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The Riemann problem for a simplified chromatography system is considered and the global Riemann solutions
are constructed in all kinds of situations. In particular, the zero rarefaction wave, the zero shock wave and the
zero delta shock wave are discovered in the Riemann solutions in some limit situations, which have infinite
propagation speeds. Furthermore, these zero waves are analyzed by introducing the so-called double Riemann
problem with three pieces of constant states. More precisely, we take the approximations of zero waves and
investigate wave interactions in details before the limits are taken.
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1. Introduction

The theory of nonlinear chromatography system is the foundation of chromatography separation
process and also plays an important role in the modern industry. In this paper, we consider the

Riemann problem for a simplified chromatography system

1%
8,4/—}— ax(m) - 0,
w
atW+ax(m) = O,

with the initial data

(vi,wp), —eo < x <0,
(Vrywy), 0<x < oo,

() 5,0) = {

where all the v; , and w; , are constants.

(1.1)

(1.2)

The system (1.1) can be derived directly from the nonlinear chromatography system which

depicts the chromatography separation of two chemical species (#; and u») that transform into each
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other with first-order kinetic as they pass through the Langmuir isotherm reactor [3,28,31,40]

s + O T Ty ) = O
(1.3)
Sz + (T ) = O
by introducing the change of variables
v=ui+u and w=u;—up. (1.4)

Here both u; and u; are the non-negative functions of the variables (x,7) € R x R, which denote
transformations of the concentrations of two chemical species.

The system (1.1) is the simplest example for systems of Temple class [40]. In other words,
the shock curves coincide with the rarefaction curves in the phase plane. Compared with general
systems of conservation laws, well-posed results for systems of Temple class [1] are available for
a much larger class of initial data due to the above feature. Furthermore, thanks to the particular
structure, wave interactions for the systems of Temple class can also be dealt with completely.

Recently, Ambrosio et al [1] have rewritten the system (1.3) into the system (1.1) by introducing
the change of variables (1.4). Then, they have studied the system (1.1) as an example by employ-
ing new well-posedness results for continuity and transport equations. Their method is to split the
chromatography system in the coupling between a scalar conservation law and a transport equation
such that the transport equation techniques can be applied. Bressan and Shen [4] have introduced a
different change of variables v = u; +u, and 6 = u, /u; for the system (1.3) where they were mainly
concerned with the study of ODEs with discontinuous vector fields.

On the other hand, the system (1.1) can also be derived from the other nonlinear chromatography
system with the generalized Langmuir isotherm reactor [6,21,22,41]

a,u1+a (W):O, (1 5)
0 .
atu2+a ( uil +u2) O7
by introducing the change of variables
v=uy—u; and w=u;+us. (1.6)

Here u; and u, are also the non-negative functions of the variables (x,#) € R X R, to denote the
Langmuir-like and the anti Langmuir-like components respectively which express transformations
of the concentrations of two chemical species. Moreover, 1 — u; 4+ u, > 0 should be satisfied.

The substantial difference between the new model (1.5) and the model (1.3) lies in that the
flux functions #{—i—uz (i=1,2) in (1.5) take the place of Huuif—i-uz (i=1,2) in (1.3). In the
chromatography theory, the new model (1.5) can be explained as the interaction of a competitive-
cooperative relation between two species. In contrast, the model (1.3) can be explained as the inter-
action of a competitive-competitive relation between two species. If we adopt the generalized Lang-
muir isotherm reactor, then the delta measure may appear in the two chemical species u; and u,.

Recently, the delta shock wave has been captured numerically and experimentally by Mazzotti
et al [21,22] in the Riemann solutions for the local equilibrium model of two-component nonlinear
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chromatography which consists of the following system of conservation laws

O (uy + —4HL_) 1 9 uy =0,
1 —u+u 1.7

o+ 1=

) + axu2 = Oa

with some specified Riemann initial data, in which u; and u, are the concentrations of the two
absorbing species which should satisfy uj,uy > 0, 1 —u; +up > 0 and a; > a; > 0. Since then,
extensive studies have been carried out on the formation of delta shock wave solution to all kinds
of chromatography systems [6, 13,41].

In the present paper, we are mainly interested in the simplified chromatography system (1.1) due
to the fact that (1.1) reflects the most fundamental properties of chromatography system. Sun [37]
discovered that a delta shock wave solution appears in the situation v; = 0 < v, for the Riemann
problem (1.1) and (1.2) by employing the self-similiar viscosity vanishing approach. Furthermore,
Li and Shen [20] has generalized the result in [37] to the general situation —1 < v; <0 < v, recently.
If the system (1.1) comes from (1.5) to describe the interaction of a competitive-cooperative relation
between two species, then it is natural to consider the system (1.1) in the phase space (v,w) €
(—1,00) x [0,00). Here we notice that the delta measure appears in w for the Riemann problem (1.1)
and (1.2) provided that the Riemann initial data satisfy —1 < v; <0 < v,. In other words, the delta
measures appear in both the state variables u; and u; for the system (1.5).

For the system (1.1), the line v = 0 in the phase space (v,w) plays a very important role since
both the two eigenvalues become 1 when v = 0. Thus, we can see that the system (1.1) possesses
a parabolic degeneracy on the line v = 0 in the phase space (v,w). Compared with the results in
[32, 38], wave interaction for the system (1.1) in the phase space (v,w) € (—1,00) x [0,0) has a
more complicated structure due to the fact that a parabolic degeneracy appears although the system
(1.1) belongs to Temple class.

For the Riemann problem (1.1) and (1.2) in the situation —1 < v, < vy, it is interesting to notice
that the propagation speed of the wave front of rarefaction wave for the second family tends to oo
if we take the limit v, — (—1)". This is to say, the wave front of rarefaction wave is consistent
with the positive x—axis in the limit v, — (—1)" situation which is called as the zero rarefaction
wave for the sake of convenience. On the other hand, for the Riemann problem (1.1) and (1.2) in
the situation —1 < v; < v, < 0, we can also see that both the propagation speeds of the contact
discontinuity and shock wave tend to +oo if we take v; — (—1)™. In other words, both of them
coincide with the positive x—axis, which is also called as the zero shock wave. Finally, in the
situation —1 < v; <0 < v,, the propagation speed of the delta shock wave also tends to 4o in the
limit v; — (—1)7 situation in the Riemann solution to (1.1) and (1.2). So, the delta shock wave in
this limit situation is also called as the zero delta shock wave. In addition, the strength of the delta
shock wave also tends to +oo for any given time 7 > 0 in the limit v; — (—1)* situation.

Compared with hyperbolic systems of conservation laws to describe gas dynamics, the roles for
the variables x and ¢ in the above chromatography systems are opposite. More precisely, x is related
to the time and ¢ denotes the location down the reactor. Thus the above zero waves to the simplified
chromatography system (1.1) is equivalent to the standing wave for the gas dynamics in the physics
sense. In fact, the zero waves play the critical roles in analyzing the chromatography systems for
the reason that it can be used to depict the extreme situation without the exchange kinetics between
the two chemical species [21,22,28,31].
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It is clear to see that the Riemann solution to (1.1) and (1.2) becomes sensitive to the choice
of initial data if v; or v, approaches the singular value —1. Since the speeds of these zero waves
become infinite such that information can be exchanged instantaneously between neighboring Rie-
mann problems, which implies that there is no information to exchange between two species in the
real chromatography system. On the other hand, it is noticed that the Riemann problem (1.1) and
(1.2) cannot describe the dynamical picture for the system (1.1) in all situations. In other words, the
Riemann solution to (1.1) and (1.2) cannot be considered separately when a zero wave appears.

Motivated by the above requirements, we are interested in the behavior when the state is near
the singular curve v = —1 in the phase space. In order to investigate it in a fully explicit form, we
should consider the so-called double Riemann problem with three pieces of constant states such
as (3.1) below for the system (1.1). We take the zero shock wave for example to explain it, which
appears if we take the limit v — (—1)" in the solution to (1.1) and (3.1) when v; < v, < 0. In order
to deal with it, we need to take —1 < v; < —1 + ¢ for sufficiently small € > 0 as an approximation
of the value —1 to mediate an instantaneous interaction and then investigate the approximate double
Riemann problem by employing the method of characteristics. Finally, we take the limit v; — (—1)"
in the solution to the approximate double Riemann problem in order to analyze the dynamic of zero
wave.

Actually, the zero rarefaction wave [2,42] and the zero shock wave [11] which appears usually
when the flux function is discontinuous, are also discovered in the Riemann solutions in some limit
situations. The zero waves were discovered and proposed initially by Gimse [11] when he studied
the Riemann problem for a scalar conservation law

-+ dof () =0, (1.8)

in which the flux function f is assumed to be piecewise smooth with a finite number of jump
discontinuities, for example a simplest situation that f has only one jump discontinuous point uq
u—sug S (W) 7 Lim, .« f(u). In [11], the zero shock waves were identified which are
discontinuous in the solutions that carry no information and propagate with infinite speed. In [10],
Dias and Figueira used the technique of smooth mollifier to smooth out discontinuities in the flux
function locally. Moreover, they proved that the solutions of the mollified problem converge to
those of the original problem in the limit situation. Recently, the zero waves have also been used
to depict the phenomenon of traffic flow [42] and production flows and supply chains with finite
buffers [2,12].

About the measure-valued solutions for hyperbolic systems of conservation laws, such as the
delta shock wave and the singular shock wave, there are numerous excellent papers for the related
equations and results, see [5,7,15,18,29,33,36,39,43] for instance. There are also several methods
to deal with the interaction problem about the delta shock wave, such as by using the generalized
Rankine-Hugoniot condition proposed by Li et al. [19] and used in [30,41], the weak asymptotic
method proposed by Danilov and Shelkovich [8, 9] and the method of splitting of delta function
proposed by Nedeljkov [23,24] and used in [14,27,34,35,38]. Recently, the new concept of shadow
wave proposed by Nedeljkov [25,26] can also be well used to study the interaction problem about
the delta shock wave.

The paper is organized as follows. In section 2, the Riemann problem for (1.1) and (1.2) is
considered when (v,w) € (—1,00) X [0,0). Then, the zero waves including zero shock wave, zero
delta shock wave and zero rarefaction wave are obtained in the limit situation. In section 3, in order
to analyze the zero shock wave, we consider the so-called double Riemann problem (1.1) and (3.1)

such that lim
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by requiring —1 < v; < v, < 0 and then taking the limit v, — (—1)*. In section 4, we also consider
(1.1) and (3.1) by requiring —1 < v; < 0 < v,, and then taking the limit v; — (—1)" to study
the zero delta shock wave, in which the strength of the delta shock wave is calculated completely
during the process of penetration. In section 5, in order to study the zero rarefaction wave, we take
vy near —1 and also deal with the so-called double Riemann problem (1.1) and (3.1) before the
limit v,, — (—1)7 is taken.

2. Zero Waves in the Limit of Riemann Solutions to (1.1) and (1.2)

In this section, we consider the Riemann problem for (1.1) and (1.2) in the phase space (v,w) €
(—1,00) x [0,0). In what follows, we first depict the properties of (1.1) and then list the Riemann
solutions to (1.1) and (1.2) case by case. We can refer to [6, 20, 32, 37, 38, 41] for the Riemann
problem about the nonlinear chromatography system.

7(1 —:v)z and A, = %_i_v respectively. Thus, it is clear that (1.1)
is strictly hyperbolic in the phase space —1 < v < 0 and v > 0 for A; # A, and is non-strictly hyper-
bolic on the line v =0 for A; = A;. The corresponding right eigenvectors are "= (ﬁ, ﬁ)T
and 73 = (0,1)7 respectively. Thus A; is genuinely nonlinear provided that v # 0 and A, is always
linearly degenerate. Therefore, the associated waves are rarefaction waves R or shock waves S for
the first family and contact discontinuities J for the second family. The Riemann invariants along
the characteristic fields are % and v respectively. Let us denote & = % for conciseness, then we
are in a position to deliver the Riemann solutions to (1.1) and (1.2) according to the value of v as
follows:

(1) If v; > v, > 0, then the Riemann solution of (1.1) and (1.2) is R+ J which can be expressed

as:

The eigenvalues of (1.1) are A; =

(V[,W]), é <)Ll(vl)a

R A (vi) <6 < Mi(vr),
(v,w)(x,1) = - V’vv,v’% M) <& <. 2.1
(

vewr), &>1.

1
14+v,-
In particular, if v, = 0, then we can acquire the relation A4;(v,) = T = 1. In other words, a

composite wave RJ is formed when v, = 0 due to the fact that the wave front of R is in accordance
with J.

(2) If 0 < v; < v,, then the Riemann solution of (1.1) and (1.2) is S+ J in the form:

in which the state (v,w) in R is determined by % = "‘%l and the propagation speed of J is T =

(V[,W[), §<G7

(w)(x1) =1 (v, ), 0 <& <7, (2.2)
(Vra WV)? g > T?
. . . B 1 1
in which the propagation speeds of S and J are 6 = T ) and T = T+v, where 0 < 0 <

T<I1.
Similarly, if v, = 0, then we also have the relation ¢ = 7 = 1. In other words, a composite wave
SJ is formed when v, = 0 since the line of § is identical with that of J.
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(3) If —1 < v, < 0 < vy, then the Riemann solution of (1.1) and (1.2) is R; 4+ R, which is given
by

(vi,wi), § <Ai(m),

R], /I](Vl)§§<1,
= 2.3
CUCOE O 3

(vr,wr), &> A1 ().

It should be emphasized that the state (v,w) in R; is determined by % = ‘%l’ otherwise the state

(v,w) in R, is determined by % = v‘f—r’ The line x = ¢ can be seen as a contact discontinuity J to
separate R; and R;.
If we take the limit v, — (—1)" in (2.3), then we have
1
lim A = lim ————— = oo, 2.4
b () 1(vr) v (— 1)+ (1 +v,)2 * @4
which implies that the propagation speed of the wave front of R tends to +oo. In other words, the
wave front of R; is consistent with the positive x—axis, which is called as the zero rarefaction wave
in [2,42] which appears usually when the flux function is discontinuous.
@) If —1 <v; <v, <0, then the Riemann solution of (1.1) and (1.2) is J + S as follows:
(Vlawl)a 5 < T,
() t) = § (n,*5), 1< & <o, 2.5)

(Vrvwr)a é >0,

1 1

in which the Propagation Speed of Jis T = m and that of S is 0 = W Here we
notice that 1 < 7 < ©.
Similarly, if we take the limit v; — (—1)" in (2.5), then we also have

1

Iim 7= lim = oo, (2.6)
v—(—=1)* v—=(-)*+ 14+

1

lim o= Ilim ————+—— =40, 2.7)

v (— 1)+ v—(—1+ (T4+v)(14v,)

which means that both the propagation speeds of J and S tend to +oe. In other words, both J and
S coincide with the positive x—axis and the middle fan region 7 < § < o with the immediate state
(v, vler ) disappears, which is called as the zero shock wave in [11] which also appears when the
flux function is discontinuous.

(5) If —1 < v, < v; <0, then the Riemann solution of (1.1) and (1.2) is J + R as follows:

(vlawl)a x <7,
VIWy A
(v,w)(x,1) = v, Vr ) T<6 <hw), (2.8)
R7 Al(W)Sé Sll(vr%

(Vr,wr)v é > )Ll (Vr)v
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in which the propagation speed of J is T = ﬁ
W = 2 If we take the limit v, — (—1)" in (2.8), then the limit situation is similar to that in Case

3. In other words, the zero rarefaction wave also appears in the limit v, — (—1)7 situation.

> 1 and the state (v,w) in R is determined by

(6)If —1 <v; <0< v,, from the exact definition of a delta shock wave solution in the framework
introduced in [8, 9] and used in [16, 17,41], then one can see that the Riemann problem (1.1) and
(1.2) owns a piecewise smooth solution which is a delta shock wave connecting the two constants
(vi,w;) and (v,,w,) in the form:

(vlawl)a §< Os,
(vw)(x,1) = ¢ (vs, B(1)d(x—05t)), & = 0, 2.9)
(vrswr), &> 0o,

where

Lo ! _ (vowi vyt
L+vs  (1+v)(14v,)’ B(t)_(H—vl)(H—v,)'

Vs =Vi+V,+ Vv, O = (2.10)

Let us check briefly that the measure solution (2.9) with (2.10) should satisfy the generalized
Rankine-Hugoniot condition as follows:

dx

o

dp(t w

Tzds[w}—[m}a (2.11)
oslv] =[]

1+v

In fact, if —1 <v; <0 < v,, then we assume that the position of delta shock wave is x = x(¢) and
the values of v and w on this delta shock wave curve are vg and (¢)5 (x — x()) respectively. Let us
assume x = x(¢) > 0 for all the time ¢ for simplicity. Then, for any test function y(x,7) € CZ°(Rx R.),

we have
1= / / vy, + l//x> dxdt

—/ / v;l//t—f—il[/x dxdt+/ / v Y+ l[/x)dxdt

_/ /tx vll;/,dtdx—i—// vru/,dtder/ 1+v1 1+rvr>l[/(x(l),t)dt
— [ = [ ) wla(o), ),

1+V1 1+v,

in which t = #(x) is the inverse function of x = x(t) and the fact that  is compact support in R% has
been used. Thus, the propagation speed of the delta shock wave o5 = %X should satisfy o5[v] = 1]
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for I vanishes for any test function y(x,7) € CZ°(R x R.). Analogously, we also have

II—/ / wy; + l//x>dxdt
oo rx(t)

L1 e
0 —o0

+f ”ﬁ(r)(w<x<r>,r>+ 1 j wlx(0).0))di
_/ Wy —w)W(x,1(x dx—l—/ o )llf(x(t),t)dt+/Omﬁ(t)dl//(x(t),t).

l—i—vl 14+v,

dxdt+ / / W+ l//x)dxdt

Thus, one can see that the second equality in (2.11) should be satisfied for the same reason that /1
vanishes for any test function y(x,7) € C°(R X R.).

In order to ensure the uniqueness of the delta shock wave solution to the Riemann problem (1.1)
and (1.2) when —1 < v; < 0 < v,, the over-compressive entropy condition should be proposed. It is
worthwhile to notice that A; < A, for v > 0 and A; > A, for —1 < v < 0 here. Thus, if —1 < v; <
0 < v,, then the over-compressive entropy condition for delta shock wave

k] (vr,wr) < lg(vr,wr) < 05 < AQ(V[,W[) < l] (vl,wl) (2.12)
namely
L <l cos< b <1 (2.13)
(I+v,) I+, L+vi ™ (14v) :

should be proposed, which means that all the characteristics enter the delta shock wave curve from
both sides.

From the above discussion, we can see that if we restrict ourselves in the phase space (v,w) €
(—1,00) X [0,00), then the generalized Rankine-Hugoniot condition and the over-compressive
entropy condition can be used to the construction of delta shock wave solution to the Riemann
problem (1.1) and (1.2) when —1 < v; < 0 < v,. In fact, if we want to extend our result in the phase
space (v,w) € (—eo,00) X [0,00), then the technique developed by Kalisch and Mitrovic [16] may
be used to attack the existence and uniqueness of the delta shock wave solution in some certain
situations. This problem is left for our future work.

If we take the limit v — (—1)™ in the Riemann solution (2.9) with (2.10), then we have

li = 1 =-—1 2.14
vz%l(lzll)+ ' vz%l(lzllﬁ(w v vv) ’ ( )
li (o] li ! + (2.15)
im = lim —+ = oo, .
vi—=(=1)* o vi= (=1 (T4+v)(1+v,)
and
, (vewp — viw, )t
lim lim ——————— =+ 2.16
yi—(—1)* B = w—(—1*+ (14v) (14 v,) (2.16)

for any given time ¢ > 0.
Then, the propagation speed of the delta shock wave tends to +co in the limit v; — (—1)
situation. In addition, the strength of the delta shock wave tends to +co for any given time ¢ > 0 in

+
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the limit v; — (—1)" situation. So, the delta shock wave in this limit situation can also be called as
the zero delta shock wave.

3. Analysis of Zero Shock Wave

With the Riemann solutions to (1.1) and (1.2) in hand, it is natural to consider the so-called double
Riemann problem since the Riemann problem (1.1) and (1.2) cannot describe the dynamic pictures
in all situations. From now on, we are interested in the following special initial data with three
pieces of constant states

(vi,wp), —o0<x<0,
(v,w)(x,0) =< (v, W), 0<x <1, 3.1
(v wr), 1 <x < oo

In this section, we are concerned with the situation that the zero shock wave interacts with the
other elementary waves. In order to deal with it, we take —1 < v; < —1 + € for sufficiently small
€>0and v; < v, <0, and then we pass to the limit v; — (—1)". Thus, in the limit v; — (—1)7"
situation, the Riemann solution to (1.1) and (1.2) at the point (0,0) is a zero shock wave. In other
words, we take the approximation of the zero shock wave in the Riemann solution at the point (0,0).
One can see that all the waves on the right become zero shock waves instantaneously in the limit
v — (—1)7 situation.

Remark 3.1. We know that x in the system (1.1) denotes the time in the sense of chromatography
theory. Thus, the Riemann initial data (1.2) and the initial data (3.1) do not make sense. In fact, we
should use the following initial boundary condition

(v,w)(0,¢) = (v;,w;) for t >0 and (v,w)(x,0) = (v,,w;), for x>0 (3.2)
instead of the Riemann initial data (1.2) and also use

(VimyWm), 0<x <1,
v,ww)(0,¢) = (v;,w;) for t >0 and (v,w)(x,0)= 3.3
(5 w)(0.) = (1, ) (1) (x.0) {m,w,), RNV LY
instead of the initial data (3.1). We notice that all the propagation speeds of waves are positive in
the Riemann solutions to (1.1) and (1.2) in Section 2. Thus the initial boundary problem (1.1) and
(3.3) can be dealt with similarly. Here we consider the so-called double Riemann problem (1.1) and
(3.1) in the habit of hyperbolic systems of conservation laws.

Case3d.l. -1 <y, <v,<v,<0

In this case, we consider that J + ? emits from (1,0) which happens when —1 < v; < v, <
v, < 0 is satisfied (see Fig.3.1). For sufficiently small ¢, the solution of the Cauchy problem (1.1)
and (3.1) can be expressed by the juxtaposition of the solutions to the Riemann problem for (1.1)
at the points (0,0) and (1,0). In other words, when 7 is small enough, the solution of the Cauchy
problem (1.1) and (3.1) can be given briefly as (see Fig.1):

(viyw)) +J1+ (vi,w1) + 81+ Vimywim) +J2 + (va,w2) + 82+ (v, wy),

in which

ViWm VinWy

) and (vo,w) = (Vj,—). (3.4)

Vi vy

(vi,w1) = (v,
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— =
—
<
=
S
S
Nl

-

0

> X

Fig.3.2. The global solution of the Cauchy problem (1.1) and (3.1) when —1 < v; < v, < v, <0.

The propagation speeds of S; and J, are 6] = ( 1 j and 7, = respectively,

S S 1
T+v)(1+v, I+v,
thus S catches up with J, in finite time for —1 < v; < v, < 0. The intersection point of S| and J; is

determined by

X1 = Iy ’
(1+w)(1+vm) (3.5)

_1__10n
x—1= 14+vy,’

which yields

! W) (36)

(x1,t1) = (— =,

Vi —Vi

At the intersection point (xj,#;), a new Riemann problem is formed where the left state is
(vi,w;) and the right state is (va,ws). For —1 < v; < vy < 0 (namely —1 < v; < v, < 0), a new
contact discontinuity J3 and a new shock wave S3 is generated and the immediate state between J3
and S3 can be derived from (3.4) that

Viws viw
(v3,w3) = (v1, )= (vi,—). (3.7)
V) vy
The propagation speeds of J3 and S3 are 73 = ﬁvl =1 and 03 = m =0j. In
1 m

other words, J3 is parallel to J; and the shock wave keeps its direction unchanged when it passes
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through the contact discontinuity. Consequently, S3 keeps up with S5 in finite time and the intersec-
tion point of S3 and S5 is determined by

PO E—
() (T vm)’ (3.8)
el D |
2 (T+vp)(14+v,)’
namely
1 1 1 1
(raor) = (L, L) vm) () (3.9)
Vi —V| Vr— Vi
For %” = v\f—r’, S3 and S, coalesce into a new shock wave S4 whose propagation speed is 04 =
1
(T+v)(1+v)”
If we take the limit v, — (—1)7, then we have
lim (xl,tl) = lim (.)Cz,l‘z) = (1,0) (310)

V]*}(*l)Jr 11[*)(71)+

On the other hand, it is clear to see that all shock waves and contact discontinuities propagate with
infinite speeds in the limit v; — (—1)7 situation. Thus, the Cauchy problem (1.1) and (3.1) has a
zero shock wave emitting from the point (0,0) in the limit v; — (—1)7 situation.

Case3.2. -1 <y <v, <y, <0

In this case, we consider that J + R starts from (1,0) when —1 < v; < v, < v, < 0 is satisfied
(see Fig.3.2). Asin Case 3.1, the interaction of S} and J, at the point (x;,#;) given by (3.6) generates
a new contact discontinuity J3 and a new shock wave S;. The states (vi,wy), (v2,w2) and (v3,w3)
can also be calculated by (3.4) and (3.7) respectively. Clearly, S, overtakes the wave back of R; in
finite time and the intersection point (x;,#,) is determined by

20 (T +vm) 3.11)
_ 15} )
1=t
2 (1+vm)?’
namely
1 1 1 2
Vm — V| Vm — V]

After the time #,, S> begins to penetrate Ry with a varying speed since it has a rarefaction wave
on its right. During the process of penetration, it is denoted with S3 which can be calculated by

dx 1

B dr T Trv)(T+v)
1 p (3.13)
(14v)?

with the initial condition (3.12), where v varies from v,, to v,. Through solving it, we can obtain that

\/i Vm — V|
Viol= . . 3.14
o 1+ 1+ (3.14)
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It is clear that the shock wave accelerates during the process of penetration. The intersection point
of S3 and the wave front of R is calculated by

J— \/t» m_
X3 1= 1_'_13)[ - v1+vl;/’
. s (3.15)
(1+Vr)2,
namely
(vm —vi)(1+w) (Vm—Vl)(1+Vl)(1+Vr)2
) =(1 : ) 3.16
(e3,) = (14 O =z (3.16)
After the time f3, the shock wave is denoted with S4 whose propagation speed is oy =
1
(T+v)(14+v,)
It follows from (3.6), (3.12) and (3.16) that
li )= 1 ,h)= 1l ,13) = (1,0). 3.17
B =, i o) =, B Goot) = (1,0) G147

In fact, all the waves become parts of the positive x—axis in the limit v — (—1)7 situation. In this
case, the Cauchy problem (1.1) and (3.1) has also a zero shock wave starting from the point (0,0)
in the limit v; — (—1)" situation.

Case33. -1 <y <v, <0<,

In this case, we consider that a delta shock wave 95 starts from (1,0) when —1 <v; <v,, <0<
v, is satisfied (see Fig.3.3). The state (vi,w;) can also be calculated by (3.4). Then, the intersection
point of §1 and dS; can be calculated by

n

X = T o
v vn) (3.18)
= )T
namely, we have
14+v, (14+v)(1+vy,)(1+v,
(e1,) = v (Lt v )). (3.19)
vr_V[ vr_vl

In fact, the interaction of S; and 0S; gives rise to a new delta shock wave 05, for —1 < v; <
0 < v,. Consequently, 65, meets with J; and a new interaction happens. The intersection point of
J1 and 085 can be calculated by

2=17 +v’
B — (3.20)
RN E 0T+,
with the initial condition (3.19). An easy calculation leads to
— 1 — 1 1
(x2,12) = ((v’ ) +v’), (vr = V) (14 v1)( +V’)). (3.21)
V(v —vp) ve(ve—vp)
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0 1

Fig.3.3. The global solution of the Cauchy problem (1.1) and (3.1) when —1 < v; < v, <0 < ;.

After the time #,, the delta shock wave continues to move forwards without changing its direction
but has a different growth rate of the strength. Now, we are in a position to calculate the strength
of the delta shock wave in the whole process in details. According to the different times, it follows
from (2.10) that the strength of the delta shock wave can be calculated respectively by

(Vi — VW) )t

ﬁ(t):m for OSISI], (322)
B Vi (VW — viwy ) (1 — 1)
B(t)=PB)+ (L) (0] for 7 <r<n, (3.23)
. (VrWl — vlwr)(t — 1‘2)
B(t)=PB(n)+ Ao+ v) for t>1,. (3.24)
Analogously, it follows from (3.19) and (3.21) that
lim (x1,¢;) = lim (x,5)=(1,0). (3.25)

V]*}(*l)+ Vl*)(fl)Jr

Furthermore, for arbitrary # > 0, we have lim,,_,(_)+ B(t) = +oo from (3.24). Thus, all the waves
become parts of the positive x—axis and the zero delta shock wave is achieved in the limit v; —
(—1)* situation. Hence, the Cauchy problem (1.1) and (3.1) has a zero shock wave in the interval
(0,1) in the positive x—axis and a zero delta shock wave starting from the point (1,0) in the positive
x—axis in the limit v; — (—1)7 situation.

Through the above analysis and discussion for the zero shock wave, we can summarize our
results in the following theorem.

Theorem 3.1. When —1 < v; < v, <0, the solution is a zero shock wave in the positive x—axis
when v, < 0 and otherwise it is still a zero shock wave in the interval (0,1) in the positive x—axis
and then becomes a zero delta shock wave from the point (1,0) in the positive x—axis when v, > 0
for the Cauchy problem (1.1) and (3.1) in the limit v — (—1)7 situation .

4. Analysis of Zero Delta Shock Wave

In this section, we are interested in the situation that a zero delta shock wave interacts with the other
elementary waves. In order to deal with it, we also consider the so-called double Riemann problem
(1.1) and (3.1) and take —1 < v; < —1 + € for sufficiently small € but require v,, > 0. Thus, in the
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limit v; — (—1)7 situation, the Riemann solution to (1.1) and (1.2) at the point (0,0) is a zero delta
shock wave. In other words, we take the approximation of the zero delta shock wave in the Riemann
solution at the point (0,0). One can see that all the waves on the right become zero shock waves
instantaneously in the limit v; — (—1)7 situation.

- _—~
t 083 _—
Vi,W /

I (v, wr) -
(V17W1) 22//
‘/ J1 (VhWr)

551 //.S]
//(Vnuwm)
0 1 *

Fig.4.1. The global solution of the Cauchy problem (1.1) and (3.1) when —1 <v; <0 < v, < ;.

Cased.l. -1 <y <0<y, <v,

In this case, we consider that S+ J starts from the point (1,0) when —1 < v; <0 < v, < v, is

satisfied (see Fig.4.1). The state (vi,w;) is given by (vi,wy) = (v, vq)vnt;m ). The propagation speeds

1 1
of 081 and S are 5y y ad s T,

of 8S; and S; can also be calculated by (3.19). Like as before, the interaction of S; and 65 also

. . 1 _
generates a new delta shock wave 85, with the propagation speed (ESTICESS) for —1 <v; <

0 < v,. Consequently, 85, interacts with J; and the intersection point can be calculated by

j respectively. Thus, the intersection point

S R )
X2 1= 1+Vr7
B -1 “4.1)
RTNE a0+,
with the initial condition (3.19), which enables us to get
— 1 — 1 1
(w,12) = (1+ V= vm) (L bvy) (= vn)(3 4 vi) +V”)). 4.2)
vi(vr—vyp) vi(vy—vp)

Similarly, the delta shock wave continues to move forwards without changing its direction when it
passes through J; but has a different growth rate for the strength. According to the different times,
the strength of the delta shock wave can be calculated respectively by

By = (M o 0<i<n, @3)
ﬁ(t)=l3(f1)+vr(vvm(wll;vvzl)vzrlnlftv_)tl) for 1 <t<n, (4.4)

(viwr —viw, ) (t — 1)
(1 + V[)(] + Vr)
in which #; and 1, are given by (3.19) and (4.2) respectively.

Therefore, all the waves have infinite propagation speeds and the Cauchy problem (1.1) and
(3.1) has a zero delta shock wave in the positive x—axis in the limit v; — (—1)" situation.

B(1) = B(r)+ for t>1, (4.5)
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554 -

> X

Fig.4.2. The global solution of the Cauchy problem (1.1) and (3.1) when —1 < v; <0 < v, < vp,.

Cased.2. -1 <y, <0<y, <y
In this case, we are concerned with the interaction of 6.5 and R +J (see Fig.4.2). The occurrence
of this case depends on the condition —1 < v; < 0 < v, < v,,. The state between R; and J; is

vg:l’" ). The propagation speed of 8S; is 6§ = m and that of the

L Thus &S, keeps up with the wave back of R; in finite time
(1 + Vm)2

for —1 < v; < 0 < v,,. The intersection point (x,7;) of 6S; and the wave back of R; can also be
calculated by (3.11) and given by (3.12). The strength of the delta shock wave before the time #
can also be calculated by (4.3). Thus, the strength of 85 at the time #; is

also (vi,wi) = (vp,

wave back of Ry is &, =

B(1) = (L4 vm) (Vi —v,wm). 4.6)

Vim — Vi

After the time #1, 65 begins to penetrate R;. During the process of penetration, we denote it with
08y and use I': {x = x() } to express, which has the same expression as (3.14).

In order to calculate the strength of the delta shock wave when it penetrates a rarefaction wave,
we should adopt the method of splitting the delta function proposed by Nedeljkov and Oberguggen-
berger in [27], which has also been used in [34,35,38]. Now, we can construct the delta shock wave
supported on the curve I" : {x = x(r)} of the form

VI, x < x(t), Wi, x < x(t) B N
v(x,t) = 0 xsa(), w(x,t) = wa (S s () +B_(t)Dp + B (t)Df,
4.7)

x—1 Vi x—1
in which B(t)Dr = B_(t)Dg + B+ (¢)Dy is a split delta function supported on the curve I' and
B(t) = B—(t) + B () denotes the strength of 6S,. Then, it follows from (4.7) that

w,:%ﬂ—og(f:( = 1) =) + B0+ L) )5 — 03B (1) + B+ (1)
! 4.38)
(ljv)x:m‘w(;fl)t+(j:(1_ x;1>—li’vl>5+<liw.ﬁ—(t)+\/x;1-B+(t)>5’,
4.9)
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where all the H, 8, 6’ are the functions of x — x(¢) in which x(¢) is given by (3.14). Substituting (4.8)
and (4.9) into the second equation in (1.1) and then comparing the coefficients of 6 and &', we have

—o§(z)<%( xil—1)—wl)+ﬁ’,(t)+/ﬁ(t)+%(1— le)—lfwzo, (4.10)

1 —1
O3 (B (1) + B (0) + B+ Be(0) =0, @.1)
It can be derived from (3.13) that
HOE ! 1 1 (4.12)

(I+v)(1+v) 1+v V ¢
When ¢t > 1, by virtue of (3.14) and (4.12), it follows from (4.10) that

B'(t)zﬁi(t)w;(z):w.(lf x—1>:vmw;—vlwm_< v M)

(1+vi)vm t (I+v)vm  \14vy (14wt
(.13)
Noticing the initial condition (4.6), it yields
ViaWi — VW, vt (Vi — Vi)t
1) =B_(t)+ B (1) = (T [P y,) @
Blt)=p-(1)+p-1) (I+v))vm N+ 1+ " (+14)
If the right state (, /)ﬁ -1, %(, /xi T~ l)) of 88, arrives at (v, Vﬁ,v:l’"), which is equiv-

alent to , /)ﬁ — 1 =v,, then 85, is just in time across the whole R; completely. Combining this

with (3.14), we can obtain the intersection point of 051 and the wave back of R; as

(T+v)(vm—wv1) (T4v) (v —v)(1 —f—v,)z)
5 .

(x2,12) = (l-i- v (v—w)

(4.15)
The strength of 85, at (x,,%,) can be calculated by (4.14).

Consequently, it is denoted with 053 and continues to move forwards and then interacts with J;.
The intersection point of 653 and J; can also be calculated by

__IB3

AL e
O h—n (4.16)

BERT )T,

with the initial condition (4.15), which enables us to have
1 — 1 1 —
(e3,13) = (14 Uy —ve) (L+v) (LT v) (m V’)). 4.17)
vi(vi—vy) vi(vi—vy)

Similarly, the delta shock wave continues to move forwards without changing its direction when it
passes through J; but has a different growth rate for the strength. More precisely, we have

Vr(Vle - Vlwm) (t - t2)

B(I)ZB(I2)+ vm(]—{—w)(1+vr)

for 1 <t<t, (4.18)
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(viwy —vyw,)(t —13)
(I+v)(1+v,)

B(t)=PB()+ for t>n, (4.19)
in which t, and t3 are given by (4.15) and (4.17) respectively.

If we take the limit v — (—1)" in (3.12), (4.15) and (4.17), then we can see that all the points
(x1,t1), (x2,12) and (x3,73) tend to (1,0). In the limit v; — (—1)7 situation, the delta shock wave
passes through R| and J; with the infinite propagation speed and the Cauchy problem (1.1) and (3.1)
has also a zero delta shock wave in the positive x—axis.

_— e~
2]
()

(Vm 5 Wm)

> X

0 1

Fig.4.3. The global solution of the Cauchy problem (1.1) and (3.1) when —1 <v; < v, <0 < vy,.

Casedd. -1 <v;<v, <0<y,

In this case, we are concerned with the interaction of 6S and R; + R, when the condition
—1 <v; <v, <0< v, holds (see Fig.4.3). In the beginning, the situation in this case is identi-
cal with that of Case 4.2. In other words, 8S; catches up with the wave back of R; in finite time
and the intersection point of them is given by (3.12) and the strength of the delta shock wave at the
intersection point is also given by (4.6). Consequently, it begins to penetrate R, and be denoted with
0.5, during the process of penetration. In this process, the curve I" of 85, can also be expressed by
(3.14) and the strength of 85, can also be calculated by (4.14) until it arrives at the line x — 1 =¢.

It is clear to see that the intersection point of the curve of S, and the line x — 1 = ¢ can be
calculated by

——7_ VB Vi — Vi
o= VT

(4.20)
x—1= 1,
which implies that
m 1 -
(e2,12) = (* vikvivn (Lv) v’)). 4.21)
Vi Vi
Then, it follows from (4.14) that the strength of delta shock wave at the time #, is given by
Blry) = (4.22)

—v;

In what follows, we can see that the delta shock wave supported by I" is an overcompressive

wave only up to the point (x2,1,). It is remarkable that the state (v,w) in R, is calculated by ¥ = v‘f—:,
which is obviously different from % = % in Ry on the right-hand side of the line x — 1 =1¢.
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Especially, we can see that v < 0 in R;. A new local Riemann problem containing a Dirac delta
measure at the intersection point (x;,7,) is formulated as

Vi, x < X2, wi,  x<Xx2
V)=, = { n, x>x, Wi=r, = { nvwr? x> x +ﬁ(t2)6(x2712)’ (4.23)
r
where we suppose that 1)(< 0) is an approximation of zero and satisfies * + 1 _ (i 4‘177)2 , namely

we assume that R, is approximated by a set of non-physical shock waves.
Actually, the solution of the local Riemann problem (1.1) and (4.23) can be constructed in the
form:

0 wi, x<xZ+{I_ﬁfl
v, x<x(t), _ 1—n
v(x,1) = {n > 50 wixr) = Y4 i+tv21 <x<x(t) p+P(R)é(x—x— 1+w)=
9 Y ler x>x(l‘)
vy 0
(4.24)

where the shock wave curve x = x(¢) can be expressed as x(1) = x, + 0 in the local

r—bh
T+v)(1+n)
neighborhood of (x,,1,) for the sufficient approximation 1 (< 0) of zero.
Now, one is in a position to check that (4.24) is indeed the weak solution of the local Riemann

problem (1.1) and (4.23). For every ¢ € C5’(R x R,.), it is clear to see that

<V[+(1—‘|}-V)X7(P> :0’

(4.25)
<Wt + (ILH)X’ (P> =0,
hold if suppe N {(x,7)|x = x + %,t > 1} = 0. Otherwise, we can see that (4.24) is also the
weak solution of (1.1) and (4.23) near the support of the Dirac delta measure. For the first equation
in (1.1), the result obviously holds since it does not contain w and no singularity appears in it. For
the second equation in (1.1), through substituting (4.24) into it, we can see that

w1 v, ) viw, Wy B(r2) o
W‘+(1+v)"_ 1+v (( v, Wl)8+B(t2)8>+<vr(l—|—vl) l+v1>6+1+v16 =0
(4.26)

holds near the line x = x» + { :—tvzl for t > 1, in the weak (or distributional) sense.

Thus, we can see that the Dirac delta function is now supported on the contact discontinuity line

xX=xp+ i :_i}zl which is called as the delta contact discontinuity 6J in [27,35]. When ¢ > 1, 05, is
VIWy

decomposed into 8J and S; with the middle state (vi,w;) = (v, o ) between them. Consequently,

0J continues to move forwards with the constant speed ﬁw and the invariant strength 3(z,). On the
other hand, S| continues to penetrate R, also with a varying propagation speed. It is noticed that S;
has the same propagation speed with dJ at (x;,1,) for the state on the right-hand side of the point
satisfies v = 0. In other words, S; and &J are tangential at the point (x2,7,).

After the time 1,, the state on the left-hand side of S is (vi,w;) = (v, V’vvf’) and the state on

X "V \Wx
on the characteristic line in R;. Thus, the curve of S| is also determined by (3.13) with the initial

the right-hand side of S is (v,w) = (/=% 11 Wr (/L 1 — 1)) which corresponds to the state
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condition (3.12). Here we notice that the initial point (x,,) also lies on the curve I" given by (3.14).
Thus, the shock wave curve S is a continuation of the curve I, for the propagation speed of S is
determined by the value v only.

For —1 <v; <v, <0, itis clear to see that S| is able to penetrate R, completely. The intersection
point of S; and the wave front of R, can be calculated by

~—_ VB Vi — VI
x3_1_1+v1_ in—i-vl’

. ” 4.27)
B T U
which means that
(14+v) (v —vi) (T+v)A4+v.)2 (v — W)
=(1 . 4.28
(XSJ}) ( + (Vr_vl)2 7 (Vr—V[)2 ) ( )

Similarly, if we take the limit v — (—1)* in (3.12), (4.21) and (4.28), then we can also see that
all the points (xj,t1), (x2,%) and (x3,3) tend to (1,0). In the limit v; — (—1)" situation, the delta
shock wave passes through R; and R, with the infinite propagation speed and the Cauchy problem
(1.1) and (3.1) has also a zero delta shock wave in the positive x—axis. But for x > 1 on the positive
x—axis, the zero delta shock wave is the superposition of a zero delta contact discontinuity and a
zero shock wave.

Hence, we can also summarize our results for the zero delta shock wave in the limit v; — (—1)"
situation in the following theorem.

Theorem 4.1. If the initial condition (3.1) satisfies —1 < v; <0 < v, and v; < v, then a zero delta
shock wave generates at the point (0,0) and keeps in the positive x—axis in the limit vi — (—1)"
situation for the Cauchy problem (1.1) and (3.1).

5. Analysis of Zero Rarefaction Wave

In this section, we turn our attentions to the situation that the zero rarefaction wave interacts with
the other elementary waves. In order to investigate it, we take —1 < v,, < —1 + € for sufficiently
small €, and then we pass to the limit v,, — (—1)". Thus, in the limit v,, — (—1)7 situation, the
Riemann solution to (1.1) and (1.2) at the point (0,0) has a zero rarefaction wave. This is to say, we
take the approximation of the zero rarefaction wave in the Riemann solution at the point (0,0).

Our discussion should be divided into two parts according to v; > 0 or not. To be more precise,
if we take —1 < v,, < —1+ € for sufficiently small €, then the Riemann solution at the point (0,0)
is R; + R, when v; > 0, otherwise the Riemann solution at the point (0,0) is J + R when v; < 0.
Now we first consider the situation v; > 0 and then consider the situation v; < 0.

CaseS.1. — 1<y, <v, <0<y
In this case, we are concerned with the interaction of Ry + R, and J + S under the condition
—1 <vy, <v, <0<y (see Fig.5.1). The propagation speed of the wave front of R; and J; are
7 and 7] =

_ 1
gf_ (1+vm) 1+Vm
overtakes J; in finite time and the intersection point is determined by

respectively. For —1 < v, <0, it is clear that the wave front of R,
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7Z (Viny W)
0 1

> X

Fig.5.1. The global solution of the Cauchy problem (1.1) and (3.1) when —1 < v,,, < v, <0 <.

(VHWV)

> X

Fig.5.2. The limit v,, — (—1)™ of solution of the Cauchy problem (1.1) and (3.1) when —1 < v,,, <
v, <0<

_ h
X1= 7" 7>
1 _ 1
x—1= T+v,’
which yields
1 (14v,)?
(x1,01) = (—,7( n) ) (5.2)
—Vm —Vm

Consequently, J; begins to penetrate R; with a varying propagation speed. During the process
of penetration, we denote it with J, which is determined by
dx 1 X

= S i 5.3
dt 1+v t (5-3)

with the initial condition (5.2). An easy computation leads to

VE= i+ >4

It is clear that J, decelerates when passing through R;. But we notice that the line x = ¢ cannot keep
up with J, forever. Thus, J> has the line x = ¢ as its asymptotic and is not able to enter the region of
R;.
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On the other hand, R; passes through J, and then is denoted with R3 after penetration. Here we
should emphasize a fact that the propagation direction of the rarefaction wave is unchanged during

L

the process of penetration since the value v = 1 is unchanged when across J,. However, the

x
value w varies from w = Vy—mm ImR;tow= v‘?: L in R3 when across J;.
Now let us consider the interaction of R3 and S. The propagation speed of the wave front of R3
. 1 . .
isalsoé = ———— andthatof S;is 6y = ——~——. For —1 <v,, <v, <0, it is easy to
= Ty LIS 01 = (T, ) (T, m <V y

see that the wave front of Rj3 is also able to catch up with S in finite time and the intersection point
can be calculated by

_ 15}
Xy = —2—,
(I+vm)
o (5.5)
2 (T+vp)(14+v,)’

which implies that
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After the time 1, S| begins to penetrate R3 and is denoted with S, during the process of pene-
tration, whose curve can be calculated by

dx 1 1 X
— g . - 5.7
dt— 1+ (1+v,)  14v, \[t S

with the initial condition (5.6). An easy computation leads to

y

t Vr—Vm
+ .
1+4+v, 14w,

V= (5.8)

It is clear that S, also decelerates when passing through R3. For v, < 0, S, cannot penetrate R3

completely and finally has the characteristic line x = ﬁ in Rz as its asymptote.
r

+v
Analogously, if we take the limit v,, — (—1)" in (5.2) and (5.6), then we can see that both the
points (x1,#) and (x2,%,) tend to (1,0). For the Cauchy problem (1.1) and (3.1), the zero rarefaction
wave only exists in the interval [0, 1] in the positive x—axis in the limit v,, — (—1) situation since
the contact discontinuity and the shock wave begin to penetrate the rarefaction wave from the point
(1,0) (see Fig.5.2).
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Fig.5.3. The global solution of the Cauchy problem (1.1) and (3.1) when —1 < v,, <0 < v, <v;.
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Case5.2. -1 <v, <0<v, <y

In this case, we are concerned with the interaction of R; + R, and 85 under the condition —1 <
vim < 0 < v, < v (see Fig.5.3). It is clear that the wave front of R overtakes 85 in finite time and
the intersection point (x;,#;) is calculated by (5.5) and given by (5.6). In other words, we only need
use (x1,71) to replace of (x2,%,) in (5.5) and (5.6). It is clear that the strength of §S; at the point
(x1,11) can be calculated by

(Ver - Vmwr)tl _ (1 + Vm)(vrwm - Vmwl)

Blt) =t — p—

5.9
Consequently, 0S; begins to penetrate R} and is denoted with 85, during the process of pene-
tration. The curve of 85, can also be calculated by (5.7) and expressed by (5.8) until it meets the

line x = ¢ at the point

(5.10)

(x2,1) = <(Vr_vm)(1 +vr)7 (v —vm)(1 +w)).

vy v,

As in Case 4.2, in order to calculate the strength of the delta shock wave during the process
of penetration, we also use the method of splitting the delta function and construct the delta shock
wave supported on the curve (5.8) of 85, in the form

v@,r):{ﬁ—l’ x <o) w<x,r>={W< x x<x(t)}+ﬁ(t)Df+ﬁ+(t)DF-
Vr, x> x(t), Wr, x> x(1)
(5.11)

Then, it follows from (5.11) that

W, H

2V /Xt

(7).~ 2:,"’”5;6* (75 \/f))‘” (\/f'ﬁ—OH livr B (1)8, (513)

where all the H, 8,8’ are also the functions of x — x(¢) in which x(z) is given by (5.8). Substituting
(5.12) and (5.13) into the second equation in (1.1) and comparing the coefficients of & and &', we

have
(—Gé(wr—v:’:(\/z—l))Jrﬁ’(t)+[3@(r)+ 1Yv,_%<l_ 2)=o, (5.14)

Wy = —

+(—o§(wr—f’:(\ﬁ 1)) +B.(1)+BL(1) ) 5~ G3(B- (1) + B (1)), (5.12)

1
14+v,

—c§<r><ﬁ<r>+ﬁ+<r>>\/f B4 B =0, 5.15)

When t > 1, by virtue of (5.7) and (5.8), it follows from (5.14) that

== )= s )

(5.16)
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Then, we have

B _ VW — VW (il (Ve — V)t
BU) =B () +Be) == (=2 [ ), GaD)

in which the initial condition (5.9) has been used.
After the time f,, the situation is similar to that in Case 4.3, namely 0S5, is also decomposed

into a shock wave S; and a delta contact discontinuity 8J with the middle state (v, w;) = (v, vq)vlvl )
between them. Consequently, 6J continues to move forwards with the constant speed ﬁ and
r

the invariant strength (#2). On the other hand, S, is tangential with 8J at the point (x;,#;) and
then continues to penetrate R, also with a varying propagation speed. With the same procedure as
before, we can see that the shock wave curve of S; is a continuation of the curve (5.8) of 4.5,. For
0 < v, <v;, we can see that S7 cannot penetrate R, completely and finally has the characteristic line
x= % in R, as its asymptote.

(1+v,)

For the Cauchy problem (1.1) and (3.1), the zero rarefaction wave also only exists in the interval
[0,1] in the positive x—axis in the limit v,, — (—1)" situation since the delta shock wave begins to
penetrate the rarefaction wave from the point (1,0).

Case53. —1<v, <0<y <v,

In this case, it is also the interaction problem for R; + R, and 6S when the condition —1 <
v < 0 < v, < vy is satisfied. The situation in this case is similar to that in Case 5.2 and the differ-
ence only lies in that S; is able to penetrate R, completely and finally has the propagation speed
m after penetration. The details are omitted and left to the readers.
CaseS54. —1<v,<v <0<,

In this case, we are concerned with the interaction of J + R and &S when the condition —1 <
vin < v; < 0 < v, is satisfied. The situation of wave interaction is analogous to that in Case 4.2
but the limit situation is different from that in Case 4.2. If we take the limit v, — (—1)7, then 65
is tangential to the positive x—axis at the point (1,0) and consequently penetrates R completely.
Finally, it continues to move forwards without changing its direction when it passes through J.

Case5.5. —1 <y, <vi<v, <0

In this case, we are concerned with the interaction of J + R and J + S when the condition —1 <
v < v; < v, <0 is satisfied. In the beginning, the situation is similar to that in Case 5.1. More
precisely, the contact discontinuity J, passes through the rarefaction wave R; with a varying speed
and the direction of rarefaction wave is also unchanged. During the process of penetration, the curve
of contact discontinuity J3 can also be calculated by (5.4). But here the contact discontinuity J3 is
able to penetrate the rarefaction wave R; completely and finally has the propagation speed ﬁ
which is parallel to J;. On the other hand, the shock wave §; also penetrates the rarefaction wave
R, and the curve of it can also be calculated by (5.8). Here the shock wave S; is able to penetrate

the rarefaction wave R, completely and finally has the propagation speed m
r

We can depict Figure 5.4 to explain this case, in which
viw VW
=)y (v2,w2) = (v, ——) and  (v3,w3) = (v,

m Vr r

ViW,

(vi,w1) = (v, ). (5.18)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
98



C. Shen / The Perturbed Riemann Problem near the Singular Curve for the Chromatography System

Fig.5.4. The global solution of the Cauchy problem (1.1) and (3.1) when —1 < v,,, < v; < v, <O.

Case5.6. -1 <v, <v, <y <0

In this case, we need also to study the interaction of J 4+ R and J + S when the condition —1 <
vin < v < v; < 0is satisfied. The situation in this case is similar to that in Case 5.5 and the difference
only lies in that the shock wave cannot penetrate R, completely and finally has the characteristic
line x = % in R as its asymptote.

(1+v,)

In the end, we can also summarize our results for the zero rarefaction wave in the limit v,, —
(—1)* situation in the following theorem.

Theorem 5.1. If the initial condition (3.1) satisfies —1 < v,, <0, v, < v; and v,,, < vy, then a zero
rarefaction wave generates at the point (0,0) and keeps only in the interval [0,1] in the positive
x—axis in the limit v,, — (—1)" situation for the Cauchy problem (1.1) and (3.1).
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