyy) —igl)) ()
‘1312 | = 6‘841/( (t— t)(zkg( 1) ))(l‘/)dt/,
Py =0, P3;=0.
and the terms of O(&?) give
Dy3g = [y et )(2kg02 1812 )(’/)
®rs2 = [3[(2K80) - zg“ RIGLIERGRS +1gm ()50 (1)’
D330 = f3l(2kzey — 1) (e ’)Cbn 1t )+llgoz( t')?at’,
i1z = [y |~illghy P+ |3 1P)(0") + (kg +igh)) () 21,11, K)
(1) (1) /
+(2kgy, +ig D3y (k)| dt,
0(82) ( 02 12)( ) 1( ) (4.38)

D10 = fte%lkzt f)(2kg01 —zgg ))( )
@310 = fye 4= t)(Zkgoz ( 2)(¢)dt
Dpn=[ge il (1=t <2kgo +1g121))(t’)

Bz = fy [ (2K — igl) ) ()P (1, 0) +ilghy ()]
D3 = [ [(2kg02) ig15) (1)1 (1, k) +ighy (1 )gélz)(tl)] dr'

On the other hand, expanding (4.26) and assuming for simplicity that m; (k) has no zeros, we
find

1) :l/ k.Q(l) k . (1) k—i ke —4ik*t (1) k (1)-1 AV 4
gy (1) . 8D3( (t.k) +igy " )d 7i Jon, S1]( )$30 (—k)d (4.39)

where Q = eQ(V) + €202 + 0(3) and 5155, = Ss(llj)sglx);l +0(e?).
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We also find that
t . ’
o) — 4k /0 Ak 1t )géll) (t")dt'. (4.40)

The Dirichlet problem can now be solved perturbatively as follows: assuming for simplicity that

m11(k) has no zeros and given g(()ll) and g(()lz), we can use equation (4.40) to determine Q1. We

can then compute gﬁl) from (4.39) and then ®y;,j = 2,3 from (4.37). In the same way we can

determine Q) and Q) by g(()z), then compute g&z). And these arguments can be extended to the

higher order and also can be extended to the systems (4.24a), (4.25a) and (4.23a), thus yields a
constructive scheme for computing S(k) to all orders.
Similarly, these arguments also can be used to the Neumann problem. That is to say, in all cases,

the system can be solved perturbatively to all orders.
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