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Physical details of the Camassa—Holm (CH) equation that are difficult to obtain in space-time simulation can
be explored by solving the Lax pair equations within the direct and inverse scattering analysis context. In this
spectral analysis of the completely integrable CH equation we focus solely on the direct scattering analysis
of the initial condition defined in the physical space coordinate through the time-independent Lax equation.
Both of the continuous and discrete spectrum cases for the initial condition under current investigation are
analytically derived. The scattering data derived from the direct scattering transform for non-reflectionless case

are also discussed in detail in spectral domain from the physical viewpoint.
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1. Introduction

The Camassa-Holm (CH) Equation

U + 2KUy — Uy + 3utty = 2Uyltyy + Ulhye, X E R, £ > 0.

was derived in 1993 for modelling unidirectional wave propagation within the context of shallow
water [5]. The field variable u (x,7) in CH equation denotes the height of free surface above a flat
bottom. The free parameter k¥ > 0 has been known to be related to the critical shallow water speed.
Eq. (1.1) was also derived by Fuchssteiner and Fokas [18] by the method using recursion operators.
Johnson [22], Constantin et al. [13] and Ionescu-Krus [21] derived CH equation as models for
shallow water by ways which are different from [5]. The CH equation subject to an initial condition
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given below will be considered
u(x,0)=up(x), xeR. (1.2)

The initial condition u (x) and its first derivative uj, (x) under current investigation are both assumed
to decay sufficiently fast to zero, or ug (x) — 0 and u;, (x) — 0, as |x| — oo or at a point far from the
origin of x.

One mathematical importance of the CH equation for k¥ = 0 is that the peaked soliton solution
u(x,t) = ce =<l which has been called as a peakon solution, is permitted for all ¢ € R (see [5]).
Moreover, Camassa et al. [6] reported that smooth solitary wave solutions to (1.1) are permitted for
all ¥ > 0. There have been many analytical studies of (1.1-1.2) on the subjects, for example, about
the existence of global solution [10], [8], weak solution [11], breaking wave solution [12], [8],
stability of peaked soliton solution for k¥ = 0 [14], and the solitary waves for k¥ > 0 [15]. This
equation is known as one of an important integrable equations because it has many features similar
to the KdV equation. For example, the solvability of the initial value problem for the CH equation
can be obtained by the direct and inverse scattering methods which were adopted earlier to study
the KdV equation in the important work by Gardner et al. [19].

With the long time asymptotic behaviors obtained in [2], it is intuitive to see that if a wave
function of the isospectral problem completely transmits, then its solution does not have oscillating
tails. In other words, such a wave is simply propagated as a pure soliton. In this light, study of the
corresponding scattering problem may help to understand more about the solution nature of CH
equation since it is often theoretically impossible to get in the space-time domain. The scattering
problem was analyzed under the condition permitting a continuous spectrum by Constantin [9]. On
the contrary, Constantin and Strauss [15], Johnson [23], Lenells [24], Li and Zhang [25] studied
only the reflectionless case permitting only a discrete spectrum. For this case the solution of CH
equation can be well-constructed as N soliton solutions. They supposed that the scattering data are
known. However, the nonzero reflection coefficient case is still an open problem to the best of the
authors’ knowledge. From these previous works, we can ask the following questions:

(1) How to find an initial condition with non-zero reflection coefficient ?
(2) How the initial condition of CH equation influences the scattering data?

In this paper, we attempt to answer the above two questions by considering the isospectral
problem from the Lax pair equations of CH equation. A specified initial condition will be shown
in Section 2. This initial condition includes a given parameter go € (0, 1) with a pulse-like profile
decaying to zero as |x| — oo (see (2.14)). Then the direct scattering problem is solved subject to the
initial condition in (2.14). Through the Liouville transform, we can get a Schrédinger operator with a
Delta function-like potential for the particularly chosen initial condition stated above. The scattering
data corresponding to this potential can then be obtained explicitly with the nonzero reflection
coefficient (see [29]). Such an initial condition with nonzero reflection coefficient is not found
previously. Due to the difficulty of analytically integrating the nonzero reflection coefficient, the
exact time-evolving solution of this initial value problem is normally unavailable. However, many
interesting and useful information can be extracted from the direct scattering process. Subsequent to
this work, we will compare the solution solved directly from the CH equation in space-time domain
using the upwinding compact difference scheme and the asymptotics obtained from [2] and [1]. By
varying the parameter g, the variation of the long-time asymptotics of solutions of CH equation
will be illustrated. Although this is a special case to be studied, it is interesting to investigate the
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influence of the initial condition on the solution nature of integrable systems. In Section 2 we give
the specified initial data with the corresponding scattering data. All of them depend on the parameter
go € (0,1). In Section 3, we derive in detail the analytical scattering data. In Section 4, some
conclusions drawn from this study and other works under investigation are summarized.

2. Direct scattering analysis

CH equation is equivalent to the compatibility condition between the following two Lax pair equa-
tions [5]:

1 1
<—1I/xx+lll> = Ay, 2.1
w 4

1 1
Y= — <2A«+u> Yy + Euxllf' (2.2)
In the above, the momentum variable w is expressed as
W=uU— Uy + K. 2.3)

In this section some important points of the direct scattering theories are given. The detail can be
seen, for example, in Faddeev’s paper [17]. See also [26] and [2]. At = 0, we assume w (x,0) > 0.
It was proved by Constantin [9] that under this constraint, w (x,7) > 0 for x € R, for all > 0. We
also require the boundedness of the following integral

w(x,0) € {vem(R)\/R(lﬂxDl“(\v(x)K+\v'(x)}+|v”(x)y)dx<oo}, (2.4)

where [ € N. While solving (2.1) for ¢t > 0, we aim to eliminate w from the left hand side of (2.1).
The following Liouville transform [9] is therefore performed in the current analysis of the CH
equation

v = (M) 'y, @)

K

_ [ e
y=x /x< ” 1>dr. (2.6)

The above transformation holds under the assumption (2.4), k > 0 and w (x,7) > 0 mentioned above.
Transformation of the Egs. (2.5) and (2.6) yields

LY = =Yy +q(y,1) W =K F 2.7)
where A = % (% +k2) and

Cwy(ht) 3 (w) (nt) | k—w(ne)
0n1) = 4v:(y,t) TT6 wi(nr) | Aw(nr) (28)

Note that w (y,t) = w (x(y,),t) with x(y,7) being obtained from (2.6).
Co-published by Atlantis Press and Taylor & Francis

Copyright: the authors
104



Chueh-Hsin Chang and Tony Wen-Hann Sheu / Scattering data for the Camassa-Holm equation

Due to the prescribed condition in (2.4), from (2.8) the Faddeev’s condition given below should
be satisfied so as to ensure boundedness of the integral

0000 € {a00) €8 @) [ (1461000l <=} 29

We can now think in a way that there are discrete (k* < 0) and continuous (k2 > 0) spectra of
L. Under the Faddeev’s condition (2.9), from [16, 17, 26], for example, there exists a finite set of
discrete simple eigenvalues — /.1,12, ..., — % of L for some N € N. For each eigenvalue — /J,JZ, let v; (v)
be the corresponding eigenfunction with j = 1,...,N. The normalization constant ¥; is defined as

vi(y)=7ve " +o(l) asy — e

with j = 1,...,N. The value of ¥; is fixed by normalizing the eigenfunction according to:

[wioay=1. (2.10)

For the continuous spectrum case, by virtue of the Faddeev’s condition (2.9) and the classical
scattering theory in [16] and [17], the asymptotic behavior of the wave function (y;kz) (i.e., the
eigenfunction) at a location far away from the origin can be described below for a right-running
incident wave e~

A

W~ e LR (k) e asy — oo, (2.11)

U~T (ke ™, asy — —oo. (2.12)

The above set of equations describes the scattering of a solution from the right incident wave on the
potential ¢ (y). In Eq. (2.11), R (k) represents the reflection coefficient while 7 (k) in Eq. (2.12) is
denoted as the transmission coefficient.

By the Liouville transformation given in (2.5) and (2.6), one can similarly define the reflection
coefficient R (k) and the transmission coefficient 7 (k) for the eigenfunction corresponding to the
continuous spectrum of H (1) := L (—% + 1) . From [2], we can find the relation between R (k),

T (k) and R (K), T (k) as :

T (k) =T (k)e* 1) R(k) =R (k). (2.13)

where H_| (w) = [p (\/ @ - 1> dr. The time evolution of the data R (k,t),u;(),y;(¢) can be

derived by (2.2) as the standard analysis carried out in many references such as [2, 16, 17, 26].
By the isospectral property we have ; (1) = ;. {R(k,t),1;,7;(t)}, where j=1,...,N for some
N € N; is physically known as the scattering data of the operator H (t).

In the following we consider a specified initial data u (x,0) of the CH equation. Let g € (0, 1)

be a given constant and A = ]z"qo. Consider the CH equation (1.1) subject to the following initial
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condition
KA(A+1+In(e"-A)) forx > In(1+A)
ev ’ - 3
u(x,0) = KA(A+1+1In( 2p-x (2.14)
(1+4)*e-A))
(A e ,forx <In(1+4A).
Substitution of (2.14) into the definition of w yields
()’ forx>in(144),
w(x,0) = 2.15)

2 2
K(%) , forx <In(14+A).

Moreover, two conditions can be obtained in the course of changing variables. From (2.6), we can
express y in terms of x as follows

In(e*—A), forx>1In(14+A),
y= (2.16)
2 _
“In ((1+A) e X—A) forx < In(1+A).
or
In(A+e’), fory>D0,
X=X (y) = A_i,_g’)' (217)
—In ((1+A)2> , fory < 0.
Substitution of the above equation for the change of variables into (2.15) yields w (x,0)] r=x(y) =

K (1 +Ae ‘)2. We can then further get the following equation

wyy (1,0) 3 (wy) (1,0) K—w(y0) B
4i5(y,0) 16 wy2(y,o) T 4 (5,0) = =406 (y) = q(»,0)

where the last equality of the above equation is due to (2.8). Based on the transformation of the
eigenvalue problem from (2.1) to (2.7), for the initial condition specified by (2.14) we are led to
know that the eigenvalue problem (2.7) becomes

— Wy —qo6 (y) W = K* . (2.18)

From the reference [16], the scattering data of (2.18) can be obtained as
—q0 q0 q0
R (k)= ==, 7v=4/=. 2.19
(k) ik MT Y \V 2 (2.19)

Before conducting the spectral analysis of the direct spectral problem, it is worthy to mention
again that the CH equation cast in space-time domain has been transformed to the equation in
wavenumber-frequency spectral domain. For the direct spectral problem, time has been fixed to be
zero. The corresponding spectral analysis, as a result, involves only the wavenumber k& shown in Eq.
(2.18).

Depending on the potential god (y), there are two types of linear Schrodinger equation for
(2.18). They are characterized by their own spectral sets { kz} . In the following spectral analysis,
the values of go under investigation are fixed at 1, % and % Under the circumstances, the spectral
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solutions in association with the investigated potentials, which are —%5 (y), —28(y) and —%5 (y),
are solved in this study.
According to the expression of the momentum variable given in (2.15), we can get

H_ 1 (w)=In(1+A)* = —2In(1 —qq).

Having derived H_; (w), as x — —oo the equation given by y ~ x —H_; (w) = x—In(14+A)* can
be derived thanks to (2.6). It is therefore implied that x and y have the same slope at x — —oo. This
can be seen from the three lines having the constant slope schematically shown in Figure 1. For the
cases qo = %, %, (i.e., A= 1) and 2, the corresponding changes of y with respect to x at k = 1 are
plotted in Figure 1. Indeed, by writing (2.16) as y = y (x;qo), we can find that

dy(0;q0) —(2A+1) <0

g0 (A24+A+1)(1—gqp)*

Hence the y-intercept is increased as well, as shown in Figure 1, as gg increases.
By substituting the expression (2.17) into (2.14), we can rewrite the initial condition for u in
terms of y as

KA (ly|+A+1)

u(y,O): (A—}—EM)

(2.20)
Moreover, as shown in Figure 2 (a) and 2 (c), both w (y,0) and u (y,0) are known to be symmetric
with respect to y = 0. In the x coordinate, as shown in Figure 2 (b) and 2 (d), both w (x,0) and u (x,0)
are symmetric about the line x = In(1+A). It can be observed from Figure 2 (a) that w(y,0) has a
peak-like profile. In the x coordinate, w (x,0) plotted in Figure 2 (b) has a peak-like profile as well.
By writing w (y,0) = w(y,0;90), we can find that

2 .
1 ) aw (0,0;4q) _ 2k (14+A) >0

maxw (y,0; =w(0,0; =K
may (».05g0) =w(0,0:90) (1_q0 900 (1 — g0

As aresult, max,cg w (y,0;go) is increasing w.r.t. go. Moreover, as go — 0, maxycg w (y,0;g0) — &;
while as go — 1, maxycg w (y,0;¢0) — oo. For the w expressed in x domain, the result is similar.
For u (y,0) = u(y,0;qo) in (2.20), we can also find that

g0 du(0,0;90) K

maxu(y,0;90) =u(0,0;q90) = K , = >0
maxu (y,0:90) = u(0,0:90) = k7~ 300 0— a0

Hence as go — 0, max,cr u(y,0;90) — 0; while as go — 1, maxyegr u (y,0;g0) — oo.

3. Exploration of scattering wave details

Define the Hamiltonian operator as H = —8}fy +¢q(y), one can rewrite Eq. (2.7) as H = k>,
implying that an application of the operator H on the wavefunction ¥ yields a term proportional
to the same wavefunction. As a result, J is a stationary state and the proportionality, k2, denotes
the energy of the state . More precisely, the solution ¥ of (2.7) is called as the energy eigenstate
with the corresponding energy k> [27]. Eq. (2.7) is regarded as the eigenvalue equation for the
Hamiltonian operator A. This equation for the wavefunction ¥ minimizes the total energy of a
many-electron system in an electric field.
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Fig. 1. The plot of coordinate y defined in (2.6) with respect to the coordinate x at ¢y = % (dash line), % (solid
line),  (dot dash line) and x = 1.

wy0) "] w(x,0) "

ux,0)>°T
1.8 1

Fig. 2. For x = 1, the initial values of (a) w(y,0) and (b) w(x,0) are plotted with respect to y and x, respectively.
The specified initial values of (c) u(y,0) and (d) « (x,0) are plotted with respect to y and x, respectively, at go = %
(dash line), § (solid line) and % (dot dash line).

It is worthy to address here that after performing the above transformation between the coor-
dinates x and y, Eq. (2.7) turns out to be exactly identical to the quantum-mechanical Schrédinger
equation — iy, +q W = k2. This spectral problem describes the wave function { of a quantum par-
ticle with the energy —k? in a field with potential ¢ (y,¢) . Similar to the KdV equation, construction
of the CH hierarchy with an infinite number of conservation laws becomes theoretically [20] and
computationally [7,28] possible.
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3.1. Spectrum details

In the following we will extract some physical meanings from the derived scattering data. The
first one is the spectrum of L. From the discussion stated above, one can see that under the initial
condition (2.14), there is only one eigenvalue _qug for go € (0, 1) . The continuous spectrum is also
known to consist of an entire positive real axis. Moreover, provided that k> = k% (qo) = _qu% we
can see that the discrete spectrum —qu(z) is decreasing w.r.t. o € (0,1). This exhibits the relation
between the total energy k> and the instantaneous potential go. When the potential gq increases,
the total energy k* is decreased and vice versa. In the presence of a larger potential, there is a
tendency of encountering a larger potential such that the particle moves slowly. The total energy
k? becomes therefore smaller. This interprets the meaning of the scattering data y in (2.19). Since
A =1 (1 +4?), we can get the spectrum of H (0) which is expressed as T (H (0)) = { % (1 —¢3) } U
[ =, °0). Moreover, the limiting values of ;- (1 —¢3) are obtained respectively from go — 1 and 0
as limg, 417 (1 —q%) =0 and limg, o 417 (1 —q(z)) = ﬁ.

1|u('X)

Fig. 3. For x = 1, the derived eigenfunctions { are plotted with respect to y for the case of the discrete spectrum
of Lin (a) and the eigenfunctions y, are plotted with respect to x for the case of the discrete spectrum of H (0)
in (b) at go = 1 (dash line), § (solid line) and % (dot dash line).

3.2. Eigenfunction details

In the following we are aimed to discuss the eigenfunction with respect to the discrete and contin-
uous spectrum, respectively. The derived solution { (y) corresponding to the discrete spectrum for
the operator L can be expressed as

q .,

\/ Be 2, y>0,
4q

1/—‘120670”, y <0.

which is plotted in Figure 3 (a). It is easy to see that the maximum value of {r(y) takes its presence
at y =0 since

V)=

700 — o (0) — . 40
r;le%w(y)—w(o)— >
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Hence as g increases, the maximum of ¥ (y) is increased as well. However, from the result in [2],

we have
2 ~ 2 q0 ) . 2
= —i)dy=—
y jﬁlwg,(y )=

where W, (y,k) = e® +0(1) as y — 0. As g increases, the maximum of ¥ (y) is increased accord-
ingly while the L? norm of the eigenfunction W, (y, %) is decreased. This implies that the mean
of the probability distribution of the wavefunction becomes smaller. The meaning of the scattering
data y in Section 2.19 becomes more clear to us.

Now we intend to interpret the meaning of the total energy k*>. More precisely, we are aimed
to make a connection between the discrete spectrum k% = —u? with u defined in (2.19) and the
corresponding eigenfunction ;. From (2.18) we know

Py +q(3.0) ¥ = k1. (3.1)

Multiplying both sides of (3.1) by {; and integrating the resulting equation from —oco to oo by virtue
of the integration by parts, we can obtain

L w0 dy+ [ a0:0)19 0)Pdy =& [ 97 0)dy:
R R R

In the above derivation we make use of the property that y; will be decayed to zero at 4-co. Appli-
cation of the normalization condition in (2.10) yields

k%=/R|wl,y<y>|2dy—qo|m (0)2.

One can regard —qo |, (0)|* as the potential energy and Jr W, () |?dy as the kinetic energy.

For the eigenfunction y, (x) corresponding to the discrete spectrum of the operator H (0), the
result is quite different. By (2.5) and (2.6), Wy (x) can be expressed as

qzo<1 qz)ex> (I ifx>1n<1+lf—‘;0>,

- 1—qq x___490 2
(e 1=q9
1

D=

Wa (x) = (rm) \7
I+ i
?< rs) > ! m,ﬁx§m<k+£%>~
Ul he ) () o)
T—q( )
The maximum of Yy (x), which is M is present at x = In <1 * 13(110 ) FHence when do = %7

Y, (x) has the largest amplitude shown in Figure 3 (b).

For a continuous spectrum, we demand the satisfaction of the following eigenfunction =
W (y,k) from the derivation of scattering data in [16]:

A e LR,y >0,
Vo, >={ ®) (32)

T (k) e~ y<0.
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Then the eigenfunction ¥ (y,k) corresponding to the continuous spectrum of the operator L can be
expressed as

2 .
K cosky — 21 sinky, y >0,

2 2 2 2
. q3+ak 3 +4k
Rew<y7k) - 452 2q0k
AT cosky + T sinky, y <0,
20k o5 ky — (29544 gink >0
R q3+4k2 y q6+4k2 Y, y=2y,
AT cosky — AT sinky, y <0.

In Figure 4 (a) and 4 (b), the graphs of Re ¥/ (y,k) and Im {r (y,k) are plotted respectively with
respect to k and y at gp = 5 Moreover in Figure 4 (c), the graphs of Re ¥ (y,k) are plotted at
different wavenumbers k = g 33 3 and gp = 1 . In Figure 4 (d), the graphs of Re ¥ (y, k) are plotted
at the wavenumber k = 1 for gy = 1, é, 2, In particular, from Figure 4 (d) we can see that for
different values of g their profiles of Re lf/ (y,k) do not change obviously. It can be seen in Figure
4 (a) that Re {r(y,k) is an even function with respect to k. Similar cases for Im { (y,k) are also
plotted in Figure 4 (e), Figure 4 (f) and Figure 4 (g), respectively. It can be seen in Figure 4 (b) that

Im ¥ (y,k) is an odd function with respect to k.

By the Liouville transformation, the eigenfunction y, (x,k) corresponding to the continuous
spectrum for the operator H (0) can be expressed as

(l_je,x)_% {qzﬁ“‘kz cos[kln(e* —A)] — 4223,/;2 sin [k1n (&* —A)]} ,
ifx>1In(1+A),
Rey. (x,k) = (A \ "2 2‘1‘41(2 cos{ kln <( 14+A) e Aﬂ
(W) 22_@(;(2 sin [ kln ((1 —|—A)Ze_x —A)} ’
ifx<In(1+A).

_1 2 2
(k=) 2 { 2% coslkin(er —4)] = (245 ) sin [kin (e — 4)] |
if x> In(1+A),
Im y, (x,k) = < LA >; q}jgizcos[—kln((1+A)2e—X—A)}
(154)"= ;‘fw sm[ kln (( TA) e A)} ’
ifx <In(1+A).

In Figure 5 (a) and Figure 5 (b), the graphs of Re v, (x,k) and Im y, (x,k) are plotted respectively
with respect to the wavenumber k and X. Moreover, in Figure 5 (c), the graphs of Re y, (x,k) are
plotted at different wavenumbers k = g, 3 2 at qo = 1 . In Figure 5 (d), the graphs of Re y, (x,k)
are plotted at the wavenumber k = 1 for qo 3 , 2 3 It can be seen in Figure 5 (a) that Re y, (x,k)
is an even function with respect to k. For Im y. (x, k) they are also plotted in Figure 5 (e), Figure 5
(f) and Figure 5 (g), respectively. It can be seen from Figure 5 (b) that Im . (x, k) is an odd function

with respect to k.
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(@) o (c) Rep(y, k)

(d)

Rep(y,k)
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Fig. 4. For k = 1: (a) Re W (y,k); (b) Im ¥ (,k) at go = %; (c) Re ¥ (y,k) for k= 3 (red line), 3 (black line), 3 (blue
line) at gy = %; (d) Re ¥ (y,k) for k= 1 at gy = % (red line), 1 (black line), 3 (blue line); (e) Im ¥ (y, k) for k = 3
(red line), 3 (black line), 3 (blue line) at g = 1; (f) Im ¥ (y,k) for k = —3 (green line), —3 (purple line), —3
(yellow line), at gg = %; (g) Imr (y,k) for k=1at gg = % (red line), % (black line), % (blue line).

3.3. Transmission and reflection coefficients

In the following the transmission and reflection coefficients 7' (k) and R (k) are discussed separately.
Since (2.13) holds, R (k) becomes the same as R (k) and only the data R (k) will be considered. From
(2.19), the graphs of Re (R (k)), Im (R (k)) and |R (k)|* are shown in Figure 6 (a), 6 (b) and 6 (c),
respectively.
For the transmission coefficient T (k) , from (2.19) and (3.2), we have T (k) = 1+ R (k) or
- 2ik
) = qo + 2ik’

The graphs of Re (7' (k)), Im (7 (k)) and !T (k) ‘2 are plotted with respect to the wavenumber & in
Figure 6 (d), 6 (e) and 6 (f), respectively. From (2.13) we can have T (k) = T (k) ¢*-1(*)_ Hence,

. . . . 7 7 2
the transmission coefficient is expressed as T (k) = ﬁe‘k In(1-+4)

42 2 2 2
Re(T(k)):chos ln<1+ a0 > k) — Zqok sin ln(1+ 1 > k),

g5+ 4k> 1—qo q5 +4k> 1—qo

240k % \* w %0 \*
Im(7T (k) = 5—— In(1 k - In{1 k.
m(7T (k)) q(2)+4k2cos<<n< +1_q0> +q5+4k2sm n +l—q0
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(a) (b) (¢) Rey,(x, k)

Imy(y.k)

Tmipy.k)

NAD
/Vj\/ \/

Fig. 5. For k = 1: (a) Rey, (x,k) and (b) Im y (x,k) at g = %; (¢) Rey (x,k) for k = 3 (red line), 3 (black line),
% (blue line) at gg = %; (d) Rey. (x,k) are plotted with respect to x with the wavenumber k =1 at gy = % (red
line), § (black line), % (blue line); (e) Imy (x,k) for the wavenumbers k = 3 (red line), 3 (black line), 3 (blue
line) at go = 1; (f) Im y (x,k) for the wavenumbers k = —3 (green line), —3 (purple line), —3 (yellow line) at
g0 = %; () Imy (x,k) for k =1 at go = 1 (red line), § (black line),  (blue line).

The graphs of the above two expressions are shown in Figure 6 (g) and 6 (h), respectively. Finally,
in Figure 6 (i) we plot |R (k)| and |T (k)|* to reveal how the reflection and transmission coefficients
are varied with the wavenumber k and the specified potential gg. From the graphs of the transmission
and reflection coefficients, the dependence of these coefficients on the strength of potential gg and
the wavenumber k is summarized as follows:

1. From Figure 6 (c) and 6 (f) for the graphs of |R (k)|* and |T (k)|*, one knows that when g
becomes larger, the magnitude of |R (k)|* will be larger and the magnitude of |T (k)|* becomes, on
the contrary, smaller for all k£ € R. This result can be interpreted as follows: When the instantaneous
potential gy becomes larger, the right-running incident wave which behaves like e~ as y — oo does
not have enough kinetic energy to transmit itself to the left (i.e., |7 (k)|* becomes smaller) and a
larger portion of this wave will be reflected (i.e., |R (k)|* becomes larger).

2. For a fixed value of g, the reflection coefficient |R (k)|* will be concentrated in the neigh-
borhood of k = 0. That is, [R (k)| turns out to be zero locally as k — ~eo. On the other hand,
the transmission coefficient |7 (k)|* will decay to zero near k = 0. This finding can be interpreted
as follows: When the total energy |k]2 becomes larger, the right-running incident wave will have
sufficient kinetic energy to transmit. In other words, only a small percentage of the right-running
incident wave will be reflected.
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Based on the above two observations, one can see that the prescribed instantaneous potential gg
and the derived total energy k> are the two essential factors of guiding the transmission behavior of
the wave function ¥ in (2.18).

Re(R(K) "
o

Fig. 6. For k= 1: (a) Re R(k) and (b) Im R(k); (c) The magnitudes |R (k)|* for go=1 (dash line), } (solid line), 2
(dot dash line); (d) ReT (k) and (e) ImT (k); (f) The magnitudes of }T (k) ]zat qOZ% (dash line), % (solid line), %
(dot dash line); (g) ReT (k) and (h) ImT (k) for q():% (red line), % (black line), % (blue line); (i) The magnitudes
of |R(k)|* and |T (k)}2 at go=1 (dash line) and } (solid line).

4. Conclusion

Our goal of getting some missing details of wave propagation by FDTD simulation motivates the
current spectral analysis of the Camassa-Holm equation. Our aim is to extract the scattering wave
nature of initial condition using the Lax pair equations of the eigenvalue type. Through the Liouville
transformation, we get the linear Schrodinger equation cast in the transformed coordinate. As a
result, the continuous and discrete spectra can be both rigorously analyzed within the context of the
direct scattering spectral analysis, thereby enabling us to get their respective scattering solution and
the bound state. The major conclusions drawn from the current study are summarized as follows:
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The potential g (y,0) in (2.18) has a form of Delta function. Although the result of the scattering
data can be found as in [16], there are still many interesting aspects that have not been discussed
before:

1. It is interesting to consider the initial condition which takes the Delta function form in y
coordinate. The answer can be easily found in [16] for instance. However, it is not a straightforward
task for the analysis of CH equation. We need to solve w in (2.8) at r = 0 with ¢ (y,0) being known
to be the Delta function. Then we need to find the relation y = y (x) between the x domain and the y
domain in (2.6). Finally, we need to solve « (x,0) from the equation defining the momentum in (2.3)
with w (x,0) = w (y,0)[,_(,) - The exact solutions of the above three ordinary differential equations
can be found. This is our motivation to derive the initial condition in (2.14).

2. While the scattering data found in (2.19) can be seen in [16], its detailed wave physics is
discussed for the first time in Section 4. Our study is aimed to know the functional dependence of
the scattering data on the strength of the instantaneous potential —god (y) in (2.18). Through the
analytically derived results plotted in the figures of this article, we are led to know how the strength
qo can affect the wavefunctions and the scattering data.

In a forthcoming paper, we will make a comparison of the solution computed directly from the
initial value problem (1.1) and (2.14) using the finite difference method and the long-time asymp-
totics from [2] and [1]. Based on the work carried out in this paper, we have derived a new initial
condition which can indeed help us to learn the true properties of the scattering data. This viewpoint
may be new and we believe this work could be interesting to some readers.
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