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In this paper, the bilinear integrability for B-type KdV equation have been explored. According to the relation to
tau function, we find the bilinear transformation and construct the bilinear form with an auxiliary variable of the
B-type KdV equation. Based on the truncation form, the Bécklund transformation has been constructed. Fur-
thermore, the N-soliton solutions and Riemann-theta function 1-periodic solutions of the B-type KdV equation
are obtained.
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1. Introduction

Various physical phenomena in physics, engineering, mechanics, biology and chemistry are
modeled by nonlinear partial differential equations(NLPDES). The research on the integrability and
exact solution of these equations plays a major role in the study of the nonlinear interaction in the
physical phenomena and provide better knowledge of possible applications[1,6,13]. It is well known
that there are several kinds of definitions for integrability, Liouville integrability, Lax integrability,
inverse scattering integrability, bilinear integrability, Painlevé integrability, symmetry integrability,
C-integrability and so on [7,8,9,11]. The Hirota bilinear method is a direct approach to construct
the soliton solutions and Riemann-theta function solutions of certain NLPDEs[4,10,12,14].

The B-type KdV equation

8

g U = (K+1)vx
1

% Vi = m(kax Vex  2Wy) (1.1)

k?+1 k 1

- W mVxxx + (k+ 1) (vux +2uvy) + mex

belongs to the B-type KdV hierarchy constructed in the Ref.[5], where we constructed a class of

B-type KdV hierarchies by using Lie algebra splitting, and researched the Lax pair, Bécklund trans-

formation and Hamilton structure of the B-type KdV equation(1.1). However, it is not clear about

the bilinear integrability, the existence of N-soliton solutions and Riemann-theta function solutions.

In this paper, we mainly discuss the bilinear integrability, and construct the N-soliton solutions and

Riemann-theta function solutions of the B-type KdV equation.
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2. Lax Integrability and Tau function

First we recall the definition of t; given by Wilson in [3].

Definition 2.1. Assume that L. is a splitting of L. compatible with the 2-cocycle that defines
a central extension, and that J = fJ;jj  1g is a vacuum sequence in L+. For f 2 L , the tau
function t; associated to f is a function of t = (t1;:::;tn) defined by

ti(t) =mVv®f ) (2:1)

where V() = exp(S —,tjJj) is the vacuum frame and m is the Wilson’s m-function[3].

Theorem 2:11 Let L 2 L, (L+;L ) beasplitting, J = fJJjj 1g a vacuum sequence, w
a 2-cocycle on L. compatible with the splitting, and V (t) = exp(S —1tjJj) the vacuum frame. Let
f2L ,and

V)t 1=M Y)E(®) (2:2)

withM(@) 2 L andE(t) 2 L. Then
O(nte); =hIj;M 1Mi L =hMIM L (MM i g,
@(ntr)yy =hMI;M 1 1 4ai 1.
From Ref.[5], we know that for the Lie algebras

LE=F AjI'jA;j251(4,C)g; LB =1B((A1)+)+  Aj1jA; 251(4;C)g; (2:3)
jo j<o0

0 0100 O

1
txoo10 G} .
B= Eoowoog (24)

0 0001 O

then (L.2; L B) becomes a Lie algebra splitting.
Let ejj be the i j-th elementary matrix, a = es1;b = €12 +e23+e34, and J = az+b. From the Lie
algebra splitting (L 2; L B) and vacuum sequence J = fJ'ji  1g, the B-type 11l KdV hierarchy can

be constructed. o) 1
0000
uooo ) ) o
Let f 2 L8 andus = 000 , we have Q(us) =MJIM 1. Write Q(uy) in power series in
v
w kv u 0
I

Qui)=MIM t=al+ Q'
i 0
And the flow generated by J2 is exact B-type KdV Equation (1.1). By Theorem 2.1 (2), we have
(Ints)yy; =tr(aQj). According to the expression of Q1 , we can give explicit formulas of (In ¢t ),
in terms of us for the B-type KdV hierarchy and

(Intf)yy, =tr(aQq) = %u: (2:5)
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3. Bilinear Integrability

Theorem 3.1. Under the transformation
8
§ 2(In F)xy;

2

U=
V=
k+1

(InFx; (3.1)

k 1
w=(InF)y m(lnf)xxt;

B-type KdV equations (1.1) can be bilinearized into

1
2(§D;‘+ DZ+DyDs)f F=0;

(3.2
g (EDiDt }DsDt)f f=0;
3 2
where s is an auxiliary variable.
Proof. From the formula (2.5), we have
u= 2(InF)y; F=t;: (3.3)
Substituting (2.5) into (1.1), we can easily obtain the bilinear transformation (3.1).
Let p=2Inf, (3.1) can be simplified into
8 -
§ u= pXXa
— l -
YTk (34)
§W 1 k1
W= 5 Pt 2(k+ 1) Pt -
Substituting (3.4) into (1.1), we can represent the resulting equation as follows,
1
é(pxxxx + p)%x + pie)e + (Pxt Px)x = 0: (3.5)

In order to write (3.5) in a local bilinear form, we introduce an auxiliary variable s and impose
subsidiary constraint items, then (3.5) becomes

11 1 1
E(g pxxxx + p>2(x + ptt + pxs)t + (g pxxxt + pxt pxx 5 pst)x =0 (3-6)

Thus, we can assume that

0y

1
2 gpxxxx + p>2<x + P+ Pxs =0

=1

1 (3.7
- § Pxxxt + Pxt Pxx é pst = 0:

Finally we have the following bilinear forms
8
1
2(§D§+D§+DXDS)f f=0
=1 1
- (§D§Dt EDSDt)f f=0:
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4, Soliton Solution

Next we construct soliton solutions of B-type KdV equation (1.1).
First, expand f in the power series of a small parameter e as follows

F=1+efD+e?fD+3F®) + (4.1)

Substituting it into (3.2), we have

8
1
2 (3Df+D{ +DD)(FY 1+1 V) =0;

er_ ] 1 4.2)
- (503D 5DD)(FY 1+1 F) =0;
81
) < (§D;1 +D2+DyDs)(F® 1+ FD FV+1 F@)=0;
Tzl 1 @ ® £O @ “3
- (§DXDt EDsDt)(f 1+fY fY+1 £9)=0;
81
; 2 (§D;‘ +D?+D,Dg)(F® 1+ F? FO+ O F@4+1 £®)=0;
e’: (4.9)
?(%DiDt %DSDt)(f@ 1+ O fO 4+ fO £ 41 FO)=0;
Consider 1-soliton solution, we suppose
O =M by = a;x+ byt + grs + hY: (4.5)
where az; by; g1 are constants to be determined. Substituting it into (4.2), we get
1 4 2 —N-
531 +bi+ainh =0
1, 1 (4.6)
§a1b1 Eb]_g]_—o
From (4.6) we have
— 2 3. 44 — N
h= 5311 a; +bjf =0: (4.7)
Choosing F@ = (& = =0, the expansion of F is truncated with a finite sum, and exact solution
of (4.2) reads
2
f=1+eeM; h = a1x+b1t+§al3$+ hél); (4.8)
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where a;; by satisfy condition af + b2 = 0. By using transformation (3.1), 1-soliton solution of
B-type KdV equations (1.1) reads(set e = 1)

2 arx+ byt + gis+ hi*
2|n(1+eh1)XX — %(Slnh 1X 1 2g1 0 )2
(1)
by — @b . aix+bit+gis+hgY
1 In(1+e")y 2(k+ 1) (sinh > ;
1 o (4.9)
as
In(1+e™)y 1 In(L+eM) = =+ S4(IJ—1)
ax+ byt + gis + h{Y ax+ byt + gis+ h{
tanh 2X OO 0 j(sinh 22— =2 Z 0)2
2 2
where ay; by; g1 satisfy the conditions g = 2af; af +bZ =0.
Next we find 2-soliton solution by assuming
O =M +eh; b= ax+bit+g+h; i=1;2: (4.10)
From (4.2), we can get
2 .
g = §ai3; ai4+bi2 =0;1=1;2: (4.11)
According to value of £, solving (4.3), we have
2
o = eh1+h2+A12 2 — M (4.12)
af +aj

By choosing F® =0;i 3, the expansion (4.1) is truncated with a finite sum, and exact solution of
(4.3) reads

a
f=1+eeM+eem+ ez(al_h;)ehl*h2 (4.13)
17a;
where
2 3., p.
hizaix+bit+§ais+h0 =12 (4.14)

Utilizing transformations (3.1), we have the 2-soliton solution of B-type KdV equations(1.1)

§U
2,

2In(1+eM +eM 4 gmththy -

In(1+eM + el + gm+hthy -

k1 (4.15)

1
In(l + ehl + ehZ + ehl+hz+A12)XXt

= In(1+eM+eM4ehthorhny, = =
( ) k+1
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And we can easily have the N-soliton solution of B-type KdV equation (1.1)

2(lnf)xx,
k 1
w= (e o7 0P (416
N N
=T = exp( mihi+ Aijmimj);
=01 i=1 1 i<j
where
2 @
h; —a.x+bt+3a s+ hy
2 2 _
0= ga. , al+bZ=0; (4.17)
(a. J) _ NI
el a2+a12”1 1;2; ;N:
the notation means the sum of all possible combinations of my =0;1; m, = 0;1;:::; my =0;1.
m=0;1
(@) (b)

Fig.l1 The evolution of soliton solutions (4.16) Rev with a; = 1; a, = 0:5;s = 1;k = 2: (a)1-soliton {(b)2-soliton.

5. Backlund Transformation
Based on the bilinear transformation (3.1), we can obtain the Backlund transformation of (1.1).
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If fug; vo;Wog is a solution of (1.1), then

L2 22fxxf N

F Uo,
2 [t TT
T+l : tfz o) (5.1)
wo & DO 2BRr2f bt Pl ful?) £ fhe
K+ D)F Iz

is another new solution of (1.1), where F satisfies the following conditions

8
Fooxt  Tite + 4Uo Fxe + 2(K + 1)Vo Fixx + 2Upx Fig +4(K + L)Vox Fix = 0;

FooxFt  2Fu T +4FFoe +3Fify  BuofiFe  AupFi i
§ 6(k+ Vo 2uofifi  4(k+1)VvoxF2 = 0;
T 2(k+ 1V +2F7 Quofy  Fioq) +2F(Ffe T )+ Ri(Fy  FH) =0:

(5.2)

Start with zero solution fug; vo; wog = 10;0;0g , (5.2) becomes into

8

= Fooot + Tt = 0;

>3ft fiu + 4 Fo 2T Fe + Fox i = 0; (5.3)
) fxzxft 2fx2fxxt 21 Fi Fixx ft3 +2F i Fix = 0:

It is not difficult to verify that if F satisfies
fi =iy, Fix=cofy; (5.4)

where ¢ is a constant, the system (5.3) holds automatically.

Remark 5.1: It is obvious that the system (5.3) is different from the bilinear equation (3.2).
But these are both special cases of (3.5) from two different angles. Actually, if we look for soliton
solutions using this Backlund transformation, we can obtain the same result as section 4.

Remark 5.2: These linear differential conditions may be useful to get the Wronskian determi-
nant solutions.

6. Riemann theta Function Solution

In this section, we consider Riemann theta function solution of Eq.(1.1).
In fact, we have the following general bilinear form of Eq.(1.1) based on (3.6),

L1(Dy;Dy;Ds) F f:(%D;‘+D5+DXDS+cl)f f=0;
1 1 (6.1)
L2(Dy; Dy; Ds) F f=(§D§Dt 5DsDi+eo)f F=0:

where ¢1 = ¢1(X;S);C2 = Co(t;s) are constants of integration.
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In order to find one-periodic wave solutions of (1.1), we investigate the following Riemann theta

function withN =1
¥ .
f=Jx;t)= g2pinx+pn’t (6.2)
n= ¥
where the phase variable x = ax+ wt + gs + dy and the parameter t < 0.
Substitute (6.2) into (6.1), by virtue of the similar result in [10,11], we have

¥
L (4npia;npiw; 4npig)e?™ Pt = 0;
n= ¥
Y 2
Li(2pi(2n 1)a;2pi2n 1L)w;2pi(2n 1)g)e@” 2m+Dpt —
= ¥
” ¥ . (6.3)
|—2(4npia;4npiw;4npig)32n pt — 0:
n= ¥
Y 2
L,(2pi(2n 1)a;2pi(2n 1)w;2pi(2n 1)g)e(2n 2n+1)pt — .
n= ¥

That is, w; g;cy;C, are determined by the algebraic system

2aw? +2aag +cia; = apa’
2bw? +2bag +c1b; = ba*
agw+coa; = apa‘w

bgw +coby = bradw

where
¥ ¥
a=8p2 n2’2n2;b=2p2 (2n 1)2,2n2 2n+1.
n= ¥ n= ¥
¥ ¥
a=  1Mby= P L= (6.4)
n= ¥ n= ¥
ar = @le ¥ n412”2;b2 — Ep“ ¥ (2n 1)4’2n2 2n+1
3 n= ¥ 3 n= ¥
Solve this system, we easily get
2 a1b2 azbl 4. _ abg baz 84'02 — ab2 baz a3W'

B 2ab1 2a1ba 0= abl alb ' abl alb '
It can be concluded that the B-type KdV equation (1.1) has the following Riemann-theta func-
tion 1-periodic solutions
8
g u

\Y
w

2(In I (X; 1))xx;
2
k+1
(InJ(x; )

(InJ(X; ) (6.5)
k 1

K+ 1 (InJ(x; t))xxt
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aq__
where x = ax %azt + ey, €9 = gs+ dp is an arbitrary constant and a;ai;ay;b;bq;by
satisfy (6.4).

Fig.2 The Riemann-theta function 1-periodic solution (6.5) Reuwithk= 2;t= Ll,a=1,¢g=0:

AAARALALACRETY

Fig.3 The Riemann-theta function 1-periodic solution (6.5) Imwwithk= 2;t= 1;a=1;¢ =0:

Remark 6.1: If we take the limit of Riemann-theta function 1-periodic solutionas I ¥ 0, we
can get the 1-soliton solution (4.9). It is not surprised, but it is worthwhile to say that both ¢ and c»
approachto zeroas I ¥ 0. That is, ¢; and ¢, are not necessary to get soliton solutions. This is why
we only need use the simplest bilinear form (3.2) in section 3 and 4.
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7. Conclusion

In sum, we have discussed bilinear integrability of the B-type KdV equation. By using the relation
between flow and tau function, we constructed the Hirota bilinear formulation and Backlund trans-
formation. In additon, the N-soliton solution and Riemann-theta function 1-periodic solutions have
been constructed. This idea can be extended to other B-type KdV hierarchy even more NLPDEs.
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