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1. Introduction

The Camassa-Holm (CH) equation
m; +umy +2u,m =0, m=u— Uy, (1.1)

was derived by Camassa and Holm from an approximation to the incompressible Eluer equa-
tions [3], and found to be completely integrable with a Lax pair and associated bi-Hamiltonian
structure [4]. The CH equation has been studied in a large number of papers [1,2,5,6,9,10,14-18].
Interestingly, the CH equation is linked with the first negative flow of the KdV hierarchy by recip-
rocal transformation [10]. But unlike KdV equation, the CH equation admits peaked soliton solu-
tions [1-4]. Besides the CH equation, many other systems with peaked soliton solutions have been
constructed.
In 1999, Degasperis-Procesi presented a new equation with peaked solutions

my +umy +3um =0, M= U— Uy, (1.2)

which is known as DP equation [7]. The DP equation is integrable with a bi-Hamiltonian structure
and a Lax pair associated with a third-order spectral problem [8]. Both CH equation and DP equation
have nonlinear terms that are quadratic.

Recently, Vladimir Novikov found a new equation with cubic nonlinearity

m; —|—u2mx—|—3uuxm:0, M= U — Uy, (1.3)

from his symmetry classification study of nonlocal partial differential equations [20]. In [12], Hone
and Wang gave a matrix Lax pair, infinitely many conserved quantities as well as a bi-Hamiltonian
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structure of the Eq. (1.3) which is also named Novikov equation. Very recently, Geng and Xue
constructed a two-component generalization for the Novikov equation (1.3)

my + 3u,vm + uvm, = 0,
ny + 3veun + uvn, =0, (1.4)

Mm=U—Ug, N=V— "V,

which was associated with a 3 x 3 matrix spectral problem, they also gave the N peakons, infinite
sequence of conserved quantities and a Hamiltonian structure [11]. In 2013, Li and Liu showed the
system (1.4) was indeed a bi-Hamiltonian structure and got the Hamiltonian operators found by
Hone and Wang for the Novikov equation (1.3) using the proper Dirac reduction [19].

The purpose of this paper is to construct the bi-Hamiltonian system for the multi-component
Novikov equation

n
qit = Z [=2qittjxvj — qiljvjx — QixttjVj — UinqjV j + Uiq V],
J=1
n
Iy — Z [—2r,~u.,-vjx — r,-u.,-xvj - rl-xujv.,- - v,-xrjuj + v[rju.,-x], (15)
J=1
Gi = Ui — Ujxx, I = Vi —Vixe, L= 1,2,..n,

(x. (x. ouj(x, wvilxs) . .
where g;; = aq’a(f’t),r,-, = ar’a(f”),ujx = "g(;c‘t),vjx = vb(;t),z,] =1,2,...,n, and so on. When n =

1,q = m,r = nthe Eq. (1.5) reduces to the two-component system (1.4). Moreover the system (1.5)
can reduce to the Egs. (1.2) and (1.3) asn=1,g=m,v=1and n = 1,g = m,v = u respectively.
It’s worthwhile to note that there is also research on other multi-component CH-type equations
[13,22,23].

2. Bi-Hamiltonian structure of multi-component Novikov equation

Possession of the bi-Hamiltonian structure is an important property of soliton equations and all
soliton equations are turn out to be bi-Hamiltonian systems. In this section, we derive the bi-
Hamiltonian structure of multi-component Novikov equation (1.5).

The multi-component Novikov equation (1.5) has the equivalent form

QI = _2<UX7V>Q - <U7VX>Q - <U?V>QX - <Q7V>Ux + <Q7VX>U7
R = —2(U,V)R— (U, V)R — (U,V)Ry — (R,UV; + (R, U,)V, @.1)

where (,) denotes the inner product and Q,R,U,V are the n-component vector potentials defined as

Q: <q17q27-“7qn)T7 R= (r17r27~'~7rn)T7 U= (u17u27~--7u1’l>T7 V= (V17v27-“7vl’l>T7
Q:U_Uxm R:V_Vxxa

. T
and T is the transpose of a vector, and U! = ‘98% as well.
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The system (2.1) arises as a zero-curve equation
M, — N, +[M, N| =0, (2.2)

this being the compatibility condition of the (n+2) x (n+ 2) matrix spectral problem

=Mo, ¢ =Nog, (2.3)
with
0207 1 ~uTv Y AuTvor ulv,
M=(0"0,,AR | N=| % —Dbivul-vul -%-2UTVR |, @4
1o o0 ~u'v A uTv,

where 0 and 0,,«,, are respectively n dimension row vector and n X n zero matrix, A is a constant
spectral parameter and /,, denotes the n x n identity matrix. It is worth noting that the matrix spectral
problem (2.3) is the vector prolongation of the spectral problem in [11], so the system (2.1) is also
a negative flow in the hierarchy.

To compute the bi-Hamiltonian structure of the system (2.1), we consider an integrable hierarchy
which consists of (2.1), i.e., the N in time part of (2.3) is

Nig A Nigpo
N = B S C ) (2.5)
Nut2,1 D Nytont2

where B, C and A, D are respectively n dimension column and row vectors depending on vector
potentials O, R and spectral parameter A. S and the remaining entries are respectively n X n matrix
and functions depending on vector potentials Q, R and spectral parameter A.

Substituting M and N respectively in (2.4) and (2.5) into (2.2), we get

C=—B:+ARN,121, A=Dy+AN,i2] 0", Nit= (Nut21)s +Npyoni2,

S=Ad"'(RD—BQ"), Ny21=2(3°—49)"'(30"B,+ Q! B+3DR+DR,),

1 1, _
(Nl,n+2)x+ (Nn+2,l)x+A(QTBx+DxR) =0, Nn+2,n+2 = _*(Nn+2,l)x+ Ela I(QTB_DR)7

2
and
<g> ="\ +A 7) (sz)’ (2.6)
where
B 0 (02— 1)I,
A= ((1-3% 0 > @7
I =+ 7, (2.8)
with

3
7Q8+Qx 3 —1
_ 2 _ T T T T
= <§R8+Rx>(a 49)"' (3079 +Q 3R"9 +RY),
- %Qa—lQT+(Qa—1QT)T _%Qa—]RT_QTa—lRIn
S2=\ Zipglgr “RTo-l0r, 1Ra R+ (RORT)T )
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Obviously, the operators .#” and ¢ are skew-symmetric, furthermore the operator %" is a
Hamiltonian operator. In the following, we show how the Jacobi identity for the operator ¢ and
compatibility for the operators 22" and ¢ may be checked by the multivector approach to Hamil-
tonian systems in infinite dimensions, as described in the work of Olver [21].

Our main results are summarized as

Theorem 2.1. The multi-component Novikov system (2.1) may be reformulated as a bi-Hamiltonian

system
OH, OH,
o\ _ Sm o\ S
(8) (%)=~ (5)

where the operators X and _# are given by (2.7) and (2.8) respectively, and
1
Ho = §/<Q,V)<Ux,V> = (RU){V2,U) + ((R,Ux) — (Q,Vi)){U,V)dx,

Hy = % / (0, V) + (R,U)dx.

Before the proof of the Theorem 2.1, please allow us give a brief explanation of the Olver’s tech-
nique [21]. Let 6 denote the basic uni-vector corresponding to potential, Z is any skew-symmetry
operator depending on a spatial variable x and the potential. In the proof procedure, we have mainly
used the following three properties:

e the basic property of wedge product

/éjAndx:(—l)m"/nAgdx, (2.10)

for any m-form & and n-form 7.
o the skew-symmetry of the operator &

/éA.@ndx:—/(_@é)/\ndx. (2.11)
e the prolongation
—PI‘V@@(G/\.@@) ZBAPYVQQ(.@)/\Q, (2.12)

the minus sign coming from the fact that we have interchanged a wedge product of 8’s
using the formula (2.10).

Proof. Assume that 8; = (011,612, ,601,)7,62 = (621,60, ,6,,)7 are the basic uni-vectors
corresponding to Q and R respectively. We know that the operator _¢# is the Hamiltonian if and
only if

PrV ;6(0 ;) =PIV ;4(® ;) +PrV ;4(0 4,) =0, (2.13)

where 6 = (91 > and
6,

QjZ%/(O/\/G)dx:®fl+®/2:%/(OA/IO)d)H—%/(G/\/zG)dx,

is the associated bi-vector of / .
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Bi-Hamiltonian structure of multi-component Novikov equation

To check whether J#" and _¢ form a bi-Hamiltonian pair, we only need to prove
PI‘V(;g/g(@/) :PrV%9(®fl)+PrVJ/Q(®/2) =0. (2.14)
The proof of the Theorem 2.1 is rather technical and lengthy, so are given in Appendix A. O

According to the bi-Hamiltonian theory, the Hamiltonian pair %", ¢ gives rise to the hereditary
recursion operator #Z = 7 X ~!. The recursion operator acting on a seed symmetry of the soliton
equation can generate an infinite sequence of symmetries. Assume the seed symmetry of (2.1) is
(0,0)7, then we get the sequence of symmetries

c,=2"(0,00", n=0,1,2,---. (2.15)
As n =1, the above expression (2.15) is the local symmetry

o = <_2<UX7V>Q_ <U7VX>Q_ <U7V>Qx - <Q7V>Ux+ <Q7Vx>U>
: —2(U, V)R — (Us, V)R — (U, V)R — (R, UVy + (R, U}V

which is just the right side of the equality (2.1). This is natural.
But when n = 2, the recursion formula (2.15) leads to the nonlocal symmetry

o) = <621 > : (2.16)

022
where
0n1 = (300+0.)(9° ~49) " (0. B1) + (0 B1) —3(R P2) — (R, 2))
$3007((0.®1) + (R,@2)) +(02 Q") @y + Q"9 Ry
0m = (SRI+R)(° —49) " (3(Q.®1) + (0. P1) —3(R B2 — (R )

1
~3RIH(Q ®1) + (R, ®2)) = (RIR) ®; — R 9™ 0Ly,
and &, d, are nonlocal variables defined by
@ =(1-0%)""R, = (1-9%"'0,.

For example, let us consider the reduction: the Q and R are both one-dimensional scalar func-
tions, and R = Q as well. A local symmetry under the reduction must be local. We will demonstrate
the symmetry ¢, under the reduction is nonlocal. Set the symmetry o, in (2.16) under the constraint
is 0y, then

~ \ -3001(0¥)

where ¥ = (1 — 9%)7'Q, with Q; = —4uu, + Ut + 3uuuy,. If 5 is local, ¥ must be a local
variable, i.e., there is a function f(x,u,u,) that satisfies

_ ( 30071 (Q¥) )

(1— 82)_1(—4u2ux+u2uxxx—|—3uuxuxx) = f(x,u,uy). (2.17)

But after calculation, we find there is no function f(x,u,u,) that satisfies the equality (2.17), so 0>
is nonlocal and then 6, is a nonlocal symmetry.
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Therefore, from the recursion formula (2.15), we can obtain an infinite sequence of higher order

nonlocal symmetries of the system (2.1).
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Appendix A.

First, we prove that the operator ¢ is Hamiltonian, namely to verify (2.13). To simplify the pre-
sentation and calculations, we introduce Q and R as

0=(3>—49)"'(3076,,+076,), R=(9°> —49) ' (3R" 62, +R'6,). (A.1)
From (2.8), we have

qn(Q—l—lS)x-l-CInx(Q‘i‘E) (A.2)

r(Q+R)+ri(Q+R)

SIS0

3rn(é+§)x+rnx(é+§)
and

o (290°'(Q"61 —R"6:)+ (00 ' Q") 6, — "9 ' RI,6,
/20 = —1RO-Y(Q"6, —R"6,) —RT9~'01,6, + (RO~'R")T 6,

%611371(QT91 RT@Z)‘*‘Z; 190 (q161; — 1;621)

zqn N (QT91 RT92)+Z, 19i0 (qneli_riGZn)

A3
—1r1971(QT6, —RT6,) — YL rid ' (qi611 — r162) A.3)

Vn Q70 —RT6,) — Y 10" (qiB1n — 146)

Then the associated bi-vectors for ¢7 and _# are respectively
1
05 =5 [ (61 710)dx
/( ) 30(Q+R):+0:(Q+R)\ -
SR(Q+R), +R(Q+R)
n 3 . - - _
) Z/[5(911'/\‘11""92j/\rj)(Q+R)x+(91j/\6]jx—|-92j/\rjx)(Q—|—R)]dx
j=1
1 ¢ ~ ~
= _Z Z /(ij91j+3qj91jx+rjx92j+3rj92jx) /\(Q—l—R)dx, (A4)
j=1
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and

© ,, = ;/(BA/ZG)dx

_1/ o\ 10071076, —R"6,) +(Q9~'Q")"6, — QT 9~ 'RI,6, J
T2 —1R9~1(Q"6, —R"6;) —R" 9~ Q1,6 + (RI~'RT)T6, ) "

= %/[%(91 AQ—6,AR)I (076, —RT6,)+6,A (007 '0")T6,— 6, Q"0 'RI,6,
+6, A (RI'RY 6, — 6, A\R"O' 01,60/ ]dx

<
i
N

—Glj/\q,-a‘lr,-ezj—szAr,a‘lq,-GU]dx
1 _ _
/[5(91//\6]/—921'/\7,/)3 Y(qi01; — ri62) + 01; A qid ' (q;01; — 1:6s))

+92j/\riail(l’j92i—qielj)]dx. (A.5)

In the equality (A.4), we have applied integration by parts which is a special case of (2.11) to the
terms which contain explicitly (Q +R)
We calculate

noro3 3 - 1
PrV ;4(0 ») = Z/[_Eeljx/\(EQj(Q+R)x+CIjx(Q+R)+EQja '(Q"6,—R"8,)
=1

n

1 3~ U
+Zqi971(q1'91i—ri92j))—5911A(§61j(Q+R)x+ijx(Q+R)
i=1

1
+§qj8_l(QT9 —R"9,) —I-Zq, 1(q;61i —1:62)))x

3 3
—5 02 A (*rj(Q+R)x+”jx(Q+R) - Erja_l(QTel —R"6y)

1 3~ o~ ~ -
—Zr, q,ell rjezl'))—Eezj/\(il’j(Q-i-R)x-i-rjx(Q-i-R)

n

1 ~ -
—Erjﬁ_l(QTel—RT% Z '(qi01; — r021))x] A (@ + R)dx

5 9 5 ~ o~
= Z/ QJeljx 4ij61j_zrj92jx_erx92j)/\(Q+R)x
j=1

3 3 |
+(=149i01 = 702)) NMQ+ R)we — (401 — 102)) A Q761 —R"6))
3 1 3 1 _
+(—qu6]jx = 79001+ 7702j+ 771:62)) N0 '(0"6, —R"6,)

1
+Z 2q191p€ 2qlx61]) NI (q;B1i—1i62)) — qu'eu Nq;0y;

W

1 1 ~ ~
—i—(iriezjx—i- irixezj) /\8“ (qielj — rjez,‘) — Er‘iezj /\rjez,‘)] A\ (Q—i—R)dx
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Bi-Hamiltonian structure of multi-component Novikov equation

z 9 5 9 5 ~ =
= Zl/[(_4Qj91jx_ ZCIJ'XQU - erezjx_ erx62j) A (Q+R)x
j:

3 3 3 3 ~ o~
+(161jx911 + 5401t 70+ erezjx) AN(Q+R)x

3 1 3 1 _
(=3 401jx = 19501+ [ 102ju+ 4 7ix2j) NI (0761 —R"6,)
“ 3 1 _
+ Z((_EC]ieljx - EC]ixelj) NI~ (qj61i —riB2))
i=1
3

1 -~
+(§ri92jx + Erixezj) AN 371 (qi91j — rj92i))] A (Q+R)dx.

In the above, we have used the formula (2.12) and dropped some terms through (2.10), as well as
the expression Z;f: 1(q 01 —rj6 j) = 070, — RT 6,. Moreover, we have integrated the terms which
contain explicitly (Q + R)yx by parts.

Owing to

i 9 5 9 5 -
)y /[(*quﬂlpc = 49501 — 47625 = 4 7ix02j) N (Q + R)x
j=1

3 3 3 3 ~  ~ ~  ~
+(Zij01j + ZCIj91jx+ erxGZj + Z"jGij) A(Q+R) AN (Q+R)dx

1 ~ ~ ~ ~
=Y /[—5(3611911x+611x91j+3rj92jx+rjx921) AQ+R) A (Q+R)dx

:/fl(83—48)(§+§)/\(é+§)x/\(é+§)dx
I (A.6)

= 4
! 3 1 1
+Z((_§%91jx_§%‘x91j)/\a (q;61i —1i62;)
i=1
3 1 _ ~ -~
+(§r,-92jx+§rix02j)/\8 l(qielj—rjezi))]/\(Q+R)dx. (A7)

On the other hand, we have

3

nooeo S ]
PrV 46(0 »,) = Z/{5[91]‘/\(Eij(QJrR)erCIJx(QJrR)+§61j<9_1(QT91 —R"6,)
=1

n 3 - -
+Y a0 (q;0u — ri62))) — 62 A (37/(Q+R)x +rjx(Q+R)
k=1

1 n
—Erjafl(QTel —RTQQ) + Z I’kail(}’jezk — qkelj))] /\afl(QTQI —RTGQ)
k=1

no3 - 1
+61; A Z[E%(Q +R)x+qi(Q+R)+ qu‘a '(Q"6,—R"6))
i=1
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+ Y 407 (qibu — r62:)] A I (61 — 1i62))
+6; A Z[Eri(Q+R)x+rix(Q—|—R) — 5}78_] (QT91 —RTGZ)
i=1

— Y 0 (b — riBx)] A O (62 — ;61 ) Y. (A.8)

In order to understand, we divide the equality (A.8) into two parts I and II. The part I is the terms
which contain explicitly only Q+ R or (Q + R),, i.e.,

/! 3 3 ~ o~ 1 1 - -
I= Z/[((quelj_ ZrJ'GZj)/\(Q+R)x+(ECIjx91j_ErijZj)/\(Q+R))/\a_l(QT91 ~R"9,)

no3 - -
+Z((§%’91J’ AQ+R)x+qiuuBi; A(Q+R)) NI (q;61; — 1i6n))

3 ~ -
+(§’”1921 (Q"‘R) + rix6h A (Q+R>)/\ail(rjeﬁ_%elj))]dx

d 3 1 3 1 ~  ~ _
= Z/[(_7Qj91/x 4QJx611+4r/92]x+4rjx92/) (Q+R)/\a I(QTel—RTez)

i 3 1 ~  ~ _
+ Z((—E%qu - eq'xeu) A(Q+R)NI 7 (q;61; —ri62))
3 1 -
+(§ 62,x+ leezj) (Q+R)/\(9 1(6],‘91]‘—1”]'92,'))]01)6. (A9)
The rest of (A.8) is as follows

n 1 n
=Y [(5 Y0570 (a8~ re621) + 62 Arid ™ (qub1; 18] A9 (761~ R 2)

n 1 n
+61; A Z[E%a_l (Q"61—R"62)+ Y qid ™ (qiO1k — rk62:)] N 9" (q;61; — 1i62;)
' k=1

—ezj/\z —— Q 0, — RT92)— Zrk8’1(qk91i—r,-92k)]/\8’1(qi61j—rj92,-)}dx

= Z/[elj/\ Z k9 (qiB1 — r02) NI~ (q;01: — 1i65))
= ik=1

+92j/\ Z rk8‘1(qk91,-—ri62k)A&‘l(qiﬂlj—rjezi)}dx
i,k=1

n

Z /[lelj/\ail(%'elk_rkezi)/\ail(qj'eli_riezﬂ

i,j,k=1

100 NI (qiBik — 1162:) NI (61 — 1i6))

—i—?’kezj/\a_l(qkeli—riezk)/\(9_1(q,‘91]‘—rj92,')

+r,92kA8*1(qi91k—rkez,-)Aafl(qjel,-—r,-ezj)]dx
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= g 1 /(leu —1j0) NI (qiB1k — 102) AN O (q;61;i — 1i6;)dx
= lOJ ) (A.10)
From (A.9) and (A.10), we have
PrV 44(0@ ) =1 (A.11)
Combining (A.7) and (A.11) gives
PrV 44(0 ) =0, (A.12)

so the operator _¢# is Hamiltonian.
Secondly, we will show the compatibility of the operators 2" and ¢ , i.e., the equality (2.14).
Notice that

(A.13)

o 92xx_ 92
HO= (91 _Glxx> ’

so from the equalities (A.4) and (A.5), we obtain
" 3 1
PrVr0(© 1) = X 1300 A (Bajoe = 02)) = 561, A (Bajus = 621)s
j=1

3 1 ~
—Eezjx/\(eu—eljxx) —592]‘/\(91]‘—91jxx)x]/\(Q+R)dx

_ i/[_;(33—48)(91,~A92,-)/\(§+§)]dx

==Y /(91]'/\921)/\(3qz'91ix+61ix91i+3ri92ix~|—rix92i)dX, (A.14)
and

& 1
PrVoe(© 1) = ) /[5(911/\(92jxx—92j)—9sz(91j—91jxx))A971(qi9u—ri92i)
ij=1
+01j A (Brixx — 621) NI (q01; — 1:62))
+92j/\(91,'—elixx)/\afl(rjezi—qie]j)]dx

1 1
=) /[E(elj/\Gijx_Gljxx/\92j)/\871(4i61i_ri92i)
i=1

+(61) A Boivy — B jux A 02i) NI~ (q01; — 1:62)dx

1l 1
= Z /[_E(elj/\Gij_eljx/\QZj)/\(Qieli_riOZi)

i,j=1
— (01 A By — 01 jx N B2;) \(q;61; —1i6)|dx
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1 1
=) /[5(911/\92jx+91jx/\92j)/\(61i91i+ri92i)
=

—91j VAN 92j A (Qielix + ri92ix)]dx

1 &
= _E Z /[(Olesz)/\(3qi61,-x+q,-x91i—i—3r,-92,-x+rixez,-)]dx. (A.15)
i=1

The Eqgs. (A.14) and (A.15) lead to

PI‘V%Q(@/) :PIVJ/Q(®/1)+PI'V%9(®/2) :O, (A.16)

so the operators %" and _¢ are compatible Hamiltonian operators.
Thus, we complete the proof of the Theorem 2.1.
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