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1. Introduction

This paper deals with the Bianchi’s cosmological models. These models require a three dimensional
Lie algebra and Bianchi [1,2] was the first to solve the problem of classifying three dimensional Lie
algebras. There are nine types of models according with the dimension 7 of the algebra.

a) n=0 Type I;

b) n=1Typell, 11,

c) n=2TypelV,V,VI,VII;
d) n=3Type VIII, IX.

Let {X;, X2, X3} be an appropriate basis of the three dimensional Lie Algebra. The classification
depends on a scalar a € R and a vector (n1,n,n3) with n; € {+1,—1,0} such that

X1,Xo] =n3Xz, [X0,X3] =mXi—aXo, [X3,X1]=mXo+aX,

where [,] is the Lie bracket. In particular, for a = 0 we obtain models of type A and for a # 0 we
obtain models of type B. For more details see Bogoyavlensky [3].

According with [3] all cases of type A are Hamiltonian systems in the phase space p;,q; for
i = 1,2,3 with the Hamiltonian function

1 ( 1
H=—— (74 VG> ,
(q19293) "7 4
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Typell 11 VIy VIIy VIII IX
np 01 1 1 1 1
np 00 -1 1 1 1
n3 00 0 0 -1 1

Table 1. Cosmologies of types A

with 0 < k < 1 and where

3 3 3 3
T=2Y pipjgiai— Y. pia;, and Vo =2 minjqiq; — Y niq?.
i=1 i=1

i<j i<j
If we rescale the time by 7 defined by d7 = (q1q2q3)*k/ 2dt then the system becomes

2q1

"= W(Pz@ +Pp3q3 — P1q1),

' 2q>

qr2 = W(}B% +pi1qi _PZQQ),
2q3

%:G@Eytmjmm+m@—m%%

1
= —w (2p1(p2g2 + p3gs — p1g1)+

(919293 .
1 ( . )+ 1-kH
—ni\n n —n —_—
yM 242 393 191 2 4
' R PN +
P2 = —7—— 1 \“P2\P3q3 T P141 — P292
(q1g2q3)1 /2 -
1 ( n )+ 1-kH
an n3gs +niqi —n2qz 2 4

1
- (q1q2q3) 102 (2p3(p1g1 + P2g2 — P3q3)+
1—kH

1
5"3(”16]1 +n2q2 —n3q3)) + 2 4

with H=T + Vg /4. The constants n,ny,n3 determine the type of the model according with Table
1. Performing the change of coordinates ds = (q1¢2g3) S dr and qi=x;and p; = x;j13/x;,i=1,2,3,
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we obtain the system

X1 =x1(—x4 +x5+Xx6),

Xy = X2 (%4 — X5+ X)),

X3 :)C3(X4+X5—x6),

X4 = N1X1 (mx] —NnoXp — I’l3X3) + %(k — I)FQ,
X5 = npxy(—n1x) +naxy — n3x3) + %(k— 1)F,,
X6 = n3xz(—n1x) —npxy +n3x3) + %(k— 1)F,,

(1.1)

with

F, = n%x% + n%x% + n%x% —2n1nax1 X2 — 2N N3X1X3 — 2NN3X0X3
—1—)@2l + x% + x% — 2x4X5 — 2X5X6 — 2X4X6.

Note that system (1.1) is a homogeneous system of degree 2, and the first integral given by the
Hamiltonian H becomes

kel
H = (x1x2X3) 2 (n%x% + n%x% + n%x% — 211 MX1 Xy — 211 N3X1X3

—2]12)’13)62)(3 +Xi +X§ +X% — 2X4X5 - 2x5x6 — ZX4x(,).

We note that the class of systems (1.1), being a homogeneous system of degree 2, can be modi-
fied so that it becomes isochronous by adding in the right-hand side of each of its six equations of
motion the term iwx, (where i is the imaginary unit, @ an arbitrary real constant, and of course n
going from 1 to 6 numbers the six equations of motions). For a proof, see for instance Calogero [5].
Of course such a modification entails a doubling of the number of real dependent variables (from 6
to 12), and the physical interpretation of the resulting system is moot.

It is known that all the Bianchi class A models do not have periodic orbits. We note that in this
paper always that we talk about a periodic orbit or solution we are talking on a bounded periodic
orbit or solution. This has been proved using evolutions equations associated to these models, and
showing that such equations always have some monotone function evaluated on the orbits. Conse-
quently these models cannot exhibit periodic motion. For more details, see chapter 6 of the book by
Wainwright and Ellis [17]. Additionally Starkov in [16] provided another proof that Bianchi VIII
and IX systems has no periodic solutions. The Bianchi systems continue to be very interesting for
the research, see for instance [13, 14] and the references quoted there.

In this article we provide a new, direct and easier proof on the non-existence of periodic orbits
for the 6 models of Bianchi class A. For some additional dynamical properties of the Bianchi models
see [4,6-8] and the references quoted there.

2. The Bianchi / system

In this section we consider the Bianchi / system. According with Table 1 we have ny =n; =n3 =0.
So system (1.1) becomes

X = xl(—X4 + X5 +x6),
(

X =x2(x4 — x5 +X6),

X3=X3(X4+X5—x6), .0
X4 = % (x:‘; +X§ +X§ — ZX4)C5 — 2X5X6 — 2X4x6), ’
)'65 = % (xﬁ +x§ —i—xé - 2X4XS - 2)C5x6 — ZX4)C6),

. k—1/.2 2 2
o = "7 (xf + x5 + x5 — 2x4x5 — 2X5X6 — 2X4X).
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Proposition 2.1. The Bianchi I system, given by (2.1), does not have periodic solutions.

Proof. System (2.1) has the first integrals F; = x4 — x5 and F» = x4 — x. Suppose that I'(¢) =
(x1(2),x2(t),x3(),x4(2),x5(t),x6(2)) is a periodic solution of (2.1). So, there exist two constants a
and b such that x5(¢) = x4(¢) +a and x¢(t) = x4(t) + b for all r. We have that x4(¢) is a periodic
solution of the equation

Xy = T(—3xﬁ—2(a+b)x4+(a—b)2). (2.2)
Observe that the discriminant of the equation —3x; —2(a+b)xs+ (a—b)> =0is A=4(a+b)> +
12(a—b)?. So A > 0, if A > 0 then equation (2.2) has two equilibrium points. One of them is an
attractor and the other one is a repeller (see Figure 1(a)). If A= 0 then we have just one equilibrium
point which is semi-stable (see Figure 1(b)). In both cases the unique possibility in order to x4(7)
be periodic is that x4(7) = ¢ constant for all 7 being ¢ an equilibrium of (2.2). Substituting x4(¢) = c,
x5(t) = a+c and x6(t) = b+ c in the first three equations of (2.1), and using that x; (), x2(¢) and
x3(t) are periodic, we get that x; (¢), x2(¢) and x3(¢) must be constant for all 7. So I'(¢) is constant,
i.e. ['(¢) is an equilibrium point of (2.1), and (2.1) do not have periodic solutions. ]

>—— >— > >
(a) (b)

Fig. 1. Phase portrait of the differential equation (2.2).

3. The Bianchi // system

In this section we consider the Bianchi I/ system. According with Table 1 we have n; = 1 and
ny =n3 = 0. So system (1.1) becomes

X1 =x1(—x4 +x5+X6),
XQ —XQ()C4 — X5 —i—x(,),
X3 —Xq()C4 +X5 .X6)7

3.1
X5 = k= 1F
X6Z%Fv

where F = x% + xi +x§ +xé — 2X4X5 — 2X5X6 — 2X4X6.
Proposition 3.1. The Bianchi Il system, given by (3.1), does not have periodic solutions.

Proof. Suppose that I'(¢) = (x1(¢),x2(2),x3(¢),x4(2),x5(¢),x6(¢)) is a periodic solution of (3.1). The
real function x4(¢) — x5(¢) is periodic. So, it is bounded. If it is not constant then there exists #y
such that x4(tg) — xs(t9) < 0, but from (3.1) we have that x4(f9) — x5(t9) = (x1(to))>. It implies that
there exists a constant a € R such that x5(¢) = x4(¢) +a and x;(¢) = O for all z. By using the same
argument we have that there exists another constant b € R such that x¢(¢) = x4(¢) + b for all #. Next
step is substitute x; (t) = 0, x5(t) = x4(¢) +a and x6(¢) = x4(¢) + b in the equation x4 = x? + 7' F,
we get X4 = —3x3 — (a+ b)xs + (a — b)*. By using the same argument of the proof of Proposition
2.1 we conclude the proof of this proposition. O
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4. The Bianchi VI, system

In this section we consider the Bianchi V Iy system. According with Table 1 we have n; =1, ny = —1
and n3 = 0. So system (1.1) becomes

X1 = x1(—x4 +x5+x6),
Xy = x2(x4 — X5+ X6),

X3 = x3(x4 + x5 — X¢),

z 4.1
X4 = x1(x1 +x2) k41F, @.D
X5 :XZ(X] —|—X2> + %F,
xﬁzklilFa

where F = x% +x% +2x1x —I—X% —|—x§ —I—X% — 2x4X5 — 2X5X6 — 2X4X6.
Proposition 4.1. The Bianchi VI system, given by (4.1), does not have periodic solutions.

Proof. Suppose that I'(¢) = (x;(7),x2(2),x3(¢),x4(2),x5(¢),x6()) is a periodic solution of (4.1). The
real function x4 (1) 4+x5(t) — 2x6(t) is periodic. So, it is bounded. If it is not constant then there exists
fo such that x4 (9) + xs(f9) — 2x6(tp) < 0, but from (4.1) we have that x4 (t9) + xs(f0) — 2%6(t0) =
(x1(to) +x2(t9))>. It implies that x4 (¢) 4 %5(t) — 2%6(t) = 0 = (x(¢) +x2(¢))? for all . Substituting
x1(t) = —x2(¢) in (4.1) we have that x4(¢) — X5(¢) = 0 and %4(¢) — %¢(f) = O for all 7. There exist
constants a,b € R such that x5(¢) = x4(¢) +a and x¢(r) = x4(¢) + b for all 7. Next step is substitute
x1(t) = —xa(t), x5(t) = x4(t) + a and x6(t) = x4(t) + b in the equation x4 = x; (x; +x) + 1 F. By
using the same argument of the proof of Proposition 2.1 we conclude the proof of this proposmon

O

5. The Bianchi VI, system

In this section we consider the Bianchi VIl system. According with Table 1 we have n; =1 and
ny =1 and n3 = 0. So system (1.1) becomes

X1 =x1(—Xx4 +x5+X6),
X2 = Xx2(X4 — X5+ X6),

X3 =X3(X4+X5 )

x4 =x1(x —X2)+k41F7
Xs = x2(—x1 +x2) + 5FF,
Xe = %F,

5.1

where F = x% +x§ —2x1x2 —Hc?,r +x§ +x§ — 2X4X5 — 2X5X¢6 — 2X4X6.
Proposition 5.1. The Bianchi V1l system, given by (5.1), does not have periodic solutions.

Proof. Suppose that I'(¢) = (x;(7),x2(¢),x3(¢),x4(t),x5(¢),x6(t)) is a periodic solution of (5.1). The
real function x4 (1) 4 x5(t) — 2x6(t) is periodic. So, it is bounded. If it is not constant then there exists
fo such that x4 (79) + xs(f9) — 2%6(p) < 0, but from (5.1) we have that x4 (79) + xs(f0) — 2%6(t0) =
(x1(to) — x2(t9))>. It implies that x4 (¢) 4 %5(t) — 2% (1) = 0 = (x1(¢) — x2(¢))? for all ¢. Substituting
x1(t) = x2(t) in (5.1) we have that %4(t) —x5(¢) = 0 and %4(¢) — %c(¢) = O for all 7. There exist
constants a,b € R such that x5(¢) = x4(¢) +a and x¢(t) = x4(¢) + b for all 7. Next step is substitute
x1(t) = xa(t), x5(t) = x4(t) +a and x6(t) = x4(¢) + b in the equation x4 = x| (x; —x2) + 71 F. By
using the same argument of the proof of Proposition 2.1 we conclude the proof of this proposition.

0
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6. The Bianchi VIII system

In this section we consider the Bianchi VIII system. According with Table 1 we have n; = 1 and
np =1 and n3 = —1. So system (1.1) becomes

a1 = x1(—x4 + x5+ x¢),

Xy = x2(x4 — x5+ Xg),

i3 = x3(x4 +x5 — Xg),

X4 =x1(x1 —x2 +X3)+%F,
(—
(

(6.1)
Xs = x2(—x1 +x2 +x3) + 5L F,
X6 = x3(x1 +x2+x3) + %F’
where
F = x2 23 +x3 — 2x1x0 + 2x1x3 + 2x00x3+ (6.2)

2, .2, .2
X3+ X5 + x5 — 2x4X5 — 2X5X6 — 2X4X6.

Lemma 6.1. The hyperplanes {x; =0}, {x, =0}, and {x3 = 0} are invariant manifolds for system
(6.1) and there is no periodic orbits in these hyperplanes.

Proof. Clearly the hyperplanes {x; =0}, {x» =0}, and {x3 = 0} are invariant manifolds for system
(6.1), 1.e. if a solution of (6.1) has a point in {x; = 0} then the whole solution is contained in {x; = 0}.
Now we prove that in the hyperplanes {x; =0}, {x, = 0}, and {x3 = 0} there are no periodic orbits.
Let I'(¢) = (x1(¢),x2(¢),x3(),x4(), x5(¢), x6(¢)) be a periodic solution of (6.1). Suppose that I'(¢) is
in {x; = 0}. From (6.1) we have x5 + %5 — 24 = (x +x3)%. We get that x| (t) = 0 and x(¢) = —x3(¢)
for all ¢. Substituting these conditions in the equations of (6.1) we have that x4 = X5 = X, and so
there exist constants a and b such that xs(¢) = x4(¢) + a and x¢(f) = x4(¢) + b for all 7. Substituting
all these conditions in the fourth equation of (6.1) we obtain again the equation (2.2). So, in order
that I be periodic, x4(¢) is constant. Now from the second and third equations of (6.1) we have that

x2(t) and x3(¢) are constants, and I" is an equilibrium point instead of a periodic orbit. In the same
way we can prove that there are no periodic orbits in {x, = 0} and in {x3 = 0}. O

Consider the three sets

Ft ={xeRS:F(x) >0},
FO={x€RS: F(x) =0} and
F~={xcR%:F(x) <0},

where F is given in (6.2).

Lemma 6.2. The sets FT, F* and F~ are invariant by system (6.1) and there are no periodic orbits
in the set F~.

Proof. First of all observe that if we call X the vector field associated to the system (6.1) then we
have that

XF = (X,VF) = —%(k— 1) (x4 + x5+ x6) F, (6.3)

where (.,.) denotes the standard inner product in R® and VF is the gradient of F. From (6.3) we get
that F¥ is an invariant set to (6.1), and consequently F* and F~ also are invariant.
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Now we prove that there are not periodic orbit in F~. Suppose that I'(f) =
(1 (1), x2(t),x3(),x4(2),x5(¢),x6(t)) is a periodic orbit of (6.1) and that it is in the set F~. By
Lemma 6.1 we have that x; (¢) # 0, x2(¢) # 0 and x3(r) # O for all 7. Consider the function

_ X4+X5+ X6

h
()C) X1X2X3

Observe that hol  is defined for all ¢ and it is a periodic function. So there exists at least a point
t =ty such that (hoI')(r9) = 0. We have

(hoD)(t) = (VA,T(t)) = Xh(I(1)).
But
Xh(x) = (143k)F(x) —8(x2 +x2+x2), (6.4)
which is always negative in the set F . So the periodic orbit I'(¢) cannot be contained in F~. [

Let U be a subset of R®. Let #: U — R be a C' function. By S(h) we denote the set {x €
RS : Xh(x) = 0}. Suppose that we are interested in the localization of the periodic orbits of system
% = X(x) located in the set U. We define hj,r = inf{h(x) :x € UNS(h)}, hgp = sup{h(x) : x €
UNS(h)}.

The following two propositions are inspired by the formulation and proofs of localization the-
orems which were proposed and developed by Krishchenko and Starkov, firstly, for periodic orbits
in [9, 10], and later for compact invariant sets in [11], see also [12]. Particular cases of these results
can be found in [15].

Proposition 6.1. All the periodic orbits of system x = X (x) located in U are contained in the set
{X elU: hinf < h(x) < hmp}.

Proof. LetI'(7) be a periodic orbit of system x = X (x) contained in the set U. Denote by y= {I'(¢) :
t € R}. The set yis compact and so the C! function A, restricted to the set ¥, has a maximum M and
a minimum m. In particular y C {x € U : m < h(x) < M}. For all points t = t; such that A(T'(¢t;)) =m
we have that I'(¢;) € S(h). It implies that m = inf{h(x) : x € yNS(h)}. On the other hand we have
that yNS(h) C UNS(h) implies m > h;,¢. Analogously we have hg,, > M. So we have

yC{xeU:m<h(x) <M} C{xcU:hjpr <h(x) <hgyp}.
O

Proposition 6.2. Let U be a set in R®. If S(h) NU = 0 then system x = X (x) has no periodic orbits
contained in U.

Proof. Suppose that I'(¢) is a periodic orbit of system x = X (x) contained in the set U. As we saw
in the proof of Proposition 6.1, for all points ¢ = #; such that 2(I'(¢;)) = m we have that ['(¢;) €
S(h)NU. And so S(h) NU # 0, which is a contradiction. O

Lemma 6.3. There are no periodic orbits of system (6.1) located in F°.
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Proof. Consider the set U = F* N {x; # 0} N {xy # 0} N {x3 # 0} and the function

X4+ X5+X6
X1X2X3 '

h(x)

Accordingly to (6.4) we have that S(h) = {x € R : x4 = x5 = x¢ = 0}. So hinf = hgp = 0. From
Proposition 6.1 all compact invariant sets of (6.1) located on U are contained in B = {x4 + x5+ x¢ =
0}.

Suppose that I'(r) = (x1(¢),x2(¢),x3(¢),x4(t),x5(¢),x6(¢)) is a periodic orbit of (6.1) and it is in
the set FO. By using the fact that this orbit is contained in B we have that x4 + X5 + X6 = 0. From
system (6.1) and the fact that I" are in F’ 0 we have that x% —I—x% —i—x% — 2x1x3 + 2x1x3 + 2x0x3 = 0,
and consequently xi —|—x§ —&—xé — 2x4x5 — 2x4Xx6 — 2x5X6 = 0. Substituting x¢ = —x4 — x5 in the last
equation we get

205 +2x2 +2(xg +x5)2 =0,

and so x4 (1) = x5(t) = x6(¢t) = O for all 7. Now substituting these values in system (6.1) we get that
x1(t), x2(t) and x3(¢) are constant functions. So I" is not a periodic orbit. O

Lemma 6.4. If there exists a periodic orbit for system (6.1), then it intersects the set {x € RS :
X4+ x5 +x6 = 0}.

Proof. Consider the set B = {x € R®: x| # 0,x, # 0,x3 # 0 and x4 +x5 4 X6 7 0} and the function
h(x) = x1xpx3. We have that

Xh(x) = x1x0x3 (x4 + x5+ X6),

and so S(h) N B = 0. According with Proposition 6.2 system (6.1) has no periodic orbits in B. If
system (6.1) has a periodic orbit then it intersects {x € RS : x4 + x5+ x5 = 0}. d

Lemma 6.5. There are no periodic orbits for system (6.1) located in F™.

Proof. Suppose that I'(¢) = (x; (), x2(¢),x3(t),x4(t),x5(t),x6(¢)) is a periodic orbit of system (6.1)
and that it is in the set F*. By Lemma 6.4 we have that I intersects the set {x4 + x5 +x¢ = 0}.
Consider the function 4(x) = x1x2x3 (x4 +x5 +x¢). By Lemma 6.1 we have that x;(r) # 0, x2(¢) # 0,
and x3(¢) # O for all 7. Observe that the zeroes of the function 4 oI occur for the values 7 such
that the orbit I intersects the set {x4 + x5 +x¢ = 0}. Computing the derivative of 2oI" we have
(hoT)(1) = (Vh,I(1)) = Xh(I'(t)) where

Xh(x) = (14 3k)F (x) + 16(x4x5 + x4x6 + X5X6) -

We observe that in the set {xs + x5 +x¢ = 0} we have x4xs + x4x6 + x5x6 = 0. We get that in all
zeroes of the real periodic function 4 oI its derivative is positive. This is a contradiction, because
we cannot have a periodic real function with positive derivative in all of its zeroes. 0

Proposition 6.3. The Bianchi VIII system, given by (6.1), does not have periodic solutions.

Proof. It follows from lemmas 6.2, 6.3, and 6.5. ]
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7. The Bianchi /X system

In this section we consider the Bianchi /X system. According with Table 1 we have n; =1 and
ny =1 and n3 = 1. So system (1.1) becomes
X1 =x1(—x4 +x5+Xx6),
X2 = x2(x4 — x5+ X6),
X3 = X3 (X4 +Xx5 — )
(
(=
(

7.1
X4 =x; xl—X2—X3)+%F7 "
Xs =x2(—x1 +x2—x3) + kZIF’
Xe = x3(x1 —|—x2—X3) +%F7
where
F— X% _’_x% —’-X% — 2x1)C2 —2xl)C3 - 2x2x3+ (72)

x% +x§ —{—xé — 2X4X5 — 2X5X6 — 2X4X6.

Lemma 7.1. The hyperplanes {x; =0}, {x, = 0}, and {x3 = 0} are invariant manifolds for system
(7.1) and there are no periodic orbits in these hyperplanes.

Proof. The proof is very similar to the proof of Lemma 6.1. O

Consider the three sets

Ft={xcR®:F(x) >0},
FO={xeR%:F(x) =0} and
F~={xeR®:F(x) <0},

where F is given in (7.2).

Lemma 7.2. The sets F*, F® and F~ are invariant by system (1.1) and there are no periodic orbit
in the set F~.

Proof. The proof is very similar to the proof of Lemma 6.2. O
Lemma 7.3. There are no periodic orbits for system (1.1) located in F°.

Proof. The proof is very similar to the proof of Lemma 6.3. O

Lemma 7.4. If there exists a periodic orbit for system (7.1) then it intersects the set {x € RS :
X4 +X5+X6 = 0}.

Proof. It is the same proof of Lemma 6.4 0
Lemma 7.5. There are no periodic orbits for system (7.1) located in F*.
Proof. The same construction in the proof of Lemma 6.5 works in this case. O

Proposition 7.1. The Bianchi IX system, given by (7.1), does not have periodic solutions.

Proof. It follows from lemmas 7.2, 7.3, and 7.5. ]
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