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In this Letter we propose that for Lax integrable nonlinear partial differential equations the natural concept of
weak solutions is implied by the compatibility condition for the respective distributional Lax pairs. We illustrate
our proposal by comparing two concepts of weak solutions of the modified Camassa-Holm equation pointing
out that in the peakon sector (a family of non-smooth solitons) only one of them, namely the one obtained from
the distributional compatibility condition, supports the time invariance of the Sobolev H' norm.
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1. Introduction

The partial differential equation with cubic nonlinearity
m,—l—((uz—ui)m))x:O, M= U— Uy, (1.1)

is a modification of the Camassa-Holm equation (CH) m;, + um, +2u,m = 0, m = u — u,, [6], for
the shallow water waves. Originally, (1.1) appeared in the papers of Fokas [18], Fuchssteiner [21],
Olver and Rosenau [45] and was, later, rediscovered by Qiao [46,47]. According to the recent
work [35] this equation has a number of potential applications and features that make this equation
worth studying:

(1) it models the uni-directional propagation of shallow water waves over a flat bottom (in [35]
the authors credit Fokas [18, 19] for the derivation);

(2) it arrises from an intrinsic (arc-length preserving) invariant planar flow in Euclidean
geometry [26];

(3) it posses interesting non-smooth solutions such as non-smooth solitons (peakons).
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As to the name of (1.1) we note that the derivation of this equation in [45] followed from an
elegant but mysterious method of tri-Hamiltonian duality applied to the bi-Hamiltonian representa-
tion of the modified Korteweg-de Vries equation. Since the CH equation can be obtained from the
Korteweg-de Vries equation by the same tri-Hamiltonian duality, it is therefore natural to refer to
(1.1) as the modified CH equation (mCH) ( [26,40]). To avoid confusions we point out that some
authors use the name FORQ to denote (1.1) (e.g. [27,28]). However, some ambiguity remains as
there are other—distinct from (1.1)—equations also called the modified CH equation, obtained from
the CH equation on the basis of other considerations (see e.g. [25]).

In the last 23 years since the appearance of [6] we have witnessed a sharp increase in reported
”peakon equations”: the first significant addition from this class was the Hunter-Saxton (HS) equa-
tion [3,32,33], followed by the Degasperis-Procesi (DP) equation [15, 17], subsequently followed
by V. Novikov equation [30, 44] and then the Geng-Xue equation [23]. Around the same time,
mainly through the work of Z.Qiao and his collaborators [46—49, 51], with important contributions
by others [8,20,24,29,34,38], it became clear that the land of peakons is vast. This leads to a natural
question of understanding and possibly classifying peakon equations using some, as yet unknown,
fundamental principles.

It should be pointed out that the quest to understand the general principles behind the peakon
equations is not motivated solely by purely mathematical interest. These equations show some
remarkable features among which the stability of its peakon solutions is quite pertinent to this paper;
we recall that the (orbital) stability of the CH peakons was established in [14], then the results for
the periodic CH peakons [37] and the DP peakons [39] followed suit. Another reason for studying
the peakon equations is their potential hydrodynamical significance [13], for example in capturing
essential features of waves of greatest height [9, 10].

Before a classification of the peakon equations becomes viable it is important to make the fol-
lowing provisional statement: there are two types of known peakon equations, one type is in one
way or the other described by Lax pairs, and equations in this class are expected to be integrable in
some sense. The other type consists of non-integrable equations and the prototypical example was
first introduced in the work of Degasperis, Holm and Hone [16] who defined a family of equations,
later dubbed the b-equations,

Uy — Uy + (b4 1)uny, = bty + uthyyy, beR, (1.2)

which reduce to CH and DP equations for special values b = 2, b = 3 respectively, while for other
values of b are non-integrable, failing the integrability test discussed in [17]; non-integrability later
confirmed by more general methods by Mikhailov and Novikov in [43]. The main point of [16]
was that regardless of the value of b, (1.2) has peakon solutions obtained from the peakon ansatz
u=Yyi m j(t)e*’x*xf(t)‘, by constraining smooth coefficients m;(¢),x;(t) to satisfy a system of
ODE:s.

At this point our interest is in understanding the mathematical underpinnings of Lax integrable
peakon equations, leaving non-integrable peakon equations for future work. In our opinion two
features of (1.1) deserve to be further studied to inform future discussions of Lax integrable peakon
equations:

(1) as we argue below, using (1.1) as an example, the definition of what one means by weak
solutions of a Lax integrable peakon equation is determined by the distributional character
of its Lax pair;
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(2) the Lax integrable peakon ODEs (see (2.12)) are isospectral deformations of an oscillatory
system in the sense of Gantmacher and Krein [22].

It is fair to say that these two items have very different ontological status. The question as to what
one means by weak solutions in the case of an obvious lack of sufficient classical smoothness is a
necessary starting point for any serious discussion of a PDE to which one is seeking generalized
(non classical) solutions. So without proper understanding of this issue it will be hard to have any
meaningful discussion of what peakon equations are. By contrast, the fact that the peakon sector of
the DP equation comes from an oscillatory system was first proven in [41], later confirmed for V.
Novikow peakons in [31], for the Geng-Xue equation in [42], while for the CH equation it is implicit
in [1,2] once one realizes that the CH equation can be viewed as an isospectral deformation of the
inhomogeneous string as defined by M. G. Krein in his study of oscillatory systems [22]. So the
second item is just a confirmation that the mysterious link between peakons and oscillatory systems
persists for (1.1) and we have no additional insight into this issue at the moment, so we restrict
ourselves just to mentioning this fact. The remainder of the present letter is confined entirely to the
first item on the list above.

2. Weak solutions of the modified CH equation; a comparison

We note that equation (1.1) is the first peakon equation known to us for which the need to view
the weak sector as a consequence of the distributional compatibility of its Lax pair - rather than by
defining weak solutions a priori, basing the definition on the type of nonlinearity - is placed front
and center.

We recall that (1.1) can be written in bi-Hamiltonian form [45]

mtzfssf :/6;’?, m=u— Uy, 2.1
where the compatible Hamiltonian operators are:
H = —dmd, ' ma,, I = (9} -9, (2.2)
with Hamiltonian functionals
JO = /mudx, 6 = %/ (u4 +2uPu? — %uf;)dx. (2.3)

Even though these are formal expressions it is not difficult to make rigorous analytic sense of them.
For example, if u € .(R) (Schwartz class of smooth, rapidly vanishing functions) then all expres-
sions are well defined, in particular d;"! can be taken to act as [*_ on any function f € .#(R),
giving after one integration by parts

A :/R<u2+u§)dx: a1 2.4)

In other words the Hamiltonian .77{ is the square of the Sobolev norm. Since Hamiltonians are
constants of motion we see that at least in the smooth sector of solutions the Sobolev norm, ||u||g1,
is a constant of motion. The objective now is to extend (1.1) to functions with less smoothness,
preserving as much of the original structure as possible. We recall from [26] one possible definition
of weak solutions.
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Definition 2.1 (Weak solution). Given initial data g in the Sobolev space W173(R), the function
ue L ([0,T],W)?(R)) is said to be a weak solution to (1.1) with initial condition uy if the follow-

loc loc

ing identity holds

r 1 1 2 1
/0 /R[uq);—i-gu3¢x+§ui¢ +p*(§u3+uu§)¢x—§(p*ui)¢] dx—i—/Ruo(x)q)(O,x)dx:O (2.5)

for all test functions ¢ (¢,x) € C([0,T) x R), where p(x) = 1e~ 1 and the star x is the standard
convolution product on R (for other details see [26]).

We will test this definition on an example of a non-smooth solution obtained from the peakon
ansatz [6,26,49], that is, we assume

w=Y m;(t)e =0l (2.6)
j=1

where all mjs are positive, and hence m = 2Y7_;m jOy; 1s a positive discrete measure. We then
substitute this ansatz into Definition 2.1 to determine the #-dependence of m;(r),x;(t). The relevant
computation is done in [26] and we record the result following the elegant presentation in [49]:

1 n

m; =0, Xi= —gm?+2mjmk(1 — sgn(x; —x;) sgn(x,-—xk))e_’xf_x"|_‘x"_x"|, 2.7)
Jk

with the convention sgn(0) = 0. We can specialize this expression to the set satisfying the ordering

conditions x; < xp < --- < X, in which case (2.7) simplifies to:
. . 2 2 7|fox-‘ - — o —x|
mj =0, xj:fmj—|—2mj2mie il +4 Z mimye” KL 2.8)
3 i#] i<j<k

Remark 2.1. We believe there is a slight misprint in [26] (see p. 22 therein), namely, the second
term should have only non-diagonal summation as displayed above. We also note that stability of
peakons satisfying (2.8) was established in [50] and [40].

It is sufficient for our purposes to assume the number of peakons 7 to be two. Thus
w=my(t)e POl (r)e K201

and the above definition of a weak solution in this special case results in the following system of
ODE:s:

ity = 0 = ity (2.9a)
2

X1 = gm% —|—2m1m2e_|x1_x2‘, (2.9b)
2

% = gmg +2mymape 12l (2.9¢)

The Sobolev norm of u for the two-peakon ansatz can be easily computed (see the first part of the
proof of Theorem 2.1 for the general case) to be

[|ul |12ql =2mu(x;) 4+ 2mou(xy) = 2(m% —l—mg) —|—4m1m2e7‘x1 7)‘2'7
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and this expression is clearly not ¢ invariant for general m;,m; as one can easily see by computing
% ||ue] |12,1,l in the region x; < x; with the help of (2.9), in which case one obtains

d

a 8m1m2
dt

3

= S e,

HuH12_11 :4m1m2(x1 —Xz)e 1

implying that the Sobolev H' norm of u is only conserved in the case of m; = mj.

Remark 2.2. The concept of a weak solution proposed in [26] is a natural generalization of earlier
definitions of weak solutions developed for nonlinear PDEs of Burgers’ type, in other words inspired
by one dimensional conservation laws (see [11, 12] for a relevant discussion of this type of weak
solutions to CH; for other types of weak solutions to CH see [5]) and it works well for certain
fundamental questions, like general existence theorems. We are only pointing out that, perhaps
essential, aspects of integrability known in the smooth sector may not survive the transition to the
weak sector so defined. For other relevant work related to (1.1) and its weak solutions the reader is
asked to consult [4].

2.1. Lax integrability and peakons

What we are proposing in this paper is to preserve Lax integrability instead and let Lax integrability
dictate the suitable paradigm for weak/distributional solutions of (1.1). First we state the final result
in the case of the peakon ansatz, leaving the details to the later part of the paper. In order to view
(1.1) as a distributional equation involving a discrete measure m one needs to define the product
u>m. We will argue below that the only choice consistent with Lax integrability is to take u2m to
mean

2m ™ Py, (2.10)

X

where (f) denotes the average function (the arithmetic average of the right hand and left hand
limits). Since for the peakon ansatz

n n
m=2Y i, —2Y mx;6;, (2.11)
j=1 j=1

hence (1.1), with the rule (2.10) in force, readily reduces to the system of ODE:s:
=0,  xj=u*(x;)— (u)(x;). (2.12)

Furthermore, assuming the ordering condition x; < x; < --- < X,, we obtain another, more explicit
form of (2.12), namely

=0, i;=2 Y mme VT ra Y mme il (2.13)
1<k<n, 1<i<j<k<n
ki

We note that this system differs from (2.8); the difference amounting to the absence of the term
2m? whose presence on the other hand can be traced back precisely to the definition of the singular

3
product #2m. Indeed, if we used Definition 2.1 then

2 2
uzm def:2.1 (<ux> +32<ux> )m
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2.2. Lax integrability and the preservation of the H' norm

The following theorem supports the idea of building the concept of weak solutions to (1.1) based
on the multiplication formula (2.10). We have

Theorem 2.1. Let u be given by the peakon ansatz (2.6) and let the multiplication of the singular
term u>m in (1.1) be defined by (2.10). Then if u satisfies (1.1) and

d
aHuHHl =0.

Proof. First we establish that for the peakon ansatz the relation (see (2.4))
n
H“H}qu = /umdx = Z 2mju(x;)
j=1

ersists. Indeed, setting xy) = —oo, x,, 1| = oo and partitioning R as U"?_,(x;,x;11), we can write
p g yXn+ p g j=0\XjXj+

) Xj+1—
HMHle/(M +u? dx—Z/ (u* +u?) dx
xjt

n Xj+1—
/u dx+ Zuux — Z/ Uy dX = Zuux
j=07x;j+

where in the last step we used that u = u,, holds away from the support of m. If we denote by [f](x;)
the jump of a piecewise continuous function f at x; then we can write

Xj+1—

)

Xj+

n

lud o == Y ] ) = ¥ 2mputy) = [ amat,
j=1

J=1

thus proving the claim. We proceed now to compute the time derivative of ||u| ’?{' We will carry
out the computation in two steps. First we observe that as long as all x;s are distinct, u(x;) is
differentiable in ¢ and the derivative is given by the formula

d .
Eu(xj) = (ux)(xj)%),

which in conjunction with (2.10) and (2.13) implies

d
EH”H?{I = szl x} szJ<”x X))k = szJ<”x Aj ( <“ >)

Jj=

1] ) ) ) (o = (1)) ) = i[ ) () (4 — (2)) () =

1 ]:1
[uz—ui] (xj)<u2 Zn: u —u j),

where we used multiple times the identity (f)(x;)[f](x;) = 3 [ /%] (x;) valid for any piecewise
continuous function f. This establishes the identity
d 1,

2
i = 5 X 10 -] ),

=1

|

N —

Il
-lk\

J
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which completes the first step of the computation. In the second step of the computation we note that

for the peakon ansatz (2.6) u> — u? is a piecewise constant function since on each interval (x;,x;1)

u=Aje' +Bje”", u =Aje" —Bje ",

2 _u2=4A jBj there. Moreover, on the interval (xo,x;), Bo = 0, and on (x,,%,+1), A, =0

respectively, implying in each case that u”> —u? = 0 on these two intervals. In the final step of
. . . . 2

the proof we use that u> — u? is a piecewise constant function to note that Yo [(uz — u)%) ](x i)

is therefore a telescoping sum and hence, as the result of cancellations of interior terms and the

absence of boundary terms,

hence u

d 1
Sl = 5 (08 =22 (+) — (1 = )2 (11 =) =,
which completes the proof. O

3. Lax integrability and weak solutions

Here we provide some details as to why the originally ill-defined term u2m in (1.1) should be

regularized by using formula (2.10) if Lax integrability is to be preserved. We first recall that in the
smooth sector the Lax pair for (1.1) reads [46]:

_ ! _! _ |
W= U, Wi=SVE, W= [‘PJ 3.1)
with
| =1 Am B 41724+ Q 24" Yu—u,) — AmQ 2 2
v= [—)Lm 1 ] V= {2%2(u+ux)+lmQ ) ] Q=u"—u.

Furthermore, in the smooth sector, Lax integrability is understood to mean that the compatibility
condition ¥,;, = ¥,, implies (1.1). To promote (3.1) to a distributional Lax pair we need to ensure
that all sides of (3.1) are well defined as distributions. In our approach we consider ¥(e,?) as a
vector valued (R?) distribution in 2’ (R;) and D, is the standard distributional derivative (in x). We
view the ¢ variable as a deformation parameter, in agreement with the original formulation by P.
Lax [36], which prompts us to view ¥(e,7) as a differentiable map.

Definition 3.1. Let 7 > 0 be given then P(e,?) is a differentiable map
W(e,1):(0,T) 31— R*®Z'(R,),
where the distributional derivative (with respect to ¢) is given by

DW(e1) ™ fim L& h) = ¥(e,0)
’ h—0 h ’

provided the limit exists in R> ® 2'(R,).

To complete the definition of a distributional Lax pair we examine the conditions on the right
hands sides of (3.1) needed to ensure that these are well defined distributions. In this letter we
restrict our attention to the peakon ansatz (2.6). Away from the singular support of m, that is, away
from the points {xj,x;,---,x,}, the distributional Lax pair will be smooth and given by (3.1). On
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the singular support the multipliers of m are not continuous functions, because neither is ¥ as a
piecewise smooth function, and nor is Q = u? — u2, being a piecewise constant function (see the
proof of Theorem 2.1), both with jumps on the singular support of m. Thus none of the multiplica-
tions Wm, Q%¥m is defined. To define them we will have to assign values to ¥ and Q at the points
{x1,x2,- -+ ,x, }. We postulate that the values of ¥ at these points are a linear combination of their

respective left hand and right hand limits. More precisely

Definition 3.2. An invariant regularization of the Lax pair (3.1) valid for the peakon ansatz (2.6) is
given by specifying the values of @, 8 € R, subsequently setting

‘P(xk,t) = Ot[lp] (xk,t) +[3<‘P>(xk,t),

2

and assigning some values Q(xi,?) to Q(x,?) = u® — u? at the points {x;,x2,--- ,x,}. Then

Y (e,1)0y, = W (xg,1) 0y, 1 <k<n,

0(.0)8, & 0(x,1)8,, 1<k<n.

Now the distributional Lax pair

1 1 ¥,
DY =-UY, DV¥Y=-V¥ Y= 2
X 2U ) t 2V ’ |:lP2:|’ (3 )

is well defined and we can ask meaningfully the question of compatibility, remembering that by
Definition 3.1 D, and D, indeed commute in action on ¥. We have

Theorem 3.1. Let m be the discrete measure associated to u defined by (2.6). Given an invariant
regularization in the sense of Definition 3.2 the distributional Lax pair (3.2) is compatible, i.e.
D:D,Y = DD, if and only if the following conditions hold:

B=1, o =, Q(x) = (Q) (xx), (3.3a)

: X = Q(xx) ) (3.3b)

O.p\.—a

my =

We note that (3.3b) is precisely (2.12) whereas the choice of B =1, ¢ = % and o0 = —% amounts
to the choice of right limits, respectively left limits, in the definition of an invariant regularization
3.2.

For a proof of Theorem 3.1 as well as a discussion of the origin of the concept of an invariant
regularization we refer the reader to our longer paper [7] in which we give a complete solution to
the integrable peakon problem (2.13); the solution is obtained by analyzing associated boundary
value problems for the distributional Lax pairs (3.2) with B = 1,0 = i%.
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