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By using the extended Harrison and Estabrook’s differential forms approach, in this paper, we investigate
the Lie symmetries of the continuous and discrete dispersive long waves system, respectively. Based on this
method, two closed ideals written in terms of a set of differential forms are constructed for the dispersive long
waves systems. Furthermore, some invariant solutions are presented for such systems. By a direct computation,
it is shown that the discrete dispersive long waves system admits a Kac-Moody-Virasoro type and a Virasoro-
like type Lie algebra, respectively. Finally, we present an interesting relationship between the continuous case
and a modified dispersive long waves system, which can be used to find nonlocal properties for such systems
with each other.
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metric approach; Kac-Moody- Virasoro algebra.

2000 Mathematics Subject Classification: 35Q51, 35Q53, 35C99, 68W30, 74J35.

1. Introduction

As is well known, it is more and more urgent and important to investigate the integrability of non-
linear differential equations, especially, the research of symmetry property and the construction
of exact solutions [4]. Nowadays, the concept of symmetries is extended from differential equa-
tions to differential-difference equations (DDEs). There exist some well-known methods, such as
the intrinsic method [20], the generalized conditional symmetry method [5], the classical lie group
method [1,25], the non-classical lie group method [2], and the Clarkson and Kruskal’s (CK’s) direct
method [6]. By using Lax pairs, Lou has improved the direct method [21,22]. With the classical Lie
group method, Estévez et al. [11] and Lou, Chen et al. [7,23,28,29] have studied symmetry reduc-
tions of the Lax pairs for some (2+1)-dimensional equations.

In 1971, a method was proposed by Harrison and Estabrook to find the symmetries of differen-
tial equations by using a differential form technique with a geometrical flavor [13, 14]. Then, the
theory is developed by Edelen of the differential form method extensively [9, 10, 15]. Recently, by
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using the discrete exterior differential technique, the method proposed by Harrison and Estabrook
has been extended to study the (2+1)-dimensional Toda equation and discrete time Toda equation,
respectively [17, 24, 27]. In this paper, we study Lie symmetries of the continuous and discrete
dispersive long waves system by using the extended geometric approach.

The rest of the paper is structured as follows. In Section 2, a short summary of the exterior
differential calculus is presented. In Section 3, the Lie symmetries of the continuous dispersive long
waves system are obtained by virtue of the extended method. In Section 4, the method is further used
to investigate the discrete dispersive long waves system. Finally, some conclusions and discussions
are presented in the last section.

2. Difference and differential form

Following Harrison and Estabrook’s work, this section we start with a short summary of the exterior
differential calculus that will be useful in the rest of this paper. For a more detailed description we
refer the reader to Refs. [9, 10, 13—-15] and [24].

Let L be a lattice and A be the algebra of complex valued functions on L. The right and left shift
operators E,, E;l at anode x € L in the A-direction

Ejx=x+1, E;lx:x—fl, 2.1)
can define a homeomorphism on the function space A. The homeomorphism reads

E f(x) = f(x+ ), Ex(f(x)-g(x0) = Eaf(x)- Exg(x), f.g €A, (2.2)

where A is the spacing in the A-direction and the dot denotes the multiplication in A.
Next, the tangent space can be defined at the node x of L as TL, := span{A,|,,4 = 1,2,...,n}.
Here A, is the differences in A-direction defined by

Af(x) = (Ey—id)f = f(x+)— f(x), (2.3)

where id is a identity mapping.
The dual space T*L, of TL, is a space of 1-forms with a set of bases y* defined on the link
between x and (x + 1). The bases between 7L, and T*L, satisfy

x'(A) =6 with veT(L), (2.4)

where ¢ is a Kronecker function.
Let’s introduce the tangent bundle and its dual over L

T(L) := UTLx and T*(L):= U T*L,, 2.5)

xeL xeL

respectively.

Then the vectors on T'(L) can be defined and the whole differential algebra Q* = @nez Q" on
T*(L) can also be constructed, where Q" is a set of n-forms. One can define the exterior derivative
operator d : QF — QK1 a5

dw = Ao fX* AXM A Ay ™ e QFFL (2.6)

where w = fYy" A---Axy%*eQfand e =1,2,....
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It is easy to show that

d*=0,
@) =v(f), veT(L),feQ’,
dw®w) =dw®w + (—l)deg“’w@w’, w,w €QF, 2.7

which yield the following identities

dx") =0,
X AXT == Ax
X'f=(Eaf)x* (no summation). (2.8)

From above, the discrete contraction operator iy is defined by [13,24,27]
ivw=Viw={w,V), V=VAL1eTL,. (2.9)
Thus the Lie-derivative £y can also be introduced by
Ly =diy +iyd. (2.10)

Note that above discrete exterior differential caculus can be extended to the case of semi-
discrete. For such case, the following identities should be added

d(dx") =0,

A f = fd+,

dx’ ANdx" = —dx" AdxP,

YA = —dxP A, 2.11)

where x” and x" are the continuous variables.

3. Lie symmetries of the continuous dispersive long waves system

In this section, based on the definition of Lie derivatives, which are used to find symmetries of the
exterior differential equations system, we introduce isovector field and require the corresponding
Lie derivative of each differential form to be a linear combination of the forms for the continuous
dispersive long waves system. Compared with the discrete dispersive long waves system, in what
follows, we just want to show the application of geometric methods for the continuous case. Based
on that, one can further understand what happens in the discrete case.

In 1987, Boiti, Leon and Pempinelli have firstly investigated the spectral transform for a two
spatial dimension extension of the dispersive long wave equation [3]. In 1988, Konopelchenko has
investigated the compatibility conditions, general Biacklund transformations and integrable equa-
tions for the two-dimensional dispersive long wave equation [18].

Now let us consider the continuous dispersive long waves system

Up = 2Uly — Uyy + 2V,

Vy = 22UV +2Uvy + Vi, 3.1

where u = u(t,x,y) and v = v(t, x, y).
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In order to convert system (3.1) to a set of differential forms, and reduce them to a first-order set
by introducing two new variables given by

Pty g=v,. (32)
Thus system (3.1) is of the form

u—2up+px—2q=0,

vy —2uq—2vp—q, =0. 3.3)

Then we can define the following set of 3-forms in the seven-dimensional space N =
{t,x,y,u,v,p,q}

ay =dtAdundy— pdt Ndx Ady,
ay =dtAdvAdy—qdt Ndx Ady,
B1=dundxNdy—-2updt NdxNdy—dtAdyNdp—2qdt ANdx A dy,
Bo=dtNdxAdv—-2vpdt Ndx Ndy—2uqdt Ndx Ndy+dt Ndy Adq,

(3.4)

and they constitute a closed ideal 7. Next an isovector field is introduced on the space N =
{t.x,y,u,v,p,q}

V=V, + V0, +V'd+ V"0, +V'0,+ VP, + V0, (3.5)

where V', V¥, VY, VP, V1 are functions with respect to (¢, x,y,u, v, p,q) and V*, V" are functions with
respect to (¢, x,y,u,v), respectively

Based on the definition of Lie-derivative in Refs. [13,15], let us now consider the Lie derivatives
of a1, and require them to be linear combinations of the forms system (4.2), one can obtain

fvaq = dozlJV+d(quV) = A1+ bap +/l3ﬁ1 +/14,82 € I], (36)

where A;(i = 1,2,3,4) are arbitrary zero-forms. No other term on the right-hand side is possible since
only a1, ay, B1, B> are the 3-forms. Substituting (3.4), (3.5) into (3.6), we have

Vi=Vi=Vi=V)=V)=V) =0,

Vi+pV =0,
Vy-pV, =0, a7
Vi=pVy+V,+pV, =0,
V- 2p2uVl’,‘ +2puV, —pZV,f -pqVy
=2pqVy, - pVi+pV, —qVy+2qV, - VP =0.
Then we consider %y a; and have
gvaz = dCL’z.lV+d(a'2_|V) er;. (3.8)
It can be expressed as
Lyay = Asay + Agaa + 781 + AgPa, (3.9)
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where A; (i = 5,6,7,8) are arbitrary zero-forms. Substituting (3.4), (3.5) into (3.9), one can obtain
the following system

V=V, =V, =V, =V,=V;=0,

Vy—qVy—=Vi—qV; =0,

VgV =0, (3.10)
V94 2vpqVy +2uq’ Vi, + 2vp Vi + 2uq Vo + pgV?>
+q*Vy+qVi-pVi—qV) -V =0.

Then we consider %81 and %3, to complete the calculation, and put

P =da1aV+d(a1aV) = éray +bar + &1 +éuPr €T, 311
LyPr =daaV+d(a1aV) = ésay +Esar +E1B1 +Efr € T, '

where &; (i = 1,...,6) are arbitrary zero-forms. We now write out the terms involving all possible
basis three-forms and eliminate the multipliers. Substituting (3.4), (3.5) into (3.11), one can obtain
the following systems

V= V’ Vi=V; =0,

Vi=Vi= =V,=Vy=Vy=Vyi=V/=0,

Vi+V, = O,

Vi+2upV,+2qV, -V, =0,

Vi +2upVy +2qVs =V =V} =2upV, —=2qV, + Vi =0, (3.12)

V942U p* Vi + dupgVe + up® V¥ +upV! +2¢°V! —upV*

1 1
+pqVi+pVi +uVP +qV! —qV"+ = pV¥— =pV¥

2 2
1 1 ., 1
—EqV5—§V; —EV)[C) :O,
and
Vt—V’ Vi=V!= V’ V’=0,
Yy e — Y — Y —
V= Vx Vi=V,=V,=V,= Vu—VI‘;—Vp—O,
Vi=Vy =0,
Vy —2va,§ —2qu§ +Vi=0, (3.13)

Vi +2pvVy +2uqVy + Vi = V) + 2vpVy +2uqV; + Vy =0,
vi- 4p2v2Vg = —8uvpqV, - 4u2p2Vj; +2vpq V¥ + 2ug* V> + 2pyVE 4+ 2uq VY
—2pvVg =2ugVy +2qV" =20V + pVi +qVy + gV +2pV" +2uV? - V) = 0.
Co-published by Atlantis Press and Taylor & Francis
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From systems (3.7), (3.10), (3.12) and (3.13), one can get the following infinitesimals

1’4 =cit+c3,
. 1
V= §C1X+C5([+y)+04,

V' =ciy+e,
1 1

V= —5C1u = 5, (3.14)
VV =-C1V,
VP =—cip,
3
Vi=—Zcig,
201q

where ¢; (i = 1,2,3,4,5) are arbitrary constants.
Based on the infinitesimals (3.14), we obtain the following invariant solutions.
Solution 1: The first set of solution u and v is given by

u=f(y), v=_g@, (3.15)

where f, g are two arbitrary functions with respect to their arguments.
Solution 2: The second set of solution # and v is given by

—x+ 2k \/y
2942t
k
== (3.16)
y+t
where k| and k;, are two arbitrary constants.
Solution 3: The third set of solution u# and v is given by
Bk +2)r - X IM(+) + ko [(16k) +4)t =22 U (+) — 4t2ky + DM (=) — kot U (-)
B 2xt[2ky U(+) + M(+)] ’
Numerator
= h(t . 317
v=h )eXp(2k2 U+ x2zM(+)2) G-17)

with the numerator of v is given by

YI(=4k5x% + 8K3 + 128k2 k3t + 64k K3t U (+)* + (16ky t + 323t — x* + 20)M(+)* + 32451 U (—)*

+ (=81 +2x% — 48kt — 643t + 4ky X )YM(+)M(=) + 32k t(1 + k) )M(=)* + (—4kax* + 8t + 16Kyt

+ 128Kk kot + 64k ko) M(+)U(+) + (16kat — ko x* + 64k ko) M(+)U (=) — (16kat + 96k kot

+ 128k ko) M(=)U (+) — 32ka(1 + 2k )M(=)U (=) + (32k31 — 83 x°* + 128k K3 U (+H)U(-)

+ 4o (2 + 2k U(HM ()], (3.18)
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where k1, ky are two arbitrary constants, /(¢) is a free function, and

M(+) = KummerM(=2k; + . > —xz)
= Ku — R
1 2,2’4t b
13 £
M=) =K M(=2k; — =, >, =
(=) ummerM(—2k; 2’2’4t)’
13 %2
-K k=2
U+) ummerU( 1+2’2’4t)’
U(=) = KummerU(—2k; — —. > —xz) (3.19)
—) = u — —_— = . .
T

The Kummer functions KummerM(u, v, z) and KummerU(y, v, z) solve the differential equation
U"+(v—2)U —uU =0. (3.20)

By choosing the arbitrary constants k;, k» and function /(¢), the simulation of the third set of
solution u and v are shown in Figures 1 and 2.

b e
N

(b)
Figure 1. (Color online) The wave propagation plots of u to the continuous dispersive long waves system
given by (3.17), with the parameters k; = 1, kp =land h=1: (@) r=-1; (b)) x=-1,y=1.

(@) (b)
Figure 2. (Color online) The wave propagation plots of v to the continuous dispersive long waves system
given by (3.17), with the parameters k; =1, k =1 and h = 1: (a) t = 0.01; (b) x =0.01, y = 0.01.
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4. Lie symmetries of the discrete dispersive long waves system

In what follows, based on the exterior differential system, we further introduce isovector field and
require the corresponding Lie derivative of each differential form to be a linear combination of the
forms for the discrete dispersive long waves system.

In 1991, Konopelchenko has firstly proposed the discrete dispersive long waves system, and
investigated its Laplace transform [19]. In 1997, Shabat and Yamilov have investigated a transfor-
mation theory for the discrete dispersive long waves system [26]. Now let us consider the dispersive
long waves system

Uny = Vn—=Vn+l,
Vax = Vn (Up —up-1), (41)
where u,, = u,(x,y) and v,, = v,(x,y).
Then we can define the following set of 2-forms and 3-forms in the seven-dimensional space
N ={n,x,y,Un, Un-1,Vn, Vn+1}
a1 = [duy — (vy = Ve )dyl A x Adx,
@z = [dvy = x(Vns1 = Vi) = Va(uy — uy—1)dx]) A dy,
B = [dup—1 —x(y —up—))I Adx Ady,
B2 = [d(vpr1 = i) + Vud(uy — 1) + (y — U1 )dv,] Adx A dy,

4.2)

and they constitute a closed ideal 7,. Next an isovector field is introduced on the space N =

(X, Y, U Up—1,Vn, Vns1}

V=V'"A,+ V0, + V0, + V"3, + V"0, , +V'"d,, + V"9 4.3)

Vn+12

where A, u, = uy1 —u, and y(A,) = 1.
Based on the definition of Lie-derivative in Refs. [17,24,27], let us now consider the Lie deriva-
tives of @, and require them to be linear combinations of the forms system (4.2), one can obtain

fv(ll = daq_nV+d(a1_|V) = /\§+§1da2 +§20q +f3ﬁ1 +§4,82 € Iz, (4.4)

where { and &;, i = 1,2,3,4, are arbitrary one and zero-forms. No other term on the right-hand side
is possible. Substituting (4.2), (4.3) into (4.4), one has

‘lﬁnfl = ‘/n

Vn+l
Vit Ay, Vi =0, Vi
VnApv, Vo~ Vi + AV, =0,

Un y _ X X _

Vit + AgvaVa =0, Vi=Aw, Vi =0, (4.5)
Ay V34 Vi = AV = Ava Vi = Ay Vit + (Uit = )2 Vi

X n
R R VAU U TYA VA U

= Vlfn—l = V‘)}Cn = Vx = O’

Vn+1
+ AV, VY =0,

Vn+1

x X
+ Apltn—1VnVni1 an —UpVpApviV;

n+1

n X X 2y/x
—Up-18nvnVy | FUnVns1 Anva Vi = tn—1Vns1 BpvaVyy = Bytty—1v, V= 0.

n—1

Then we consider .%ya, and have

fv(lz = da24V+d((Xz_|V) S Iz. (46)
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It can be expressed as

Lyar =, 4.7)

where £ is an arbitrary zero-form. Substituting (4.2), (4.3) into (4.7), one can obtain the following
system

‘/zn 1 = ‘/;; Vn+l = ()
AV Vi = Aty 1v, A, VY = 0,
Vil = Ayt 1V, = AuviVy,, =0,

vy = A, Vi = Anlty 1\/,1Vun+I =0,
Vu,, L= Dpug1vnVy = AV, =0,

y y ¥ 4.8)
AV + A,V = 0, Anun_lvann + Vi =0,

— AV Vi + AgVivps Vi + Anttn 1 Mgy V.
- AnVV" + AnVVnH + Anun—l VI’LAVZVX + AnVnAnVn = 0’
— V" = AV + Ay Vi = Myt 1vi V' + Aty 1va Ay V)

+ Aptp_1V; V + Aty V" + Aguty—1v, Vi = 0.
Then we consider %81 and .Z,3, to complete the calculation, and put

fvﬁl = dﬁ1_|V+d(,81_.V) =Q /\{1 +/11a’a/2 +/lza'1 +/l3[31 +/l4,32 € Iz,

49
g\/ﬂz =dﬂ2_|V+d(,32_|V) =0/2/\{2+/l5da2+/l6011 +/17ﬂ1 +/lgﬂ2 €.Z2, ( )

where {; and &;,i=1,2,j=1,...,6, are arbitrary one and zero-forms. We now write out the terms
involving all possible basis three-forms and eliminate the multipliers. Substituting (4.2), (4.3) into
(4.9), one can obtain the following systems

Vi=VE =V =V =V

Vn+l Vn+1 = O

A,,Vx + AV, + A1V, =0,
— Aty 1V = Aty _1v, V| +V”" =0,

Un

Vil — Aputy—1 Vi ., =0, AV+AM,,1V =0,

Vn+1

Apttn-1 v Vi, —V””+A nltn-1 V! — Au IV" 1

un 1

(4.10)

+ A Vo = Mgty vV, F Apltgttn vV

Vn+1

_Anun_lvnHV = Aplty_ 1Vt an +Anun_1vn+lv

Vn+1 Vn+1

— Apttn—1 Apvp — At 1 A V" + A, V1 =0,
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and
Y _ Y — Y Y —
Vi=Vy =Vi =Vi =AWV =0,
n X _ y y —
Vi, tvaVy =0, Vi +V; =0,
X n _ Y
VV 0~ Vi, =0, Anun_qun_l +v, Vi, =0,
y Y X X y AN
Aptty1 Vi, +viV;, =0, V,  +V, =0, V, +V, =0,
vV + VI —v, Vil + Agu vV"+Au VvV = A vaVE A VY =0
Vel nVvy, nn—1VnV,, nUn—1VnVy, ny_1VnVy, nn—1Vy, 5

— Vil AV = Aty Va1 Vi AV = Nvavn Vi + Mgty vy Vi = Ve,V =0,

Up—1
V! +v,,A V=Vt 1Ay, Vi, +vnA viVy + A Vi —un A,V =0,
— Vi v, Vi = AV + Ayt v,Vy, — A, u vV + VI = Ay v, V)

+v, V) = v, Vi A V)" +van,’” + Apty_1VpVne1 VE

Vsl Vsl

—AnvnvnV + Apttn—_1v,, V AV 1vn Vn+1 =0,
VA, VI — v, A, V=1 4+ A un Ve Vx = Aty v Vi + Aty v, V! — 12V, AV @.11)
= Aty -1V, V — Aty vy Vi — lvnA v +un WV =V = 2w quv, V)
+3un_1unvnAnun_1Vu + A1 AV vV 1 AV + 1y v, V Anui_lv%\/j‘n
= 2up v Vi + 22U 1V Vi + Aplly 1 Dyt VpVps1 Vy, — 2Anun_1vnvn+1 Vo
= 201 UV V20010 1V Vai V| F 2U 1V A VE = Ay, V= 2800, V™
— A VI + Ay, VO VI — Aty v, V' ‘+u % +uﬁ_1vnV" —u3vnV;fn71
+ Aptn_1va V" +u,31 WaViy |+ Anlty 1vn+1an+1 Vn A V'™ + 20,11 vy A, V"
— AUty 1V 1 A V" +An”n+1vn+1an+1 — Aptty-1 V2 Vi = Aty 1vn+1V Vs Vi
— Aty 1Vn+1an+1 — Ay, 1Vn+1an+1 + Aty lvn+1V —va V+ A, u V;Zq
—VIVin = 0.
Solving these systems (4.5), (4.8), (4.10) and (4.11), one can obtain

Vt=0,

= f(x),
Vi =g,
Vi = h(x) + k(y)e!P +nf’ (x), (4.12)

Vil = h(x) + k()™ + (n— 1) f (%),
V¥ = g(y)ef(x) _ nk’(y)ef(x),
Vit = g)e!™ = (n+ DK (),

where f(x),g(y), h(x) and k(y) are arbitrary functions and the primes denote derivatives with respect
to the respective arguments.

On the one hand, based on the infinitesimals (4.12), we obtain the following invariant solutions
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Solution 1: Taking f =0, g =y, h = x and k =y, one can obtain the first set of solution u, and v,
given by

up = F1(x) + Fa(y),

Vn = —nF}(y), (4.13)

where Fi(x) and F(y) are two continuously differentiable functions with respective to x and y,
respectively.

Solution 2: Taking f =1, g =y, h = x and k =y, one can obtain the first set of solution u, and v,
given by
up = G1(x)+diIny +d> In[yG1(x)],

n(dy +dp)

va = G3(y) - (4.14)

where d,d, are two arbitrary constants, G1(x), G2(x) and G3(y) are three continuously differentiable
functions with respective to x and y, respectively.

Solution 3: Taking f = -1, g =y, h = x and k = y, one can obtain the first set of solution u, and v,
given by
up = Hi(x) +di Iny +do In[yH> (x)],

n(dy +dy)

vn = H3(y) - (4.15)

where 671,672 are two arbitrary constants, H;(x), H,(x) and H3(y) are three continuously differen-
tiable functions with respective to x and y, respectively.

On the other hand, from (4.12), one can obtain the bases of the symmetry algebra

X(f) = f(0)0: +k()e! Dby, +nf (x)dy, +k()e! D8y, + =1 f ()8, , +g()e’Vd,,
—nk' (y)e! V9, + g(»)e!d,,,, — (n+ DK (y)e’™a,,,
Y(g) = g8y +g(»)e’ 8y, + g(»)e’ o, (4.16)
U(h) = h(x)d,, + h(x)d,,_,,
V(k) = k(y)e!™@d,, +k(y)e! ™8, _, —nk' (1)e’Vd, —(n+ 1K (y)e! M

Vn+l*®

By a direct computation, one can obtain the associated Kac-Moody-Virasoro type Lie algebra
between these vector fields:

(XU, X(2)] = X(fify = £l )

[Y(g1).Y(g2)] = Y(g185 — &182),

[X(N), U] = U(fH'),

[X(f), V()] = V(fh'),

[Y(g), U] =U(gh),

[Y(g), V()] = V(fK). (4.17)
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In order to find an exactly Virasoro-like algebra by choosing appropriately the functions
f(x),g(y),h(x) and k(y), one can further investigate the brackets appearing in (4.17). According
to the computation given by Heredero and Reyes [16], we obtain a Virasoro-like algebra for the
vector field Y(g). For arbitrary functions g; as g; = gi(y), by taking g; = ig;tan(iy +d) (i # j), one
obtains

[Y(g),Y(gpl=(gi—g)Y(gi+gy), i,j=12,..., (4.18)

where d is an arbitrary constant. Based on the Ref. [16], one can show that the vector fields Y(g;)
(i=1,2,...) about the brackets (4.18) generate a Virasoro-like algebra.

5. Conclusions and remarks

For the continuous dispersive long waves system (3.1), there is an interesting relation to published
work. Let u and v satisfy the following transformation

u=gq+r,
Vi = Fax = QM+ 1My = GGy = G = T =TT, CRY;
and m satisfies
my = —qr, 5.2)
system (3.1) can be reduced to the following system

G+ 11 = —Qux = 2qmy + Iy + 2rmy,
my +qr =0, (5.3)

where ¢, r and m are functions with respective to ¢, x and y. Considering the system (5.3), one can
obtain the subsystem given by

qr +qxx +2qu = 0’
Fe—Fyx—2rmy =0,

my+qr =0, 5.4)

which is called (2+1)-dimensional modified generalized long dispersive wave system [12]. It is
value mentioning that the system (3.1) is a nonlocally related PDE system for the system (5.4). By
considering the local properties of systems (3.1) and (5.4), respectively, one can further investigate
the nonlocal properties for such systems with each other.

Recently, Chen, etal [8]. investigate nonlocal symmetry of system (5.4) and its applications
by virtue of its eigenfunctions in Lax pairs. By applying the general Lie symmetry approach,
they obtain the finite symmetry transformation and similarity reductions to present explicit soliton-
cnoidal wave solution, which can be reduced to the two-dark-soliton solution in one special case.

In this paper, based on an effective extended geometric approach, we obtain the Lie symmetries
of the continuous and discrete dispersive long waves systems (3.1) and (4.1), respectively. Moreover,
based on a direct computation, we obtain a Kac- Moody-Virasoro type and a Virasoro-like type Lie
algebra from the discrete case, respectively. Finally, we construct a relationship between system
(3.1) and (5.4). The relationship yields to a nonlocally related PDE system for the continuous case,
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which can be used to find nonlocal symmetries for the dispersive long waves system. By virtue of
the inherently geometrical nature of forms, one can further study some geometrical insight into the
process. The paper shows that the extended geometric approach provides a direct and more powerful
mathematical tool to investigate nonlinear differential-difference equations in mathematical physics.
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