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In this paper we prove the non—existence of Darboux first integrals for the Painlevé Il equations

2

. z . 1 .
X=y—5—x, y=a+ 42y =1

2
for all values of oo € C\ {oy, : n=2.4,...}. These @, are real and larger than —1/2.
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1. Introduction and statement of the main results

The Painlevé equations are Hamiltonian systems that depend on parameters and whose solutions
give rise to the so-called Painlevé transcendents. The Painlevé transcendents are solutions to certain
nonlinear second-order ordinary differential equations in the complex plane whose only movable
singularities are ordinary poles and which cannot be integrated in terms of other known functions
or transcendents.

In this paper we study the Darboux integrability of the Painlevé II equations which can be
written in the form (see [2—5] for details):

, Z . 1 . .
x:y_i_xzv y:a+§+2x}’, Z:17 W:%

with the Hamiltonian
1 Z 1
2y x“+ 5 y o+ ) X+w
Here the parameter « is complex. Using H we can eliminate the variable w making
1 Z 1
w Y +(x7+ 2 )Y +la+ 7 )%
and study the integrability of the system

. . _ 1 .
¥=y— -2, y=atot+2o i=1. (1.1
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We note that with z(¢) = it is the variable x(z) of system (1.1) which satisfies the second Painleve
equation in its usual form, and gives this second order equation.

Systems (1.1) were previously studied by Morales in [4] (see Corollary 1) where the author
proved:

Theorem 1.1 (Morales’ result). For o € 7Z system (1.1) is not integrable by means of rational first
integrals.

We define for each positive even integer n > 2 the value ¢, as the zero of
L :
(a+3)nllj— (n—2))
1 (40)
where D, ; are positive real numbers defined in the proof of Proposition 3.1. We improve Morales’
result as follows.

_Dn/2207

Theorem 1.2. For all oo € C\ {0y, : n =2,4,...} system (1.1) is not integrable by means of a
Darboux first integral.

Theorem 1.2 is proved in section 5.

We note that a rational first integral is a very particular case of a first integral of Darboux type
(see (2.4) for its definition).

Theorem 1.3. The following holds for system (1.1).

(a) If oo = —1/2, the unique irreducible Darboux polynomial with non-zero cofactor is y. Its
cofactor is 2x.

(b) If o« € C\{oty : n=2,4,...} and a0 # —1/2, system (1.1) has no irreducible Darboux
polynomials with non-zero cofactor.

(c) Assume oo € C\ {0y, :n=2,4,...}.
(c.1) System (1.1) has no polynomial first integrals.
(c.2) The exponential factors &%, ¢ /2 and ¢»*'+(20+1)

(1.1) having cofactors 1, z and y, respectively.

2 .
XYY are the unique ones for system

Theorem 1.3 is proved in section 4.

In sections 2 and 3 we present basic definitions, notations, some preliminary and auxiliary
results.

2. Preliminary results

Consider a polynomial differential system
x:P](x7y7Z)7 y:Pz(x7y7Z)7 Z:P3(x7y7z)7 (21)

where P; = P;(x,y,z) € R[x,y,z] are polynomials of degree at most two and its associated vector field
is

0 0 0
X:H$+&$+&Z. (2.2)

Let U C R? be an open subset. We say that the non—constant function H: U — R is a first
integral of the polynomial vector field (2.2) on U associated to system (2.1), if H(x(z),y(t),z(t)) =
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constant for all values of # for which the solution (x(z),y(¢),z(¢)) of X is defined on U. Clearly H is
a first integral of X on U if and only if XH = 0 on U. When H is a polynomial we say that H is a
polynomial first integral.

Let h = h(x,y,z) € C[x,y,z] be a nonconstant polynomial. We say that & = 0 is an invariant
algebraic surface of the vector field X if it satisfies X2 = Kh for some polynomial K = K(x,y,z) €
C[x,y,7], called the cofactor of h = 0. Note that K has degree at most 1. The polynomial % is called
a Darboux polynomial, and we also say that K is the cofactor of the Darboux polynomial 7. We
note that a Darboux polynomial with zero cofactor is a polynomial first integral.

Let g,h € Clx,y,z] be coprime. We say that a nonconstant function E = ¢"/8 is an exponential
factor of the vector field X if it satisfies XE = LE for some polynomial L = L(x,y,z) € C[x,y,z],
called the cofactor of E and having degree at most 1. Note that this relation is equivalent to

d(g/h)  , d(g/h)  , d(g/h)
e +P Iy + P 92

For a geometric and algebraic meaning of the exponential factors see [1].

Py

=L 2.3)

A first integral G of system (2.1) is called of Darboux type if it is of the form
= ff“ ---f;}”Ef“ o il (2.4)

where fi,..., f, are Darboux polynomials, E,...,E, are exponential factors and A;, i € C for
j=1....pk=1,....q.
For a proof of the next proposition see [1].

Proposition 2.1. The following statements hold.

(a) IfE = e8/" is an exponential factor for the polynomial differential system (2.1) and h is not
a constant polynomial, then h = 0 is an invariant algebraic surface.

(b) Eventually €8 can be an exponential factor, coming from the multiplicity of the infinite
invariant plane.

3. Auxiliary result

The next result plays a key role in the proof of our two theorems.

Proposition 3.1. Assume a € C\{a,:n=2,4,...,}. Then system (1.1) has no first integrals which
are polynomials in the variable x, analytic in the variable 7 and have a decomposition in powers in
the variable y.

Proof. Let g = g(x,y,z) be a first integral of system (1.1) which is polynomial in the variable x,
analytic in the variable z and have a decomposition in powers of the variable y. Then g is not a
constant and satisfies

F4 dg 1 dg Odg
_Io2)% L (a 2 )7 78 . 3.1
(=375 + (et +20) 5+ 5 G-D
Since g is a polynomial in the variable x, we rewrite it as
g(x,2) Z gj(v.2)’, (3.2)
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where each g; are functions in the variables y,z. We have that equation (3.1) becomes

. ]+1 (y7 ) J+1 ag} Yz ) j
jzbjgj Y,2)X —|-2Z 5y +]Z’78z

(3.3)
dg;(»2)
+Z( ) : ’+ZJ( **)gjy,) “=0.
Now we will show by induction that for [ = /2],
(—1)1 .
gn-2(3,2) = o ) 2)y> H —2j)+lo.t(y), (3.4)

where l.0.t.(y) means terms with lower power in the variable y, [-] denotes the integer part function
of a real number, K (z) is a function in the variable z and we have taken the convention that [T, - = 1

and HJ;lo - = 1. Furthermore, we will also show by induction that for / =0,...,[(n—1)/2],
g2 1(32) = (1) T'CK (2)y T + Lot (y), (3.5)
where C; are positive constants for each [ =0,...,[(n—1)/2].

Computing the terms of degree n+ 1 in x in (3.3) we get

98n(2:2)

D=0 thatis ga(y2) = K@)y, (3.6)
y

—ngn(y,2) +2y

where K(z) is a function in the variable z. This proves (3.4) for / = 0. Now computing the terms of
degree n in x in (3.3) we obtain

8 n— 9 / n 1 n/2—
—(n— l)gnl(y,z)+2ygaly(yz) +K (2)y"* + (OH—E) gK(z)y /=1 =, (3.7)

Solving this linear differential equation we obtain

n(l+2a)

n/2—1
i K@y

gno1(3,2) = Ki (2)y" V2 - K/ (2)y"? +
= —K'(z)y"/2 +Lo.t(y),

where K is some function in the variable z. This proves (3.5) for [ = 0 with Cy = 1.

Now we proceed by induction. We assume that (3.4) and (3.5) are true for / = 0,...,¢ and we
will show it for £+ 1.
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Computing the terms of degree n —2¢ — 1 in (3.3) we get that

0=—(n—20—2)gy 22+ ZYagna;“ +(=D)CK (2)y T + Lo(y)
z (=D K (2)y2 ™1 Zg(n —2))
+ (y— 2>(n—2€)< Hf:1(4i) —|—1.0.t(y)>

+ (ot %) ((’; F0) (=D)FICK (2 1.0.t(y)>
(=) K (2)y* T (n—2))
i (44)

dgn—20—
=—(n—20-2)gn-20-2 +2y% +(n—20)

+Lo.t(y)
Ogn 202  (—D)'K(@)y T o(n—2j)
=—(n—20-2)gn20-2+2y + :
" Z -1 (4)
Then solving this linear differential equation we conclude that
—(=D'K(z)
(0+ DT (4)

_ (_1)€+1K(Z) 240+l : A
_7&@:(40 y jg)(n 2j) +Llo.t.(y),

+Lo.t(y).

‘
8n-2t-2= 7 Yy (n—2j) +Lot.(y)
=0

which proves (3.4) for [ =/ + 1.
Now computing the terms of degree n —2¢ — 2 in (3.3) we get that

Ignas (=D ,
K —2j)+1lot
% T (2)y? ]1:]0<n J)+Lot(y)

+ (5= 2) =20 - (DR @y +Loal)

+ <a+ %) <(g + 0+ 1) %K(z)y’ﬁ”ﬁ)(n —2j) —l—l.o.t(y)>

0=—(n—20-3)g,—20-3+2y

dgn_n0— n
= —(n—20-3)gn_20—3+ Zy% + (=) K (2)y> T+ Lot(y),
where
74 .
. o(n—2
(= W—F(n—%—l)@ > 0.
Hi:1 (4’)

Then solving this linear differential equation we obtain that
gno2r-3 = (—1)P2C LK 2y 1oy,

where Cpy1 = Ky/(4¢+5). This proves (3.5) for = ¢+ 1. Hence (3.4) and (3.5) are proved. Now
computing the terms of degree 0 in x in (3.3) we get
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Now we distinguish two cases.

Case 1: n is odd. Using (3.4) and (3.5) with ¢ = (n— 1) /2 we get that (3.8) becomes

b4 yb12+l +Lo.t(y) =0,

which yields K(z) = 0. Hence g, = 0 for n > 1 and then, from (3.2), g = g(,z). This implies, from
(3.1), that

1 Jg dg
a+dran)28 4 2%
( *3 2 e dy * 0z
dg _ 9dg
Since g does not depend on x, this identity implies that — il 0. Therefore g = constant, a
Yy Z

contradiction with the fact that g is a first integral.

Case 2: n is even. In this case using (3.4) with £ = n/2 and (3.5) with £ = (n—2) /2 we get that (3.8)
becomes

n i n_2 n— n
(—1)7H]_(i( J)K'(Z)y”+10t(y)+(—1)72+1CuK’(Z)y7+Tz +Lo.t(y)
H12:1(4l) ?
n—2
; 2 (n—=2
— -0y i~of ”+cnz)+lot<y>=o
iy (4) ’
Since
n— 2( 2 )
n
LJ+C%>O,
l:1(4i)

we get that K'(z) = 0 that is K(z) = 7, where ¥, € C.
Now we will show by induction with respect to / that forn >2and l = 1,2,...,[n/2],

gn-2(3,2) = H( 4 )w“H (=)™ Dizy2 ™! + Lot (v), (3.9)

where D; are positive constants. Note that (3.9) provides an additional term in (3.4). Furthermore,
forl =0,1,...,[(n—1)/2],

g 1(12) = (~1)'Ei(2)y"T T +Lot(y), (3.10)

where E|(z) are functions in the variable z foreach/ =0, 1,...,[(n—1)/2]. Note that equation (3.10)
improves (3.5), because we know that the apparent dominant term in (3.5) is zero.
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We proved in (3.6) that

gn(32) = ">, (3.11)
Now from (3.7) we get

dgn1(»,2)

I\n
o i N n/2—1 —
(n—1)gn—1(y,2) +2y R <oc + 2) 5Ty 0.

Solving this linear equation we obtain

142
g1 (5:2) = K (2 M2 o

= Ki(2y" V2 +Lot(y),

where K| is some function in the variable z. This proves (3.10) for [ = 0 and with E;(z) = K, (2).

Now computing the terms of degree n — 1 in x in (3.3) we obtain

dgn_ 4 n n n
—(n—=2)gn—2(y,2) + 2yg"82y(y) + n}/ny2+l — Ezynw +Lo.t(y) =0.

Solving this linear equation we obtain
n n n
gn2(»2) = =% Dizky? o),

where Dy = n/4 > 0. This proves (3.9) for [ = 1.

Now we shall use the induction hypothesis. We assume that (3.9) is true for / = 1,2,...,¢ and
(3.10) is true for [ =0, 1,...,¢ and we will show them for £+ 1.

Computing the terms of degree n —2¢ — 1 in x of (3.3) we get that

0gn_20— e
0=—(n—20-2)gy 202+ 2y7g 8)2)£ 24 (—1)5E2(z)yTlJFZ +1.o.t(y)
— )Py T (n—2)) p
+(y—2/2)(n—2¢0) ( = I (Z‘;)O< + (=D Dypzy T+ 1-0-t(y))
i=1
dgn_ni—n (—D)ipy P T (n—2j)
=—(n—20—-2)gn20-2+2y + :
dy Hf:1 (4i)

+ (=D T pFzyt T+ Lo(y),
where
Hé;l n—2j
21Ti= (4)

Then solving this linear equation we conclude that

Fror=(n—20) <

(_ l)f-‘rl ,}/nyn/2+€+1 { . 2 it
H€+11 (4[) l—l)(l’l - 2.]) + (_ 1) DZJrl’)/nZyn + l.o.t. (y),
i= j=

where Dy = Fy11/(2(2¢+1)) > 0. Hence equation (3.9) is proved for l = ¢+ 1.

8n—20-2 =
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Now computing the terms of degree n —2¢ — 2 in x of (3.3) we obtain

8gn,g,3
dy

+(n—20—1)(=1)'Ei(z)y"T T +Lot(y)

0=—(n—20—3)gu2r3+2y + (=) 'Dep1my? +Lot(y)

dgn_r_ "
—(n—20—3)gn2r3+2y8 ayf 3 (=20 1) (=1 E(2)y" T 4 Loa(y).

Then solving this linear equation we conclude that
n+l
g2 = (=) Ep1(2)y T T+ Lot(y),

where Ey;1(z) = (n—20—1)Ey(z)/(4(£+1)). This proves (3.10) for [ = £+ 1. In short, the expres-
sions of (3.9) and (3.10) are proved.

Now using (3.9) with £ = n/2 and (3.10) with £ = (n —2)/2, we get that (3.8) becomes

n n— | .
(a+3) (=12 %y 'TI2, (n—2))

(—1)2 D,y + I
l:1(4l)

- (3.12)
. (o + %)HHLO (n—2j)

L (4)

+Lo.t(y) =0.

Since D,/ >0and a € C\{e, : n=2,4,...}, we get that

O =2

121(41)

Therefore from (3.12) we obtain ¥, = 0 for any n > 2 even. Thus, from (3.11) we obtain that g, =0
for all n > 2 even. Since g, = 0 for all n > 1 from (3.2) yields g = go(y, z). It follows from (3.1) that

1 dgo | 9go
a+-+2 ) —+—=—=0,
( + 2 e dy * dz
dgo dgo _ L . .
which yields —— N = o, = 0. Then g = const a contradiction with the fact that g is a first integral.
y Z

O]

4. Proof of Theorem 1.3

We will separate the proof of Theorem 1.3 into different propositions.

Corollary 4.1. Assume a € C\{a, : n=2,4,...}. Then system (1.1) has no polynomial first inte-
grals.

Proof. It follows directly from Proposition 3.1. 0
Co-published by Atlantis Press and Taylor & Francis
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Proposition 4.1. Assume oo = —1/2. Then the unique irreducible Darboux polynomial with non—
zero cofactor of system (1.1) is y. Its cofactor is 2x.

Proof. It follows by direct computations that the unique irreducible Darboux polynomial of degree
one of system (1.1) with non—zero cofactor is y. Its cofactor is 2x. Now we shall prove that it is the
only irreducible Darboux polynomial.

Assume that f is an irreducible Darboux polynomial of system (1.1) with non-zero cofactor of
degree n > 2. Then it satisfies

22\ 5. 9f 9f _
(y : x) 5 P20yt g, = (G0t at ey +osd)f, (4.1)

where (0, o1, 0, 03) € C*\ {(0,0,0,0)}. First we shall prove that ap = o3 = 0. We assume that
o # 0 or o3 # 0 and we will arrive to a contradiction. We write f in sum of its homogeneous parts
as follows:

f: ij(xvy7z)7 (42)
=0

where each f; is a homogenous polynomial of degree j. Without loss of generality we can assume
that f,, # 0. Computing the terms of degree n+ 1 in (4.1) we obtain
dfa dfa

2y I
8x+ xy&y

—x = (oux+ apy + 032) fo- (4.3)
So we have that f, must be divisible by x. We write f, as f, = x'g; where 1 </ <nand g; is a
homogenous polynomial of degree n — [ which is not divisible by x and satisfies, after simplifying
by x/,

dq
dy

d
—xzﬁ—}—ny

o = ((o +1)x+ oy + a32)g;. 4.4

If [ = n then g, is a constant, and from (4.4) we get ((a; +x)x+ oy + 3z)g, = 0. Since o or 03
is non—zero, we obtain g, = 0, and consequently f,, = 0, a contradiction. So we can assume [ < n.
Again by (4.4) we have that g; must be divisible by x, which is not possible. Hence, o = a3 = 0.

In short equation (4.1) can be written in the form

%(xvyaz) = (060+a1x)f(x,y,z), (45)

where the derivative is evaluated along a solution of system (1.1). We write

Fx,3,2) = g(x,y,2)e®y% /2, (4.6)

Then g is a polynomial in the variable x and satisfies

d d
(7]; (x,3,2) = jf (%, 2)e®y ™2 4 g(x,7,2) (0o + o x)e Xy /2 .
d .
— (d—f(x,y,z)+ (060+(Xlx)g(x’yjz)>eaozym/2.
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Since

% (,3,2) = (Gt + 0x) f(x,,2) = (0t + 1x)g(x,y,2)e®y* /2, (4.8)

from (4.7) and (4.8) we get that

%(x7y7z)eaozyal/2 =0 thatis %(xayaz) =0.

In other words, either g is a constant A € C, or g = g(x,y,7) is a first integral of system (1.1) which
is a polynomial in the variable x. By Proposition 3.1 (with o« = —1/2) this last case is not possible.
Hence from equation (4.6) we conclude that

f(x,y,2) = Ae®y®/2,

Since f is a polynomial we must have oy = 0 and o /2 = m where m is a non—negative integer.
Furthermore m # 0, otherwise the cofactor of f would be zero. Then

floy,z)=4y", A €C, meN\{0},

in contradiction with the fact that f is an irreducible polynomial of degree greater or equal two. This
completes the proof of the proposition. O

Proposition 4.2. Assume that o € C\{o,:n=2,4,...} and o« # —1/2. Then, system (1.1) has no
irreducible Darboux polynomial with non—zero cofactor.

Proof. It follows by direct computations that under the assumptions, system (1.1) has no Darboux
polynomial of degree one. Now we shall prove that system (1.1) has no Darboux polynomials with
non-zero cofactor of degree greater than or equal to two.

Assume that f is an irreducible Darboux polynomial of system (1.1) with non-zero cofactor of
degree n > 2. Then it satisfies

(y—z—xz)gif+(oc+ +2x )a—f+a—f (0t + 0x + 0y + a52) f, (4.9)

where (0, o1, 0, 03) € C*\ {(0,0,0,0)}. We separate the proof of this proposition into different
parts.

First we prove that o = oz = 0. For this we assume that o # 0 or a3 # 0, and we write f
in sum of its homogeneous parts as Z’}:o fi(x,y,z), where each f; is a homogeneous polynomial of
degree j. Without loss of generality we can assume that f;, # 0. Computing the terms of degree n+ 1
we obtain (4.3), and the same arguments of the proof of Proposition 4.1 imply that o = o3 = 0.

Now we have that equation (4.1) can be written in the form (4.5), where the derivative is evalu-
ated along a solution of system (1.1). We write f as in (4.6). Then g is a polynomial in the variable
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x and satisfies

d d o (o + 1
d*{(x,y, 7) = jg(x,y, 2)e®%y"1/2 +g(x,y,2) (ao +oyx+ (zyz))eo‘f’zy"”/2
(4.10)
o (cc+1/2
( va (Xo—|—061x—|- ](;):/))g(xvyaz))eaozyal/z'
From (4.8) and (4.10) we get that
%(x ¥,2)e®iy /2 — on(a+ %)g(x y,2)e%ry® /2
dt e 2y e
that is
dg o(a+1/2)
dt ()C ya ) - 2y g(xayaz)a

and g = g(x,y,z) is a polynomial in the variable x.

Now proceeding as in the proof of Proposition 3.1 (note that if we expand g as powers of the
variable x as in (3.2) we have that };_, al(a+ ) g;(y,z)x/ when compared with Y 0 d 81 (y,z)x/ will
always belong to the l.o.t.(y), and hence it does not play any role because it does not interfere in the

arguments used in the proof of Proposition 3.1). In short, we get that g = go(y,z) and it satisfies

1 8go dg0 _ o (o +3)

Since go does not depend on x we get that dgo/dy = 0 that is g = g(z). Now we consider two cases.

Case 1: ay # 0. In this case since g does not depend on y we get that dg/dz = 0 and then g = 0.
Therefore (4.6) imply that f = 0, in contradiction with the fact that f is a Darboux polynomial of
degree greater than or equal to two.

Case 1: a; = 0. In this case since g does not depend on y we get that dg/dz = 0 and then
g = constant = A. Therefore (4.6) imply that f = A ¢%?. Since f must be a polynomial we get
ap = 0 a contradiction with the fact that the cofactor f is different from zero. O

As usual N denotes the set of positive integers.

Proposition 4.3. Assume that oo = —1/2. Then the unique exponential factors of system (1.1) are
&, ¢ 12 and 7Y with cofactors 1, z and y, respectively.

Proof. It follows from Proposition 2.1 that we can write
E=¢" withn e NU{0} and (g,y) =1,

where g is a polynomial satisfying

_Z_ 2)% 2xy % 87_2 11 4.11
(y 7 X )5 T Iy to, T 2mxg= (Bo+ Bix+ oy + B3z)y™, (4.11)
where B; € C for i =0, 1,2,3, and where we have simplified by the common factor E. We consider
two cases
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Case 1: n; € N. In this case restricting (4.11) to y = 0 and denoting g = g|y—o, we get

(% 2) 98 .98 oz 4.12

(3+7) 5 +5: =m0 “12
Hence g is either zero or a Darboux polynomial of system (1.1) restricted to y = 0. Since g and y
are coprime, we have that ¢ # 0. We expand g in sum of its homogeneous parts as g = Z?:o gj(x,2),
where each g; is a homogeneous polynomial of degree j. Computing the terms of degree n+ 1 in
(4.12) we get

2930

—X G8n _ 2n1xgy-

dx

Solving this partial differential equation we get that g, = K(z)x 2" where K is a function of z.
Since g, must be a polynomial we must have K(z) = 0 and thus g, = 0. Therefore g = 0 which is
not possible.

Case 2: n; = 0. In this case g satisfies

d d d
(y : 2) g8 +2W*g +28 = Bo+ Bix+ Boy+ Bsz, (4.13)
ox dy 0dz

dE d
where f; € C fori=0,1,2,3. We define G = Ee Poii=Pi?/2 Then using that e Ed—f and (4.13),
we get

dG dE 2 2
o= —Boz—B3z°/2 _ —Boz—B3z°/2
dt dt e (BO + ﬁ3Z)Ee

= (Bo+ Brx+ Boy + Bsz)Ee P PZ/2 (B 4 Byz)Ee o Pz /2
= (Bix+ B2y)G,

where the derivative is evaluated along a solution of system (1.1). Setting G = ¢ —Poz=Ps7/2 = hlxy2)
we have that

dh

i Bix+ Bay.

That is

S L L
(r=3-2) 3+ 205, + 5, =Bt by (4.14)

If we expand has h =} _h; (v,z)x/ and proceeding as in the proof of Proposition 3.1 with n > 4
we get that h, = K(z)y"/? where K(z) is a function in the variable z. Since %, must be a polynomial
we conclude that » must be even. Again proceeding as in the proof of Proposition 3.1 we get that
h, = 0 (note that since n > 4 then n — 1 > 3 and then when computing /g and /#; we get that the
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left-hand side of equation (4.14) would be of the form
()" 9Dy 0y + (1) P E ) 0 () + Lout(y),

while the right hand side of this equation will be in that case B,y which has degree one in the
variable y. Since n > 4 even, this implies that 7, = 0 and then %, = 0). Hence we have that

h(x,y,2) = ho(y,2) + 11 (3, 2)x + ha (v, 2)x°.

Furthermore we have that 4 must satisfy

. ohy Oh oh

(=3 =) @0:2rt i 0:2) +20( 52+ Shet T227)
ah() ah oy 2\ _

(G2 + Goxt 200 ) = Bx o

(4.15)

Then computing the coefficient of x> in (4.15) we get
dhy :
—2ha(y,2) + Zyafy(yv 7) =0 thatis hy=K(2)y,

where K(z) is a polynomial in the variable z. Now computing the coefficient of x? in (4.15) we
obtain

dh .
—hl(y,Z)+2y(Tyl(y,Z)+K’(Z)y=0, thatis h; = —K'(z)y,

where we have used that ; must be a polynomial in the variables y, z.

Now computing the coefficient of x in (4.15) we get

. dh 11
<y— %)2K(z)y+2ya—; —K"(z)y = Bi. (4.16)

Since the left-hand side of (4.16) is divisible by y we get that $; = 0. Then after simplifying by y
we obtain that

K(z) , K@z  K'(z)

hy=K — 4.17
0=Ki(&) - =y Tyt (4.17)
where K| (z) is a polynomial in the variable z.
Now computing the coefficient of x° in (4.15) we get
3 K z K/// z
—2K’(z)y2+§)y+K{ (2) +K'(2)zy + 2( )y:ﬁz)’- (4.18)

Computing the terms in (4.18) that do not depend on y we obtain that K| (z) = 0. That is K, (z) is a
constant that we take the constant zero, because it only affects the exponential ¢">%) in a constant.
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Thus K;(z) = 0. Now after simplifying equation (4.18) by y we get

—%K’(z)y+ ng) +K'(z)z+ K 2(Z) =po. (4.19)

The coefficient of y in (4.19) yields K’(z) = 0. Therefore K (z) = v a constant. Hence equation (4.19)
becomes

—g =B, thatis y=-2p.
This yields
h= B (2yx* —y* +2y).

So g = h+ Poz+ PB3z2/2 = Bo(2yx* — y* + zy) + Poz + PB3z%/2. This concludes the proof of the
proposition. O

Proposition 4.4. Assume oo € C\ {0, : n=2,4,...} and o # —1/2. Then the unique exponential

29+ (20+1)

2 2 . .
factors of system (1.1) are €%, ¢ /% and e XYY with cofactors 1, z and y, respectively.

Proof. Proceeding in an analogous way to the proof of Case 2 of Proposition 4.3, considering E =
¢f, G = Ee Poi=P3?'/2 and G = ¢, we obtain that & is of the form / = hy (v,2) +h1(y,2)x 4 ha(v,2)x>
and satisfies

. 1 dhy oh oh
(r= 5 =) @atae i) + (o 5+ 20) (G2 + Gt 520)
aho ahl ahQ 2

+ <a—z+a—zx+ FE ) = Bix+ Boy.

(4.20)

Computing the coefficient of x> in (4.20) and proceeding as in the proof of Case 2 of Proposition
4.3 we get hy = K(z)y, where K(z) is a polynomial in the variable z. Now computing the coefficient
of x? in (4.20) we obtain

oh 1
—hi(y,2)+ 2y7yl(y,Z) + (a + E)K(Z) +K'(2)y =0,
thatis h; = <a + %) K(z) —K'(z)y, where we have used that #; must be a polynomial in the variables
Y, 2.

Now computing the coefficient of x in (4.20) we get

dho

(v=3 ) 2K @+ 252 - K@)y = . (421)

which is equation (4.16). Thus B; = 0 and hy is of the form (4.17).
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Now computing the coefficient of x° in (4.20) we get

3 K K" I\ K"
K@Y+ ;Z)yﬂfi (@) + K (2)zy + 2(2) v+ (a+ 5) 2(Z) — By, (422)

Computing the coefficient of y? in (4.22) we get K’(z) = 0. Thus K(z) = y € C and (4.22) becomes

%/y—i—K{ (z) = Bay, thatis y=2B, and Kj(z)=0.

Again we take K/ (z) = 0. This yields

h= ﬁz(zyxz +(a+1)x—y* +2y).
So g =h+ Poz+ P3z%/2 = o (2yx* + (2at+ 1)x — y* 4+ zy) + Poz+ B3z* /2. This concludes the proof
of the proposition. O

Proof of Theorem 1.3. Statement (c.1) follows from Corollary 4.1. Statement (a) follows from
Proposition 4.1. Proposition 4.2 shows statement (b). Finally, statement (c.2) follows from Proposi-
tions 4.3 and 4.4. O

5. Proof of Theorem 1.2

The proof of Theorem 1.2 will be done by contradiction. Assume that G is a first integral of system
(1.1) of Darboux type. We distinguish between two cases.

Case 1: o« = —1/2. From the definition of Darboux first integral in (2.4), and taking into account
Theorem 1.3 G must be of the form

) 2 2
G = yMet1iehat 22y =y"4v0) 20 i 1y s € C.

Since G is a first integral of system (1.1) it must satisfy

_(y_2_ 296,96 9G _
0—<y > X)ax +2xy8y+&z = (2Mx+ W + oz + usy)G.

Hence
2Mx+u1 + uwrz+ u3y =0, thatis M= Uy = =u3 =0.

Therefore G is a constant in contradiction with the fact that G is a first integral.

Case2: o€ C\{a,:n=2,4,...} and o # —1/2. From the definition of Darboux first integral and
taking into account Theorem 1.3 G must be of the form

2 2 2
G = 12t /2 g3 (2yx" +(2a+1)x—y +yZ)7 Wi, o, i3 € C.

Since G is a first integral of system (1.1) it must satisfy

. NIG | G IG
0=(-2-2) %5+ (a+§+2xy)7y+7Z = (11 + a2+ 13y)G.

Hence
Hi+ Maz+ 3y =0, thatis py = =3 =0.

Therefore G is a constant in contradiction with the fact that G is a first integral. This completes the
proof of Theorem 1.2.
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