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In this paper we obtain the discrete integrable self-dual network hierarchy associated with a discrete spectral
problem. On the basis of the theory of algebraic curves, the continuous flow and discrete flow related to the
discrete self-dual network hierarchy are straightened using the Abel-Jacobi coordinates. The meromorphic
function and the Baker-Akhiezer function are introduced on the hyperelliptic curve. Quasi-periodic solutions
of the discrete self-dual network hierarchy are constructed with the help of the asymptotic properties and the
algebra-geometric characters of the meromorphic function, the Baker-Akhiezer function and the hyperelliptic
curve.
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1. Introduction

As is well known, in the past few years a lot of work has been done to study the effects of dis-
creteness on the dynamics and physical properties of solitons [1, 16, 18, 20-23]. In these studies,
integrable differential difference equations have played an important role since a number of physi-
cally interesting problems can be modelled with nonlinear differential-difference equations, includ-
ing particle vibrations in lattice, currents in electrical networks, pulses in biological chains, etc.
Unlike difference equations which are fully discretized, differential-difference equations are semi-
discretized with some of their spacial variables discretized while time usually kept continuous. The
differential difference equations also play an important part in numerical simulations of nonlin-
ear partial differential equations, queuing problems, and discretizations in solid state and quantum
physics. Here we study the nonlinear self-dual network equation

u = (e—u?)(v—v),
vi= (e —v})(ut —u)

(1.1)
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associated with the discrete spectral problem

(1.2)

1 —1
x(n+1)=Ux(n), U, (““v eutd V),

:% u+erlv A 4uvy

where u and v are two potentials, ¥y = v/1 —eu?, 7« =+/1—¢€v2, &= =+1. The nonlinear self-
dual network equation describes the propagation of electrical signals in a cascade of four-terminal
nonlinear LC self-dual circuits, and was first proposed by Hirota [18], and then studied by Ablowitz
and Ladik [1], Goktas and Hereman [16], Shabat and Yamilov [21], Wadati [23], and others [20,
24].

Quasi-periodic (or algebra-geometric, or finite-band) solutions of soliton equations are very
important besides of itself interest, which reveal inherent structure mechanism of solutions and
describe the quasi-periodic behavior of nonlinear phenomenon or characteristic for the integrability
of soliton equations. In a series of literatures, various methods were developed from which quasi-
periodic solutions for a lot of soliton equations have been derived, such as the Toda lattice, Kac-van
Moerbeke lattice, the relativistic Toda lattice, the discrete mKdV equation, the discrete nonlinear
Schrodinger equation, the discrete Ablowitz-Ladik equation, and so on [2-14, 18].

In this paper, our principal aim is to study straightening out of the discrete self-dual network
flows, including the continuous flow and discrete flow, based on the ideas in refs. [12, 14], from
which we obtain quasi-periodic solutions of the discrete self-dual network hierarchy. The outline
of this paper is as follows. In section 2, we derive the discrete self-dual network hierarchy with the
aid of the discrete stationary zero-curvature equation, in which the first nontrivial member is the
discrete self-dual network equation. In section 3, we introduce a Lax matrix and establish a direct
relation between the elliptic variables and the potentials. The discrete self-dual network hierarchy
is separated into solvable ordinary differential equations. In section 4, the hyperelliptic Riemann
surface of arithmetic genus N and the Abel-Jacobi coordinates are introduced from which the cor-
responding continuous flow is straightened out. In the last section, the corresponding discrete flow
is straightened out and quasi-periodic solutions of the discrete self-dual network hierarchy are con-
structed in terms of the Riemann theta functions according to the asymptotic properties and the
algebra-geometric characters of the meromorphic function on the hyperelliptic curve.

2. The hierarchy of discrete self-dual network equations

In this section, we shall derive the discrete self-dual network hierarchy associated with a discrete
spectral problem with two potentials. Throughout this paper we suppose the following hypothesis.
Hypothesis 2.1. Assume that u and v satisty
I/l(',l), V(’at)ECZ7 tER, M(n7')7 V(l’l,')ECI(R), I’lEZ,
u(n,t)v(n,t) #0, (n,t) €Z xR,
where u = u(n,t),v = v(n,t), and C% denotes the set of all complex-valued sequences indexed by

Z. For the sake of convenience, we denote by E* the shift operators acting on complex-valued
sequences f = { f(n)},cz according to

(E*f)(n) = f(n=1), nel.
and define difference operator A = E — 1. Moreover, we will frequently use the notation
fE=E*f, fecC=
Co-published by Atlantis Press and Taylor & Francis
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Let us consider the discrete spectral problem

2.1)

1 —1
x(n+1)=Ux(n), U, <“”” eutd V>,

“ym \utAev A uy

where u,v are two potentials, A is a constant spectral parameter,

y=vV1—eu?, m=+\1-8v, ¢e==I.

Proposition 2.2. Let two matrices V,, and v, satisfy

2)

v,ulV) —uiVv, =0, viu® —uPv, =o, 2.2)

n

where(z> = 1)

=1 ( z Zlf“) -l < Z ZIIV). 2.3)

Y\ zZ
Then V,, satisfies the discrete stationary zero-curvature equation
V.rU, —U,V, =0, (2.4)

and detV,, and detV,, are constants independent of n.
Proof. Noticing U, = U,EZ)U,EI), we have

ViU, — U, = (v, uP —uPvyol) +uP 0,0 - uiv,) =o.

By(2.2), we arrive at detVn+ = detV, and detV, = detV,, which imply that detV,, and detV, are
constants independent of n. [
Assume that solutions V,, and V,, of (2.2) take the form

G F . a b
= "~ = ) 2.
Then (2.2) can be written as
d—A—i—ulA?—euI:I\:O,
brlli—l—f:uga +AG) =0, (2.6)
Aé—H—u(a+G)=0,
G—a+Aeud — AuF =0,

Gr—a+evFt—ve=0,
Ft—Ab+v(a+G") =0,
AHT —2—gv(a+Gt) =0,
a— Gt —elvb+AvHT =0.

Q2.7)

Let
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a=Y aj A, b=Y b A, =Y ¢ A (2.8)
Jj=0 j=0 =0
with the condition
. 1 o1
G>+AFH = 7 Q>+ Abé = e (2.9)

Substituting (2.8) into (2.6), (2.7) and (2.9) and comparing the coefficients of the same power for
A, we obtain

o j— l £ g i f—
ézO,Jr : 2 ]f07+ 0, ho+=0, (2.10)
dot =3, boyr=0, &4+=0

Qj s — &) +ubj . —euhj i =0,

b/+ fj+1++8u(a/++gj+) 0, (2.11)
Citl4+— h],+ u(@j,+ +81,A+) =0, '
8j+ —djyFTeuCipy—ufjr =0,

gj+—a]++8vfj+—vc]+f0
f]++ bj+l++v(aj++g]+) 07

(2.12)
h]++1+ CJ+ 5V(¢]++g]+) 0,
a]+ g]+ evbj+1++vh =0,
j+l
Z 8k +8j—k+ T ka+hj 1+ =0,
J+l (2.13)

Zak+aj ket T+ Zbk+C1 k=0 (j=1).

Then gAj7+,fj7+,fzj’+,dj7+,13j,+, Cj + are uniquely determined by the recursion relations (2.10)-(2.13).
It is easy to see that

gAl-,-ﬁ-:_uvi? f17+:8u7 fll,+:8v77
S =—€uu” +w ) +u (w+u 4+uv),
ho=v—eu(w +uw), hp,=u" —2&v (w +uv7),

N n (2.14)

ai+=—uv, bip=v, & 4=u,

a4 = —e(uu +w ) +uv(utv+uv+uv),

by =eut —v(utvtuw), & =ev —u(uv +uv).

On the other hand, we consider the following assumption:
G=Y g A, F=Yfi-A, H=Y h_ 2,
Jj=0 j=0 j=0

J (2.15)

= iaj,_ﬂ, b= iéj,_xf, ¢ = i@,_
Jj=0 j=0 =0

Co-published by Atlantis Press and Taylor & Francis
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with the condition

AN l ~ 1
G*+AFH=-, &+MAbe=-.
4 4
Substituting (2.15) into (2.6), (2.7) and (2.16), we obtain
gAO,— _%7 f().,— =V, ilO— u,
aAoﬁ_—%, byg_ =¢€u, <&y _ = éev,

a]_ g]_—i-ubj_ £uf1j_:0,
J*_fll +8u(a]7 +817):
é;jﬁ “1,74'8”01 1— _”ff 1,-=0

gjf—aj_—i-evf —vé;_ =0,
ff__bJ - +V(‘l17+81_) ;
hj_ L~ 7_—ziv(a,7_+gAj7,):0,
aj——& _—evbjy_+vh; , =0,

-
ng 8k +ka hj 1 =0,

kZ A, Qj g, + Z bi_¢jik1-=0 (j>1).

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

Then g; _, ij_ , h =, b j.—,Cj,— are uniquely determined by the recursion relations (2.17)-(2.20),

and
Sio=w", fi_=eu —v (w +uv7),
h_ =ev—u(w +uv),
S =¢elwu +w ) —w (w+uv +uv7),
a1 =uv, bi_=v —eu(w +uv),
¢ =ut—ev(utv+uy),
dr— =e(uu+w ) —uv(utv+uv+uv).

Proposition 2.3. Let two matrices V,,(m) and V, (m) be solutions of equations

mm - n n nty, n+1
which imply that Vn(m) satisfies the discrete zero-curvature equation

Uny = VU, — U™,

where U,El) and U,gZ) are defined by (2.3).
Proof. By using (2.2), a direct calculation shows that

Uny = V21U + UM = (U = v 202 + U200
+UP W) oMo L uilvimy 0. O

Co-published by Atlantis Press and Taylor & Francis
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Let V"™ and 7, of (2.22) take the form

m ém fm ~ (m am l;m

where 6@ fm, ﬁm, Gms b, & are polynomials of the spectral parameter A, which take the form

m
Gm: Z gj,-&-lm I+ Z gj ljima
J=0 j:
~ m
Fn=Y fi+A™ ]—i-Zf,_?LJ’”
Jj=0 j=0
~ m —
Hy= Y hj A"+ ¥ hj A7,
i o (2.25)
= Y, dj A"+ Y a; A",
j=0 Jj=0
m . m—1
b= Y bj A" i+ ¥ b A
J= J=0
m . om—1
Cn =Y, Ci A"+ Y ¢ A"

~.

J ~ J o o -
with g 4 = Zoaj—s,+§j,ia fit= Zoaj—s,+fj.,i, hj+ = Z Oj s ihjs, dj+= Z Ojs40j+,
S=! Ss=!

s=0 s=0
- J o J
bj+=Y Qj_s1bj+, Cj+=Y ®_s4Cj+, 0 (0<j<m)areconstants. Then (2.22) can be
s=0 S§=!

written as

Yy )iy = @m— G + uby — EuH,n, N

su,ersuy(y*l)i = 7LF o+ €u(dm + Gn), 2.26)

Uy, + wy(y™! Viw = 7Lcm — u(am + G ) )

Y )i, =Gm— am—l—lsucm AuF,,

(1) = Gy — G+ EVE,S — Vi,
vtm +VTE( l)tm = F+ A‘b +v(am + G )
v, -1 v~ " (2.27)
ev,, +eva(n )7—1H —cm—ev(am+G ),
A(x "), = dm — Gy — A&VDy, + AVHS,

that is
(1— &) (b —Emi1,~) + (1 + &) (i — EFt )+ 4U(@m s+ &m—) =
(1—&v?)(fyy — ety )+ (14 &) (€8s — bt =) + 40+ ) = 0 (2:28)
and
y,, = 3 (1— €u?) (b — My — €fm—1,— +En_1,-), = (mm) € NB. 229

Vi = 5(1—= &) (i . — €t — b1 — +ERpr 4),

Iterating (2.11)-(2.13) and (2.18)-(2.20), a direct calculation shows that (2.28) is an identity. It is
just the discrete self-dual network hierarchy for varying m = (m,m) € N(Z) in Eq. (2.29), and the first

Co-published by Atlantis Press and Taylor & Francis
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nontrivial equation in this hierarchy is the discrete self-dual network equation

(2.30)
for &074’_:&07_:1’ m:(l,‘l)7 t(lvl):t'

3. Evolution of the elliptic variables

In what follows, we will establish a relation between the elliptic variables and the potentials. Let

v(n) = (y1(n),y2(n))T and @(n) = (@1 (n), ¢2(n))" be two basic solutions of (2.1) and (2.23). We
introduce a Lax matrix

. 1 T T 0-1 . G(l’l) F(n)
W, = s wme™ + o™ (1) = (a0 ). 6.
which satisfies the Lax equations
Wi iUn —UpWy =0, Wy, = [V W,]. 3.2)

Therefore, detW is a constant independent of n and #,,. In fact, we obtain by the first expression
of (3.2) that W,,;.1 = U, W, U, ! Then det W,+1 = detW,,, which means that detW,, is independent of
n. In a way similar to the continuous case, a direct calculation shows that (detW,,);, = 0. Equation
(3.2) can be written as

(A +u)AG+ (u+Aev)FT —(Aeu+v)H =0,

(eu+ A=) (GT+G)+ (A ' +u)Ft — (A +uw)F =0,
(u+Aev)(GT+G)—A(A+uv)H' + (14+ Auv)H =0,
A"+ u)AG— (Aeu+v)H' + (u+Aev)F =0,

(3.3)

and

G(n),, = A

F(n)tm =2G
H(n)

(n)H (n) — lﬁm(n)F (n),
G (n)F (1) —2F(n)G(n), (3.4)
= 2Hy (n)G(n) = 2Gyu(n)H (n).

et

3

Im

Now we suppose the functions G(n), F(n) and H(n) are finite-order polynomials in A:

N Nr—1 _
G(n)=Y gj+(mA™M + Z gj—(m)A ="t
i=0
]N| NZ 1 .
F(n)=Y fis(mAM~ + Z fi— (A=t (3.5)
=0
]Nl N2 1 ‘
H(n)=Y hj i (m)2M I+ Z hj_(n)A N,
Jj=0 Jj=

Co-published by Atlantis Press and Taylor & Francis
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Substituting (3.5) into (3.3) yields

80+ = %050,+> fo+=0, ho+=0,

81,4+ = —0Opuv + %al,—i-a S =€0oru, hi=¢€00 v,

Qo4 = —€0o 1 (uu™ + W)+ Qo suv (uv+uvT +uv) — g puv + 1o 4,

fo+ = Oppv—€0pu(uv™ +uv) + €0y yu,

hyy = otgru” —€o0p v (uv™ +u v )+eoy v, (3.6)

80,— = _%a(),fa fO,f = (X(L,V_, h(),, - (X()’,l,t,

g1,— =0y _uv — %(XL,, fi—=€eop_u — Oco‘,,v*(uv* +u v )+ ap- v,
hi—=¢eay_v—op_u(uv™ +uv)+ oy __u,

g, = €0 _(uu +vw ) — o _uv (uv+uv +u v )+oy _uv —1on .

Subsequently, it will be useful to work with the homogeneous coefficients, &; -+, f i+, and h it
defined by the vanishing of all summation constants oy + fork =1,2,...,j,and ap+ =1,

go+(m)=73, Go-(n)=—3 &) =g la.~ta.~0i1..j> JEN,
f0,+(n) =0, Jj&—(”) =v, Ji I’l) = fj(n) ‘Of()izl,ak.i:(LkILMJW JEN, 3.7
ho:-l—(n) =0, hO,—(n) = u, hj(n) = hj(”) ’ao,izlﬂk,i:(),k:hwﬁ jeN.

By induction one infers that
k A k N k A
gj+(n) = 120 148k +(n), fi+(n)= 120 Q1+ frx(n), hji(n)= 1):0 &1 +hi+(n). (3.8)

Similarly, the corresponding homogeneous polynomials are defined by (I € N)

’ k=0
N N I
Go-=—3, G_(A)= k§O§1—k (At
-1, N I
Hot1 =0, Hy ()= kgohl—k LAY, H_(A)= kg hi—g—(n)A~*

Then one immediately finds that

m ~ m—1 R
(n) =X am—k,+Fk,++ Yy i+ Fi —,
k=0 k=0
m. - mo =
m(1) :kZ Ok +Gr,+ +kz B 1.+ Gr,

o) E“riz

m R m—1 ~
Hy(n) = kZO O+ Hi o + kZO Qi+ Hy,—-

Co-published by Atlantis Press and Taylor & Francis
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Noticing the first expression of (3.3), (3.5) and (3.6), we can write F(n) and H(n) as finite
products which take the form:

N
F(n) = o yeud ™™ T] (A — p;(n)),
N (3.9)
H(n) =0y ev A" [1(A —vj(n)), N=Ni+N—1,
j=1

where the roots {u;(n)} =1, n, {Vvj(n)}j=1, .~ are called elliptic variables. Comparing the coeffi-
cients of AM~! 17 in the expressions of F(n) in (3.6) and (3.9), respectively, we arrive at

N Eu(uv+uv-)—v o
Yyl = SN2y o

j=1 €u Q0.+
iv(n):e‘v (™ +u v )—u" a4
= a %+’ 3.10
P (0 -
& (),
N
u ,
& ) L [T

Since detW, only depends on A, whose coefficients are constants of the n-flow and #,,-flow, we have

1 2N+2

—detW,, = G*(n) + AF (n)H (n) = Za& AT T (A=245) =R(2), (3.11)
j=1
from which we obtain
1) =)= VR((n)),  G(n) [r=y, (= VR(Vk(n)). (3.12)

Noticing (3.4) and (3.9), we get

N -
F()s, [a—p(my= =00+ €t 1, () i (1) ™ TT () — p1(n)) = =2+/R{pta () ) Fy (1) 12—y
;;1’5
H (1)1, 1=y, ()= — 00,1 €V Vies, () Vi(n) ™ TT (vie(n) = vj(n)) = 20/ RV () Hn (1) | 3=, ()
Jk
(3.13)
which means

2\/R(t(n Ii 1) | = (n)

.ukt,,,( )= 7
°‘0+€MH(uk( ) — uj(n))

L H, 3.14

Vi, (1) = — 2y/R(Vv ())Vk (1) Hyn (1) | 3=y, (n) (3.14)

0+ €V Il (Vi(n) = vj(n))
j=1
J#k
Co-published by Atlantis Press and Taylor & Francis
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with 1 <k <N and

~ mo_ .o om=1 _ m
Fn(n) ‘)L:uk (n) = Z f, (”).ul’(n s Z fi- (").uk +]7

=0 = ‘ (3.15)
Hy(n) [p—y, (n) = _20711 v+ _2071, ~(mv "

j= j=

4. Straightening out of various flows

In the section, we shall discuss straightening out of the corresponding continuous flows. Noticing
(3.11), one is naturally led to introduce the hyperelliptic curve %y of arithmetic genus N defined

by

Hy: Fn(A,y) =y =40, TAPR(A) =0, (4.1)
where {)“J'}j:L-.. 42 C Cand
1 ) ) 2N+2
R(A) = 0g A% [T (2 -1y).
j=1

The curve %y can be compactified by joining two points at infinity, P..., where P # Pw_. For
notational simplicity the compactification is also denoted by .#y. Points P on J#y\{Peort,Pe_}
are represented as pairs P = (A,y), where y(-) is the meromorphic function on %y satisfying
Fn(A,y) = 0. Here we assume that the zeros A; of R(A) in (3.11) are mutually distinct, which
means A; # A, for j #k, 1 < j, k <2N +2, then the hyperelliptic curve %y becomes nonsingular.
According to the definition of %y, we can lift the roots {u;(n)} of F(n) and {v;(n)} of H(n) to
J£y by introducing

ﬁj(n>tm) = ("Lj(n7tm)a _2060_741»“1'(’17tm)NZG(nuj(nvtm)vnatm))’ (42)
f/j(l’l,l‘m) = (Vj(l’l,lm),20607’iVj(n,tm)NzG(Vj(l’l,tm),I’l,tm))7 (4.3)

where j=1,...,N, (n,t,) € Z x R. We also introduce the points Py + by

Qo agi 2N+2
Py+=(0,y(A=0)) = (O,ﬂ: : ) € Ay, 57— = H Aj. “4.4)
%0, + X4 =1

We emphasize that P 1 and P+ are not necessarily on the same sheet of .

Next, we briefly recall our conventions used in connection with divisors on J#y. A map, D :
JN — 7, is called a divisor on #y if D(P) # 0 for only finitely many P € #y. The set of divisors
on %y is denote by Div(.#y ). We shall employ the following notation for divisors,

DQOQ:DQ+DQ07 DQ:DQ1++DQN,

0={Qi,...,0n} €Sym" (Ay), Qo€ Ay, NEN,
where for any Q € #y,
1, forP=0Q,

DIL%/N—>N0, PHDQ(P):
0, PeJy\{0},

Co-published by Atlantis Press and Taylor & Francis
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and Sym” (_#y) denotes the Nth symmetric product of .#y.
From (4.1) we know that

1
4 ag?“r 72N2y2 2 A’ )
that is

1 1
(anﬂrl_Nzij G)(E(XO’JFA«_NZ)) — G) = QLFH,

then we can define the fundamental meromorphic function ¢( - ,n,t,) on %y by

30042 My =Gn,t) AH(n,1,)
F(”atm) B %(Xo,+l_N2y—i—G(n,tm) ’ 4.5)
P:(laY)E%v7 HEN,

(P(Pa natm) =

with divisor (¢ ( - ,n,t,)) of ¢( - ,n,1,) given by

(¢(-n,tm)) =Dp,_9(n) — PPy () (4.6)

using (3.9). Here we abbreviated

A

(nytm) = {1 (n,tm), ..., AN(ntw) },  V(n,tm) ={V1(n,tm), ..., Vn(n,tm) }

=

In order to straighten out the corresponding flows, we consider the Riemann surface ~#y and
equip %y with canonical basis cycles: ay,--- ,an; by, - ,by, which are independent and have inter-
section numbers as follows

a,-oaj:O, biOijO, a,-Obj:5l-j.
For the present, we will choose our basis as the following set

A=tda
@ = , I<I<N, 4.7)

405 2A2MR(M)

which are N linearly independent homomorphic differentials on .#y. By using the cycles a; and b,
the period matrices A and B can be constructed from

A,'j:/ (I)l', B,'j:/ (I)l'.
aj bj

It is possible to show that matrices A and B are invertible [17, 19]. Now we define the matrices C
and T by C = A~!, t = A~!B. The matrix 7 can be shown to be symmetric (7;; = 7;;) and it has

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
405



D. Gong, X.G. Geng / The Discrete Self-dual Network Hierarchy
positive definite imaginary part (Im7 > 0). If we normalize @; into the new basis ®;
N
wj =Y Cy@, 1<j<N, (4.8)
then we have

. N
/ a)j:ZCﬂ/a)I:@,-, /(D]‘ZTJ,
ai = Ja bi

Let .7 be the lattice generated by 2N vectors 9, T;, where 6; = (0,...,0,1,0,...,0) and 7; =
S—— =
j—1 N-j
©8;. The complex torus _# = CV /7 is called Jacobian variety of .#y. Now we introduce the Abel
map </ (P) : Div(Jy) = 7

P) = /P:a), e!Zf(ZI’lkPk) = anJZ/<Pk), (4.9)

where P, P, € #y, ® = (my,...,0y). The Riemann theta function is defined as [17, 19]
6(P.D) =8 (A~ o/(P)+/ (D)) (4.10)

with P € #y, D € Div(#y), and A = (Ay,...,Ay) is defined by
1 N P
i=1 v/ ai 4
i#]

Define the Abel-Jacobi coordinates

N N N o oP(u(n))
Pty = of ZP(uk(n))> =Y AP =Y [ o
k;l k;I P(vi(n)) “.11)
p(2 (n, tm) ZP Vi(n > = Z%(P(Vk(n))) = Z/ ,
k=1 k=17R
where
P((n)) = (1x(n), /40t 2 ()22 R (1)), P(ve() = (V). /40t 2 Vin) 2R (vi(n))), and

Py is chosen asa base point on .%y. The components of the Abel-Jacobi coordinates in (4.11) read

N ,uk(ntm N 7Ll 1d7L
pi ) =Y [ Y ,1/
=17/P i=1 " AR 4o T APNR(A
4.12)

N n tm -1
PJ<'2) (n,tm) = Z/ r_d
k=1'h

N
Yo,
=1 " AR J4a T APNVR(2)

where 1 < j < N. Without loss of generality, we choose the branch point Py = (4;,,0), jo €
{1,---,2N+2}, as a convenient base point on .#y, and A (Pp) is its local coordinate. Then according

-1
w=F;
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to (4.9) and the definition of Riemann theta function in (4.10), we have

0(P,Dg(n,)) = 0(A— 7 (P)+pW(n,1)),
9(P7Dﬁ(n,tm)) = G(A_JZ{(P) +B(2)(na[m))'

From (3.14), we obtain

9up) ) = 3 3 €t _ g 5 ot ) o,
I=1k=1 \/4a&iuk(n)2N2R(uk) =TE=T e TT (e — i)
iZk
SN S SO VM 1 LT
I=1k=1 \/4a(;i Ve(m)™R(ve)  I=U=T ey [T(vi— Vi)

i=1
ik
Before discussing the following theorem, we begin with some elementary results. Let
for some N € N and & C C, such that || < min{|A;|7",...,|Aon12| '}, and abbreviate

A=A, donga), AT = (A A ).

Then
2N+2 7% ) ‘
[Ta-28)) =Y a(a)E,
j=1 k=0
where
o(A) =1,
k . . . .
A _ (2j1)!..-(2jong2)! 4 J1 Jan+2
Ou(2) = /'1,.m/§v+2:0 22k(j1!)2~~(j2/v+2!)2ll Atz KEN:

Jitetins2=k

The first three coefficients are given explicitly by

Q) =1, @@ =1F A,

. 12N-§-2 ,;25\/_-5-2 5

OCQ(&)ZZ Z: ljlk—l-‘g ;1 lj.
= .

In a similar way, we have

Jj=1 k=0
where
o(A) =1,
k . . . .
_ (2j)!.-(2jan+2)! J1 Jani2
o (2) = L 210 (on2!) (21— 1) o2 —1) 1 “.AZNJFZ’ keN.

Jpedan+2=0
Jittjang2=k
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The first few coefficients explicitly read

l2N+2
() =1, a(d)=-5 ¥ 4
12N+2 12N127 )
w@) =} ¥ Ah-§ L 4.
<k =

(4.19)

Next, we turn to asymptotic expansions of various quantities in connection with the self-
dual network hierarchy. we begin with some general results associated with the self-dual network
hierarchy. Considering a fundamental system of solutions W (A,-) = (y1 +(4,-),¥2.+(A,-))! of

U(A)P+(A) =W (L) for A € C, with U given by (2.1) such that
det(¥_(2),¥..(1)) #0.
Introducing

U+

¢:|: Vi ’

then ¢ satisfy the Riccati-type equation

A+u)ol + A v+ en)o o =u+rev+ (A +wv)gs,

and one introduces in addition

. 2
e
¢+ — ¢’
0 +0-
G= 0T
¢y — 9’
. 207 o
H=——"—
¢ — -

Using the Riccati-type equation (4.20), one derives the identities

(A +uw) (Gt —G) + (u+2Aev)Ft — (Aeu+v)H =0,
(eu+A"W)(GT+G)+ (A +w)FT — (A +uv)F =0,
(u+2&v)(G* +G) —A(A+u)H* 4 (1 + Auv)H =0,
A"+ uw) (G —G) — (Aeu+v)H + (u+ Aev)F =0,
G*+AFH = 1.

%

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

Moreover, (4.24) also permit one to derive nonlinear difference equations for (VL F.H, separately,

{(}/_7[_)2(\/—|—7L£u)(l_1v+8u)ﬁ'_ + [(A+u)* (v +Aeu ) (A v +eu)
—A " uv ) (v dew) (A vt ew)|F — pPr* (v + Aeu ) (AW +eu )FT
HAAA W ren) A deu)) (A Hu v (v Aeu) + (A +wv) (v 4 Aeu )| F
X{()H—uv)(?t_l Fuv)[(A+w) Ay +eu )+ (A vt en) (A +uvo)|E
—Prr A ruv ) AT e )FH - (y )24 —l—uv)(?t_lv—i—Eu)F_}

=4A "W e A Wt eu)? (v Aeu) A HuvT) + (A +uwv) (v +Aeu))?,
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[(A4+uw)A+u v ) (u+Aev) (v +Aeu)— (v+Aeu) A +u v ) (A +w)(u™ +Aev)>G?
—i—{(u—l—?LSv)(v_—i—),&‘u_)().+u_v_)(7t_1v+£u)(G++G)
(u=+Aev)(v+Aeuw)( A~V +eu YA +w)(G+G)

A ' +u v ) v+re) A +w)(A+u v ) (G—GT)
7(7L+uv)(l+u_v_)(7t_l+uv)(v_+7teu_)(G+—G)}

x{ vt Aeu) (A +umv7) (u+ Aev)(u” +Aev) (G +G)

+(vT +Aeu" ) (u+Aev)(A+uv)(u” +Aev)(G+G™)

+A+u v ) A+uw)(u+Aev)(1+Au v )(G—-G)

—(A )+ Aev ) (A +w) (14 v ) (G- G) |

=[A+w)A+u v )(ut+rev)(v- +Aeu)— (v+Aew) A +u v ) A Fw)(um +Aev)]?,
(4.26)

t 4

{M(?H—u_v 2 (u+Aev)? — (14+Aw) (A~ +uv)(u™ +Aev™)2|H
+A(ym)(u™ +Aev )2 HT —A(y 77 ) (u+ Aev)?H™ } +AA[(u+Aev)?(A+u v ) (u +AevT)

{ 14+ Aun) (A~ uv) (A +u v ) (™ +Aev™)
—A(ym)?2A4u v ) (u™ +Aev )HT

=

+(u +Aev ) (u+Aev) (A~ 4 uv)]
FAAHu v )2 (A +uv) (u+ Aev)
Ay m ) (u+Aev) A +uw)H
=4[(u+2A2ev)> A +u v ) (u +Aev )+ (u” +Aev ) (u+Aev) (A~ +uv)]?.

m<

I\ s

(4.27)
Next, we assume the existence of the asymptotic expansions of F, G, H as P — Poy and P —
Py +. More precisely, near % = 0 we assume that

F) m:o]FZfHkl G(3) w:o]FZgH/ll H(2) W_OJFZhH}L Feto
A€Cg A€Cg A€Cg

(4.28)
for A in some cone Cg with apex at A = 0 and some opening angle in (0,27, exterior to a disk
centered at A = 0 of Sufficiently large radius R > 0, for some set of coefficients fH,gH, sz, le
Np, and the sign depends on whether P — P or P — Pw_. Similarly, near A = 0 we assume that

I = Al
F) o izﬁ A, G A0 = Zgz Ay HA m:o ig’hl o felo@29)
AeC, - A€EC, - AEC, -

for A in some cone C, with apex at A = 0 and some opening angle in (0,27, interior to a disk
centered at A = 0 of Sufficiently small radius r > 0, for some set of coefficients ﬁ7, 81—, 7;17,, le
No, and the sign depends on whether P — Py | or P — P _. Then we can prove the following result

Theorem 4.1. Suppose u,v € CZ u(n)v(n) # 0,n € Z, and the existence of the asymptotic
expansions (4.28) and (4.29). Then F(A),G(A),H(A) have the following asymptotic expansions

as |A| — oo, A € Cp, respectively, |A| — 0,A € C,,
F(4) W_% ;me LG = q:Zng L H) = :FZh, AT TeN,
A€Cr - A€Cr [=0 A€ECR =0

(4.30)
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and

F = :I:Zfl él = :|:Zg1 )yl I‘VI = :chl l, [ € Ny, 4.31)

‘M*)O [A|—0 |l‘~>0
AeC, - reC, - reC, -

where fli’ 81+, ilhi are the homogeneous versions of the coefficients f; +, g+, h + defined
in (3.11).

Proof. According to (4.28), (4.29), in order to prove (4.30), (4.31), we only need to prove fl’i =
ﬁi, i+ =81+, lvzl,i = lAzLi, I € Np. We first consider the expansions (4.30) near % = 0 in detail.
Inserting expansions (4.28) for F' into (4.25), expansions (4.28) for G into (4.26), expansions (4.28)
for H into (4.27), then yields the nonlinear recursion relations for ﬁ7+, 8+ }Vzl&. It’s easy to see that
there is only pure algebraic computation without inverse operators of difference or differential in the
expansions (4.25), (4.26), (4.27), that is, flﬁr, 8l +s 7zl7+ are uniquely determined by the nonlinear
recursion relations obtained by comparison with the same coefficients of A, respectively. on the
other hand, from (2.6)-(2. 9) ~one obtains the same nonlinear relations (4.25), (4.26), (4 27), but
with F', G, H replaced by F G H, respectively. That is, fl +5 &1+ hl + and fl +5 81+, hl+ satisfy
the same nonlinear relations, respectively. The 51gns of f1 +> 80,4 h1 .+ have been chosen such that
the coefficients f1 r=-a, go4+= é, . 4= f1 +> 80,45 h + are consistent with (3.6) for
0 4+ = 1, that is to say, they have the same initial value Thus, one concludes that

fis =1l &+=8+, Mhy=hy, L€Np.

In a similar way, we can prove that
fi-=h- &-=8-, h-_=h_,1€No. O

Given this general result on asymptotic expansions for Laurent polynomial associated with the
self-dual network hierarchy, we now specialize to the algebra-geometric case at hand. We recall our
convention y(P) = F({ N1 +0({~N)) for P — P.i(where { = %) and y(P) = :I:x—; +0(¢g) for
P — Py +(where § = A). .

Theorem 4.2. Assume u,v € CZ u(n)v(n) # O,n € Z, and suppose P = (A,y) €
HN\{Pors,Po.+}. Then AN2G/y, AMF [y, AN:H/y have the following convergent expansions as
P—P..,

M G(A) LM F() =AM HQ) =
2 = , ) = fu (432
Wr Y (a0 Zgl+C Gor CAOZF;)JCHC %ty €—>0$1§) 1.+8'(4.32)
andas P — Py +,
2% G(A L AM FQ) =AM HQ) 1
G _ iy A iy g A LV gy C@433)
Qs Y 0 ; =5 Ty o l;ﬁ’ S wy v o l; -¢

where { = A~ '(resp.,{ = 1) is the local coordinate near Pw(resp.,P — Py), and fi 4,
81+, M+ are the homogeneous versions of the coefficients f;+, g+, h;+ as introduced in
(3.11). Moreover, one infers for the A;-dependent summation constants oy 1,1 = 0,--- ,N; and
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@1 =0, No—1inG(A), F(A), H(A) that

Oy =004 0(R), OSKSNG o =ap o (A7), 0Sk<N=1,  (434)

where A = (Ar,...honi2), A = (A7) A s),

k 2i)... (2 A g
(X()(&:tl) — 17 (Xk(&il) _ Z v (2]]) : ( ]2N2+2). 1 2N+-2 ’ kG N.
Hoeimia=o 22K ()7 (avg2)” (271 = 1) . 2jav12 — 1)
Jittjano=k
4.35)

In addition, one has the following relations between the homogeneous and nonhomogeneous
recursion coefficients:

!
fre=00s Y o (A e,  1=0,. N5 — 8y, (4.36)
=0
: 41
ge=00x) 0 (A )gks, 1=0,.Npyg, — 06, 4.37)
k=0
: H1y g
he=00:Y 0 (A Y, 1=0,. Ny, — 6, (4.38)
k=0
- ! +1
-fie=Y 0 k(A7) fie, 1=0,.,Nys, — 6, (4.39)
k=0
! +1
0081+ =Y, 0 k(A" )gr+, [=0,.,Nis, — 06, (4.40)
k=0
- : +1
O, +hy 4+ = Z 0 (A" )hg+, 1=0,.,Ni5 — 0, (4.41)
k=0
where
. . i g t)
w1, apty= Yy CeCEeRMTRET oy
- - o ias2 2k (i) .. (jaws2!)’
Jit 2=k
Here we used the convention
O’ +7
O 4.42)
1, _

Proof. Now, we introduce the holomorphic sheet exchange map
x: Ay — Ay, P=(A,y)—=P" =(A,—y), yP")=-y(P), P P'ciy.

Identifying ¢, (A,-) with ¢(P,-) and ¢_(A,-) with ¢(P*,-), then ¢(P,-) and @(P*,-) satisfy the
Riccati-type equation (4.20). From the definition of meromorphic function ¢ and (4.21)-(4.24), we
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have
. 2 AN F (D)
F= = 4.43
6P - 0(P) s y @8
L () +o(P) AN G()
G=- 4.44
6P —0(P) a0 v @4
f= T2A PO A% H() (4.45)
¢(P)—o(P*) %4 Y
Moreover, as P — P, one obtains the following expansions using (3.5):
AN F(k) Np—1 N
_— = a - 1+]_|_ | 1— ]
t0r Y gﬁojF%+ (Xro Gu(A (me 1-j,-& ZfN e (4.46)
CiOZFZl:OflnLC )
AN G(A) ! Ni+j 1—J
@T CSO:FO((” (Zk oak (Z 8N, —1— ]—C +ZgN1 ]-‘rC 4.47)
Cio$21:081,+é )
AN H(Q) No ! N
= F OC h L 1+j_|_ h Ni—j
Qs ¥y 0 ar (B0 tu(2) 2: M=t 2: Mg (4.48)
= ) )
gaozFleo l,+§
This implies (4.32) as P — Pwoy. Similarly, as P — Py +,
AN F(R) ! _1 N~ 1 M .
—= = £ L (yr ek LGN M
oy ot (Zrom( ") ;0 Fro1oj ¢ j;fM il o)

= +yY* &
50 Zl—Ofl, g

O+ y -0

Cio iZT:OgAl7—C 9

Nr—1

Q.+ Y

AN G2, N
Q — :|: (Zk Oak< ><Zg1v2 j_CN1+,+ZgN1 ]+Cl /

AN H(A o A
7Q §joi%%— (Zk:OO‘k(& : )(Zhi\’z 1- J—CNlﬂ_{'Zth J+C Y

= +Y° k(L.
£50 Zl_o 1, C

Thus, (4.33) holds as P — Py +.

) (4.50)

) (4.51)

Next, by comparing powers of § in the second and third terms of (4.46) and (4.49), respectively,

formula (4.39) follows. Similarly, we can get formula (4.40) and formula (4.41).
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Finally, multiplying (4.14) and (4.17) and comparing coefficients of (¥, one finds

Z oy (A li ) = Ok , then, one computes

0o+ Z k(A" frox = Z o k(AT Z O s(A ) fix = fixr, keN. (4.52)

k=0 s=0

Hence (4.36) holds and (4.34) can be proved using(3.8). The proofs of expansions (4.37) and (4.38)
follow precisely the same strategy and are hence omitted. [

Assuming N € N to be fixed and introducing

Si={l=(,..h,)eN|1<lj <..<[k <N}, k=1,..,N,
D= {1=(,...L) €S| i # ji=1,...k}, k=1,.,N—1, j=1,..N

one defines the symmetric functions

\PO(E):L \Pk(ﬂ):(_l)kzull-"ulu k=1,..,N,

1Sy
Tf ==Y ., k=1,..N—1, j=1,..,N,
rer)/
T)(u) = 1, T/ (1) =0, J=1,..,N,

where u = (i,...uy) € CV,

Introducing
N
W(l):Hl ,u] Z‘I‘; 7LN L
j=1
one infers
_ N
Wy () = H(Hk — 1)
7

According to Lagrange interpolation theorem, we have the following important propositions (these
propositions were proven in detail in [15], Theorem D.1, Lemma D.2, Lemma D.3).

Proposition 4.2. Suppose that U,,. .., Wy are N distinct complex numbers. Then,
N ‘ujf
— -¥
j;H;L I 6[N k k+l( )61 N+1) (453)

I=1,....N+1, k=0,....N—1.
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Proposition 4.3. Suppose that ,,. .., Wy are N distinct complex numbers. Then,
(1) Wer(w) +/T(w) =T, (n), j=1,...N, k=0,...N—1 (454
k .
2) Y Wi (puh=T/(w), j=1,...,N, k=0,...,N. (4.55)
1=0

Assume that 1 7 it for j # j, we introduce the N x N matrix By(u) by

w! N
k
Biw =1, Bx()={ flwm| (4.56)
i k=1
where p = (ui,...uy) € CV.
Proposition 4.4. Suppose that ,,. .., Wy are N distinct complex numbers. Then,
I J N
By(u) ' = (TM(E))M:]. (4.57)
From (3.9), we have
N al N N-1
ANV F(n) = oco,+£ul[11(7t — ;) =0 yeuyy o ¥ (u)AN,
N
AMH(n) =g ev  [T(A—V)) = o €v™ YN ¥ (v)AN .
I=1
Then
fir =0 eu¥(n), 1<I<N, fi- =0 eu¥y (@), 0<I<N—1,
hiy=0prev ¥ (v), 1<I<SN, h_=o0rev ¥yy(v), 0<I<N,—1
Theorem 4.5. (Straightening out of the continuous flow)
oV (1) =X, 9,,p) (1) = X, (4.58)

1
m s—1 2N+2 2m s—1
X(m) = Z &m—s;‘r Z QN_qu—l—q(&) - ( H )Lj> Z am—s,-i— Z Qy_qdq(iil); (459)
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Proof. From (3.8), we arrive at

k
fer(n Za, fiejr),  foe() =Y o fij—(n), (4.60)

Jj= J=0

from (4.39) we know that

Jer(n 72061k ) fie—1,+(n —SMZOCkz V11 (1 MZOCk11 ¥ (1),
(4.61)
72061 A fie SMZOCI rAH ¥y k(1) (4.62)

By definition, we have
Fl+—2fk+7tlk_guzzak 1—s( H)llik

—SMZOCI lk Z‘P lk‘

§=

(4.63)

-1 . i o 0 -1 k R e
= ka,fiL :guT Z Z')/lcfxtpN—s(H)l
k=0 —Y k=05=0

N

Z OC Z 1P5<H))L‘Nfl+k7s

_k 0 s=N—I+k+1

= —£u

Hence,

Fro(m) = euX'b i ;)XW * = euyZhep ;)T (), 1<i<m,

(4.64)
5 A+ N N—l+j— %4 —1yp(f)
Fl.,—(.uk) = —&u— Zaj(& ) Z \PS(H)u] I = _gui’zaj(& )TA{ [+k(H)
@0, =0 5=0 R UEy
0<i<m—1,
(4.65)
Then
Fu(te) = Y Gns i Fooy () + Y G5, Fy— (115)
s=1 s=1
m m s—1
o ¢~ o
= &u Z Olp—s,+ Z 01— ] T k>(£> - Suf Z Oy —s,— Z (Xj(& 1)T1(\§)—s+j(g)
i~ 5=1 =0
m s—1
_ Qo4 ¥ ~ o B
= SMZ Ol — S,+ Z as 1— ] .u)kll\/ J _EMOC()+ Z O‘m—s7— Z aj(& I)BN(E)k;fj‘
= =1 =0
(4.66)
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From (4.13) and (4.66), we obtain

N N N N -5 N N N
e, Citty " Fu(1ix) Fu(1
i) = 1 ¥ € tn 1§ O TRl) 1§ Pl
I=1k=1 I=1k=1 EMH(IJk—IJz) j=11=1
175/(
2N+2 2om s—1 . (m)
~ A — m
—Zam —s,+ ZCJN qas 1- q H )L Zam—s,-‘r ch,s—qaq(& ):in-
=1 q=0 s=1 q=0
In a similar way, we can prove the second expression of (4.58). U

5. Quasi-periodic solutions

In this section, we shall construct quasi-periodic solutions of the discrete self-dual network hierar-
chy. We recall that we have defined the meromorphic function ¢( - ,n,t,) on #y in (4.5), then the
time-dependent Baker-Akhiezer vector is defined in terms of ¢( - ,n,t,) by

WI(Rn;nO7tm7t0m)>
W(P n,ng,ty,tom) = = R0, 5.1
( 0 fom) (Wz(Pvnan07thl7t07m) e

tm ~
Vi (P,n,ng,ty,tom) = exp < ds(G(A,ng,s) —|—F(7L,n0,s)¢(P,no,s)>
fo,

m

n—1
[T [(A+uv+(eut+A"V)o(Pn' )], n>no+1,
n'=ny

5.2)
1, n=ny
X
no—1 1
I1 A +uv+(eu+ 2"V (Pn tw)] n<ny—1
n'=n

Im

Vo (P,n,ng,ty,to,m) = €Xp ( ds((N}(?L,no,s) +Fv(l,no,s)¢(P, no,s)>

lO,m

n—1
[T A +uw+ (u+ren)o(Prtw) '], n>no+1,

n'=ny

1, n=ngp
X (P(P, nOatm)
no—1

ITA " +uw+ (u+7L£V)¢(P,n/Jm)_1]_1 , nsno—l,

n'=n

(5.3)
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n'ty),v =

where u = u( v(n' ty), P =

observes that

lIll (Rl’l,n(),tm,fm) =
P= (A'uy) € %V\{PDO+7P°°*7PO7+7P0,*}7

Lemma 5.1. Suppose that u(n,t,,),
equations (2.29). Let Aj € C\{0}, (1 < j<2N+2),and P =
(n,tm) € ZxR. Then

ll/l (Pa”O,aHOJm,fm)llfl (}),I’l,l’l(),tmjl’m)7
(nun()utm)tQm) S Zz X RZ'

(A,y) € N\{Pot, P, Py, P}, (n,t) € Z x R. One

54

v(n,t,) satisfy the hierarchy of discrete self-dual network
(/l?y) € ’%V\{POO+7P°°—7PO,+7PO,—}’

1
—5C*1+%y2+0(§) asP — Po,, |
o(P) = (==, (5.5
£—0 ) A
ev +u (n7) ¢+0(8%), asP — Po_;
1 eu , _
— - (T o), asP— R,
o(P) = ) (=4, (56
£—0
—ul —evy?*+0(8%) asP— Py _.
Proof. Introducing the local coordinate { = A ™' near Py and { = A near Py +, from (3.5),

(3.9) and (4.5), we have

EM(gor+ 8148+ 82487 +g3487 +0(8Y)),
G pr—
O LM (g0 + 1L +O(0)),
1 ANZ N A, 1
P -
050,+3Mj131( 1)
( gM-1 N | gM-1 )
1-— - 1 ;
050,+3MJ-I:II( .UJC) {50 O €1 ( +ZH1C+O(C ))
Cio _ N .

ClTe? 1+ +0(¢
060+8MHH/J l( C) CﬁOO‘O,V < Z“ ¢
FEVUT (1-2;4) = F¢ VY aw(A) 8k,
j=1 £=0 k=0

y =
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where A = (A1,...,Aon42), A= (lflv"'7lz_1\}+2)’

k 270) e (2an ) AT AT
ao(&il) — 17 ak(&il) _ Z . (2.]1) : ( .]2N2+2). 1 A‘2N+2 , kEN
eimmia=0 2KGIN o av2)T (21 = 1) o (2jong2 — 1)
Jitetony2=k
(5.10)

Then according to the definition of ¢ in (4.5), we finally obtain that

O(Pn,ty) = (50044 My —G) x F~!

FEE(+ WS + @)+ 0 +0(EY) ~ (g0 8148 +824 87+ 838+ 0(LY)|

N 1
x(1+ L4+0(8))——C, asP— Puy,
(14 Ll +0(E) \

(14 0@+ (A )E+0(EY) (80, +81,-+0(C2)

Xoco —(14+0(%)), as P — Py,

i
—— 22400, as P — Po.
Eu u

ev +u (n7)*¢+0(£%), as P — Po_,

€—0 1 eu-
— ——= (@) +0(8%), asP— PRy,

\—uC—Sv}/ZCZ—I—O(@), asP—Py_,

which proves (5.5) and (5.6). U
Theorem 5.2. Assume Hypothesis 2.1 and suppose that (2.29), (3.2) hold. Moreover, let P =

() € AN\{Pus, P, Py, Py}, (n,10,tm,t0.m) € Z* x R%. Then the component y; of the Baker-
Akhiezer vector ¥ has the asymptotic behavior

| m B
|4 (P7n7n07tm7[0,m) = exp (q:(tm_ tO,m) Z am*S-,JFC )> (1 + O(C))
£—0 2 =

u (”7@) n—n m ~
WC °T'(n,no,t,)exp (/t&mg;ngr(no,s)) ds, asP — P.., 5.11)
: =2
n
gm—mexp ( ~ &m.—(no, s)ds) ) asP — P.._,
t()‘m
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1 Ui s
L4 (RmnOatmatO,m) CiO exp i*(tm_to,m) Z O‘mfs,JrC ) | (1+0(8))

2 -
s=0
v (n,ty) In 512
C’lo ﬂ%exp 8m,— (I’l(),S) dS, as P — P0,+7 ( : )
% v (no,fo,m) tto.m C -
§"T(n,ng, 1) €Xp /ﬂgm,+(n0, s)> ds, asP— PR _,
10,m
where
n—1 , ,
H 72(11 ,tm)nz(n Jm), n>np+1,
7 =ng
[(n,no,tm) = 9 1, n = n, (5.13)
mo—1 ’ /
H [}/z(n ,tm)rcz(n :tm)]_]> n<nyg—1,
nl:n

The divisors (Y ( -n,no,tm,t.m)), is given by
(wi( - m,10,tm,t0m)) = Dpngy) — Pitnoson) + (1 —10) (Pr,_ +Dp.. —Dp,, —Dp. ). (5.14)

Proof. First, we compute the divisor (Wi ( - ,n,n0,tm,t0,m)) Of Wi( -,1n,tm,t0,m). according to
(5.4), we need to calculate the divisors (Wi ( -,7n,n0,tm,tm)), (Wi( -,n0,70,tm,t0.m)), respectively.
In order to calculate the divisor (Y ( -,7n,n0,tm,tn)), by (5.2) it suffices to compute the divisor of
A +uv+ (A~'v+eu)o(P). First of all we note that

ClmPL o). PP,

Clruw+uw +0(8), P—Po, (=1
A4+u+ A v+ eu)p(P) = (5.15)

V%C*1+0(1), P— Py,

[ (r0)*C+0(8%), PP, (=7

which proves (5.11),(5.12) for #y,, = t,. Moreover, the poles of the function A +uv + (2~ !'v +
eu)P(P) in Ay \{Pwor,Py+} coincide with the ones of ¢(P), and so it remains to compute the
missing N zeros in Jy\{Pes,Po+}. Using (3.3), (3.14), (4.5) and y(f1;) = (—2/a0,+)/.tiy2G(uj)
(cf.(4.2) ), one computes

(o +/2)A ™My -G
F

A 4uv+ (eu+ A" W)o(P) = A4+ uv+ (eu+1"1)

A"+ u)FT+ (eu+27") ((ao4 /2)A My +GT)
F

(0o+ /2)2A 2Ny — (GH)2 (5.16)
F((ao/2)A Ny —GH)

ot e o
=(1 —I-uv)F—i—(Su—i—l V)

+

:I;(ll—i-uv—i- o(1).

(Aeu+v)H* _ F(P)
(a+,0/2)z—Nzy—G+> pop, F(P)
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Hence the sought after zeros are at f1;, j = 1,...,N (with the possibility that a zero at ,ﬂf is cancelled
by a pole at f1;). Thus,

(Wi( - 1,10,tm,tm)) = Dinn) — Da(nosy) + (1 —10) (Dp.. +Dp,_ —Dp._—Dp,,).  (5.17)

on the other hand, wi(P,ng,no,tm,t,,) has zero and poles only at poles of ¢(P,ng,s),s €
[t0.m:tm] (resp.,s € [tm,to,m]). In the following we temporarily restrict 1, and 7, to a sufficiently
small nonempty interval / C R and pick ng € Z such that for all s € I,1;(ng,s) # px(no,s) for
all j #k,j,k=1,...,N. Using (3.4), (3.14), (4.5) and y({1;) = (—2/a0+)u;sz(uj) (cf.(4.2) ), one
computes

Gu(A,10,5) + Fu(A,n0,5)0(P,ng,s) = ) A In(A — pj(ng,s5)) + 0(1). (5.18)

P—>ﬂ_;(n07s

Restricting P to a sufficiently small neighborhood %;(ng,s) of {{1;(no) € J#n | s € [tom,tm| C I}
such that [l (no,s) & %;(no) for all s € [to .t CTand all k € {1,...,N}\{,}, (5.17) implies

(A — wj(no,tx))O0(1) as P — [1;(no,tm) # Rj(n0,t0.m),
V1 (P, no,no,twm, tom) = § O(1) as P — fLj(no,tm) = fj(no,tom),
(A —wj(no,tom))1O(1)  as P — fij(no,tom) # fj(no,tm),

with P = (A,y) € #y, and O(1) # 0. Therefore,

(Wi(+ 10,70, tm;t0.m)) = Do ) ~ Lo tom):

according to (5.4), (5.14) holds.
In order to prove (5.11) and (5.12), it remains to investigate

I ~ ~
Vi (P, ng,no, tm, tom) = exp ( ds(G(A,ng,s) +F(l,no,s)¢(P,no,s)> .

to.m

The asymptotic expansion of the integrand is derived using Theorem 4.1, focusing on the homoge-
neous coefficients first, one computes as P — P

1 —N, N N -1
. L lggaaey—G6 L L /2aMgG 2AM:F
Gs.,—i— +Fs,+¢(P) = GS,+ +FV,+ o 1F = GS,+ _Fx‘,+ ( oty —1 %oty
1 —S gA07+ :l: j 7 -1
= F0+7% fsr1.4+0(8), P — Peoy, =1"".
¢—0 2 Si+
(5.19)
" m e — m Y
Since G, = Z Ops+Gs++8n—+0(), F, = Z Op—s+Fs+ +0(8), one infers from
-~ -0 s=0 / - -0 s=0 /
(3.6) and (5.5)
- 1y o B
GutFud = 5 Gnsi b Han+0Q), PP, (=27 (520)
s=0

Insertion of (5.19) into (5.2) then proves (5.11) for n = ng as P — Poo_.
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As P — P, we need one additional term in the asymptotic expansion of I*A“m, that is, we will
use

m
Fu = Y G i Fop + f1,-C+0(?), (5.21)
£—0 =0
Using (2.29) yields
s I &~ e - 1, . y
Gm+Fm¢ Cio _Ejé)amf&ﬂ’g +gm77 + a (fm+17+ —fmei) =+ 0(§)

(5.22)

Uu
st O(0), PP (=27

1 m
= __ s 4
C—>0 2 S;O 3,+€
Insertion of (5.22) into (5.2) then proves (5.11) for n = ng as P — P.. Using Theorem 4.1 again,
one obtains in the same manner as P — P -,

~

. 1 G0, F 4 4
G +FE_g(P) = +-¢=+2-F27 o), PoPRs, =i (523
£—0 2 f07,

Since

m m
Gm = Z dm—s,-‘er,— + gm,-‘r + O(C), Fm - Z dm—s,-&-Fs,— +fm,+ + 0(C)7 (524)
C_>O s=0 C—>O s=0

Using (2.29) and (3.6), as P — Py +, { = A, one obtains

Gut+Fn = iliﬁc {43 go’}%(f Jn—)+0(g)
Y S St foo o
1 & P
Ezam—s,-‘rc +7:+gm7—+0(é)7 aSP_>P0,+7 C:A,
_ =0 v 5.25
£—=0 1 & (5.25)
5 Y Gl 8 H0(G), asPo R (=4
s=0

Insertion of (5.25) into (5.2) then proves (5.12) for n = ny as P — Py +. Hence, according to the
definition of yj in (5.2) and (5.4), we can arrive at (5.11) and (5.12). [l
Next, we shall derive the representations of ¢, y; and u(n,t,),v(n,t,) in terms of the Riemann

theta functions. Let (0},?7 p_be the normal differential of the third kind holomorphic on JZy\{P;,P-}

with simple poles at P, and P, corresponding residues 1 and —1, respectively. In particular, one

. (3) (3)
obtains for wp” p ., O’ p .

3 _Yytyo-—di __1 N

O =57y Ty LI Be)dR P = (030-), -

3 _ytysdi 10

Pooker = o0y Eg(l—ﬁl,j)d% P+ = (0,50,4),

where B j,B1,;€C, j=1,...,N, are constants that are uniquely determined by the requirement of
vanishing a-periods. The explicit formula (5.26) then implies the following asymptotic expansions
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(using the local coordinate { = A~! near P..+ and { = A near Po+)

P ) —ln(C) N
/P O p 7, FOTE(Py_ Poi)+O(L) as P— Py, (5.27)
b 0
. 0
/m}j{f — + 0 (P ,Puy)+0(l) as P— Py, (5.28)
PO ottt C*}O 1n(§)
» 0
/P oy o +OTE(Py_ Po )+ O(L) as P— Py, (5.29)
0 7 —
—1In({)
0
P (3) _ 0+
/wP07Pw7 = + @, (P()’_,Poo_)—i-O(g) as P— P, (5.30)
A O (9
P 3 ~In() ok
/P o p, =, + 0 (Pos, Py ) +O(L) as P Pus, (5.31)
b 0
P 3) In(¢) o
‘/PwP04+aPoo+ CiO + @, (Po,+,Poo+)—|—0(€) as P— Py+. (5.32)
b 0

Let ® and ®?  be the normalized differentials of the second kind holomorphic with a unique
Poot ,q Po+,q

pole at P+ and Py, respectively, and principal parts

a)fji)iqg ((27940(1))dl, P—Pas, (=171 geN, (5.33)
w,&i)bqgio(cfzfuo(l))dg, PPy, =4,  qeN. (5.34)

with vanishing a-periods,
2 2 ;
/la);)m)tq :/‘w}(,()‘)i_’q =0, j=1,...,N.
aj aj

Moreover, we define

— l m
of = 2<Zsocm 5+(w1(’0)+s1 oy ”) Zsocm H( wiﬂ—wﬁi)__s_l)) (5.35)

s=1

where 0y +, are the summation constants in fm The corresponding vector of b-periods of
£~2,(n)/ (27i) is then denoted by

Qi(ﬂZ) - (U1(2%7 o 7U(2])V)7 0(2) -

o2 i=1,....N. (5.36)
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Finally, we abbreviate

~ P_ 1 m ~
00 . 2 ~ — .
Q2 = lim ( O F 5 Y O > ngnggii A oy + - Z G54 §™ )
If Dg(n,tm), Dy(y,,) are assumed to be nonspecial [3], then according to the Riemann’s van-
ishing theorem [3, 12, 14], the definition and asymptotic properties of the meromorphic function
¢ (P,n,t,), ¢ has the expression of the following type:

8(P, Dy (n,,)) P g

3
Pn,t,)=N(nt,;) ————ex 0] ,
(P( 7) ( 7) G(R DE(n’tm)) p( PO P()‘—-,P‘x#r)

where N(n,t,) is independent of P € #y.

Given these preparations, the theta function representations for ¢ (P,n,ty), Wi (P,n,no,tm,tom)s
u(n,ty),v(n,ty,) then read as follows

Theorem 5.3 Assume Hypothesis 2.1 and suppose that (2.29) and (3.2) hold. In addition, let
P=(A,y) € AN\{Poy,Po, Py, Py} and (n,no,tm,t0.m) € Z* x R?, and for each (n,t,) € Z x R,
D

A(nty):  Do(ns,) 1 nonspecial. Then,
0(P, Dy,
O(Pn,ty,) = N(n,t 7exp (/ o} >, (5.37)
(Brtn) = N gy 28 % o,
G(P DA( Jm))
Y1 (P, ng,ty,tom) = N(Vl’”OJmJOm)W
» Q(noto, m) p (538)
(3) o2
X exp <(n—n0)/ op’ p. —(n—ng / a)P(H m+— —tom)/ Qn >,
Py ' Py
where

2\
L O(Pes Dy ))O(Po,,D i)\ 2 (5.39)
( 2 ))G(Po—va(nJm)) ’

N(n,no,tm,tom) = €Xp [(n —no) (@5 (Po4sPeot) — 07 (Po,— Poo)) + (tm — fo,m)ﬁzf]

5.40
cop ([ ) 2 D) o
tom e G(POO Dy a(n, tm)) .
The Abel map linearizes the auxiliary divisors Dy 4,1, Dy(n,,,) i the sense that
P (yt) = PO (0, to,) + ( (Pos) =/ (Ro—) 7 (P = (Pt )) (1 —110) ¥ (1 — 1),
PP (1) = p' (noto.m) + (7 (Po4) = (Po—) + 7 (Po) = (Pat)) (n = 10) = Y ™ 1y — 10 )
(5.41)
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Finally, u(n,t,),v(n,t,) are of the form

1 0— G(PocﬁrvDﬂ(n,tm))e(PoﬁaDﬂ(n,tm))
u(n,t,)=—exp|= (0] (Py—_,Por)— 0 (Py_,Pus } £ = ,

( 7) p|:2( 0 ( > +) 0 ( > +)) ( 9(P°°+,D (nt;71))9(P07+7DE(n,tm))
(5.42)

v(n,ty) = v(ng,tom)exp [(n —19) (@05 (Po4sPooy) — @y (Po,—, Poor) + cog’+ (Po—yPor)

_w(())7+(P07+aPoo+))+ (tm_IO,m)(ﬁzi _§%+)i| (543)

9(P07+’DE+(nﬂtm))6(P°°77DE+(
9(P07+7

n(),tom))

X .
)6 (P°°*7DE+(n,tm))

A (notom

Proof: Applying Abel’s theorem to (5.14), we have

P (1) = PV (10, 1) — (7 (Po 1) = (Bo ) + o (P) = (P )) (n — o),

on the other hand, according to theorem 4.5 (n = ny),

B(l)(n07tm) B X m Jn
B(Z) (l’l(), tm) B(Z) (I’l(), fo ﬂ) - X(’ﬂ) (tm —lom

thus the first expression of (5.41) holds. According to the divisor of ¢( -n,t,) we can obtain the
linear equivalence Dp, ¢ Vtm) ™~ Deoyfi(nt)> that is,

P (n,t) + 7 (Po—) = p YV (n, ) + o (P,

then we can prove the second expression of (5.41).
By equation (5.1), and the Riemann’s vanishing theorem , ¢ (P, n,1,,)exp (— /; P’; a)i(,j‘)i 7 PM+) must
be of the type

3
(P(P,n,tm)exp <7 fPP; w§>01)77pm+> = N(I’L,[m)

for some constant N(n,1,,). First, if the local coordinate § = A~! is introduced near P, we can
conclude from the definition (4.5) of the normalized basis @; that

< G AT
0= (..., 0y) = Zzzv:é—]
S (-
Y C Vg (5.44)

= +(Cy+0(8))dl, asP — Pwy.
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Hence, the Abel map

P Poos P
R 50} Poy
P

~ o (Pos)+ [ @ G4
oot
= o (Pui) £Cy( +0(L?).
Therefore, expanding the ratios of Riemann theta functions in (5.37), we obtain
O(P.Dp(nsy)  O(...Aj— o (Puor) —CyC+0(2) +p),.)
9(P°°+7D (ntm)) {0 9(P°°+7D (nlm))
CinOp,O(Aj — o (Pooy ) + O+ _
N X o, 0(8 = (Pe)+0-4p) Lo ooy 540
=0 9(P°O+7Dﬁ(n,tm))
= 1- Zc,Naw In6(Peoy, Dp(ny,))§ +O(8?)  as P— Py,
C%O =
and the same formula for the theta function ratio involving Dy, ), that is
M = 1- y CiNOw; InO(Puy, Dy )E+0(8?) asP—P (5.47)
G(POO-i-aD!(n,tﬂ)) ¢S50 st JNYw; ooty Y (n,ty) oot - .

Finally, from the representation (5.37) of ¢, we get

0 (P , Dy n,
(P, Dy ,@)exp( (P Pe)) T +0(1) asP o Pay, (548

L T

which together with the first expression of (5.5) and (5.27) shows that

1 0 (Poort, Dy ,
—————— =N(nty, (Bt Do)

2 ) oo (03 (P, Py ) - (5.49)
EM(n,l‘m) 7)9(P°°+7Dﬂ(n,tm)) ( 0 ( +))

If we introduce the local coordinate { = A near P, +, in a similar way, from the representation

(5.37) of ¢, we get
Q(P()_,D ¥( lm))

¢ =, N m)exp (@f

2
)m (R, m+)>C+0(C) asP—P_, (550)

together with the second expression of (5.6), which shows that

0(Py._,Dy(,
_u(nvtm) :N(l’l[ ( 0, ( tm)) p(

0,—
—_— " (Py—, P . .
B, Dy (O (o) 20

Combining (5.49) and (5.51), we can obtain the expression (5.39) for N(n,t,,). Inserting (5.39) into
(5.51) yields the Riemann theta function expression (5.42) for u(n,t,,).

To prove (5.38), we denote its right-hand side by ;. From the definition (5.2) of
Vi (P,n,ng,ty,t,,) and (5.14), one can conclude that it has simple zeros at Py _,P.. and flg(n,t,,),
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k=1,...,N, and simple poles at P ;,Pw_ and flg(ng,%m), k = 1,...,N. On the other hand, by
(5.29)-(5.32) and the expression of Y7, we know that Y and y; shares the same local behavior and
identical essential singularities at Pt and Py +. Then, according to the Riemann-Roch uniqueness
theorem, v (P, n,n,tm,f0,,») and Y coincide up to a multiple constant, that is, Wi (P, 1,10, tm,f0,m)
must be of the form (5.33) for some constant N(n,ng,ty,t ) to be determined. To determine
the constant N(n,ng,t,,% ), one compares the asymptotic expansions of Y (P,n,ng,ty,to,,) for
P — P._in (5.11) and (5.38), which yields (5.40). Remaining to be computed is the expression for
v(n,t,). Comparing the asymptotic expression of Y (n,ng,t, 10 m) for P — P 4 in (5.11)and (5.38)
shows

v (1,1m) (/fm i )
—— =X m.—(ng,s)ds
“o.t0m) P Uy, 8 (no, s)

v m
= N(n,no,tm,to:m)exp |:(l’l - nO)(w(()L—’_(PO,faPM*) - w8’+(PO,+7P°°+)) - (Zm_ to,m)Q&+
Q(PO,JraDﬂ(n,l‘m))

X
6 (PO,Jr ) Dﬂ (n0to.m) )

and inserting N(n,ng,tm,t ) proves (5.43). O
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