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The symmetry constraint for dispersionless Harry Dym (dHD) hierarchy is derived for the first time by taking
dispersionless limit of that for 2+1 dimensional Harry Dym hierarchy. Then, the dHD is extended by means
of the symmetry constraint which we derived. From the zero-curvature equation of the new extended dHD
hierarchy, two types of dHD equations with self-consistent sources ({HDESCS) together with their associated
conservation equations are obtained. Moreover, the hodograph solutions to the first type of dHDESCS are
given. Finally, Bicklund transformation between the extended dispersionless mKP hierarchy and extended

dHD Hierarchy are also constructed.
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1. Introduction

Dispersionless integrable systems (DIS) can be viewed as quasi-classical limit of the ordinary
integrable systems, in which the dispersion effect had been dropped. It is shown that these sys-
tems have important applications in conformal maps, hydrodynamics, topological field theory
[1,8,9,11,12,13,17,20,21,22]. In the Lax equations, the operators are replaced by phase space func-
tions for dispersionless hierarchies. In addition, the commutator is replaced by the Poisson bracket
and the role of Lax pair equations by the conservation equations. Note that these dispersionless
systems can be solved by using twistorial method [21,22], hodograph reduction method [12], and

the quasi-classical 9d-method [13].

It is well known that dispersionless KP (dKP) hierarchy, dispersioness modified KP (dmKP)
hierarchy and dHD hierarchy are three important classes of DIS within the Sato approach. These
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three systems have been widely investigated in the past twenty years. In 1999, the dHD hierarchy
was defined by a given classical r-matrix on a Poisson algebra[16]. Some progresses have been made
for the dHD hierarchy such as hodograph solutions [6], Miura map and bi-Hamiltonian formulation
[7], additional symmetries and Béicklund transformation [5] and Hydrodynamic reduction [4]. We
notice that the Miura map between the dmKP hierarchy and the dHD hierarchy is triggered by the
“eigenfunctions “of the dmKP hierarchy and depends on a transformation of independent variables.

As a kind of generalization of integrable soliton hierarchies, soliton equations with self-
consistent sources (SESCS) have been one of hot topics in mathematical physics [10,15,18,23].
There are two types of SESCS. The first type of SESCS consist of a soliton equation with some addi-
tional terms and eigenvalue problem, while the second type consist of a soliton equation with some
additional terms and time evolution equations of eigenfunction of the soliton equation. In 2006, the
first types of dKP, dmKP hierarchies with self-consistent sources (IAKPHSCS, dmKPHSCS) were
investigated by treating the constrained integrable hierarchy as the stationary system of the cor-
responding hierarchy, and their hodograph solutions were given as well [25,26]. In addition, the
Bicklund transformation between dKPHSCS and dmKPHSCS was constructed in [27]. However,
we can easily find that the construction of dHD hierarchy with self-consistent sources (IHDHSCS)
and the Bécklund transformation between dmKPHSCS and dHDHSCS still remain unsolved. In the
present paper, we focus on the new extension of dHD hierarchy and the construction of Backlund
transformation between dmKPHSCS and dHDHSCS. We find that the zero curvature representation
of this new extended dKP hierarchy gives rise to dHDHSCS. Our research results will fill the gap
of the mentioned above and give an important supplement to dispersionless Sato theory.

The outline of this paper is as follows. In section 2, the 2+1 dimensional Harry Dym hierarchy
and the dHD hierarchy are briefly reviewed. In section 3, the symmetry constraint for dHD hierar-
chy is derived by taking dispersionless limit of that for 2+1 dimensional Harry Dym hierarchy. In
section 4, based on the symmetry constraint for dHD hierarchy, a new extended dHD hierarchy is
constructed. And two types of dHDESCS together with their associated conservation equations are
obtained. In section 5, the hodograph solutions to the first type of dHDESCS are given. In section
6, the Backlund transformation between the extended dmKP hierarchy (exdmKPH) and extended
dHD hierarchy (exdHDH) is constructed. As its byproduct, the Bicklund transformation between
dmKPHSCS and dHDHSCS is also obtained. Section 7 is devoted to a brief summary.

2. The 2+1 dimensional Harry Dym hierarchy and the dispersionless Harry Dym
hierarchy

Let’s briefly review the 2+1 dimensional Harry Dym hierarchy and the dHD hierarchy. The 2+1
dimensional Harry Dym hierarchy is defined by the Lax equation [2, 14]

L, =[Bu,L],n>1, (2.1)
in which the Lax operator is given by
L=ud4uy+u_190""'+u 02+, (2.2)

where J denotes i, the coefficient functions u; depend on t = (t1,f,,13,---) with 1} = x, i =
ox
0,1,2,---,and B, = (L")>, .
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By taking the dispersionless limit of (2.1), the dHD hierarchy is obtained as follows [16]

o, L ={%,, 2}, (2.3)
where the sato function .Z is given by
Z=Y U(T)p, (2.4)
i=—1
The commutativity of (2.3) leads to
aT,,f@n - aT,f@m + {%m %m} = 07 (2.561)

The associated conservation equation of (2.5a) reads
Ir,p = x%(p) , 91,0 =xBu(p), (2.5b)
where %, = (£")>2 denotes the polynomial part of .#" as a function of p and the Poisson bracket
is defined as
JAJB JAJB
A(p,X),B(pX)} = —— ———
Ap.X). B X)) =5 20~ 205
Note that when m = 3,n = 2, (2.5a) becomes the dHD equation [3, 6]
3

Ur = ZU—‘[Uza,;‘(

Uy

U2 )]Ya (2661)

The conservation equation of (2.6a) is

Py = (Uzpz))ﬁ
pr = (U p)x +3(U*Vpd)x,
where U():V,Ul :U,TzzY,T3 =T.

(2.6b)

3. The symmetry constraint of dispersionless Harry Dym hierarchy

In order to get the exd HDH, we firstly derive the symmetry constraint for dHD hierarchy by taking
the dispersionless limit of that for 2+1 dimensional Harry Dym hierarchy.
It is known that the symmetry constraint for Harry Dym hierarchy is given by [20]

N
L"=B,+Y qid 'rd* , By=(L")s2,n>1, (3.1)
i=1

where ¢; and r; satisfy
qivl‘n = Bn(‘]i)yri;t,, = _aizB:;az(rl‘)?

where B} is the adjoint operator of B,,. Following the standard procedure of dispersionless limit, we
take 7, = €1, and think of u,(Z) = U,(T) + O(€) as € — 0, then L in (2.2) changes into

oo

Le= Y wi(0)ed) = ¥ (W) +0()(ed) " a=dkX=ex, (32

i=—1 i=—1
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and constraint (3.1) becomes

n & r -1 r 2 n
LezBen‘i‘ZQi(E)(‘qa) r,(g)(é‘a) 1Ben = (Lg)>2,
i=1

where ¢;(L) and r;(L) satisfy

elai( I, = Bndilg) + el )lr, = —(e9) 2Blu(edVri(L)

It is easy to prove that

L=0%(Le)= Y UA(T)p ",

i=—1

is a solution of the dHD hierarchy, i.e., satisfies
o, L ={%,, 2},

where 6¢ denotes the principal symbol [21] , and B, = (L") >, refers to powers of p.
Regarding

T S(T, A
() o ey T 4 gy oge)], e o,
(Dl o expl- 2L gy 1 0(e)] €0, i= 1,

and noticing that

Qi(g)

—~
m

9)r( ) (ed)?

= 4i()(ed) () 23l )lx + I lxx)
= 4(n(0)(Ed) — a0l +ai(5)(ed) ()l

by a tedious computation, we will find that when € — 0

(3.3)

(3.6)

(3.7)

(3.8)

T T exp(041 + ) (€d)  exp(a + i) N
q"(E)(ga) lri(E)(Ea)ZZ és(r./l,-)l 2 * asér.x,-) = +exp(an + o) {(€9)”!
Fox] X
as(T, L) 5
V" (ed e
Setting
e )y OO OS(TA)
a; = expl\ Ui i2), Pi = X P = ox
and substituting (3.8) into (3.3), then we have by taking the principal symbol of the both sides of
(3.3)
L — B +i(“"”+“"+1+p"+ )= +i(“"” Gy Yy g = (P (3.9)
= —+—F+—F+5+..)= — +— ) = >2- (9.
"TEAPE b p PP " &=t pr pi p—pi " =
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From (3.4), (3.6) and (3.9b), a direct tedious computation leads to the following the equations of
hydrodynamical type

9%n(pi)

PiT, = (e%n(Pi))X y AiT, = [ai(

Remark 3.1. The symmetry constraints of the dKP, dmKP hierarchy was obtained by dispersion-
less limit method [25, 26]. But up to now, the symmetry constraint for the dHD hierarchy has never
been investigated. So here the constraint symmetry of the dHD hierarchy we obtained is given for
the first time.

4. New extension of dispersionless Harry Dym hierarchy

In this section, based on the symmetry constraint for dHD hierarchy, the new extension of dHD
hierarchy is considered by introducing a new time evolution of .’ given by

ai

{%+2@3F7 ), L}, (4.1a)

p; pbi DP—Di
where

0 %n(pi)

pit, = (%u(pi))x 5 aiz, = [ai( I,

Nx,i=1---N, (4.1b)

Definition 4.1. The new extended dHD hierarchy (exdHDH) is defined by

ai

{@HZ T+E pipi),,,sf}, (4.2q)

T,, = {ﬂnag}ﬁl 7é k7 (42b)

PiT, = [%n(p”pipf]X’i =12---N, (4.2¢)
0B,

i, = (G v (4.24)

In order to verify the commutativity of (4.2a) and (4.2b) under (4.2¢) and (4.2d), we need to
show the following lemma.

Lemma 4.1. There holds the identity

a; a; a;
(lif_i_il_i_ _{%n; lp }<1,i: ...N.
Pi pi P— P p,- pz — Di
Proof. Noting that the proof of Lemma 4.1 is similar to [24], so we omit the details here. O

Next, we will use Lemma 4.1 to show the following theorem . We can easily find from The-
orem 4.1 that the zero-curvature representation of the new exdHDH (4.2) is dHD hierarchy with
self-consistent sources.
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Theorem 4.1. Under (4.2¢, d), the commutativity of (4.2a) and (4.2b) leads to the zero-curvature
equation of the extended dHD hierarchy (4.2).

P ai a; a; a;
P, [Py + : + M, +{PBn, Br + 7+*+ )} =0, (4.4a)
e ,; A b+ A% l; P} pi r—p
or equivalently
ap ai aip 4 a;
B, — Bit, +{Bn, B} + Y [{ B, (— + —(=+—= r,] =0, (4.4d
o= P, A5 ) Z{ "Yp? o pi P_Pi)} (p,-2 i oo p =0 (4d)
0B, (pi .
pin = (Bl =l A =1 (4.40)
l
Under(4.4b), the conservation equation associated with (4.4a) or (4.4d")
P ai ai
pr, = [%u(P))x , Po = + ’ X 45
Bl » P = 10(p)+ LT+ Do ) (@5)

Proof. We will show under (4.4b), (4.2a) and (4.2b) gives rise to (4.4a). By (4.2a),(4.2b) and lemma
4.1,we have

n al app 4 a; n
%’n,rkZ(frk)zzz{%’kﬂL;(pTz Py p_p,),f =2

(Bt Y (P ) Bor ABA L (L L G Gy ()
= 1%k — 2 k — t+—= ) 15>2
S'p pi p-pi - =4 pr i ppi =ti=
N oaip  a a; N oaip a a;
={B+) (5 +—+—=), %} —{BA+ ) (5 +— —), Bt <1 +{ B, (L") <1} 2
(B L+ p—pﬂ b1 ;<p% G L) B+ (B (L))
Bt LD Oy )4 Z DL Gy G B (2
= o n T 7 5 2
TR e - 2 T pop S T ==
Al app a4 ap a; a;
={%+ — t—+ s B} +1{Pn, —+—+ + Pz,
{ k l:Z](plz i P—Pi) } { Z(plz i p_pi)}SI k.7,
N oaip a
={%+ =+ — B} + (B + 74_ Ly
{ 1:21(1712 pi P~ ) } 1221 D; pi P— pl))T
This completes the proof. O

Next we derive some important equations from (4.4). When n = 2,k = 3, (4.4) yields the first
type of dHD equation with self-consistent sources (lHDESCS)

3 U ai _

Ur — U U35 (5))] y+2UZ )x — 2UXZ = (4.6a)
4 U? Di =1 Pi

Piy = (Uzplg)x , djy = (2a,~U2pl-)X 5 i=1- '-N, (46b)
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where Th =Y, 73 = T, U = U}, and Uj is eliminated by 2UUy x = Uy y.
The associated conservation equation of (4.6) reads

py = (U*p?)x,

3 1
“UpPoy! (7 Y+Z

lp ai aj; (4'7)
2 i=1 P, pt P —Di

pr=[Up’— )x-

When n =3,k =2, (4.4) becomes the second type of dHDESCS

2 i\ _
2VUy+UVy—§UT—|—U Z X+2UVZ )x — (2VUx +VxU) Z =0,

i i=1 1 i=1

piT = (U3p,- +3VU2pl~ )X , aiT = [ai(3U3pl-2+6VU2pi)]X ,i=1,--- ,N. (48)

The associated conservation equation of (4.8) is given by

a; p a; a;
U2p2+ : + X
- Z{ 2w o) (4.9)

pr = Up? +30°V Py,

where 7, =Y, T3 =T ,U; = U,Uy =V, and U is determined by

1,1 1., 1 ¥ L Ux g
UO:_EaX (E)H_Eax (E;(T)X)—*ax (7;7) (4.10)

5. The Hodograph solution for the first type dHDESCS

In this section, using M-reduction method together with the hodograph transformation, we derive
the hodograph solutions to the first type of dHDESCS (4.6). Following [12] , one can consider
the M-reduction of the conservation equation (4.7) so that the momentum function p, the auxiliary
potentials ¢; and p; , i = 1---N only depend on a set of functions W = (W;,--- ,Wy) withW; =U ,
and (W, -+ ,W)y) satisfy commuting flows

aw aw
T, An(W) 5% 0 "2 2, (5.1)

where the N x N matrice A, are only the functions of (W, ---W),). In the following, we will take the
first type of dHDESCS (4.6) for example and show its hodograph solutions in the case of M =1
and M = 2.

1L.M=1
In this case, we will get

p=pU,Z) , ai=a;(U) , pi=pi(U), (5.2)
and

Uy =AU)Ux , Ur =B(U)Uy. (5.3)
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(5.3) together with (4.6b) and (4.7) imply that

dpi 2
A—2U?p; =2U p;
( pl)dU p17
dp
A—2U%p)=— =2Up?,
( P53y p
da; d
(A—20°p) 7 = daipU + 2,0 d’(’]’ (5.4)
dp dv Y a N a ap
2.2 2 2.3 2
(B—3U*p*—6U Vp)aU—3U pPH6UVp?+3U dUp + 27 217 8U
: l = l
Egs. (5.4) implies
av 3 Al d
A=207T0 B:3VA+ZU’1A2+Z —UZZ“’ Piy2 (5.5)

i:lpl i= lpz

where Uy = V. It is very easy to verify that with (5.5) and (5.4), (5.3) are compatible. Making the
hodograph transformations with the change of variables (X,Y,T) — (U,Y,T) with X =X (U,Y,T).
The hodograph equations for X are given by

JX oX - di 2% G dpi,
5= A 8—T_—B——3VA—E Z 5 +U Z (=52, (5.6)

which can be easily integrated as

- di 2y dpi
X+AU)Y + 3VA+—+Z—2 Z )T =F(U), (5.7)
i=1 l
where F(U) is an arbitrary function of U.
If we chose A(U) = —1,F(U) = 0, we can get from (5.4)
1
maai
where Cj is an arbitrary non-zero constant. Combining (5.7) and (5.8a), we obtain

pi=— =Co (5.8a)

12NCoTU? +4(Y —X)U +3T =0 (5.8b)

We find that (5.8b) is a quintic equation of u. It is well known that a general quintic equation with
one unknown has no radical solution, but elliptic modular function solution. Thus, we can obtain
the hodograph solution of dHDESCS (4.6), in which p;,a;,U are determined by (5.8a) and (5.8b),
respectively.

2.M =2
In the case, we denote W) = U, W, = W, then a; = a;(U,W), p; = p;(U,W),p = p(U,W), with

the commuting flow
U U U U
(w),4(w), - (), =2(w), 5
W)y W/x W/t W/x

where A = (A),; and B = (B),; are 2 x 2 matrix functions of U and W. By requiring that Uy and Wx
are in dependent, (4.6b) and (4.7) give rise to the following equations for a;(U,W), p;(U,W) and
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p(U,W),
dpi 9Ipi, 2 2 ‘api dpi
dp dp » dp dp
(8U aW)A 2Up (1,0)+2U“p (3U 3W)
da; da;, . . '8a,~ da; - o dp; 9dpi
(ﬁ) 8W)A_2U pz(ﬁvaW)+4atUpt(1a0)+2azU (aU’aW)v (510)
Jdp 0 dp o oV oV
(555008 = (3Up +6UVp)(1,0)+3U° 0 (55 51) +3UpX (557, 500+
dp dp, =, p |1 1 . da; da;
2 —_ PR— [ pa—
6U* V(5 aW>+;[<plg+pi+p_pi>(aUvaW>

oU JU’ oW W

261,8,8, a; a; 8 8,8 8,‘
P(P P) (7 )P pi op P)}

We can easily find from (5.10) that A(U, W) and B(U,W) must satisfy

3A2 N U da; 2Ua; dp;

B=3VA —|— — —I— — = M+
(U 8a,~ 2Ua,~ api)|: 0 1 :|
Saw T 3 v Ay Apn—A
piz ow pi3 Iw _A%; 2%‘\12 .
where Uy =V, and I is the 2 x 2 identity matrix, Ay = 2U%9Y and Ay, = 2U% 9%
For simplicity, we assume 112 gﬁ; = 25;,- gg ,i=1,--- N. By using the formula
A% = (trA)A — (detA)I, (5.12)
we have
3trA 3detA Y a; U da; 2Ua; dp;
B=(3V+ JA—| N (5—5==+—7=2), (5.13)
4U 4U ; p? p}ou  p} JU
where detA = Aj1Ax» —A1pAr and trA = A1 + Ay,
With (5.13), the compatibility condition for (5.9) requires A to satisfy
0 3detA ii ﬂ_ﬂ% 2U a; 8p,-) p) 3trA
v T aw T paut T 5wVt
< - P : : ) :A< P A ) (5.14)
i(?)detA) ii(ﬂ U da; 2Ua,-3pi) BV +4+=—- ik )
oU\ 4U '~ EJU p? prau " p ou ou AU

To solve (5.9), we use the hodograph transformation by changing the independent variables (X,Y,T)
to (U, W, T) with the dependent variables X = X (U,W,T) and Y =Y (U,W,T). In terms of the new
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variables, (5.9) becomes

(29 a(%) (IR (%) s

where d(X,Y)/d(W,T) = XwYr — XrYw. It can be easily find that (5.15) has solutions in the form

3detA Y a; U da; 2Ua; dp;
v Spi pioU pp dU (5.16)
3trA
Y+ 3V T=G(U,W).
FOV 4N = GU,W)

where Yy and Yy are required to be independent, and F and G are two arbitrary functions satisfying

the linear equations
—Fw Gw
=A 5.17
< Fy ) <—GU>’ G17)

An example of solution is given by

= [ ) 5100
and
pi=W,a=c(U+1)W?*, i=1,--- N, (5.18b)
where ¢; , i=1,---,N are constants.

It can be found that (5.18a) implies V = (U 4 1)W. Then (5.16) becomes

N
X+ Q@UW?*+Y )T =F(U,W),
( ; ) ( ) (5.19)

Y+ (6U+3)WT =G(U,W).
From (5.17) and Fyw = Fwy, G must satisfy

(4U +2)Gy + (U* +U)Gyy —4W Gy — W2Gyw = 0. (5.20)

302

We notice that G = % is a particular solution of (5.20). From (5.17), we get F = -7

When we choose G = % and F = —3WL22, we obtain from (5.17)
N 2
3U
272 _
X+@BUW*+ ) e)T = =57

i=1

(5.21)

1
By solving the equation set (5.21) of U and W, we obtain an implicit solution of (4.6), in which
pi=W,a;=c;(U+1)W? ,i=1,--- N, and U,W are determined by (5.21).
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6. Bicklund transformation between exdmKPH and exd HDH
It is known that the exdmKPH is defined by [24]

= {0~ Z(g: + aiﬁl),f}, (6.1a)
Ly, ={0n L} ,n#k, (6.1b)
Biz, = 10n(P") |p=plx> (6.1¢)
o7, = [Ofi(aQang)) =l (6.1d)

with Q, = (L")>1.
We now explore the Bicklund transformation between exdmKPH and exdHDH, which is given
by the following theorem.

Theorem 6.1. Suppose that L, o;, B; satisfy the exdmKPH. If ¢ is function of T satisfying

= {0k, 0} +Z (B2 ox,

¢Tn = {Qn7¢}[0]7n 7& K7

then £ (X,t,) = L(X,1,),X = 0(X,1),t, = tn,a; = —¢§](x,~,p,- = (1)%][3,- satisfy the exd HDH (4.2).
Here we use a notation: (A)g) = ao, A=Y, aip'.

Proof. Using the same method as in [7], we can show that .2 (X,t,) = L(X,7,) satisfy (4.2b).
Therefore,we only need to prove . (X ,1,),a;, p; defined above satisfy (4.2a),(4.2c) and (4.2d). The
detailed proofs can be found in the Appendix A. O

Remark 6.1. Theorem 6.1 presents the Bicklund transformation between exdmKPH (6.1) and exd-
HDH (4.2). In addition, noting that the Bécklund transformation between exdKPH and exdmKPH
was given in [24], we attain the Bicklund transformation between exdKPH and exd HDH.

Remark 6.2. As the byproduct of theorem 6.1, we get the the Bécklund transformation between
the first type of dmKPESCS and of dHDESCS. Let

LX) =Up+Ug+U_1p '+ +U_pyp "+,
LX) =p +Vo+Vap ' +Vap 44V up

/—m

+ ,
from p’ = ¢gp and L(X,7) = £ (X,t), we can get
U_p(X,1) = Vou(X D)9, m=—1,0,1,--- ,U; = U.

Specially, we get U = ¢ when m = —1.
When n = 2,k = 3, from theorem 6.1, the Bécklund transformation between the first type of
dmKPESCS and dHDESCS is given by
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U:(P)?v ai:_(Py_lai ) pi:q))%lﬁiai:laz)"'Na

in which ¢ satisfies that

or, = 02,0} = (P +20'V, 0}
(P 2p'v) 99 (P +2pV) ¢

= ap 'IX][O] - o5 'ap/ =2Voy,
N 6.2
— {050} 2% ©2)
:1
3 3 Noo
= Go ()+3V2)or+ Y 7h0x

with Vo = V.
Similarly, we can also derive the Bécklund transformation between the second type of
dmKPESCS and dHDHESCS. But we omit the details here.

7. Summary

In this article, the symmetry constraint of dHD hierarchy is derived for the first time by taking dis-
persionless limit of that for 2+1 dimensional Harry Dym hierarchy. In addition, the new extension
of the dHD hierarchy is considered. We can easily find that the new exdHDH is Lax integrable, and
that its the zero-curvature equation contains two types of dHDESCS. The hodograph solutions to
the first type of dHDESCS are obtained by the reduction method together with hodograph transfor-
mation. The Bécklund transformation between the exdmKPH and exdHDH are finally constructed.
Our results give a supplement to the previous studies about the dHD hierarchy.
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Appendix A. The proof of Theorem 6.1

Proof. Step 1: We firstly show .Z(X,1,),a;, p; satisfy (4.2a).
Noting that

Jd d d d d d
ot o ox T an oz Yhax
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we have

0% JL 0L -
" o5 ~om hox ~le il

_ Noo o . -
=Le, —{0r,0, L} ={Q%— ) (5 + =)L} —{¢7,p..2} (A.1)
i=1 B P—B
— N al
= {Qk’L}_{Zi(E+ ) Ly —{¢r p, 2}

Noting that

By = (L*)>2 = O — {0k 0 Yoy
we obtain

ai

N
ap a4

{Bi+) (F+—+
;{P? pPi DP—DPDi

= {0 L} - {{Qk,¢}[o]1’»$}+{z ?+E p—pi

"z}

ai

)L}

Combining (A.1)and (A.2), we have

P ai;
By + P4 L
Za A ,; p? o P_Pi) }

= {(6s— {04 030 +Z p,f}+z{ b O 2
ﬁl P —Bi
Since
N N 2 N
¢?1\ = {Qk7¢} Zg {Qk7¢} 0] — Z a12¢)72 - {Qk7¢} 2%7
=1 i= lpl X i=1 Pi
and
RN B S /S S Y

B ¢§lﬁi Bi B B

a; o _(P*lal o
+ / = 1 / :O’
p—pi P-B ‘ILP o Bi P—ﬁi
with p = (p%lp’, we have
N aip 4 ai
Ly ABA+Y 7+t —), L} =0=

i-1 Pi pPi P—Di

ai;

{%k-i-z 7_’_7

L
Pi Di p_pi) }
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Step 2. Then we show .2 (X ,1,),a;, p; satisfy (4.2c).
Noticing that when p = p; = (p)%] Bi, we have
o5 =05 'Bi=p =B
In addition, we also find that %,(p) = Ou(p') — {Qn(P'), ¢ }j0)p> s0 We have
[Zu(P) [p=plx = [Cn(P") —{Qu(P'). S }i0)P |p=pi)x

02 [On(P) = )x — Pi0{Qn(P): 931 x — O5 ' Pix{Qn(P), 9 }0) (A.3)
+ %3{Qn(P/)a P }o)Pi¥xx-

Noting that

piT, = (&Tn - ‘PT,,aX)(pt) = (&Tn - X_lq)fnaf)(ﬁtd’y_l) (A.4)
:Bti,,(PY_] _qu)y_zq))?ﬁ_qjy_l%nﬁzf—i_%n ;3ﬁl¢)?Y7 ‘
we have
pit, = [Ba(P) lp=plx = 05 ' [Biz, — (On(P') ly=p)x] — Bidg (97, —{Cn(P'): 9} 0))x+
Bix0z " (07, —{Qu(P), 0} o) + 05 Bidx x 107, — {Qu(P'), 9} 10)]-
Since B;7, = [0u(P') |—plx and 7, = {Qu.0}0). we have
pit, = [%a(P) |p=plx = 0= pi1, = [Zu(P) |p=p)x-
Step 3. We finally show .Z(X,t,),a;, p; satisfy (4.2d).
We have shown in 2 that when p = p;, we have p’ = §3;.
Since
0B, 90, (p'
ap(p) |P:Pi: (P)? aQ(PE,P; ) |p’:ﬁ1 _{Qnaq)}[O]a
and
aX = q)y_la)?v
accordingly
0%, o 0 (p’
R e R (e A IR R
1, 9On(P) iy
= —¢2 " (04 ) ) lp—p)x + 05 (05 0{Qn, O }io))x (A3)

20,(p _
:—(])%I(Oti( Qap(,p)) ‘p’:ﬁi)Y_%3ai{Qn7¢}[O]¢YX+

0520 x{On, 0 }0) + 05> i{On, 0} g x
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and
ait, = (aﬁ, - T,,aX)al = (}Tn - %,,aX (_atq)%l) (A.6)
= =07, 07 + 00 Ox 7, + 05 0 xr, — 9, 0 ey
From (A.5) and (A.6), we have
0B,
i, ~ i “ZA) | )
_ 90, (p'
=5 oz, — (@ PB) ) 0 e or, — (00}
+0¢ @ x (97, = {Qn 0}0) + 95 (97, — {Qn: 9 }i0))x-
Since o; 7, = [0i(=5,~ Q"( ) |p=plx and &7 = {On, ¢ }(o) » respectively,
0%, P) a@n(p
air, ~ a5 |y =0 i, = P e
This completes the proof. O
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