NONLINEAR ATLANTIS
MATHEMATICAL PRESS

PHYSICS

Journal of Nonlinear Mathematical
Physics

ISSN (Online): 1776-0852 ISSN (Print): 1402-9251
Journal Home Page: https://www.atlantis-press.com/journals/inmp

The compatibility of additional symmetry and gauge
transformations for the constrained discrete Kadomtsev-Petviashvili
hierarchy

Maohua Li, Jipeng Cheng, Jingsong He

To cite this article: Maohua Li, Jipeng Cheng, Jingsong He (2015) The compatibility of
additional symmetry and gauge transformations for the constrained discrete
Kadomtsev-Petviashvili hierarchy, Journal of Nonlinear Mathematical Physics 22:1, 17—
31, DOI: https://doi.org/10.1080/14029251.2015.996436

To link to this article: https://doi.org/10.1080/14029251.2015.996436

Published online: 04 January 2021



Journal of Nonlinear Mathematical Physics, Vol. 22, No. 1 (2015) 17-31

The compatibility of additional symmetry and gauge transformations for the constrained
discrete Kadomtsev-Petviashvili hierarchy

Maohua Li

Department of Mathematics, Ningbo University,
Ningbo, 315211 Zhejiang, China
Institute for Theoretical Physics, KU Leuven,
3001 Leuven, Belgium
limaohua @nbu.edu.cn

Jipeng Cheng

Department of Mathematics, China University of Mining and Technology,
Xuzhou, 221116 Jiangsu, China
chengjp @cumt.edu.cn

Jingsong He*

Department of Mathematics, Ningbo University,
Ningbo, 315211 Zhejiang, China
hejingsong @nbu.edu.cn

Received 28 July 2014

Accepted 14 September 2014

In this paper, the compatibility between the gauge transformations and the additional symmetry of the con-
strained discrete Kadomtsev-Petviashvili hierarchy is given, which preserves the form of the additional sym-
metry of the cdKP hierarchy, up to shifting of the corresponding additional flows by ordinary time flows.
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1. Introduction

The discrete Kadomtsev-Petviashvili (dKP) hierarchy ? [15,17,23,25,29] is an attractive research
object in the field of the discrete integrable systems. The dKP hierarchy is defined by means of
the difference derivative A instead of the usual derivative d with respect of x in a classical system
[10, 11], and the continuous spatial variable is replaced by a discrete variable n. By using a non-
uniform shift of space variable, the 7-function of KP hierarchy implies a special kind of 7-function
for the dKP hierarchy [17]. With the symmetry constraint or symmetry reduction technique, which
was used in the continuous KP hierarchy [6,7,24], the constrained discrete KP (cdKP) hierarchy is
truncated dKP hierarchy by adding a constrained operator form (see (2.14)) on the Lax operator L
of the dKP hierarchy [27]. And the discrete nonlinear Schrodinger equation and other equations can
be derived from it.

*Corresponding author
41t has also been called the differential-difference hierarchy, or the semi-discrete hierarchy.
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There are many methods for constructing the solutions of the integrable systems for the con-
tinuous KP hierarchy [3,4,19,31,33,34,37,43,45]. Among these methods, the gauge transforma-
tion is one of the important methods to construct the solutions of the integrable systems for the
continuous KP hierarchy [3,4, 19,33, 34,37], the dKP hierarchy [27, 30, 35] and the cdKP hierar-
chy [27], which in fact reflects the intrinsic integrability of the KP hierarchy and dKP hierarchy.
Chau et al [3] introduce two kinds of elementary gauge transformation operators: the differential
type Tp and the integral type 7;. By now, the gauge transformations of many integrable hierar-
chies related to KP hierarchy have been derived, for example, the constrained KP (cKP) hierar-
chy [4,6,7,20,24,34,44], the constrained BKP and CKP hierarchy [21, 33] (cBKP and cCKP),
the dKP hierarchy [30, 35], the cdKP hierarchy [27], the ¢g-KP hierarchy [18,42] and so on. The
additional symmetry [1,5,8,12,14,16,22,26,36,38-41] is a kind of symmetry depending explicitly
on the space and time variables, involved in so-called string equation and the generalized Vira-
soro constraints in matrix models of the 2d quantum gravity (see [11,32] and references therein).
Regarding the possible application of the additional symmetry flows of the KP hierarchy in physics,
it is natural to ask whether these flows are compatible with the gauge transformation. It is a highly
non-trivial question because the gauge transformation is only defined to be consistent with ordinary
KP flows. For example, Ref. [2] has shown the compatibility between the the differential type of
gauge transformation and the additional symmetry flow of cKP hierarchy separately, up to a shift
of ordinary flow of cKP hierarchy. In order to construct the additional symmetry flows of the cKP
hierarchy from the corresponding flows of the KP hierarchy, it is necessary to do a remarkable
amendment [2] in its definition. So it is an interesting problem to show the compatibility between
the gauge transformations and the additional symmetry of the cdKP hierarchy. The additional sym-
metry flows for the cdKP hierarchy are constructed in [9, 28] through a subtle modification of the
standard additional symmetry flows by adding a complicated term, which form a Virasoro type
algebraic structure [28]. And the action of the Virasoro symmetry on the tau function of the cdKP
hierarchy is also derived [9].

In this paper, it is shown that the additional symmetry flows for the cdKP hierarchy commute
with the integral type and difference type gauge transformations preserving the form of the addi-
tional symmetry of the cdKP hierarchy, up to shifting of the corresponding additional flows by
ordinary time flows, which reflects the compatibility between the two types of the gauge transfor-
mations and the additional symmetries of the cdKP hierarchy.

This paper is organized as follows. Some backgrounds on the dKP hierarchy are given in Section
2. Then the two types gauge transformation operators of the cdKP hierarchy are reviewed in Section
3. And the additional symmetry for the cdKP hierarchy are reviewed in Section 4. In Section 5, it is
derived that the additional symmetry commute with the gauge transformations preserving the form
of the additional symmetry of the cdKP hierarchy.

2. Background On The dKP Hierarchy

Some basic facts about the dKP hierarchy are demonstrated as follows [17]. Firstly a space F,
namely

F={f(n)=f(n,t,12,+ ,tj,---)in € Z,t; € R} 2.1)
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is defined for the space of the dKP hierarchy. A and A are denote for the shift operator and the
difference operator, respectively. Their actions on function f(n) are defined as

Af(n) = F(n+1) 22)

and

Af(n) = f(n+1) = f(n) = (A=1)f(n) (2.3)

respectively, where [ is the identity operator.
For any j € Z, the Leibniz rule of A operation is,

e Z<) T e 4)

1

So an associative ring F(A) of formal pseudo difference operators (PDO) is obtained, namely
{R Z]__w fj(n)Aj,fj(n) €ERne Z}. The adjoint operator to the A operator is given
by A*

A'f(n)= (A" =D f(n) = f(n—1)~ f(n), (2.5)

where A~! f(n) = f(n— 1), and the corresponding j-times operation is
AV f = Z( ) (A" f)(n+i— j)AY . (2.6)

Then the adjoint ring F (A*) to the F(A) is obtained, and the formal adjoint to R € F(A) is defined
by R* € F(A*) as R* = Y4 I A* f;(n). The "+ stands for the conjugate operation which satisfies
the rules as (FG)* = G*F*, A* = —A, f* = f for two operators F and G and f(n)* = f(n) for a
function f(n). Here for any (pseudo-) difference operator A and a function f, the symbol A(f) will
indicate the action of A on f, whereas the symbol A f (or A - f) will denote just operator product of
A and f.

The dKP hierarchy [17,23] is a family of evolution equations depending on infinitely many
variables t = (¢1,tp,-+)

JdL

a [BlmL]a By := (Lk)Jra (27)
Ik
where L is a general first-order PDO
=A+Y fi(m)A/. (2.8)
j=1

By =(L")+ =Y a j(n)AJ, i. e. (L™)4 is the non-negative projection of L™, and (L™)_ = L™ —
(L) is the negative projection of L™. The Lax operator in eq.(2.8) can be generated by a dressing
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operator
W(nst) =1+ Y wj(n:)A™. (2.9)
j=1
through
L=wAaw". (2.10)

Further the flow equation (2.7) is equivalent to the so-called Sato equation,

oW

7k
200 = —H-w. 2.11)

If the functions ¢(¢) and r(z) satisfy

dqg ar
aitk _Bk(CI>7 aifk

then we call them the eigenfunction and the adjoint eigenfunction respectively.
The cdKP hierarchy [28] is defined by restricting the Lax operator of the dKP hierarchy

dL

= —Bj(r), (2.12)

3 = BuLl, Bii= (LY, (2.13)
with the following /-constrained form:
m k—2 ) m
U'=L'+Y gaA'ri=A+ Y vial+ Y gia™'r, (2.14)
i=1 j=0 i=1

where ¢g; and r; are the eigenfunction and adjoint eigenfunction respectively.

3. The Two Types Gauge Transformations Of The cdKP Hierarchy

Let L be the original Lax operator of the cdKP hierarchy (2.14), and T be a pseduo-difference
operator. If the transformation

L=TLT"' 3.1)
such that
oL~ ~ ~ =
5 =Bl Bi=(L4 k=123 (3:2)
8tk
still holds for transformed Lax operator L, then T is called the gauge transformation operator of the
cdKP hierarchy.
Similar to the KP hierarchy [3], there are two types of gauge transformation operators of the
dKP hierarchy as [30, 35]

TypeI: Tp(q) = Alg)Aq", (33)
TypeIl: Ti(r) = A~ (r DA™, (3.4)

where g and r are the eigenfunction and adjoint eigenfunction respectively. The type I transforma-
tion is called the difference type, while the type II is called the integral type.
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Here we review some results about the integral type and the difference type gauge transfor-
mations of the cdKP hierarchy [27]. Under the integral type gauge transformation 77(r), the trans-
formed Lax operator will be:

L=Ti(r)LT(r)" =Ly +L_, (3.5)
Lo=A"(Lo) - A HA A (L)) (), (3.6)
L= qa R+ Y aia ', 67

i=1

Go=A'0rY, Ro=Ti(r) L0 (), (3.8)

g =Ti(r)(q), Fi=T(r) " (n). (3.9)

In order to preserve the form (2.14) of the Lax operator L, r is required to coincide with one of the
original adjoint eigenfunctions of L, e.g. r = ry, since 7; = 0 in this case.
Under the gauge transformation of 7p(g), the transformed Lax operator reads as

L=L.+L, (3.10)
Ly = A(Ly) +A(q)A(g 'Lig)=1A ' A(g™"), (3.11)
Lo =gA 7o+ Y A~ 'F, (3.12)

=1

do = Tp(q)(L)(q), Fo=A(g™ "), (3.13)

G = To(q9)qi, 7= (T (q)(r). (3.14)

For the difference type gauge transformation 7Tp(g), in order to preserve the form (2.14) of the Lax
operator L, g is required to coincide with one of the original adjoint eigenfunctions of L, e.g. ¢ = ¢,
since g1 = 0 in this case.

In order to calculate the transformed formula of the part as fA~!g in the Lax operator under the
integral type gauge transformation, the following lemma is necessary.

Lemma 3.1.

Ti(ra) - MA vy T (rg) = A DATH{ T (ra) (MAT 7)) (ra) } (3.15)

Ty(ra)-qaA™'N-Ty(ra) ™" = A (g ) AT 71 () (g0 IN) (ra) }
+L(g)A™'N, (3.16)

Ty(ra)-MAT'N -Ty(ra) ™" = A (o, VAT (ra) (MATIN)* (ra) }

+MA™'N, (3.17)
IMYG,) = Ti(ra)L*(qa), k=0,1,2,...., (3.18)
(LY 7)) = Ti(ra) (W) (ra), k=1,2,3.... (3.19)

where r, is one of the adjoint eigenfunctions of the cdKP hierarchy (2.14), M and N are two func-
tions of t, and

L= TI(”a)LTI(ra)il» Ga = Ail(l/ra)v Fq= Tl(ra)*ilL*(”a)v
M =Ti(r)(M), N=Ti(r.)" '(N). (3.20)
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Proof. Firstly, according to A™' fA™! = (A~ f)A™ —A~TA(A™'f) and Af — A(f)A = A(f),

Ty(ry) -MA™'N -Ti(r,)) ' = A (r]

a

DA Yy - MATIN -7 ' AN (1)

=AY <A—1 (raM)A™"—ATTA(A™! (raM))>Nr;‘AA—‘ (ra)

=AY HA M)A <AA—1 (Nr; 1) —AA~! (Nr;1)>A—1 (ra)

a

A hHaT! (AAl(A(AI(raM))Nral) —AA T (r AT (Nral))>A1(ra)

a

= A HA o MATH(N) = AT (DA (ru M)A <AA—1(Nr;1)>A—1(ra)

A AT M)ATHN) AT HATIA <A—1 (raM)A (N7 ! ))A—1 (ra)
= Ty(ra) (M)A Ty (ra)* (N) + A7 (g DA {1 (r) ™ (MATIN) ¥ (ra) }
= MA'N+ A (i DA {Ty(ra)  (MATIN)* (r0) } -
So (3.17) is be proved. (3.15) can be derived from (3.17) for N = r,, since T;(r,)* "' (r,) = 0.
Then for (3.18),
LN (Ga) = Tr(ra) L Ty(ra) ™ (A7 (1))
k
= Tl(ra)Lk(L+ + Z%A_lri)ra_lAA_l(ra)A_l(r(z_l) = TI(’"a)Lk(qa)'
i=0

Here we let ¢;A~!(0) = 0 for i # a, and g,A~'(0) = ¢,. And (3.16) can be derived from (3.17) and
(3.18). At last,

Ti(ra)* ™ (L) (ra) = Ti(ra)™™ (L) Th(ra) Ti(ra)™ 'L (ra) = (L) (7).
O

In order to calculate the transformed formula of the part as fA~!g in the Lax operator under the
difference type gauge transformation, the following lemma is necessary.

Lemma 3.2.
Tp(qa) - MA "1 Tp(ga) ™" = Tp(qa) (MA™'ra) (qa)A ' A(g, )+ MAT'L (7)), (3:21)
Tp(qa) - qaA "N - Tn(qa) " = Tp(qa) (9.2 'N)(g2)A A, V), (3.22)
Tp(qa) -MA™'N-Tp(qa) ™" = Tp(qa)(MA™'N)(qa)A™ ' Alq, ") + MA™'N, (3.23)
""N(Ga) = To(qa)L*(qa), k=0,1,2,..., (3.24)
(L) (Fa) = Tp(gqa) " (L) (ra), k=1,2,3,..., (3.25)

where r, is one of the adjoint eigenfunctions of the cdKP hierarchy (2.14), M and N are two func-
tions of t, and

L= TD(‘]a)LTD(Qa)ila 9a = Tp(9a)L(qa), Ta = A(”;l)v
M =Tp(qa)(M), N ="Tp(ga)""" (N). (3.26)
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Proof. Firstly, according to A~! fA™! = (A~ f)A™ —A~'A(A™'f) and Af — A(f)A = A(f),
Tn(qa) -MA™'N - Tp(ga) ' = Alga)Ag, ' -MA™'N -q.A™'A(g, ")

~ Alaslag ) (3 (g )a 87 (@) ) Algy )

= () Mgy M8~ (V) + Algy M (Vg ) )8~ MGG, )
Al (Bl M)+ Algy M)A )& A (VA )

= s (0" M8 (4g) -G )+ A (a8 (V) ) G,
~Alala M A (87 (V0 ) A - Algo)A (4 MA™ Va) ) Alay )

- A<qa>A(q,,1MAl<Nqa>)A1A<qa1> ~ Aga)A(gy M)A A (Ng)A gy
= To(ga) (M)A T (ga) ™ (N) + To(qa) (MA~'N) (g) A Alg;")
— WA N+ Tolga) (MAN)(g)A ' Alg, ).

So (3.23) is be proved. (3.22) can be derived from (3.23) for M = gq,, since Tp(q4)(ga) = 0.
For (3.24),

Zkil(‘?a) = TD(‘]a)LkilTD(‘]a)ilTD(Qa)L(qail) = TD(Qa)Lk(qa)~

Then (3.21) can be derived from (3.23) and (3.25).
At last, for (3.25),

T5(qa) (LY (ra) = T (ga) ™ (L) T3 (40) T (d0) ™' L7 (ra) = (L) (7).

O

In order to prove the compatibility between the two types of the gauge transformation and the
additional symmetry, the following operator identities are necessary.

Lemma 3.3. Let q,r be suitable function and A be a PDO, then
(AT A A AT () = AT AT AL TAN T ()
—AT'FHATIAT (AT (A ), (B2T)
(Al9)Aq 'AgA'A(g ")), = Alg)Aq 'ArgA " A(g™")
—A(q)AM g 'A(9)A Al (3.28)

Proof. With (KgA~'r)_ = K(q)A~'r,(gA"'rK)_ = gA~'K*(r) for pure-difference operator K
(28],

(A_l(r_l)A_err_lAA_l(r))i
= A_l(r_l)A_er,r_lAA_l(r))_ + (A_l(r_l)A_er+r_1AA_1(r))_
= A (AT AT ANT () = AT AT AT (nAAT (1A ),
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so the (3.27) is proved. For (3.28), with (KgA~'r)_ = K(q)A™'r,
(A(9)Ag'AgA™'A(g ")), = (Al9)Ag A gA™"A(g ™)),
= A@)Aq 'AgA ' A(g™) — Al@)A(g A (g)A T Ag ™).
O

Remark 1: This lemma is a difference-analogue of the corresponding identities of PDO given by
[2,37].

4. Additional Symmetries Of The cdKP Hierarchy
Define

m k—1 1 . ,
I ) R IS G et @
i=1 j=

which is the essential to ensure the compatibility of the additional Virasoro symmetry with the con-
straints (2.14) defining the cdKP hierarchy. The additional symmetry flows for the cdKP hierarchy,
spanning the Virasoro algebra, are given by [28]:

L= [—(ML¥)_+xM L], 4.2)

M, is the Orlov-Schulman operator [38] defined in the dressing the “bare” M%) operator:

k
MO =Y 1A =X+ Y (1 + 0 Xy =Y inal ™ 4.3)
=1

>1 >1

that is,

My =WMOW T =WX W'+ Y (1 + k)l = Y (1+ 0L, + (Ma)-, (44
>1 >0

_ ow . _
(Ma)— = WX@W ™' — ki — Z(1+k)zl+ka—tlw 1, 4.5)

>1

with (2.11) used in (4.5).
Then accordingly, the actions of the additional symmetry flows on the dressing operators and
BA functions are showed that:

oW = (~at) - +x)ws oy d) = (~ah) - +x0)) (W A). @6

The corresponding actions on the eigenfunctions g; and the adjoint eigenfunctions r; are derived by
considering (d;L)_ listed as follows [28]:

k
9 i = (MaLY)--(a1) + 5L (@) +-, 1, (40, (“.7)
k
Ofri = —(MaL*)’ () + 5 (L) () = (%) (). (48)
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5. Additional Symmetries Versus Two Types Gauge Transformations

In this section, we will restrict to the cdKP hierarchy ((2.14) for m = 1,/ = 1). And thus its Lax
operator is given by

L=A+gA 'r (5.1)

In order to investigate the changes of the additional symmetries under the integral type gauge
transformation 77(r), some useful lemmas are needed.

Lemma 5.1.

~ k_2~ . ~ .
AT~ =X+ LI @A )
j=0

FAGTHA™! {(T,*<r>>-1 (x5~ ﬁL’H)*(r)} . (52)

Proof. According to Lemma 3.1 and (4.1), then

T(Nx" Ti(r)™!
-2

— Al Ad (1) \x t -_l . Thk—j—1 —1/T*\j—1
AT AT T ()X ) () + Y 5 (k=2) J L= (@A™ (L)) (7)

o =

k—
= AT A (X)) + L (j— Sk 2)) L2 @A L) ()
j=0
k=2 - 1 -
YDA @Y - (14k-2- k-2 ) s )
j=0

A A Do) )+ R + X @A TV

j=0
k
_ErflAflTI(r)*fl(L*)kfl(r)
k=2
— Xvk(i)l + Z()Zk*j*Z(a)AfIZj(;’) _i_rflAfl {Tl(r)*l(xk(l)l _ lchkl)*(r)} .
J:

Lemma 5.2.
R L R L () HEE
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Proof. By (4.8),
KTy (r)-Ty(r)™" = =Ti(r)o (Ti(r) ")
= AT AT ()M () — AT 13 ()
N R R GG ) GRS 1)
AT AT AN @ () ) AT ()
AT YA ) A ()
= a0 o (—nsh + S - o) o
O

Theorem 5.1. The additional symmetry flows (4.2) for the cdKP hierarchy ((2.14) form=1,1=1)
commute with the integral type transformations Tj(r) preserving the form of cdKP hierarchy, up to
shifting of (4.2) by ordinary time flows, that is,

9T = [—(Malh)_ + X0 1) — L (5.4)
ti—1
Proof. Firstly, by (4.2),
KL= Ty(r)- LTy (r) " + Ti(r)of L Ty(r) ™' = Ti(r)LT (r) ™" g Ty (r) - Ty (r) ™!
= 1) (~MaLh) -+ X)) T ™ + T () - T ()7 L (5.5)

Then with the help of (5.2), (5.3), and the following useful formula in Lemma.3.3, we have
1) (~ a2+ X0 ) T ™ + 9 Ti(r) - Ty(r) !

= 10) (-at) ) 10~ a5

-5y ) )

R0+ X B @an D e {nio (- S o)

=0
= —(MAL)_+ X+ (T, (5.6)

where the following relation [28] is used,

(LFN_ = kfi"*H@A*IZJ (7). (5.7)

j=0
In the above process,
~Ti(r)(MaL) T (r) = A7 (AT ()™ (MAL®) (1))
= ~Ti(r)(MaL)-T; ' (r) + A (7 AT (r(MALY) T (r) 7))
- (MAZk)—7
which can be got by means of the identity (3.27) of Lemma.3.3.
At last, the substituting (5.6) into (5.5) gives rise to (5.4). L]
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For the difference type gauge transformation 7p(g), there are some lemma as following.

Lemma 5.3.
(1) -1 v(1) Tk—1 m |,k ko —1 -1
TD(Q)quTD (Q) = Xk71 - (L )7 + <TD(Q)(X/<1 + EL (%))) qA A(q ) (5.8)

Proof. According to Lemma 3.2 and (4.1), then

& 2
(izi)';;j I= ) Bl as s Al )+ @ T )
= kzo<1—";2) To(q) (L (gi) A" ) ( +Z<J— )L" @A LY @)
— @) @A Alg >+i_zi(1—"22)ﬂc 2@ @)
—fgﬁ 2(@)a i)
- ’]‘;2) ( j- "22> L2(g)a (L) (7) gik”@mwi*)f(m

o) %) (@A Al ) + 5 Tol) (L 2()a™ (E)°r) (@) Alg ™)
= X - @)+ (Tl + 5 )) @A)
Here we use the relation of Tp(q,)(g.) = 0. O

Lemma 5.4.

% To(a) Ty (q) = —A<q>A<q-‘ (MaL¥). + 514! +X,£”1>) @A Al 59)

Proof. By (4.7),

% Tn(q) Tn(q) ™" = —Tp(q)d; (Tn(q) ")
—A(q)Aq '3 (@) A Alg™") = Alqd; (¢ "))
—A(q) (Mg "9 (9)A+A(g 95 (q)) A Alg™") — Alqd; ("))
—Ag)Ag "' 9 (9)A'A(g™)
(9)

A
A( N(MALF). + KL 4 %)) (@A A,

“A
4 2
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Theorem 5.2. The additional symmetry flows (4.2) for the cdKP hierarchy ((2.14) form=1,1=1)

commute with the difference type gauge transformation Tp(q) preserving the form of cdKP , up to
shifting of (4.2) by ordinary time flows, that is,

- _ ~m ~1  OL
L= [—(MAL")_JFX,SPI,L] to (5.10)

Proof. Firstly, by (4.2),
dL= 3 (Tn(q)LT, ' (q))
= % To(q) - LTn(q) ™" + To(q)O L- Ty ' (9) — To(q)LT}, ' (9) - % To(q) - T ' (q)
= 9 To(9) Ty @)L+ To(g) [~ (MaLb) + X} LTy ' (9) — LT, (9) - 3; T (g)
= [Tola) (~Mat)- + x5 75 (0) + 9 To(a) - Tola) " L] (5.11)
Then with the help of (5.8), (5.9), and the following useful formula (3.9) in [27], we have
To(a) (ML)~ + X)) 5" (@) + 9; o) Ty (a)
= —Tp(g)(MaL") Ty ' (9) + To(@) X", T (9) + 9 To(9) - Ty ' (g)

= ~To(q)(MaL") Ty (q) +- X1, + <TD<q>< DARRITS 1<q,>>) (9)A™'A(g™)

- k_,_ _
@) ol { sty + 5 4 x, } (15 a)
—(MaLYy + XM — (@Y, (5.12)
where the following relation [28] is used,
(L= Y 172 (@A 'L (7). (5.13)
j=0

In the above process,

~Tp(q)(MsL") - > '(q) — To(q)(MAL")+(T;, ' (4))
= ~Tp(q)(MaL") Ty ' (q) + T(q) (MaL*) - Ty ' () — Tn(q) (MAL") 1+ (T; ' (q))
—(MALY) + (MaL")
_(MAZk)*v
which can be got by means of the identities (3.28) of Lemma.3.3.
At last, the substituting (5.12) into (5.11) gives rise to

HL=[~(MaLh) + X — () I

—(Y + XL - @)L
oL

—(MAL) 4+ X T+ 2
(MALY) - + X, }—Fafkq
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Remark 2: When m is not 1, Theorem 5.1 and Theorem 5.2 do not hold. We make a example for
the integral type transformations 7;(r) in Theorem 5.1. In fact, when m > 1, (5.2) will become into

~ k_2~ . ~ .
T X Ti(ra) ™ = X + YL I 2(G)A T (7)
j=0

+AT (A {T1<ra>“<xk(”1 - ’;L’”Y‘(ra)} SEREATS

where r, is one of the adjoint eigenfunctions in (2.14). The term Y45 LFI72(G)A LI (7,) in (5.14)
will cause the difficulty for the proof of Theorem 5.1. Actually, for m > 1 [13],

m k—2

Lkl ZZLkJZ lL]( )

a=1j=0

so the term Zk 2L" i=2(g2)A""L/(F,) can not be written as (L*~!)_ like the condition of m = 1,
which is correspondlng to

3 L= —[I1)

So for m > 1, Theorem 5.1 does not hold.
Remark 3: For simplicity, it is proved for / = 1 in Theorem 5.1 and Theorem 5.2. But for [ # 1 itis
also satisfied for Theorem 5.1 and Theorem 5.2.

6. Conclusions And Discussions

After some technical identities of two types gauge transformations of the cdKP hierarchy, the inter-
play of the integral type gauge transformation 7; and the difference type gauge transformation 7p
with the additional symmetry at the instance of the cdKP hierarchy are obtained in Theorem 5.1,
Theorem 5.2 (see (5.4, 5.10)), which preserves the form of the additional symmetry of the cdKP
hierarchy, up to shifting of the corresponding additional flows by ordinary time flows. Nonetheless
the shifting is different from the integral type gauge transformation and the difference type gauge
transformation of the cdKP hierarchy. It reflects one of the intrinsic features for the cdKP hierarchy.
These results provide a mathematical background from the point of view of integrable systems of
the potential applications in physics for the additional symmetry flows of the cdKP hierarchy.
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