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With the aid of the spectral gradient method of Fuchssteiner, the compatible pair of Hamiltonian operators for
the coupled NLS hierarchy is rediscovered. This result enables us to construct a hierarchy, which contains a
vector generalization of Fokas-Lenells system. The vector Fokas-Lenells system is shown to be bi-Hamiltonian
and to possess a Lax pair.
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1. Introduction

The nonlinear Schrédinger (NLS) equation is one of the most important equations in both mathe-
matics and physics. On the one hand, it has numerous applications in physics such as water waves,
optics and plasma physics. On the other hand, the NLS equation has been playing a key role in the
development of the soliton theory or the theory of modern integrable systems (see Ref. [1] and the
references therein).

The NLS equation has been generalized in various different ways. One particular extension,
constructed by Manakov in the seventies of the last century in [20], is the coupled NLS or Manakov
model. This system reads as

g1 = i(que + K(|q1 1> + 92| q1),
: ) ) (1.1)
g2 = i(qae + K(q117 +19217)q2),

where K is a real parameter. Like the NLS equation itself, the coupled NLS system also is physically
relevant and has been studied extensively (see Refs. [2] and [27] for examples).
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A more recent generalization of the NLS equation is the following one
ity — Vidgy + Vit + G|u\2(u—+— ivu,) =0, o==l1,

which depends on two real parameters y and v. Above equation was discovered in 1995 by Fokas [6]
and was rederived by Lenells as a model for nonlinear pulse propagation in certain fibres [15]. This
equation, referred as Fokas-Lenells (FL) equation, was studied by Fokas and Lenells [16, 17] and
others (see Refs. [12,21, 22,26, 28] for examples). It is remarked that the bi-Hamiltonian method
used by Fokas originated from a fruitful idea of Fokas and Fuchssteiner [8] and has been applied
successfully to a number of integrable equations (see Refs. [11,24]).

The aim of the present paper is to propose a generalization of the coupled NLS equation or
Manakov system. We will start with a more general spectral problem or the coupled AKNS spectral
problem, which is of the constrained KP type [4, 5, 13, 14, 25]. The bi-Hamiltonian structure for
the hierarchy associated with the coupled AKNS spectral problem is known [3,9, 19], but for our
purpose of constructing integrable systems we will rederive them by means of the spectral gradient
method of Fuchssteiner [10]. This will be done in the next section. In section 3, we will take up the
bi-Hamiltonian method to produce an integrable hierarchy, which includes a generalized Manakov
system or vector FL system as a particular flow. In section 4, we will work out a Lax representation
for the vector FL system.

2. Spectral Gradient Method and Coupled AKNS Spectral Problem

We consider the following spectral problem

01 2L 1 @2 01
| =l n-410 o |, 2.1)
03 rn 0 —A 03

X

where A is the spectral parameter, g;,r;(i = 1,2) are field variables depending on x and 7. This
spectral problem (2.1) is the matrix version of

(=197 'r1 — 20" 'n)p =310, 2.2)

a spectral problem of the constrained KP type [19].
In fact, we introduce the following new variables by

O=01, 0 'rHo=0, 0 'rne=0gs,
then the Eq. (2.2) becomes

0 32 q1 a2 o)
(%) =|n 00 o | . (2.3)
s/, r» 00 ?s

Through a simple gauge transformation, namely
A A A
o1 =e"01, =", g3 =¢""¢3,
then we arrive at the Eq. (2.1).
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The integrable systems associated with (2.1) and their bi-Hamiltonian structure are studied
[19, 25], which include the celebrated coupled NLS equation or Manakov system [20] as a par-
ticular flow. For our purpose, we adopt Fuchssteiner’s spectral gradient method [10] and rederive
the recursion operator and bi-Hamiltonian structure. To this end, we need the adjoint problem of
Eq. (2.1), which reads as

20 1 ¢
(vi,vo,y3)c=—(yi,y2,y3) | 1 —A 0 |. (2.4)
rn 0 —A

The directional derivative of (@1, 9., ¢3)” determined by Eq. (2.1) in the direction g1 + €Q is given
by

1[0l 20 q1 ¢ $110]
$o] | = n—-20 (0]
$:101/ rn 0 -4 $3(0]
2<0,2, > 0 0 )
+ 0 — < Q, Ay > 0 & |, (2.5)
0 0 — < Q, Ay > 03

where < -,- > denotes the paring between tangent vectors and cotangent vectors, and is defined by
—+o0
<p,0>= p(x)o(x)dx.

Left multiplying Eq. (2.5) by (y1, ¥2, y3), then integrating over x from —eo to oo, we obtain

oo 1[0l oo 240 q1 @2 ;[0
/ (Wi, v2,¥3) | 9;[0] dx:/ (Y, v2,93) [ n =4 0 $[0] | dx
- $;10] /) | - rn 0 =1/ \¢;]0]
oo 2<Q, Ay > 0 0 [0
+/ (Y1, v2,v3) 0 - < 0,4, > 0 ¢ | dx.
- 0 0 — <0, > 03

Assuming that (1, y», y3) solves the adjoint problem (2.4) and integrating the left-hand-side of the
above equation by parts, we find

2< Q0 > 0 0 o}

—+o0
/ (W1, 2, y3) 0 — < QA > 0 ¢ | dx=0,
- 0 0 — < QA > 03
or equivalently,
oo +oo
< Q.4 >/ yi101 — v20r — y303)dx + OV prdx =0,
which holds for arbitrary Q. Thus, we obtain the gradient of A with respect to ¢, namely
Vip

)an — 7 e _ — .
S22 Qg — ya ¢ — yads)dx

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
146



M.X. Zhang, S.L. He and S.Q. Lv / A vector Fokas-Lenells system

Similarly, we find the gradients of A with respect to g5, 1,72, and they read as

A = V103
(/P 3
22y — vady — y303)dx

1 = — Y20
] 72 Qyi01 — var — yad3)dx’

Y301

I .
J225 i1 — vadr — y3¢3)dx

Since we are interested in constructing an eigenvalue problem for the gradients, the constant
coefficients may be omitted, namely

A(]1 L4 ¢2
Ag, V103

o< . 2.6
)Lrl %] (Pl ( )
Arz Y3 (Pl

Thus we have

Theorem 2.1. The gradients of the spectral parameter in the coupled AKNS hierarchy satisfy the
equation

2107 q 107 g2+ 207 q R, —q107 ' Ay,
@07 '\q1+q107 ¢z 2¢20 g —q207'ry R, Ag,
—(Rl)* —rla_lqz 21’18_11’1 r18‘1r2+r28“r1 7Lrl
—r28‘1q1 —(Rg)* rza_lrl +r18“r2 21’28_11’2 ),,2
0 0 10\ /A,
B 0 001][a,
=34 J 00|27 2.7)
0 -100/ \ 4,
where R| and R are defined by
Ri=0- 26]18711”1 — anilrz, Ry=0- 2q2371r2 — qlailrl. (2.8)
Proof. From Egs. (2.1) and (2.4), one easily obtains
(Vi1¢2)x = —3Ayi1 0 +r1 (Y101 — V2 o) — Y3, (2.9)
(Vi93)x = =3Ay1 03+ (Y191 — W303) — ri v g3, (2.10)
(¥201)x = 3Av201 — q1 (V191 — ¥202) + @2y §3, (2.11)
(W301)x = 3Ay301 — @2(V1 91 — W303) +q1 Y302 (2.12)
Also, we notice that
(Y101 —v22)x = —2r1¥2 01 — Y301 +2q1 V192 + G2 Y1 05, (2.13)
(V101 — y303)c = —2ry301 — 11201 +2q2W1 93 + g1 Y192, (2.14)
(V3¢2)x = 1301 — q2y1 92, (2.15)
(v203)x = Y d1 — q1Y193. (2.16)
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Then substituting Egs. (2.13)-(2.16) into Egs. (2.9)-(2.12), we get

(R])* r18*1q2 —2}’1871}"1 —r13*1r2—r28*1r1 l[/]¢2
r28*1q1 (Rz)* —}"2871}"1 — I’]a*lrg —2)’2371}’2 L] ¢3
—2q19"'q —q19 "2 —q207'qn R q10~"'r 2300
320" 'q1 — 197 ¢ 242072 g207 ' —R, V30
100 O l//](])z
—3p | 010 O vigs 2.17)

00-10 ||y |’
00 0 —1/ \ys,

which, after left multiplying by the matrix

0 0 -10
0 0 0 -1
-10 0 0 |’
0 -10 0
leads to Eq. (2.7), the eigenvalue problem of the spectral gradients. O

The eigenvalue problem (2.7) may be rewritten as

Af]l A’ql
A A
B q2 — B q2
1 lrl 31‘ 0 lr] )
A, Ar,
where
0 010
0 001
Bo=1_1 000"
0 —-100
2¢10" ' q q19 'g2+¢207'q Ry —q197'r
B — 00 'q1+q197 g2 2420 g2 —q207 'y R,
! —(Rl)* —rla_qu 2]’18_11’1 r18‘1r2+r28‘1r1
—r28“q1 —(Rz)* r28_1r1+r18_]r2 21’28_11”2

Therefore, we recover the compatible Hamiltonian operators By and By, and the recursion operator
#=B 1By ! for the coupled AKNS hierarchy [3,9, 19].

3. Vector Fokas-Lenells Equation

Following the idea of Fokas, Fuchssteiner, Olver and Rosenau, we now recombine the Hamiltonian
operators found above section so that new compatible Hamiltonian pair is generated. To this end,
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we introduce

100 O
01 0 O
Po=100_10 |
00 0 —1
R; —q197'r 2q197 ¢y @107 g2+ q207 g
0 — ~q297 "1y Ry 20 ' +q197 ' 2007 'qo
2 2r1d 1 10 Y+ mdtn —(R3)* —rla_lqz ’
nd 'ri+rnd'n  2nd'n —r2d~ g1 —(Ra)"

where R3 and R4 are defined by
Ry =79 —2q10 " 'ri —q2d 'ry, Ry = ¥9 —2¢29 'ra — q19 'y,
We further introduce
0, = Po+ivid,
where [ is a 4 x 4 identity matrix, and new variables
Gk = Wi+ VUi x, Tk =V —iVViy, (k=1,2).

Then we may construct a hierarchy of equations by

q1 q1

q2 _ (1926;1)” q2 ’ (31)
n r

2/, 27

which in the simplest case reads explicitly as

Q1 Yu1 o — 2q1urvy — qruzava — qau1v2
q2 —; Yuz xx — 2qauava — qau Vi — qruzvy 32)
r —YV1xx +2r1urvy + riugva + rauovy
n/, —YV2 xx + 2r2uava + rourvy + riugva
If we assume
. 1. . 1.
=~ vy =5V, uy =V =0,q1=-q¢,n= 55

then the Eq. (3.2) reduces to

Pl \ Y —Fiav )’

which is the equation discussed by Lenells and Fokas [17]. Thus, we name the Eq. (3.2) as the
vector Fokas-Lenells (vFL) system and the hierarchy (3.1) as the vFL hierarchy.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
149



M.X. Zhang, S.L. He and S.Q. Lv / A vector Fokas-Lenells system

The vFL system (3.2) is a bi-Hamiltonian system by construction. Indeed, let

0010
0001
Br=11000]
0100
and define the two Hamiltonian operators
Jr =600,
Ji = —i6 B
0 0 —i+vd 0
0 0 0 —i+Vvd
S li+ve O 0 0 ’ (3.3)
0 i+vd 0 0
Then the vFL system may be reformulated as
SH, 0H,
q1 Sq1 Sq1
@ SH, SHy
_ o | _ 0q>
=J o Ji s | (3.4)
" o o
SOH OH.
n/, S Sy
with the Hamiltonian functionals
H, = fi/ (u1r17x+u2r27x)dx, 3.5)

H) = f/((ulvl +upv2)(q1vi + qava + riug + raup) —2y(u1v17xx+u2v2,xx))dx. (3.6)

By a direct proof, we have proved the Hamiltonian nature of the operators (3.3).

4. A Lax Pair

With the aid of the correspondence between the coupled AKNS spectral problem (2.1) and the
eigenvalue equation (2.17), one can construct a spectral problem for the vFL system (3.2). Indeed,
we consider the following eigenvalue equation related to the recursion operator [7], i.e.,

L'G, = iuGy, 4.1

where 1 denotes the formal adjoint of an operator, and L = JJ| I=i6, 0, !, Then from Eq. (4.1),
we obtain

6JGy = p6/Gy, 4.2)
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where
1—ivd 0 0 0
gi_| 0 1-iva 0 0
L 0 0 —1—ivd O ’
0 0 0 —1—ivd
(R3)* r18_1q2 —2rd 71 —rd ' —rd1n
o — r2(9*1q1 (R4)* —rd7'ri—rd 7 'n —2r9d7'ry
2 —2¢1907 g, —q197 o — q207'qu —R3 107 'ny
—q207'q1 —q19 7 'q» —2¢207'q» q207 'y —Ry
Introducing
qi =\/Y—iUVGi, ri=/Y—iuvi;, (i=1,2),
then from Eq. (4.2), we have
R; #1074, —2# 0717 —F10 7 Py — 071
7207 1q, R; —F0 7 H =07 H —2M07R G
—24107'¢ —§107'G2 — 20714 —R; élailfz H
—§207'G1 — 197 ¢ —24,07 > G207 —Ry
100 O
m 010 0
= 4.
y—iuv {00—1 0 G (4.3)
00 0 —1

where

Ri=0-23107 "% — 320" ', Ry =09 =240 ' — G197 1.

We observe that Eq. (4.3) enjoys the same structures as the eigenvalue equation (2.17). This obser-
vation implies the following linear spectral problem for the vFL equation

0 20 4 @2\ (&
Pe=|d| =|H 20 ||
¢3 X fz 0 —/l (PS
i(1— 2
2(133/5 ) Ea . Ean (o]
= & -5 o ¢ | =M, (4.4)
i(1—yE?
(:'rz 0 —7( 33// ) ¢3

where £ = \/yflzﬁ is the spectral parameter. Next we calculate the ¢-part of the spectral problem,
which is assumed as

O —-E—-KAB )}
o= = ¢ EF||¢]|=no, (4.5)
¢/, G HK]) \¢;

where A,B,C,E,F,G,H,K are functions depending on the field variables.
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Requiring that the zero curvature condition M, = N, + [N, M| is equivalent to the vFL equation
yields the following

uj YQI Y92
A=_1 B=— 2

gl Mg g 2 Vg

VI le Yr2

1 G=—

el Mg g D2g1 12

, ) _ 2y | P
_ _ 2 2
F=iuv, E=i <3v2§ Ui — =5 303 > 7

1 2y
H:iulv27 K:l<3v2§2+u2v2—32+’}/2§ >
Thus, we succeeded in finding the spectral problem Egs. (4.4) and (4.5) for the Eq. (3.2).
It is known that the FL equation is a negative flow of the derivative nonlinear Schrédinger
(DNLS) [15]. As a final observation, we comment on the relationship between the vFL equation
and two component DNLS equation proposed by Morris and Dodd [23]. In fact, if we take

2ix 3v
dr=emyi y=eV Yy, g3 = y3, & = yc, (4.6)
then the Eq. (4.4) becomes
v ~2i0% eV {qr aev g\ [
%] = ae?Crl iCz 0 v s 4.7
v/, aev{r 0 ie? Y3
where o0 = 37" The same transformation converts the Eq. (4.5) into
l//l —E—k 8_7”A~ e_THE l//l
q)[ == ll/z - e%C E F ‘I/2 )
v/, evG H K Y3
where
y P B (I PNy SN S W L LS
av \% av \%
~ Vi 1 YI’]OC ~ V2 1 ’}’I’QOC
C= G=
g C, G= -2yt 28
- - 1 2 Y Ve
F = iupvy, E:l<3v2a2C +u1v1—w+;é’ ,

Now it is easy to see that (4.7) is nothing but the spatial part of the Lax pair for the two com-
ponent DNLS hierarchy [23] (see also Ref. [18]). Therefore, the vFL system may be regarded as a
particular (negative) flow of the two component DNLS hierarchy.
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