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In this paper we consider the Holm-Staley b-family of equations in the Sobolev spaces H*(R) for s > 3 /2. Using
a geometric approach we show that, for any value of the parameter b, the corresponding solution map,u(0) —
u(T), is nowhere locally uniformly continuous.
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1. Introduction

Holm and Staley introduced in [22] the following family of equations
Uy — Uy + (b4 1)unty = buityy + utdyry (1.1)
or rewritten
wy +uity, = (1= 02V (—buwe + (b — 3)uyityy) (1.2)
related to shallow water, where
u(t,x) €R, (t,x) € R?

denotes the velocity field and b € R is a parameter. For b = 2 we get the Camassa-Holm equation
(see e.g. [5]) and for b = 3 the Degasperis-Procesi equation (see e.g. [14]). Both equations arise as
integrable model equations for the propagation of shallow water waves of moderate amplitude. For
the physical aspects see [9] and for the integrability aspects see [10, 11]. In his seminal paper [3],
Arnold showed that the Euler equation can be interpreted as an equation for a flow on groups of
diffeomorphisms of the underlying space. It turns out that quite a few nonlinear evolution equations
such as the KdV (see [30]), the Camassa-Holm equation (see [12,28]) or various other equations
of mathematical physics (see [16, 18, 19]) can be treated by such a geometric approach. Recently,
in [17], it has been shown that this is also the case for the Holm-Staley b-family. In [7], Constantin
used such a geometric approach to get local well-posedness and blow-up results for the Camassa-
Holm equation on R. In this paper we will use these methods to prove our results.
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H. Inci / The Holm-Staley b-family of equations

The Cauchy problem for (1.1) in H*(R), s > 3/2, with initial value uy € H*(R), is to find u €
C%([0,T],H*(R)) for some T > 0, such that we have the following identity in H*~!(R)

u(t) = ug +/Oz(1 —02) N (—buuy + (b —3)uny,) — uuy ds (1.3)

for all ¢+ € [0,T]. Here we regard u,u,, as an element of H*2(R) even if 3/2 < s < 2 — see
Appendix A. With this in mind and the fact that #°~!(R) is a Banachalgebra we see that the inte-
grand in (1.3) is an element of C°([0, T],H*~!(RR)). Hence (1.3) makes sense and we have actually
ue CY[0,T),H ' (R)).

Concerning the well-posedness of (1.1) we have the following result — see also [29]

Theorem 1.1. Let s > 3/2. For any given uy € H*(R) there is a T > 0 and a unique solution
u € C°([0,T], H*(R) to the Cauchy problem (1.1) with initial value u(0) = ug. The T can be chosen
to be the same in a neighborhood U C H*(R) of uyp. Moreover the map

U —C%[0,T],H (R)), wuo+> u
is continuous.

Now one asks whether the map mentionned in the above theorem is more than continuous, e.g.
C! or at least locally lipschitz. We have the following negative answer.

Theorem 1.2. Denote by Ur C H*(R) the set of initial values for which we have existence up to at
least T. Then the map Ur — H*(R), ug — u(T), mapping the initial value to the time T value of
the solution, is nowhere locally uniformly continuous.

Results saying that the solution map ug — u(T') has not the property to be uniformly continuous on
bounded sets is known. On the circle this was proved in the case b = 2 (Camassa-Holm equation)
in [20] and in the case b = 3 (Degasperis-Procesi equation) in [13] for s > 2. For the b-family on
the line this was proved in [32].

2. The geometric framework

In [23] we considered for s € R, s > 3/2, the space 2°(R) (cf M. Cantor [6]) given by

2*(R) := {@ : R — R C' —diffeomorphism | ¢« >0and ¢(x) —x € H'(R)}
— {o() =x+ f(x) | f € H*(R) and g > 0}

where H*(R) denotes the space of Sobolev functions on R of class s. In terms of the Fourier trans-
form this reads as (see e.g. [2])

H'(R) = {f € ’(R) | (1+&%)2/(£) € L(R; C)}

where f is the Fourier transform of f. Equipped with the scalar product (taking the real part)

(.80 = [ (148 F()8(E)de
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it becomes a Hilbert space. Then
7'(R)—id = {g(x)—x| g € Z’(R)} C H'(R)

is open and thus has naturally the structure of a analytic Hilbert manifold (cf e.g. [23]). Moreover
2*(R) is a topological group under composition. More precisely, for any k € Zxo,

H™MR) x 2*(R) — H'(R),(f, @) — fo@

is a Ck-map. In the literature the partial maps of the compostion map are referred to as the a- resp.
the w-lemma — see [15].

In the following we need the notion of sprays. These are special vectorfields on the tangent bundle
— see e.g. [27]. In our case we have the following identification for the tangent bundle of 2°(R)

T2°(R) = 2°(R) x H*(R).

Thus a spray can be defined by a map S with the following structure

S: 2°(R) x H*(R) — H*(R) x H*(R)

(@.v) = (vTp(vv))

where I, called the Christoffel map of the spray S, is a map

I': 2°(R) — L(H*(R),H*(R); H’(R))

¢ = To()

with values in the continuous H*(R)-valued bilinear forms on H*(R). Since we are just interested
in the quadratic form Iy (v,v) we assume Iy to be symmetric. The integral curves of S projected on
2°*(R) are called the geodesics of S. Like in the case of a Riemannian manifold we have also here

the notion of an exponential map — see e.g. [27]. More precisely, the equation of the geodesics reads
as

Ort :Fgo((Pt,(Pt) 2.1)

where the subscript ¢ denotes differentiation with respect to ¢. For analytic S the Picard iteration
gives local solutions of (2.1) with initial data ¢(0) = id € 2°(R) and ¢,(0) = v € H*(R). Because
of the scaling properties of (2.1) there exists a neighborhood V of 0 € H*(IR) such that the initial
value problem

@ =To(¢r, 1)
{ ©(0)=id,¢(0)=v (2.2)

admits a solution on the time interval [0, 1] for all v € V. This allows us to define the exponential
map exp as
exp:V — 2°(R)
vi— @,(1)

where ¢, is the solution of (2.2). Because of the analytic dependence of solutions of (2.2) on the
initial values, see [27], we know that exp is a smooth map. Moreover the derivative of exp at 0 €
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H*(R) is the identity, i.e.
doexp: H'(R) — H'(R), v—v

where we have identified 7;; 2°(R) with H*(R). By the inverse function theorem for Banach spaces,
see [27]), exp is an analytic diffeomorphism between a neighborhood U of 0 € H*(R) and a neigh-
borhood V of id € Z°(R), i.e.

exp: U —=V

is an analytic diffeomorphism.
For our purpose we define I at id € 2°(R) for v € H*(R) with s > 3/2 by

Cia(v,v) = (1= 02) " H(=bvww, + (b—3)vvy) (2.3)

which is a continuous H*(R)-valued quadratic form on H*(R). For ¢ € 2°(R) arbitrary, Iy, is
defined by

Cy(v,v) = (F,-d(vo (p_l,vo (p_l)) o Q. 2.4)

In view of the poor regularity properties of the composition map, apriori it is not clear if I" defines a
smooth spray. In the next section we verify that this is indeed the case. In the following we will make
some formal computations to show how the geodesics of S and solutions to (1.1) are related. Assume
that @ : [0,T] — 2°(R) solves the initial value problem (2.2). Then we have for u := @, 0 ¢!

Gy =(uo Q)i =uoQ+uoQ-¢
=uo@+uyo@-uoQ.

Substituting this expression into equation (2.1) we get

uwo@+uo@-uop ="Ty(@,0)
=Tu(gop ", pop oo

or by (2.3) equivalently
uy + i, = (1 — 02~ (—busty + (b — 3)uzityy)

which is equation (1.2). In the next section we show that by this approach one gets local well-
posedness results for equation (1.1).

3. Local wellposedness of the h-family of equations

In this section we establish local existence and uniqueness for the Cauchy problem
ity = (1= 02)  (—buu, + (b — 3)uuy,), u(0) = ug € H (R) 3.1)

in H*(R), s > 3/2.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
216



H. Inci / The Holm-Staley b-family of equations

Theorem 3.1. The spray S given by
S:2°(R) x H*(R) —» H*(R) x H*(R), (@,u)— (VI(P(u,u))
where
T (i) = Rp(1— 92) (= b(Rprt) - (Ry-10),+ (b — 3)(Rys14)- (Ry-10)11)
is analytic.

Recall that we use the notation Ry, for right translation H*(R) — H*(R), f — f o ¢. Before proving
Theorem 3.1 we show the following lemma.

Lemma 3.1. Ler s > 3/2. For k = 1,2 the map
80 2°(R) x H'(R) = H *(R), (¢, f) > RpIiRy1f
is analytic.

Proof. Consider first the case k = 1. Then we have

51(g,f) = RgdRy 1f =

X

and this is an analytic expression in ¢ and f. Similarly for £ = 2 we have we have

&_fx'q)xx

(@) =RodeRy 1S = =g

which also holds in the case s < 2 — see Appendix A for the conventions in this case. We see from
the expressions for §) (¢, f) that it is indeed analytic. O

Now we can give the proof Theorem 3.1.

Proof of Theorem 3.1. Consider the continuous symmetric bilinear map

B:H*(R) x H*(R) — H*2(R)

(u,v) %( — buvy —bvuy) + % (b =3)uvee+ (b—3)vuyy).

That the range of this expression is in H*~2(R) and its continuity follow from the Banach algebra
properties of H*(R) — see e.g. [2] (for s < 2 see Appendix A). From Lemma 3.1 we know that the

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
217



H. Inci / The Holm-Staley b-family of equations
map

2*(R) — L(H*(R),H (R); H* *(R))
@ — [(u,v) = ReB(Ry-11,Ry-1v)]

is analytic. Again using Lemma 3.1 we get that

7(R) — L (H*(R):H(R))
@ — [ Rp(1—37)Rp-1u]

is analytic. Hence

2*(R) — L(H*(R),H* *(R))
@ [u— Ry(1— 8)62)R(p71u]

is analytic. Note that u — Ry (1 — (9x2)R(p71u is invertible with inverse given by v — Ry (1 —
BXZ)*IR(pfl v. Now as inversion of linear operators is an analyitc process we see that the map

2*(R) — L(H**(R),H*(R))
@ — [V Ro(1—097) 'Rp1v]
is analytic. Piecing the maps together we get from the identity
Ly(u,v) = Rp(1— axz)ilB(R(P—lu,R(p—l V)
= Ryp(1—0}) 'Ry 1RB(Ry-1u, Ry 110)
thatI': 7*(R) — L(H*(R),H*(R); H*(R)) is analytic. This completes the proof of the theorem. [J

Now consider the initial value problem (IVP)

O =Tp(Or, 1)
{ o(0)=id e Z(R),  @0) = uo € H'(R). G-

The Picard theorem gives us local solutions to the IVP (3.2). With this and the discussion at the and
of section 2 we get the following local existence result.

Lemma 3.2. Let s > 3/2. Given ug € H*(R), there exists u € C°([0,T],H*(R)), for some T > 0,
such that

!
u(t) = ug —i—/ (1= 03~ (—buuy + (b — 3)uytty) — vty (3.3)
0
holds for all t € [0,T].
Proof. Consider the IVP (3.2). Since I" is smooth, there exists 7 > 0, such that we have a
¢ €C([0,T],2°(R))

solving (3.2). We claim that u := ¢, o (p_1 is a solution to (3.3). From [23] we know that u €
C%([0,T],H*(R)). We also have u(0) = ¢,(0) = ug. From the Sobolev imbedding theorem we see
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that u resp. ¢ are in C'([0,T] x R). Taking the -derivative of uo ¢ we get

UWoP+u 0@ -Q=u0Q+u 0P -uo@.
On the other hand we have

(o @)=y =Lo(@r, 1)
as functions on [0, 7] x R. Thus we get
wo@+uo@-uc@=To(e, )
or
=L@, @) 00" —uu,

= (1= 092)" Y (—buu, + (b — 3)uxitee) —
as functions on [0, 7] x R. As both sides are continuous functions, we get by the fundamental lemma
of calculus for ¢ € [0, 7]

u(t) =up+ /Ot(l — 3 (—buuy + (b — 3)upity) — uuy. (3.4)

But as the integrand is in C°([0, 7], H*~!(R)), the identity (3.4) holds also in H*~!(R). O
To get uniqueness we use the fact that for u € C([0,T];H*(R)) there is a unique flow ¢ €
C'([0,T]); Z*(R)), i.e. ¢ solving
o =uo@, ¢(0)=id
— see [24]. With this we will prove

Lemma 3.3. Let s> 3/2. Assume that we have two solutions u,w € C°([0,T], H*(R)) to the Cauchy
problem (1.3) with u(0) = w(0) = ug € H*(R). Then we have actually u = w on [0, T].

Proof. Consider the flows ¢ resp. y in C' ([0,7], 2°(R)) corresponding to u resp. w as discussed
above. We will show that ¢ resp. w are geodesics. By the uniqueness of geodesics with the same
initial condition we will get @ = y resp. ¢, 0 @~ ! = y, o y~! or equivalently u = w. Now consider
uo @ which is C! in [0, 7] x R. Taking the ¢-derivative we get pointwise

d
(o) =wop+ucp-ucg.
Since u is a solution of the Cauchy problem we have

%(uo(p) = Ry (1 02) " (—buuy + (b — 3)usuy))

=Ty(poo ', gop™)
where I is as in (2.4). From the fundamental lemma of calculus we get
!
@ (t) = uo +/0 To(poo @0

But as the integrand is in C°([0,7],H*(R)) we see that ¢ € C*([0,7T],2*(R)) and that it is a
geodesic. Hence the claim. 0
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Using Lemma 3.2 and Lemma 3.3 we get

Theorem 3.2. Let s > 3/2. The Cauchy problem (1.3) is locally well-posed in H°(R), i.e. given
ug € H*(R) there exists a solution u € C°([0,T],H*(R)) for some T > 0. Further u is unique on
[0,T] and the correspondence uy — u is continuous.

Remark 3.1. The correspondence 1y — u is meant as a map
Ur — C°([0,T],H*(R)), wuo+—>u

This result is not new. This was e.g. done in [29]. They looked at a regularized version of (3.1)
and took the limit. Also in [31] there is a similar result. They use Kato’s abstract semigroup method.
The same method is also used in [13] for the periodic case. We used the geometric setting as was
e.g. done in [7] to achieve local well-posedness via the Picard theorem.

4. Non-uniform dependence of the solution map

In this section we will prove the non-uniform dependence of the solution map, i.e. we will prove
Theorem 1.2. Recall that we denoted for 7 > 0 the set Ur C H*(R) to be those ug for which we
have existence beyond T'. Note also that we have the following scaling property for equation (1.1):
If u is a solution then for A > 0

v(x,t) = Au(x,At)

is also a solution and Uy 7 = %UT. Therefore it suffices to consider the case 7 = 1 to prove Theorem
1.2. Hence the theorem will follow from

Proposition 4.1. Let s > 3/2 and U := Ur|;_,. Denote by ® the time-one map ® : U —
H*(R),up — u(1) for the Cauchy problem (1.1). Then ® is nowhere locally uniformly continuous,
i.e. for any non-empty V. C U the restriction ®|, is not uniformly continuous.

To prove Proposition 4.1 we will use a conserved quantity (cf [17], Proposition 9). Consider
equation (1.2) and let u be a solution, ¢ its corresponding flow. Then we have, omitting the argu-
ments (7,x),

Lemma 4.2. Lety:= (1 —0?)u. Then we have for all t the following identity in H*~>(RR)

yo @ ()’ =y(t=0) (4.1)
Proof. Taking the z-derivate of yo ¢ we get

(Ptt)zcx + 2 (Ptxx : (sz + (Pttx : (Pxx + (Ptx ' (ptxx 3 (ptx : (Pxx ' (Ptx

o o o o N
On the other hand equation (3.2) gives
Rp(1=07)(@uo@™") =Ro(~b(@o9™") - (oo™ )it (b=3)(@o9  )x- (909 )

Expanding this equation we get

d
Eyo 0= Q;— “4.2)

0 Orixx Orrx - Prx _ —bw i (b—?))& <(ptxx _ Orx (Pxx> (43)

+
02 (08 (0 o \ 9? (08
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Hence from (4.2)

i b| N Orixx Orxx * Prx Orrx * Pxx o (P;%C Orx b
ai (ko) -0t = o= 4B B 3B
_ Drxx Drx * Prx . b—1
B R A

Combining (4.4) and (4.3) we get
d
a7 [(RW)'(PJIZ} =0
hence [0,T] — H*"2(R),t > yo @ - ¢” is constant, i.e. (4.1) holds. O

As 1— 092 : H*(R) — H*~2(R) is an isomorphism, it will be enough to establish that y + y(1)
is nowhere locally uniformly continuous in order to show Proposition 4.1. We will use (4.1) in the
form

()= (205 ooty @s)

The approach is as in [26]. The idea is to produce a slight change @(1) so that Jiy doesn’t change
much, but §(1) does. Since composition behaves bad this works. To make such perturbations we
will employ the properties of the exponential map. But first we have to establish some preleminary
lemmas.

Lemma 4.3. Given ¢, € Z°(R) there exists a neighborhood W of @s in 2°(R), such that for some
constant C > 0 we have

1 .
oIl <11R v/ 90)lls—2 < Cllylls—

forally € H2(R) and ¢ € W.

Proof. First we establish the second inequality. For ¢, — @, in Z°(R) we have (see Remark A.2)
R;nl (v/ @) converges weakly to y in H*~2(R). By the uniform boundedness principle we get a
neighborhood W; of ¢, in 2°(R) and C; > 0 such that

1R, 3/ 92)[s—2 < Cllyll5—2

for all @ € W; and y € H*~%(R). Now consider the first inequality. As in the first part we get a W,
and C; > 0 with

192 Rg¥|[s—2 < Callylls—2
for all ¢ € W» and y € H*~2(RR). Taking for y the expression R;l (v/@?) gives the first inequalty. [

Lemma 4.4. Let s > 3/2. The set of uy € U NH*"! with d,, exp # 0 is dense in U.

Proof. As djexp is the identity map and ug — d,,, exp is analytic the claim follows immediately. []

Now we can give a proof for Proposition 4.1
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Proof of Proposition 4.1. Take 1y € U. We will show that ® is not uniformly continuous on any
neighborhood of up. As easily seen we can restrict ourselves to a dense subset of U. So we can
assume uy € H*'! and d,,, exp # 0 by Lemma 4.4. In particular we can fix v € H*(R) \. {0} and
xo € R with

(duy exp(v)) (x0) > m|[v[|s, m >0

First we choose R > 0 such that Lemma 4.3 holds for ¢, = exp(up) in the ball Bg, (up), i.e.

1 _
& IDlls-2 < IRy 7/ 90)lls-2 < Cullylls—2 (4.6)
for all y € H*"2(R) and ¢ € Bg, (o). Taking R, < R; we can ensure additionally

IR, yls—2 < Callylls—2
for all y € H*"2(R) and ¢ € Bg,(up). By choosing R3 < R, we can establish the conditions of

Lemma A.5 and A.6 for all ¢ € Br, where in the following we denote the constant appearing in
both lemmas by Cs. Further we denote by C > 0 the constant from the Sobolev imbedding

1l < CIIfls

Take arbitrary w,h € H*(R) with w,w +h € Bg,(up) and consider the Taylor expansion

1
exp(w+h) = exp(w) +d,,exp(w) + / (1—1)dZ.,exp(h,h)dt
0
Choosing 0 < R4 < R3 we can garantuee

|25, exp(h, h)|s < K]|Al[3

15, exp(h,h) = di,, exp(h, 1) < K|lwi —wa||s| 1]}

for all w,wi,w; € Bg, (up) and some constant K > 0. By further decreasing Rs < R4 we can ensure
max{C-K -Rs,C-K -R%} < m/2. Finally by choosing R, < Rs we can ensure

[p(x) — ()| < Lix—y|

for all @ € exp(Bg, (uo)). The goal is now to prove that @ is not uniformly continuous on Bg(uo)
for 0 < R < R,. So we fix R < R,. In order to apply Lemma B.2 resp. Lemma B.3 we define the
sequence of numbers

m
I'n = %HVHM n>1

and choose w, € C°(R) with support in (xo — 174, X0 + 17,) and ||wy||s = R/4. Further we define
v, :=v/n and let N > 1 such that ||v,||; < R/4 for n > N. With this preliminary work we define for
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n > N two sequences of initial data:
Xpo=up+w, and X,=x,+Vv,=ug+w,+v,

We clearly have x,,y, € Br(up) for n > N and ||x, — %,||s — O for n — . Correspondingly we
define

¢, =exp(x,) and @, =exp(%,)

We claim that limsup, ... ||®(x,) — ®(%,)||s > 0. With y, = (1 — d?)x, and §, = (1 — 9?)%, and
using the conservation law (4.5) it is enough to prove

timsup|[Ry! (u/(92)2) = Rg! (50/(@0)2) Is-2 > 0

n—soo

We consider the parts of y,, ¥, seperately
yo=(1-0%)(uo+w,) and 5, = (1—02)(uo+w,~+v,)

For the uo-part we have, denoting yo = (1 —d2)ug € H*™!,

IRy, (v0/(@0)7) = Ry (v0/ (@n)3]]s—2 < |IRg,) (v0/ (9a)2) = Roy) (v0/ (a)2)[s—2
+[IRy, 0/ (@0)7) = Ry (vo/ (@a)0)]s-2

The first term on the right can be estimated by

IRy, (v0/(@4)7) = Ry, (vo/ (@0)9)|ls—2 < Callyo/ (@n)s — o/ (@n)ills—2

The latter goes to 0 as n — oo as dividing by ¢? is an analytic process. For the second term we have

IRy, 0/ (@2)2) — Ry} 0/ (@a)21s—2 < Callyo/ (@) 511100 " — @y s
< C%H)’O/((Pn)stle(Pn — ulls

which goes to 0 as yo/(,)? is bounded in H*~!. For the v,-term we have

1R, (1= 02)va/ (@0)0)ls—2 < Call(1 = 32)v/ (@a):lls—2

which by the definition of v, goes to zero. Hence we conclude
timsup IRy, (ya/(9)?) ~ Re (a/ (@0)2) [1s-2
= timsup| Ry (1 =3 wa/ (9n)?) Ry, (1= 32w/ (9% s

The claim is now that the latter two terms have disjoint support. To establish this we estimate
|0, (x0) — @u(x0)|. By the Taylor expansion we have

¢, = exp(uo) + dy, exp(wy —1—/ dfoﬂw (Wn, wy)dt

and similarly

@, = exp(uo) + dy, exp(Wn + vp —|—/ dﬁoﬂ(w o )(wn + Vi, Wy + vy, )dt
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For the latter quadratic term we have
2 2 2 2
du0+t(w,,+v,,) (W” +Vn, Wn+ v") = dqurt(w,,Jrv,,) (W”’W”) + 2duo+t(wn+vn) (W”7 v”) + dqurt(wnJrvn) (v”’ v”)
Thus we can write

On— P =dy, eXP(Vn) + R+ Dr+ X3

where
1 ) .
Ky = ‘/0 (1 — t) (duo-i-t(w,,—l-v,,) (Wnawn) - duo-l—t(w,,-i—v,,) (Wn,Wn)) dt
and
! 2
%2 = 2/0 (l — t)szo+t(w,,+v,,)(anvn)dt
and

1
K :/0 (1 —l)d30+;(wn+vn)(vn,vn)dt

For these we have

1 1
|11 1] < C|221||s < CK||val[sllwal3 < —CK||v][s(R/4)* < —CKR?||v|s
n 4n

and
1 2
122l < C||922]]s < 2CK][vallsl[walls < —CKI[vIl;(R/4) < = CKRI[v]l;
and
1 1
125 )| < CI1%3|s < CK|[va[7 < ~CK[Pll;(R/4) < o CKR||s
Therefore

v

|dug exp (V)| = [|Z1]|o0 = |2 ]o0 — [|923] |
1

1m m
vl =~ 2l ls = ]l

|9 (x0) — @ (x0)|

v

The support of R;nl (1= 02)wy/(@n)?) is contained in (@, (x0) — 7w, Pu(x0) + 1) taking into account
the lipschitz property of ¢, with lipschitz constant L and the definition of w,. Analogously the sup-
port of R(;nl (1= 92)wn/(®n)?) is contained in (@, (x0) — ru, Pu(x0) + ry). Note that the conditions
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of Lemma B.2 resp. B.3 are fullfilled (with s — 2 playing the role of s in the Lemma) as

Tn < |@n(x0) — @u(x0)| /4

Thus we have
. -1 2 b -1 2 = \b 2
timsup|[Ry, (1= 92w/ (9)2) =Ry (1= 32w/ (0)2) 112

n—oo
> timsupC(||Ry! (1= 92)wa/ (@)2) 122+ 1Ry ((1=92)wn/(80)2) 12-2)

n—yoo

. ~ 2 . N N
> hmsupCEH(l — 83)14/,,“%_2 > 11msupK||wan = KR2/4
n—soo n—oo

So for any R < R, we have constructed (x,),>1, (£:)n>1 C Br(up) with lim,, . ||x, — %,||s = 0 and
limsup,_.., ||[P(x,) —P(%,)||s > C- R for some constant C > 0 independent of R showing the claim.
O

Appendix A. Sobolev spaces with negative indices

In this section we derive the formulas for the expressions which involve Sobolev spaces with nega-
tive indices.

Lemma A.1. Let 1/2 <51 < 1 and —1/2 < s < 0. Then multiplication
H*'(R) x H*'(R) — H'(R),  (f.8)— f-¢
extends to a continuous map
H*' (R) x H*(R) — H?(R)
where H*2(R) denotes the dual of H*2(R).
Proof. For f € H*'(R), g € H*>(R) we define f - g € H*2(R) by its action on a testfunction y as
(f-ew):=&f W

where (-,-) denotes the duality pairing of H*2(R) and H *2(R). As f -y € H*2(R) this definition
makes sense. Further we have

(&, /- Wl < lgllsy 1S Wl s, < Cllglls, 1AL Twl] -,
where we have used that multiplication
H'(R)x H*(R) - H **(R)
is continuous — see e.g. [23]. This shows that f - g € H*2(R). But it also shows that

17 glls, < ClIf s, Tl8lls-

Hence the claim. O]
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For the product we have the following Leibniz rule.
Lemma A.2. Let 1/2 <§< 1and f,g € H(R). Then f-g € H*(R) with
k(f-8)=rfig+ [ 8
where the subscript refers to differentiation.

Proof. We just have to prove the formula for the derivative. For test functions y, ¢ we have

(0c(f-90), W) = —(f0,¥) =—(f,0-¥) =—([, (0 ¥)x— 9" V)
= <¢fx>w>+<f¢mw>

Therefore we have the following identity in 5~ !(R)
O(f @) =Ffr d+[ u
Now letting ¢ tend to g in H' ~5(IR) we get by Lemma A.1
h(f-g)=rfig+f &
as elements in H5~!(R). O
Now we extend right translation R, to negative Sobolev spaces
Lemma A.3. Lets>3/2and —1/2 < §<0. For ¢ € 2°(R) the map
Ry :H'(R) = H'(R), [+ fo@
extends to a continuous map H¥(R) — H*(R).

Proof. Let f € H’(R) ans y a testfunction. We define

Yoo
<R(Pfa II/> L <f7 (pxo(p_1>' (Al)
We know — see e.g. [23] — that
yoo ' || _ .
roo sl <civi-
holds. Therefore Ry f € H*(R) and further
-1
Yoo
- < . <
R = [t 222 < Ul vl
which shows that R, : H*(R) — H*(R) is a continuous linear map. O

Remark A.1. We will sometimes write f o ¢ instead of Ry f even if f is in a negative Sobolev
space.
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Remark A.2. The composition map
H'(R) x 7°(R) = H'(R), (f, ) foo

is not continuous. But as can be seen from (A.1) it is weakly continuous, i.e
H'(R)x 7°(R) = R, (f,@) = (foo,¥)

is continuous for any testfunction y.

There is also the following chain rule
Lemma Ad4. Lets>3/2and 1/2 <5< 1. For ¢ € 2°(R) and f € H*(R) we have
ou(fo@)=fioQ @

as an identity in H~1(R).

Proof. Let y be a testfunction. Then we have

~1

(Ou(fo9),¥) = ~(Fo ) = ~(f, =) = ~{f.ayo )

= (fyo @ ) = (fiop,¥-0) = (00 ¢, y)
which shows the claim. Il

We will also need the following Lipschitz type estimate.

Lemma A.5. Let s > 3/2 and @s € 2°(R). There is a neighborhood W C Z°(R) of ¢, and a
constant C > 0 with

1fo@r = fomlls—2 < Cl[flls-1llQ1 — @alls-1
for all 1,¢, €W and for all f € H'(R).

Proof. Let f € C°(R). We have from the fundamental lemma of calculus

1
f(@2(x) = f(@i(x)) +/O F(@1(x) +1(@2(x) — 1(x))) (@2(x) — @1 (x))dt
Taking W small enough we can ensure that ¢ +7(@, — @) € 2°(R) for 0 <7 < 1. We thus see that

1= (flo(or+1(@a—1))) - (02— 1)

is continuous from [0, 1] to H*(R). As evaluation at x € R is a continuous linear map on H*(R) we
have the identity in H*(R)

foofom=[ (oo +1(e:-0)- (o2~ o)

where the integral is understood as a Riemann integral. We thus have
1
fo@r—fopils—2 < /0 1 0 (@1 +1(@2 = 1)) lls-2ll@2 — 1[5 14t
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For W small enough we can ensure that

1f o (@1 +1(@2 — @1))lls—2 < Cl[f'||s—2

Thus we get

[[fo@—fopi|ls—2 < Cl[flls—1llp2 — @1lls-1

For general f € H*~!(R) we get the inequality by taking approximations f, because f ~ fo ¢ is
continuous in H*~!(RR). O

For the inversion map ¢ — ¢~ we have

Lemma A.6. Let s > 3/2 and @ € 2°(R). There is a neighborhood W C 2*(R) of ¢s and a
constant C > 0 with

oy ' — o =1 < Cllgoa— ]l
forall o1, € W.

Proof. If s > 5/2 then the lemma follows from [23] where it was shown that 2! (R) — Z°(R) is
C'. So it remains to check the case s < 5/2. Consider first the case 3/2 < s < 2. We have

/ o7 = ¢! Pdx= / o7 —9 lopop™!Pdx
R R
As by the Sobolev imbedding the C'-norm is bounded by the H*-norm we have
o7 (x) =@~ ()] < Clr—|
with a uniform C in a neighborhood of ¢,. Hence
Ll =o' Par<c [ oo (x)Pdx
R R

By a change of variables we can bound the latter by

¢ [[19() - 9P p(x)dx
As @, is uniformly bounded in a neighborhood of ¢, we get

o™ =@z < Cllo—lls-1

Let us estimate the fractional part. Using the Sobolev-Slobodecki [@~! — @~ '], norm with A =s—1
we have

1) — ()] = o~ (v) — ¢! 2 DG (x)) — DG 2
AR A ELRRE ol SWNIY Y et LAWY

where
D(x) =0~ () -0 (p(x))
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Change of variables gives

[ RR0P o aay<c [ IPOR0P e
[ <

<R |G (x) — Py)|' RxR o Je—y|"[(x) — @)+

which by the fact that K|@(x) — @¢(y)| > |x — y| holds is bounded by

|[P(x) — ()
C ——————dxd
/RxR |x —y[1+24 Hay

By the fundamental lemma of calculus

Plr) = (/o TR

Writing

RS)!
|

S

—~

o

=

N~
s

Thus we can estimate

(@] < sup [¥(x)|[@ — @] +sup[@(x) — @(x)[[¥];

xeR xeR
Note that [¥]; < oo as
1

" e (o) H1PW) —0()

is a continuous path in H*~!(R). Therefore we get

-1 ~

[ ' = ¢ <Cllo— Bl

Now consider the case 2 < s < 5/2. Taking the derivative we get

-1 o

((P -0 1)/:(Pxofpilf¢xo¢il

which rewritten is
Pop ! —9op  + 0 —fop!
For the last two terms we have
19:007" = @00~ ||s-2 < Cllge — Gulls—2 < Cll@ — ]s-1
For the first two terms we can argue as in the proof of Lemma A.5 and write
1909 — @0 @ !|s2 <Cllge—1[s-ille™" = 07|52
Hence using the estimate from above for |[¢ ! — @~ !||;_2 as 0 < s —2 < 1 we get the claim.
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Appendix B. Inequalities for fractional Sobolev functions

In this section we will establish inequalities of the form

1 +¢ll = CIf1ls +lglls)

for functions f,g with disjoint support. For fractional s this causes some difficulties as the norm
|| - ||5 is defined in a non-local way. For fixed supports we have

Lemma B.1. Let s € R. There is a constant C > 0 such that for all f,g € CZ(R) with supp f C
(=3,—1) and suppg C (1,3) we have

17+l = CUIAIE +gll?)

Proof. We take ¢,y € C°(R) with suppe C (—3.5,—0.5) and suppy C (0.5,3.5) such that
(p|(_3’_1) =1and w|(173) = 1. We then have

£ 1ls = llo(f +&)lls < Cillf +lls

and similarly

llglls = [[w(f +&)lls < Col[f +&lls

giving the desired result. O

In the following we will use the fact that the H*-norm is equivalent to the homogeneous H*-
norm if we restrict ourselves to functions with support in a fixed compact K C R (see e.g. [4] p. 39).
Recall

U1 = [ 16P17()PaE
We often also use f*(x) := f(x/A) for which we have the following scaling property
115 = 21
We have

Lemma B.2. Let s > 0. Then there is a constant C > 0 with the following property: For x,y in R
with 0 <r:=|x—y|/4 < 1 we have

1/ +3ll3 = CIAIE + el
for all functions f,g € C2(R) with supp f C (x—r,x+7r), suppg C (y—r,y+r)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
230



H. Inci / The Holm-Staley b-family of equations

Proof. We use the homogeneous norm. Now scaling with A = (4r)~! gives a situation as in Lemma
B.1. We have

2 251 ph o A2
1 +ellfs = 22+ 8 |1

Now by Lemma B.1 we then get

- A A
17+ 8l > A (11413, + 13, )
Scaling back gives

1+ 815 = CULAG: + 181
This establishes the lemma. O

We will encounter Lemma B.2 also for some negative values of s. In these cases we will use

Lemma B.3. Let s < 0 and the same situation as in Lemma B.2. Then we have

1+l = CIFIE +lells)
for all functions f,g € CZ(R) with supp f C (x —r,x+r), suppg C (y—ry+r)

Proof. We claim that for functions with support in some fixed compact set K C R the homogeneous
norm

U1 = [ 1EP17(6)Pag

is equivalent to the non-homegeneous norm || - ||s. One then can argues as in Lemma B.2 by scaling
to a fixed situation as in Lemma B.1. So it remains to show the equivalence of the norms. We clearly
have ||-||s <||-||gs since

La+&yIf@Pag < [ 1fE)Pag
For the other direction we use the dual definition of the Sobolev norm

1 flls= sup [(f,8)]

llgll-s<1

and analogously for the homogeneous norm. Taking y € C°(R) with y = 1 on K we have for f
with support in K

Allgs = sup |[(f,p-g)]
llgll =1
Now note that we have equivalence of the norms || - ||_s and || - ||z for functions with support in
some fixed compact. Therefore

Wl = sup [(frw-g)l < sup [{fiy-g)

gl <1 gllwgll-s<C)
<Cp sup [{f.@)=IIfll-s

llgl|-s=<1
showing the equivalence. O
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