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We consider the initial boundary value (IBV) problem for the focusing nonlinear Schrodinger equation in the
quarter plane x > 0,7 > 0 in the case of periodic initial data, u(x,0) = aexp(—2ifix) (or asymptotically periodic,
u(x,0) — acexp(—2ifx) — 0 as x — o), and a Robin boundary condition at x = 0: u,(0,7) +qu(0,¢) =0, g # 0.
Our approach is based on the unified transform (the Fokas method) combined with symmetry considerations for
the corresponding Riemann-Hilbert (RH) problems. We present the representation of the solution of the IBV
problem in terms of the solution of an associated RH problem. This representation also allows us to determine
an initial value (IV) problem, of a shock type, a solution of which being restricted to the half-line x > 0 is
the solution of the original IBV problem. In the case < 0, the large-time asymptotics of the solution of the
IBV problem is presented in the “rarefaction” sector, demonstrating, in particular, an oscillatory behavior of

the boundary values in the case g > 0, contrary to the decay to 0 in the case g < 0.

Keywords: initial boundary value problems; oscillatory initial data; nonlinear Schrédinger equation.
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1. Introduction

Any adaptation of the inverse scattering transform (IST) method to the study of initial boundary
value (IBV) problems for nonlinear evolution equations possessing a Lax pair representation (called
integrable) faces a major problem: the evolution of the spectral data require knowledge of an “exces-
sive” amount of boundary values: they cannot all be given as boundary conditions for a well-posed
IBV problem. However, certain particular classes of boundary conditions, under which the IBV
problem remains completely integrable, i.e. solving it reduces to solving a series of well-posed

linear problems, can be specified.
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In the case of decaying initial data, these classes (for various nonlinear equations) are known to
be related to an appropriate continuation, based on the Biacklund transformation, of the given initial
data to the whole axis, which reduces the study of the IBV problem to the study of the associated
initial value (IV) problem. Although this was already realized at the beginning of 1990s [1, 10, 20—
22], the continuation approach has been adjusted to the modern, Riemann—Hilbert framework, only
recently [7,19]. A primary importance of this framework is that it makes possible the rigorous study
of the large-time asymptotics via the nonlinear steepest descent method [8].

An alternative approach to the IBV problems with these special boundary conditions (called
linearizable) stems from a general approach to IBV problems for integrable nonlinear equations
originated by Fokas [11]. The basic idea of this approach consists in considering the both linear
equations of the associated Lax pair as spectral problems, each generating respective sets of spectral
functions. Consequently, when applied to problems on infinite time intervals (say, ¢ € (0,0)), this
approach requires defining spectral functions associated with the boundary values on these intervals;
and thus an information on the large-f behavior of these boundary values is required. The problem
here is that, as we have already mentioned above, only a part of boundary values (determining
the spectral functions) can be given as boundary conditions; the behavior of the remaining part is
unknown and thus has to be provided as an a priori information.

In [19] it has been observed that the Riemann—Hilbert problem obtained in [17] and [15] for
linearizable boundary conditions under a priori assumption that the boundary data rapidly decay as
t — oo provides the solution of the associated IBV problem without any such assumption, because
one can prove independently the validity of the required initial and boundary conditions. The proof
goes actually back to the late 1980s works on algebro-geometric solutions of integrable PDEs and
is based on the symmetry considerations for the deformed Riemann—Hilbert problem.

All the studies mentioned above are related to the problems with decaying (as x — oo) initial
data. On the other hand, problems (particularly, initial value problems on the whole line) with non-
decaying initial data attract a growing interest. As in the case of the decaying boundary conditions,
the Riemann—Hilbert approach allows a detailed study of the large-time behavior of solutions. In
[5], the initial value (IV) problem for the focusing NLS with generalized step-like” initial data
(vanishing for x < 0 and periodic in x (u(x,0) = aexp(—2ifx)) for x > 0) is considered and the
large-time behavior of the solution is presented.

In [6], the initial value problem for the NLS equations is considered with oscillatory initial data
ocexp(—2if|x|) with B > 0, which can be viewed as the problem of collision of two plane waves,
oexp(—2ifx+imr)) and aexp(2ifx+iwt) resembling the Toda shock problem [23]. In [6], three
regions in space-time with qualitatively different asymptotic behavior of the solution are described,
showing, in particular, that for any x fixed, the large-# behavior is described in terms of single phase
theta functions.

Notice that in [6], the considered initial data are even w.r.t. x, and so is the solution of the IV
problem for any 7. Particularly, this solution satisfies the condition u,(0,7) = 0 for all # > 0. Saying
differently, the solution u(x,?) of the IV problem in [6] is the even continuation of the solution of

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
449



S. Kamvissis, D. Shepelsky and L. Zielinski / Robin boundary condition for the focusing NLS equation

the initial boundary value problem:

it + e + 2|uf*u =0, x>0,t>0, (1.1a)
u(x,0) = ae2Px, x>0, (1.1b)
uy(0,7) =0, t>0, (1.1¢)
u(x,t) —uP(x,t) — 0 as x — oo, t>0, (1.1d)

where o > 0 and B > 0 are constants, and

up(x,t) _ ae—Ziﬁx-‘rZiwt
with @ = a®> — 232. Notice that u”(x,t) is the exact, plane wave solution of the NLS equation
satisfying the initial condition u”(x,0) = ae 2~

In the present paper, we consider the initial boundary value problem for the focusing nonlinear
Schrodinger equation with oscillatory initial data and the Robin boundary condition:

it + e + 2|u*u =0, x>0,>0, (1.2a)
u(x,0) = up(x), x>0, (1.2b)
uy(0,¢) +qu(0,1) =0, t>0, (1.2¢)
u(x,t) —uP(x,t) - 0 asx — oo, t>0, (1.2d)
where
uo(x) —oe P¥ 0 as x — +oo.

Here o > 0 whereas 8 # 0 and g # 0 are real constants which can be positive or negative. To be
more specific, a special attention will be paid to the case of pure oscillatory initial data:

—2ifx

up(x) = oe for all x > 0.

Our approach follows the lines of the general approach [4,17] to IBV problems based on the use
of the associated Riemann—Hilbert problem (involving the spectral functions associated with the
initial condition and the Robin parameter ¢g) and consists of the following main steps: (i) provide a
family of the Riemann—Hilbert problems (parametrized by x and 7) such that the solution u(x,) of
(1.2) is expressed in terms of the solutions of these problems; (ii) prove that u satisfies the initial
condition u(x,0) = ug(x); (iii) prove that u satisfies the boundary condition u,(0,7) + qu(0,7) = 0.
In our approach, item (i) follows the general framework of the simultaneous spectral analysis of the
Lax pair equations whereas the proof of (ii) and (iii) are based on appropriate deformations of the
original RH problem.

When proving (iii) we deform the RH problem in such a way that the resulting RH problem can
be viewed as a RH problem associated with an IV problem (on the whole line —co < x < o0) whose
restriction to the half-line x > 0 gives the solutions of the IBV problem (1.2). Particularly, in the
case ug(x) = ae2P* for x > 0, we will show that u(x,0) = ael?e?P* for x < 0, for a certain real
phase ¢, and thus the IV problem itself can be viewed as a generalized shock problem.

On the other hand, the RH problem formulation allows the detailed study of the large-time
asymptotics of the solution of the constructed IV problem as well as of the solution of the original
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IBV problem (1.2). Particularly, the impact of the Robin parameter to the large-¢ behavior of the
solution of the IBV (or IV) problem at x = 0, observed in the case of the decaying initial conditions,
see [19], is present in the case of oscillatory initial conditions as well, namely: in the case g > 0,
the discrete spectrum associated with the IV problem is always non-empty on the imaginary axis,
and this generates a breather-type (stationary soliton) oscillatory behavior. Moreover, this breather
dominates the large-¢ behavior of the solution along the 7-axis in the case 8 < 0 ("rarefaction wave”).

2. The Riemann—-Hilbert formalism for the IBV problem with oscillatory initial data

In order to adapt the Riemann—Hilbert formalism to IBV problems on the half-line x > 0 for the
NLS equation [17] to the case of non-decaying initial data, we need the eigenfunctions and spectral
functions associated with such data [5, 6].

Recall that the focusing NLS equation

it 4 1+ 2|u*u =0 2.1

is the compatibility condition of two linear equations (Lax pair) [24]:

Y, +ikos ¥ = UY (2.2)
with
0 u
- 2.
o~ (%)
and
¥, 12’03 = V¥ (2.4)
with
ijul>  2ku+iu,
V= . 25
<—2kﬁ—|—iﬁx —iful? > 5)

0 P(x,t
Let UP(x,t) = | ——— ur (1) and let W7 (x,7,k) be a solution of the Lax pair equations
—uP(x,t) 0O

(2.2) and (2.4) with u = u”:

le(x,[,k) _ ei(a)t—ﬁx)dgéa(k)e(—ix(k)x—iQ(k)t)(737 (26)
where
1 (vik)+ ks vik) — -1
&k) == v(K) v(k) 2.7)
(k) =3 (v(k)—v(lk) v(k) + 50
with

(2.8)
X (k) =1/(k—B)>+ a2,
Q(k) = 2(k+ B)X (k).
Co-published by Atlantis Press and Taylor & Francis
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The functions v(k), X (k) and Q(k) are defined for k € C\ 7, with the branch cut
= {k = kl +1k2 : kl = ﬁ7k2 € (_ava)})

in such a way that v(k) = 1 +o0(1), X(k) =k— B +0(1), and Q(k) = 2k> + @ +0(1) as k — .

Assuming that u(x,) satisfies (2.1) for x > 0 and 0 <t < T with some 7 < e and that u(x,7) —
uP(x,t) = 0 as x — +oo (for all 0 <t < T) fast enough, define the solutions ¥;(x,#,k), j =1,2,3
of (2.2)—(2.5) as follows:

Wi(x,1,k) = <I>j(x,t,k)e(*ik"*ﬁkzt)cy3 for j=1,2

Ws(x,1,k) := 3 (x, 1, k)el X (Kx—iCk)ros

)

where ®; solve the integral equations
@) (x,1,k) = E — e 103 /T 72ik2(t71:)03V(07T7k)q)1(07Tjk)CZikz(tfr)Ggeikxc&
+/ “kE=T Y (y, 1)y (v, 1, k) ek )T dy, (2.9a)
Dy (x,1,k) = E +e % / e U0y (0, 7, k)P, (0, 7, k)P (=) ikr0n
+/ —ik(x— yG3U (7,1)®2 (v, 1, k)e ik(x— Y)<73dy (2.9b)
@3 (x,1,k) = el @ =PD% £ (k) / TP (x,y,1,k) [U (y,1) — UP (y,1)] @3, 1, k)X D%y (2.9¢)
where E is the 2 x 2 identity matrix, with

TP (x,y,t,k) := PP (x,1,k) (PP (y,1,k)) "

Notice that I'?(x,y,t,k) is an entire function, as the solution of the Cauchy problem I'} +iko3I? =
urrr,1?(y)=E.

From (2.2) and (2.4) it follows that det®; = detW'; = 1 for all k where the corresponding ®; (k)
is defined. From (2.9) it follows that ®;(-,-,k) and ®,(-,-,k) are entire in k whereas ®3(-,-, k) is
Q)

(.

columnwise analytic: the first column @3’ (-, -, k) of ®s is analytic in C_ \ y and the second column

CID_gZ) (+,-,k) is analytic in C \ 7. In what follows, we will denote by f (k), k € y the limiting values
of a function f(k) as k approaches y from the left (+) or from the right (—).

Besides, the whole matrices (®3).(-,-,k) are determined for k on Yy;, the corresponding side
of 7. In order to describe them (or (W3)4(-,-,k) ), it is convenient to introduce the 2 x 2 function
W(x,t,k), k € y as the solution of the integral equation

Btk = E= [ TPt [U0n0) = U (0] B0, R T) ™ (10 K)dy:
in terms of which we have
Wi (x,t,k) = p(x,1,k) PP (x,1,k).
Thus

(W3)+(x,1,k) = p(x,0, k) VL (x,2,k), ke (2.10)
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Now define the scattering matrices s(k) and S(k), k € RU7y;, U7y_, as the matrices relating the
eigenfunctions W ;(x,#,k) for all x and #:

\P3()C,l,k) :T2(x7t?k)s(k)a lpl(xvtvk) :lPZ(xatvk)S(k)‘ (211)
From (2.9) and (2.11) it follows that
s(k) =¥5(0,0,k).

Thus the the symmetry

W: (IPJ')D(xvtvk)’ m: _(lPJ)ZI(x’tvk) (2.12)
implies that
_ ( alk) b(k) _ (Alk) B(k)
S“y_<—5@)d@>7 ‘“”"<—B@pﬁ@)’ k € R. (2.13)

Moreover, dets(k) = detS(k) = 1.

It follows from the definition of a(k) and b(k) and the analyticity properties of W3 that the
spectral functions a(k) and b(k) are analytic in k € C*\ y; moreover, a(k) — 1 and b(k) — 0 as
k — oo, and the limiting values a (k) and b (k), k € 7y are related as follows:

Lemma 2.1.
a_(k)by(k)—ay(k)b_(k) =1, kevy. (2.14)
Proof. Indeed, the representation (2.10) yields

Si(k) = u(0, 07k)<9ﬁi(k)'

From (2.7) and (2.8) we have v (k) = iv_(k) and thus & (k) = i&" (k) ((1) (1)> , which yields
. 01
sy (k) =1is_(k) <1 0> .
In terms of a4 and b this reads

(ib_ (k) by (k) (—iby(k) b_(k)
0= er) 0= Caloew)

Finally, the determinant relation dets = 1 gives (2.14). O

In the particular case of pure exponential initial data, u(x,0) = ae 2P for x > 0, we have
s(k) =¥3(0,0,k) = & (k) and thus

(2.15)

In this case, the identity (2.14) is seen directly.
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The spectral functions A = A(k;T) and B = B(k;T) defined by (2.13) and (2.11) in terms of
W¥,(0,0,k), are entire functions bounded in the domains I and /11, where I = {k : Imk > 0,Rek > 0}
and I1I = {k : Imk < O,Rek < 0}, with A(k;T) — 1 and B(k;T) — 0 as k — co. Moreover, they are
determined by u(0,¢) and u,(0,7) for 0 <t < T only, via

S(k;T) = (W)~ 1(0,1,k)¥1(0,1,k)

forany r € [0,7].
The compatibility of the set of functions {u(x,0),u(0,t),u,(0,7)} as traces of a solution u(x,t)
of the NLS equation can be expressed in terms of the associated spectral functions as follows [17]:

A T)b(k) — a(k)B(k;T) = c(k; T)eF T, keCt\y, (2.16)

with some c(k; T) = O(3) as k — oo (in the general scheme [12] of analysis of IBV problems, (2.16)
is called the global relation).
Define

d(k):=a(k)A(k)+b(k)B(k),  kell\y, (2.17)

where /I = {k : Imk > 0,Rek < 0}. Finally, assuming that d(k) has at most a finite number of
simple zeros in /1, define a piecewise meromorphic function (the superscripts denote the column of
the respective matrix) M(x,t,k), k € C\ {RUiRUy}:

40 .
(‘Pz \Pg)) elket2kos e 1= (k: Imk > 0,Imk% > 0}

M(X,t,k) = d lP(Z) . 2
<1Pgl) 1) eltt2enos - ke 111 = {k: Imk < 0,Imk* > 0}

) .
<‘P1 p!? elket200s - ke 1 = {k: Imk > 0,Imk> < 0}
(2.18)

@Y .
<\P(1) ¥ > et - ke [y = {k: Imk < 0,Imk> < 0}
3

a

Then M(-,-,k) = E+ O(1/k) as k — oo, and the scattering relations (2.11) imply that the limiting
values of M on RUIR U 7 satisfy the jump relations

M. (x,t,k) =M_ (xjt’k)efi(kx+2k2t)cr3‘]0(k)ei(kx+2k2t)cr37 (2.19)
where Jy (k) is defined as follows.

(1) Fork € RUIR,

1+ |r(k)[* F(k) k>0
r(k) 1)’ |
( | 0) | k€iR,,
Jo(k) == e -
0 . 1 f‘(]_{) keiR |
01 ) .
L Ir() + DR P+ TR
r(k)+T'(k) 1 | |

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
454



S. Kamvissis, D. Shepelsky and L. Zielinski / Robin boundary condition for the focusing NLS equation

where

r(k) = &, ['(k):=— Bk) =— B(k)/ (lf)_ —. (2.21)
a(k) a(k)d(k) — a(k) (a(k)+b(k)B(k) /A(k))
Here the orientation of the contour is chosen as from —oo to 40 along R and away from 0
along iR.
(2) For k € y, with the orientation of ¥ upward, the definition of Jy(k) depends on the sign of
B:
e if B >0, then y C IUIV, and

a_(k
Jo(k) == m@>(g (2.22)
_: (k)_ a_ (]_() Pl k E }’ﬁ IV
—T (k> ay (k)
with
Ly (K) 1= by (K)a_ (k) — b (K)a (k). (2.23)

o

(Jro a+(k))’ keynl,

Jo(k) = a@ﬂﬁ) (2.24)
“@)aw),keyﬂw
boam

e if B <0, then y C IIUIII, and

RCRRI0)
1
d+(§"> Mk)), ke ynil,
To(k) = O 2.25
o(k) := djngg 0 (2.25)
_(k
Lo ), keynIl
L)

with Iy (k) := (A(k)b- (k) — B(k)a.. (k))d- (k) — (A(k)b- (k) — B(k)a- (k))d-. (k).

Direct calculations, taking into account the determinant equality A (k)A (k) + B(k)B(k) = 1
(coming from detS = 1) show that I'; (k) = I'; (k) and thus I'; (k) = i, which yields

Tl
<+(;)d+<k)>, ke ynil,

keynlll.

(2.26)

i@ |-
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Complemented with the normalization condition M = E + O(1/k) as k — oo and the respective
residue conditions at the zeros of d(k) and a(k) (see [17] for details), the jump relation (2.19)
can be viewed as the Riemann—Hilbert problem: given {a(k),b(k),A(k),B(k)} (and the residue
parameters, if any), find M(x,t,k) for all x > 0 and t > 0. Then the solution of the NLS equation,
u(x,t), is given in terms of M(x,z,k) by

u(x,r) = 2i lim kM1 (x,1,k). (2.27)

Moreover, u(x,0) generates {a(k),b(k)} and {u(0,t),us(0,¢)} generates {A(k),B(k)} as the cor-
responding spectral functions provided the latter verify the global relation (2.16). Therefore, the
Riemann-Hilbert problem approach gives the solution of the overdetermined IBV problem

1ty 4ty 4 2|u|*u = 0, x>0,t>0,
u(x,0) = up(x), x>0,
(x.0) = o ) 08)
u(0,1) = vo(t), 0<tr<T,
uy(0,1) = vy (1), 0<t<T

provided that the spectral functions {a(k),b(k),A(k),B(k)} constructed from {ug(x),vo(2),vi(¢)}
satisfy the global relation (2.16).

3. The Riemann-Hilbert formalism for Robin boundary condition

The overdetermined nature of the Riemann—Hilbert problem approach to the IBV problems can be
overcome in certain special cases of boundary conditions [12]. An efficient way to do this is the use
of an additional symmetry in the spectral problem for the ¢-equation of the Lax pair.

Since the 7-equation, considered alone, is independent of the initial conditions, the following
symmetry considerations, associated with the Robin boundary condition, are exactly the same as
in [17,19], where the IBV with decaying initial conditions were considered. Namely, if u+ qu, =0
with some ¢ € R, then the matrix V := V — 2ik? o3 of the r-equation ¥; = V¥ satisfies the symmetry
relation [17]

V(x,t,—k) = N(k)V (x,t, k)N~ (k), (3.1)

where N (k) = diag{N, (k), N2 (k)} with Ny (k) = 2k+iq and N> (k) = —2k+1iq. In turn, (3.1) implies
the symmetry for S: S(—k;T) = N(k)S(k;t)N~!(k), which reads in terms of A and B as

A(=k;T) =A(k;T),
2k +ig

BT =~ g

B(k:T). (3.2)

Now we observe that the global relation (2.16) also has the same form as in the case of decaying
initial conditions, which, being combined with the symmetry relation (3.2), suggests rewriting the
RH problem (2.19) in the form that uses only the spectral functions a(k) and b(k) associated with
the initial values u(x,0). Namely, since the exponential in the r.h.s. of (2.16) is rapidly decaying for
k € I, the global relation (2.16) suggests to replace %(k;T) by Z(k) for k € I. Then, the symmetry
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relation (3.2) suggests to replace

B 2k—ig b

—(kT) — — —(—k for k € 111 33
and consequently to replace

B - 2k+igb, -

=(k;T - —(—k fork € I1. 34

gD g a0k forke S

Remark 3.1. We emphasize that we are not going to compare the RH problem obtained as a result
of the replacement described above, with the original RH problem (2.19)—(2.26). Instead, we will
show directly that the resulting RH problem (for M, see below) gives the solution of the IBV prob-
lem (1.2).

Remark 3.2. A principal difference when comparing with the case of decaying initial conditions
is that now a(k) and b(k) (as well as their ratio) has jump discontinuities across ¥, which affects the
jump conditions on ¥ and eventually on 7, where 7y is symmetric to y with respect to the imaginary
axis:

n={k=ki+iky:ky =—-B,kr € (—a,a)}
(the latter is due to the jump of @(—k) and b(—k) across ).

The resulting jump conditions

M+ (X, t, k) — M_ (.x7 t k)efi(kx+2k2t)63jo (k)ei(kx+2k2t)63 ’ (35)
are as follows.

(1) For k € RUIR, Jy(k) has the same form as in (2.20), but with I'(k) replaced, accordingly to
(2.21) and (3.4), by I'(k) (cf. [17,19]), where

(k) = 2 k) 2ktiq . (3.6)
a(k) (2k —ig)a(k)a(—k) — (2k +iq)b(k)b(—k)

1+ |r(k)[* 7(k) £ 0
r(k) 1)’ ’
(;k ?) keiR.,
Jo(k) = l(fg-) G37)
( ) , keiR_,
0 1
1+|re(k)‘2 Fe(k) k<0
L\ re(k) 1)’ 7

and

() i (k) + Eh) — BRI + Chig)b(—K)alk)
(2k —iq)a(k)a(—k) — (2k+ig)b(—k)b(k)

(3.8)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
457



S. Kamvissis, D. Shepelsky and L. Zielinski / Robin boundary condition for the focusing NLS equation

(2) For k € 7, the jump for M depends on the sign of j3.
e if B >0, then Jy(k) = Jo(k), see (2.24) (notice that in this case, Jo(k) is already defined
in terms of a(k) and b(k) only).
e if B <0, then y € ITUIII, and

is replaced, accordingly to (3.4), by

a—(k)—b- (M%igiﬁ) (2k —iq)a_ (k)a(—k) — (2k +iq)b_ (k)b(—k)

5(k) = e - -,
a: (k) —bi () FHLE (2~ ig)ar (K)a(—k) — (2k+iq)b- (K)b(~k)
(3.9
which leads to
S(k) i
keynC
j B < 0 5_1(]( ) GYQ +
0(k) (3.10)

(3) In the case B > 0, the fact that I'(k) has an additional (with respect to I'(k)) jump across ¥;
suggests introducing the jump conditions for M on 7:

1 0
~ - s kG'}’lﬂC+
Jo(k) = <thk)_liik)l> (3.11)
I O Y
0 1 ) 1 -

(actually, in this case y; C IIUIII whereas Yy C IUIV).
At this stage, the jump conditions in the cases § > 0 and B < 0 look quite different. But now

1 0 (%) e—2ike—4ik>t
we notice that the exponentials in <f (k)e2ika ik 1) d (I)F(k)e 1
respectively I and /V. Therefore, we can deform the RH problem with jump (3.5) on RUIRU YUy,
to that on RU YU ¥ (thus getting rid of the jump on iR) by introducing

are bounded in

M (x,t,k), kellUlll,
M(x,t,k) ! 0 kel
~ X, 1, ~ : : ’ ’
M(x,t,k) = (k) e2ike ikt | (3.12)
_ 1 —T(k —2ikx—4ik?t 1
M (x,t,k) (O ( )el , kelv.

The resulting jump conditions take the form
M (x,t,k) = M_(x,1,k)e {200 fo ()eiket2k0os g c R yyuy, (3.13)
where:
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(1) fork eR,

ho(h) = (1+r|:(ek()k)2 fegk)> (3.14)

with r, (k) defined by (3.8).
2) e in the case 8 > 0, direct calculations give

W= ) (Z?? Z+iE’£§> (e.001) = (0 ) forkens

Jo(k) = ((1) 121(76)> ?iﬁza a-f(z’_‘) ((1) Jaf@)) _ (5;(’;) 3?/%)) for k € yNIV

and thus the jump takes the form of (3.10) as in the case 8 < 0. On the other hand, the
jump is not changed for k € y;: Jo(k) = Jo(k) as in (3.11).

e in the case B < 0, a new jump occurs on ;, due to the jump of I', having the form
(3.11) as in the case B > 0:

Nap

! 0 k NI
fo)-f 1) N

_ a - . 3.15
0(k) <1 F_(k)—l"+(k)> P (3.15)

0 1

On the other hand, the jump is not changed for k € y: Jy(k) = Jo(k) as in (3.10).
Summarizing, in the both cases, § > 0 and < 0, we arrive at

Proposition 3.1. Assume that u(x,t) is the solution of the IBV problem (1.2). Then

u(x,t) = 21133301(1\212(%@1(), (3.16)

where M is a piece-wise meromorphic function satisfying jump conditions (3.13). The jump matrix
is given by (3.14) for k € R and by J(k) = J(k) for k € YUy, where J(k) is defined in terms of
a(k), b(k) and q by (3.10) and (3.11) taking into account (3.6) and (3.9). Here a(k) and b(k) are
determined by the initial values u(x,0) = ug(x), x > 0 through

b(k)\ _ @@ _a?
<a(k)> _1P3 (0,0,]{)—‘133 (0707k)7

where CIDgz) (x,0,k) is the solution of (2.9¢) with U (y) = <L_t (ZJ’) MO(()y>>, see (2.3).
0
If the denominator in (3.8) has no zeros in C*, then M is uniquely determined as the solution
of the Riemann—Hilbert (RH) problem: given a(k), b(k) and ¢, find a piecewise analytic (relative to
R U yU7), matrix-valued function satisfying the jump conditions from Proposition 3.1 and the nor-
malization condition M — E as k — . In case the denominator in (3.8) has zeros, the formulation of
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the RH problem is to be complemented by the residue conditions at these points. Introducing a, (k)
by (3.25), see below, and assuming that the zeros k;, j =1,...,N of a.(k) (Imk; > 0) are simple
and do not coincide with possible zeros of a(k), the residue conditions are as follows (cf. [17]):

( ) 2i0(x,t,k;)

(k) (k;)
. ( ) —2i0(x,t.k;) R B
Res; M®)(x,1,k) = f(k) o )M (x,1,k)), (3.17)

Resij(l)(x,t,k) X(kj)M(Z)(x’tvkj)’

where O(x,t,k) = kx + 2kt and

2k+§q 1
() = § i S (3.18)
1, case 2

(for the definition of cases 1 and 2, see (3.25) and (3.26) below).

Comparing this with the case of the Robin IBV problem with decaying initial data [19], the RH
problem in the oscillatory case has two additional jumps, across y and ¥;. On the other hand, it has
the same structure as in the case of the shock IV problem [6], which of course is not surprising
because, as we discussed in Introduction, the shock IV problem in [6] corresponds to g = 0 in (1.2).

Now, having the RH problem formulated in terms of the spectral functions a(k) and b(k) associ-
ated with the initial data in (1.2) and of the Robin constant g, we can prove directly (without making
reference to the boundary values and the spectral functions A (k) and B(k) associated with them) the
following Theorem (we formulate it for the case of pure exponential initial data in (1.2); for the
general case, see Remark 3.3 below):

Theorem 3.1. Let M (x,2,k) be the solution of the Riemann—Hilbert problem with the jump condi-
tions (3.13) and residue conditions (3.17) determined in terms q and the spectral functions a(k) and
b(k) (2.15) via (3.8)~(3.14). Let u(x,t) be determined in terms of M(x,t,k) via (3.16). Then u(x,t)
is a solution of the IBV problem (1.2) with uy(x) = ae2Bx,

Proof. (i) The function determined by (3.16) via the solution M of the RH problem satisfies the
NLS equation in the domain x > 0, ¢ > 0; this is a standard fact based on ideas of the dressing
method, see, e.g., [9].

(ii) In order to verify the initial condition u(x,0) = ug(x), one observes that for z = 0 and x > 0,
the exponentials in (f(k)leZikx (l)) and ( ) are bounded in respectively C; and C_.

Thus we can deform the RH problem with jump (3 13) (for t = 0) as follows: define M (x,0,k) by

N 1 0

M(x,0,k . , keC,,
(x,0,k) (_Fem 1) +

R 1 f —2ikx

M(x,0,k) (0 el > . keC_.

This makes (i) the jump across 7; to disappear: M (x,0,k) = M_(x,0,k), k € y;; (ii) the residue
conditions to disappear as well (since in the case of (2.15), a(k) has no zeros). On the other hand,
the jumps across R and 7 take the form

M(x,0,k) = (3.19)
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M (x,0,k) = M_(x,0,k)e &% Jy (k)e™% | ke RUY, (3.20)
where
1+ |r(k)|? 7(k) LER
r(k) 1)’ ’
i T1(k)
v a 1
Jo(k) = (};k) w)), keynCy,. (3.21)
_a-(k)
Lf+(/_€) 0
e keynce
(T T

Finally, introducing

M,'m'(x,k) =

the resulting jump conditions for M;,;(x,k) are

Mini 1 (%,k) = Mini — (x,k)e %% J1 0 (k)% k€ RUY, (3.22)
where
_ : (k) , keR,
F(k) 1+ [F(k)[?
Jinio(k) = (l)f(lk)) , keynC,,, (3.23)
( _1 - 0) , ke ynC_
—f(k) 1
with
» b(k)
k) = —=
F(k) a(k)
and
fk) =7y (k) —7_(k). (3.24)

Now we notice that these conditions coincide with those for the spectral mapping {up(x)} —
{a(k),b(k)} in the IV problem on the whole line with step-like initial data: uo(x) = oe 2#* for
x> 0 and up(x) = 0 for x < 0 (see [5]). This yields u(x,0) = ug(x) = ae 2 for x > 0 due to the
uniqueness of the solution of the RH problem.

Remark 3.3. In the case of the general initial data uo(x) (such that ug(x) — oe™2P* as x — 40
fast enough), the transformation of the original RH problem to a RH problem associated with the
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initial conditions holds as well, the difference being that in the general case, (i) the spectral function
f(k) is no longer related to 7(k) via (3.24) but is an independent part of the spectral data associated
with ug(x); (ii) the residue conditions are moved to the location of possible zeros of a(k).

(iii) The strategy in proving that u(x,r) satisfies the Robin boundary condition follows that in
the case of decaying initial data [19].

First, we notice that the RH problem (3.13) with the jump matrices defined by (3.10) for k € 7,
by (3.11) for k € y;, and by (3.14) for £k € R can be considered not only for x > 0 but also for
x < 0 thus giving a continuous (at x = 0, for all # > 0) continuation of u(x,#) (3.16) for x < 0.
The associated continuation of the initial data u(x,0) for x < 0 will be discussed below; but here
we observe that the structure itself of the jump matrix on k € R suggests interpreting r.(k) as a
reflection coefficient for the problem obtained on the whole line:

In order to determine b, (k) and a.(k) correctly, we require that a,(k) is analytic in C\ (yUy),
a.(k) — 1 as k — oo, |a,|72(k) = 1 +|r.|*(k) for k € R, and a,(k) has neither a zero nor a pole at
k=1i|q|/2 (cf. [7,19]). In view of the definition (3.8) of r.(k), this gives

© a(k)a(—k) — 3E2b(k)b(—k), if g <0,a(—¥)#0o0r ¢>0,b(¥)=0 (3.25)
d, = : = - . ; .
Srita(k)a(—k) = b(k)b(=k), if ¢>0,b(})#0or g <0,a(—%)=0
and respectively
(k) = b(k)a(—k)+ 3lb(—k)a(k), if ¢ <0,a(—%¥)#00r ¢>0,b(§)=0 (3:26)
T B (k)a(—k) + b(—k)a(k), if ¢>0,b(%)#00r g<0,a(~4)=0 '

In what follows, we will refer to these two cases of definition of a.(k) and b, (k) as Case 1 and Case
2.

Consequently, from (3.9) we have

=

Accordingly to the cases singled out above, let us introduce

key.

e R S R
2 07 ) 2
Denote by J(x,t,k) the jump matrix in (3.13), i.e.,
f(x,t,k) — e—i(kx+2k2t)0'3f0(k)ei(kx+2k2t)0'3‘
Lemma 3.1. The jump matrix Jy in (3.13) satisfies the symmetry conditions:
J0,1,—k) = C_(k)J(0,1,k)C (k) fork€R, (3.28)
(J0.1,-B) o WA0.LKC, (k) forkeyuy, (3.29)
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where

(3.30)
0 k—ih O
’ _ . o1, Imk <0,
0 a.(k) 0 k—+ih

with 6| = <(1) (1)>

Proof. (i) The symmetry (3.28) follows from the symmetry of the reflection coefficient

Q

(K
ae(k
(i1) The symmetry (3.29) can be checked directly.

~—

k—1ih
. 3.31
k+ih (3-31)

re(—k) = re(k)

~—

O
Lemma 3.2. The solution M of the RH problem (3.13) satisfies the symmetry condition
1 .
" _ —= 0\ 5 N k—ih O
k) = k—ih -1
M(0,t,—k) = 01P(¢) ( 0 k+11h> P~ (t)M(0,1,k) ( 0 k+ih> D(k)oy, (3.32)
where
a.(k) 0
0 | Imk > 0,
. a.(k
D(k) = diag{d; (k),d2(k)} . (3.33)
a() |, Imk<O
0 ac(k)
and
_ 1 Mn(o,t,—ih) M12(0,t,ih)
P(t)=—=| A . 3.34
=230 (le(O,t,—lh) Vi (0,1, ih) (3.34)
with

A(t) = My1(0,t,—ih)M(0,t,ih) — M15(0,t,ih) Mo (0,t, —ih)
= |M11(0,¢, —ih)|> + |Ma1 (0,2, —ih)|* > 0.
Proof. Define M(t,k) by

M(t,k) = N(t,k)M(0,t,—k)C(k), (3.35)
where N(z,k) is some rational (in k) function with poles outside R. Then the symmetries (3.28) and
(3.29) imply that M (¢, k) satisfies the jump condition M (,k) =

M_(t,k)J(0,t,k). Now notice that
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the choice

1
N(t,k) = 61 P(1) <"—ih 0 )Pl(t), (3.36)
0 k+ih

with P as in (3.34) (for the details, see [19]), implies the r.h.s. of (3.35) is nonsingular at k = +ih
and approaches the identity matrix as k — c. Then, checking the residue conditions (if any), we
conclude that M(¢,k) = M(0,t,k), which eventually can be written as (3.32).

O]

Remark 3.4. The above arguments can actually prove the general symmetry formula that is valid
for all x and ¢:

—_— _ L0\ - N k—ih 0
_ k) = k—ih -1
M(—x,t,—k) 0'1P(t)< 0 kiih>P (t)M(x,t,k)< 0 k_Hh)D(k)G].

Now we show how the symmetry relation (3.32) alone can be used to establish the Robin bound-
ary condition for u(x,7). The arguments are exactly as in the case of decaying initial data [19]; for a

self-contained presentation, we repeat them here.
We first evaluate, using (3.32), the entries M (0,¢, —ik) and M (0,¢, —ih). We have:

k——ih i

Vi, (0.6, —ih) = lim <13(t) <k(1)1h (1) )P“(t)M(O,t,k) <k6ihk£ih> D(k))22

= sz (l‘) (P_l (l‘)M(O,Z, —ih))22 dz(—ih) = AEI)MZZ (O,Z‘, ih)dz(—ih) (337)
d>(—ih)

AQ)

where we have used the basic symmetry (2.12). Similarly, we have

:MU(O,I,—ih)

07 < = kim <[_—,(t)<k(l)ih 0 >P_l(t)M(O,t,k) <k_0ihkfih> D(k))12

k——ih i

= Piao(t) (P~ (1)M(0,1,—ih)) ,, do(—ih) = LMu(o,z,ih)cb(—ih) (3.38)

A1)
=V (0., 2
Comparing (3.37) and (3.38) gives
M1 (0,1, —ih)(1—6) =0 and My (0,1, —ih)(1+6) =0, (3.39)
where
- dZ(Zh), (3.40)

which implies that either M, (0,¢, —ih) = 0 or M>;(0,¢, —ih) = 0 for all > 0.
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Now recall that W(z, k) := (M1 (0,1, k)e 2% M (0,1,k)e 27T satisfies the differential equa-
tion (2.4) with u = u(0,7) and u, = u,(0,1), i.e

d¥
L L 2iPW) = i|u(0,1)|PP + (2ku(0,1) +iux(0,)) ¥,
d‘fp (3.41)
dt2 20k W5 = —i|u(0,1)|* ¥ + (—2Kkia(0,1) + i, (0,1)) ¥

From (3.41) it follows that if ¥ (#, —ih) = 0 for all # > 0 then —2ihu(0,) +iu,(0,¢) =0, or u,(0,z) —
2hu(0,t) = 0; if W, (1, —ih) = 0 then 2ihi(0,1) +ii,(0,¢) = 0, or u,(0,7) + 2hu(0,¢) = 0. Observe
that, according to (3.27), h can be either ¢/2 or —g/2. But since the initial data satisfy the boundary
condition u,(0,0) 4+ qu(0,0) = 0, by continuity it follows that this condition holds for all 7.

A closer look at (3.39) and (3.40) reveals that one can specify precisely whether (a)
My1(0,t,—ih) = 0 or (b) M2 (0,¢, —ih) = 0 occurs, depending on the sign of ¢ and the properties of
a(ilg|/2) and b(i|q|/2). Indeed, since A = |My;(—ih)|? 4 |Ma1(—ih)|*> > 0, the choice between (a)
and (b) is determined by the sign of da(—ih). According to (3.25) and (3.27), one can distinguish
four cases.

(i) If ¢ > 0 and b(ig/2) =0, then h = % > 0 and thus (see (3.33)) dz(—ih) = ae( ). In turn,

from (3.25) it follows that in this case, ae(%q) = ‘a(%’)‘ > 0 and thus 1+ ( ") - 0, which implies
(see(3.39)) that My, (0,1, —ih) = 0.

o1 =2

(ii) If g < 0 and a(—ig/2) #0, then h = < 0 and thus d(—ih) = <ae(—‘g)) = ‘a(—‘g)‘ >

0. Hence, in this case one also has 1+ ( ) > 0 and thus M»;(0,¢, —ih) = 0
. 2

(iii) If ¢ < 0 and a(—ig/2) =0, then h = — > 0 and thus dp (—ih) = a.(— %) = — ‘b(—%)‘ <0

Hence, in this case 1 — w > 0, which implies that M (0,z, —ik) = 0.
o1 .
(iv) If ¢ > 0 and b(ig/2) 0, then h = —§ < 0 and thus d(— ih):( (‘g)) :—‘b('g)‘ <

0. Hence, in this case one also has 1 — ( h 0, which implies that M, (0,t7 ih) =
Summarizing, we see that M» (0,z, —1h) 0 corresponds to & = 4 while My, (0,¢,—ih) =0 cor-

responds to &/ = —4, which is indeed consistent with the fact that (3.41) implies u,(0,7) +qu(0,7) =

0 for all 7. 0

4. Initial value problem associated with the initial boundary value problem (1.2)

Theorem 4.1. Let M (x,2,k) be the solution of the RH problem with the jump matrices defined in
terms of q and a(k) and b(k) from (2.15) via (3.8)~(3.14). Let u(x,t) be determined by M(x,t,k) via
(3.16). Then:

o u(x,t) satisfies the NLS equation for —oo < x < oo, t > 0;
o u(x,0) = ae 2P for x > 0;
o u(x,0) = ae'?e?P* for x <0,

where

_ —i [ log(28 —i|g|) —log(28 +ilq|)
¢ = /71 dé. (4.1)

(V(E+B)+a?),
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Moreover,
uy(0,7) +qu(0,¢) =0  for t > 0.

Remark 4.1. For 7 > 0, u(x,t) decays to uP(x,t) as x — oo and to ii” (x,) := qe?P¥+20H0 a4
x — —oo; but the rate of this decay can be slow, which is due to the slow decay of r.(k) as % as
k — oo. In turn, the latter is due to a discontinuity of u(x,0) at x = 0. Accordingly, the uniqueness
for the initial value problem is a subtle issue which requires an additional investigation.
Proof. In view of Theorem 3.1, the only item to be proved is the formula u(x,0) = ae'?e?Px giving
the continuation of the initial data to the left half-line. We will prove it via a series of transformations
of the original RH problem in the spirit of the nonlinear steepest descent method [8].

First, let us express the jump matrix Jo(k) in (3.13) in terms of a, (k) and b,(k) determined by
(3.25) and (3.26).

Lemma 4.1. The off-diagonal entries in (3.11), k € 1, can be written as follows:

E ()T i ama e e !
(k) =T (k) = § 512 . 4.2)
2kTig aer Ra, (k) C45€

The proof follows the direct calculation using the definition of I" and the identity (2.14) from
Lemma 2.1.
Thus Jy(k) can be written as follows:

oy
(aet) M(k)) 7 keynCy
ao— (k)

. 1 0
Jo(k) = <2k:k:iq ; 1) , kennCy 4.3)

2kFiq aey (k)ae— (k)

1 7.(k 1

Fe (k) 0 , keR
0 1 ) \n1

where r, = %, and
e

hhik) = (_01 (1)) 7@ <(1) _01> 4.4)

for the parts of the contour in C_, i.e., fork € (yUy;) NC_.

Now define M() by
N o(k 0
M (x,t,k) <a( ) ), keCy

MW (x,1,k) = (4.5)

Then the jump condition for M) (x,0, k) is as follows:

M (x,0,k) = M"Y (x,0,k)7V) (x,0,k),
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where
( /1 je—2ik
de—(k)acs (k) , keynNnC
( 0 1 ) AR
aes (k)
| a;(k) 0
TV (x,0,k) = , kennCs
2ketiq Dk de- (k)
2kTFig et (k)
1 0\ [17(ke Hk
_ . , keR
7. (k)e?™ 1] \o 1

where 7, = %, and
e

I (x,0,k) = (_01 é) T (0.0 (? 01> . ke(yup)nC-.

(4.6)

“4.7)

The next transformation aims at removing the growing (as x — —oo) exponential in the jump

matrix on Y (the “g-function” step, by now standard in the method of nonlinear steepest descent,

see, e.g., [5,6]). Define M2 by

M (x,0,k) = e P 1) (x,0, k) e(ike+if(k)x)os

where (cf. (2.8)) X (k) = v/(k+ B)? + &2 with the branch cut ; and X (k) = k+ = o(1) as k — oo
(so that the large-k behavior is preserved: M(2) — E as k — o). Then X, +X_ =0 for k € y;, and
the jump matrix J) in the jump relation Mf) (x,0,k) = m? (x,0,k)J?)(x,0,k) takes the form

1 je—2iX(k)x
ac—(k)ae+ (k) , ke YN (CJr
0 1
Ze+ Ellg el (X (k) =X (k))x 0
J?(x,0,k) = , keynC,
2kiq ; a, (k) e 1K (k) =X (k))x
2kFiq ac (k)
1 0\ (17 (k)e 2X(®x LR
Fo(k)e2X®x 1 ]\ 0 1 ’

and
7D (x,0,k) = (_01 é) T2 (x,0.%) ((1) _01) . ke(yup)NC-.

Finally, introduce M®) by

(f(oo) 0 )M(2)(x,0,k) <f1(k) —f(k)h(k)eZiX(k)x>, e
0 f'(eo) 0

I 0 e Fky 0
( 0 f(oo)> M2 (X,Oyk) (f-(]-c)‘(]‘c)ezﬂﬁ(l})x f_l(/_c)> ) ke C_

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
467

M3 (x,0,k) =

4.8)



S. Kamvissis, D. Shepelsky and L. Zielinski / Robin boundary condition for the focusing NLS equation

where the scalar functions (k) and f(k) are to be determined. Assuming that h(k) and f(k)
are analytic for k € C\ {yU7} and that f(k) = f~'(k), the jump matrix J® in M(f) (x,0,k) =
M(_3)(x,0,k)J(3) (x,0,k) takes the form:

o forkeyNCs:

f+ lf (ae+ +h_ %’;iig) —2iX_ X f+< <ae+ +h éllziig )+h ae—)

—1 2k=igq - Ao 2k+iq _2iX. x
f+ ~ 2kFig! iy (e kaql)e i
(4.10)

I3 (x,0,k) =

e forke ynC,:

IO (x,0,k) = ((1) (i ) _h—l("))f—(k)f+(k)eZiy(k)x) @.11)

o forke yNC_andkeyNC_: JO (k) = < 0 1) JO) (k) (O _1>

—-10 10
o forke R:
G _ ! O (1 (Felk) = (k) £ (R)e X k)">
21000 = (s )y 2o t) (o 1 12
Lemma 4.2. Setting h(k) := 7,(k), the jump matrix J©) (x,0,k) simplifies to
0 F(R) fi (k) 3l
J(3) 707]{ — . 2k=+ig , k
(®0.4) (f+ s o <

(so that J©®) = E for k € y and for k € R). Moreover, M )(x,O,k) is a piecewise analytic function
(having no poles).

Indeed, in the case of a(k) and b(k) given by (2.15), b, (k) is analytic (similarly to a.(k)) in
k € C\ {yUn }; moreover, direct calculations give

bee(k) __ae—(k)2kFiq,  bee(K) _ ace(k) % Fig,
aer(k)  acr(k)2kEiq" ae (k) ae (k) 2k£ig

and thus J©) takes the required form for k € 7, N C... On the other hand, for k € y one has
be—(k) ey (k) _ i
de—(k) ey (k) acy(k)a (k)

and thus J©) reduces to E on k € yNC...
The fact that M) (x,0, k) has no poles at the zeros of a,(k) (if any) can be checked directly.

Now let us specify f(k) as a solution of the following factorization problem:

e f(k) is analyticin C\ ¥
e f(k) is bounded as k — oo

e the limiting values f of f on ¥, are related as follows: f (k) f_ (k) = 2ktg

2kFig
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Noting that f := % has to satisfy the jump condition f, — f_ = l‘;zi" and f — 0 as k — oo, the
+

Cauchy-type integral formula for f follows:

f(k):(_:xp{??(k)/y1 logn () )dé},

2 Sy % (E)E
where (k) := %’;ig Particularly, we have
1 [ logn(§) }
o) = = | & =dS ;. 4.13
o) —exp{ —5- [ <ET g @.13)

With f determined in this way, J©) (x,0,k) reduces to a matrix with constant entries and thus
the RH problem for M) reduces to

MY (x,0,k) = M) (x,0,k) <? 8) . kep (4.14)

o M®)(x,0,k) = E as k — oo

The unique solution of this RH problem, having singularities at the end points of y; of order not
greater than 1/2, is given explicitly:

M0 =) (z(k) () el - z(k)l)

1
with (k) = (Fhe )"

Going back to M we have for Imk > 0:

e 0.k — aifros (T 0N o (k) F(R)h(k)e K0
M(x,0,k) =e < 0 foo)>M (,0,k)<0 Py )
ikx—iX (k)x) 03 a;'(k) 0

Taking into account that (k) = 1+ 5 + O(k]—z) as k — oo we conclude that for all x < 0,

u(x,0) = lim 2ikM 1 (x,0,k) = ote®P* 72 (c0).
—> 00
Finally we notice that in the case of exact exponential initial data, u(x) = ae~2P¥, case 1 is realized
with g < 0 whereas case 2 is realized with ¢ > 0 and thus the additional phase factor, coming from
f7%(0), see (4.13), takes the form as in (4.1).
O

Remark 4.2. Similarly to Theorem 3.1, a more general result holds: the RH problem constructed
from the spectral functions determined by u(x,0) = ug(x), x > 0 with ug(x) — ae 2P* as x —
+-oo gives rise to u(x,t) such that u(x,0) — ae'9e?P* as x — —oo. Similarly to the case of exact
exponential initial data, the proof is based on a sequence of transformations of the RH problem
leading the the same model problem with the jump (4.14).
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A major difference, comparing to the case of exact exponential initial data, is that in passing
from M) to M®), one cannot expect to determine A(k) as an analytic function in the whole half-
plane C, that allows getting rid of the diagonal terms in the jump matrix on ¥;, see (4.10), and simul-
taneously, reducing (4.11) and (4.12) exactly to the identity matrix. Instead, lens-shaped domains

are to be introduced containing 73 NC4, 73 NC_ and the rays (—eo,—f) and (—f,c0), together
ae_ (k) 2kFig ;
der (k) 2kEigh

on R. Then M®) is determined by M @) multiplied, in each lens, by

with appropriated functions, analytic in the lenses, that approximate respectively —

o1 (k) 2kig be(k
() 2igi on % N Co and g2

a particular triangular factor similar to (4.10)—(4.12), which leads to the jump matrix J©) involving,
apart from (4.14) for k € ;, the jump matrices on the boundaries of the lenses that approach the
identity matrix as x — —co. As a result, u(x,0) obtained via the solution of the RH problem does not
coincide, for all x < 0, with ae®P* as in Theorem 4.1 but approaches this exponential as x — —oo.
The opening of lenses idea is also standard in the method of steepest descent; see [5,6] in the context
of focusing NLS with steplike initial data.

5. Large-time asymptotics: rarefaction case (8 < 0)

The RH problems in the cases f > 0 and B < O differ only in the positions of y and ¥;. This
difference, being irrelevant in proving that the solution of the RH problem indeed satisfies the Robin
boundary condition and the prescribed initial condition, becomes important in the analysis of the
large-time behavior of the solution of the IBV problem (1.2) and the associated initial value problem
(see theorem 4.1).

In the case B > 0, y is located in the right half-plane and % is located in the left half-plane.
The asymptotic analysis, based on the Deift—Zhou nonlinear steepest descent method [8], of the
RH problem in this situation is similar to that with ¢ = 0, which was done in [6]. Namely, in [6]
it was shown that a shock-type large-time behavior occurs: one can specify §; = §;(a,B), j=1,2
such that (i) in the sector ’ﬂ < & of the (x,) plane (containing, in particular, the vertical rays
corresponding to fixed x and t — +o0), the large-time behavior of the solution of the initial value
problem is oscillatory and can be described in terms of the single phase theta functions; (ii) in the
sectors ‘“ﬂ > &, the asymptotics has a plane wave form; (iii) in two transition sectors §; < ‘ﬂ < &,
the asymptotics is expressed in terms of the two phase theta functions. Following [6], one can show
that the presence of g # 0 does not change the location of the boundaries of the sectors and the
qualitative behavior of the solution in the corresponding sectors, but it does break the symmetry
for the solution of the IV problem with respect to the z-axis, by adding a factor (similar to €' in
Theorem 4.1) to the corresponding theta-function asymptotic formulas.

In the case B < 0, ¥ and ¥, interchange their locations, which implies, in particular, that in the
sector |x/t| < 4|B] (particularly, for all fixed x), the exponential factors in the jump matrices on
Y and 71, see (3.10), (3.11), (3.13), are all decaying, as t — c. Consequently, in this sector, the
contribution of the jumps across ¥ and 7; is vanishing as r — o and thus u(x,#) decays to 0 unless
there are k;, j = 1,2,... such that |[Rek;| < |B| and a.(k;) = 0, which generate residue conditions
for the RH problem.

Specifically, consider the case of pure exponential initial conditions: u(x,0) = ae 2P for x > 0.
Depending of the sign of g, we have two situations:

e if g <0, then a,(k) has no zeros with |Rek| < |B].
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e if ¢ > 0, then a, (k) has exactly one zero, which is located on the imaginary axis: a,(i{) =0
with some § > 0.

Consequently, if ¢ < 0, then u(x,7) is rapidly decaying as ¢ — oo in the sector ‘“ﬂ < 4|B|. As for
the case ¢ > 0, in this sector u(x,t) behaves like a breather. In order to demonstrate this, we first
notice that the residue conditions (3.17) can be written in terms of a.(k) and b, (k) only. Indeed, in
the case of pure exponential initial data, b, (k) is analytic in C\ (YU ¥1) and, using the symmetries
in (2.15), can be written as (cf. (3.26))

S.D

bo(k) = {b(k)a(—lé)—gﬁggb(—%)a(k), if g <0,
T EEip ()a(—k) — b(—R)a(k), if ¢>0.

Then, using the definition (3.25) of a,(k), it is readily seen that if k* is such that a.(k*) = 0, then
(cf. (3.17))

1 b(—k*)
be) ~ alir) A

with (k) defined in (3.18), and thus the residue conditions can be written, in both cases, as

R (1) eZi@(x,l‘,k_/) . (2)
Resy M\ (x,t,k) = ——————~ M (x,1,k;),
! de(kj)be(k;) !
A o210tk )
ReS]'(jM(z)(x,t,k) = :M(l)(x,t,kj) (52)
de(kj)be(k;)

Then, applying the procedure of reducing a (singular) RH problem with residue conditions to a
regular RH problem (see, e.g., [9]), one arrives at the following theorem.

Theorem 5.1. Consider the initial boundary value problem (1.2), where ug(x) = ae 2B with B <0
and q > 0. Then for 0 < % < 4|B|, the solution u(x,t) has the asymptotics

u(x,t) =d(x,t)(1+o(1)), t — oo,

where

V20 2ot
cosh(v2mx+ o)

i(x,r) =ie M

Here the parameters are defined as follows:

o ©=2(? where { > 0 is the (unique) solution of the equation a,(i) = 0, and a,(k) is
determined in (3.25) with a(k) and b(k) determined by (2.15) and (2.8);
e 1 = arg(y), where Y= m;
° (P() = 10g %ﬁ
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In particular, at x = 0, u(0,t) and u,(0,t) exhibit single exponential oscillations:
u(0,0) =d1(¢t) (1+0(1)) and uy(0,t) =1dir(t)(1+0(1)), t— oo,

where

i1 V20 i
cosh(¢p) ’

<t
=
—
-~
S—
|

cosh?(¢y)

Remark 5.1. For B < 0, the asymptotic analysis for the domain 7 > 4|B| is similar to that in the
case of step-like initial data considered in [5], giving the asymptotics in the form of a modulated
elliptic wave for 4|B| < ¥ < 4|B|+4v2a and a plane wave for £ > 4|8|+4+/20.
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