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Ermakov-Painlevé IV coupled systems are introduced and associated Ermakov-type invariants isolated. These
invariants are used to obtain systematic reduction of the system in terms of the canonical Painlevé IV equa-
tion. The procedure is applied to a Ermakov-Painlevé IV symmetry reduction of a coupled derivative resonant
nonlinear Schrödinger triad incorporating de Broglie-Bohm potential terms.

1. Introduction

The six classical Painlevé equations arise in a wide range of physical applications and have a well-
established and fundamental role in modern soliton theory (see e.g. Conte [13] and Clarkson [12]
together with literature cited therein). On the other hand, Ermakov-type systems and their general-
isations likewise have extensive applications, notably in nonlinear optics [15, 20, 21, 23, 48, 49, 62]
where, inportantly, they have been used to model the evolution of the size and shape of the light
spot and wave front in elliptical Gaussian beams [15, 23].

Nonlinear coupled systems of Ermakov-Ray-Reid type have their origin in independent classical
studies of Ermakov [18] and Steen [61] and were originally introduced by Ray and Reid in [38,39].
The systems adopt the form

φ̈ +ω(t)φ =
1

φ 2ψ
Φ(ψ/φ) ,

ψ̈ +ω(t)ψ =
1

ψ2φ
Ψ(φ/ψ)

(1.1)

and admit a distinctive integral of motion, namely the invariant

I =
1
2
(φψ̇−ψφ̇)2 +

∫ z=ψ/φ

Φ(z)dz+
∫ w=φ/ψ

Ψ(w)dw , (1.2)

where, in the above, the dot indicates a derivative with respect to the independent variable t. Subse-
quently 2+1-dimensional versions of (1.1) were introduced in [47] while extensions to arbitrary
order and dimension which preserve the characteristic invariant were presented in [59]. Multi-
component Ermakov-Ray-Reid systems were introduced in a hydrodynamics context in [42] via
a symmetry reduction of a 2+1-dimensional multi-layer fluid model. Moreover, sequences of two-
component Ermakov-Ray-Reid systems were shown therein to be linked via Darboux transforma-
tions. Discretisation aspects of particular Ermakov-type equations have been investigated in [55,57].
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Stability and periodic properties of a Ermakov-Ray-Reid system arising out of such a two-layer
hydrodynamic model have been investigated by Athorne [4] while novel algebraic aspects underly-
ing the multi-component Ermakov-type systems introduced in [42] were uncovered in [5]. In recent
work [45], a Hamiltonian Ermakov-Ray-Reid system has been obtained in the context of a classi-
cal 2+1-dimensional rotating shallow water system with an underlying rigid circular paraboloidal
bottom topography. The Ermakov variables in that case have the physical interpretation that they
describe the time evolution of the semi-axes of the elliptical moving shoreline on the paraboloidal
basin. The route to the Ermakov-Ray-Reid system, interestingly involves application of extensions
of Ball-type moment of inertia theorems [7, 8] which, in turn, may be shown to have a Lie group
origin [30, 40].

Ermakov-Ray-Reid systems have also been uncovered in magnetogasdynamics [43, 53, 60] and
remarkably, have been shown to admit pulsrodon-type phenomena analogous to those observed
in an elliptic warm core eddy context (Rogers [41], Rubino and Brandt [56]). Lyapunov stability
aspects of pulsrodons and their duals has been discussed by Holm [24]. The magneto-gasdynamics
pulsrodon describes a rotating, pulsating elliptic cylindrical plasma column bounded by a vacuum
state [53]. Ermakov-Ray-Reid structure has also recently been isolated in [53] in connection with
gas cloud evolution of a type originally investigated by Ovsiannikov [34] and Dyson [17] and sub-
sequently by Gaffet (see [19] and work cited therein). Connection with integrability has been made
in the 2+1-dimensional case by construction of a Lax pair [24].

In recent work by Desyatnik et al [16], the contribution of orbital angular momentum to the
suppression of the collapse of spiralling elliptic solitons in Kerr media has been investigated via a
variational approach. An analogous system modelled by a 2+1-dimensional NLS equation incorpo-
rating an harmonic trap was subsequently derived by Abdullaev et al [1] by means of a variational
approximation in the context of elliptic cloud evolution in a Bose-Einstein condensate. In [48] it has
been shown that the remarkable repeated occurrence of Hamiltonian Ermakov-Ray-Reid structure
in nonlinear optics extends to both the spiralling elliptic soliton system of [16] and to its general-
ization in the Bose-Einstein setting in [1].

The preceding attests to the established importance of Ermakov-Ray-Reid systems in a wide
range of physical applications. Like solitonic systems and their associated classical Painlevé equa-
tions which admit nonlinear superposition principles (permutability theorems) associated with
invariance under Bäcklund transformations [22,50,52] it is known that Ermakov-Ray-Reid systems
also possess underlying nonlinear superposition laws albeit of another kind [38,39]. Moreover, just
as solitonic and associated Painlevé equations generically admit linear representations, Ermakov-
Ray-Reid systems also have been shown to have an underlying linear structure [6]. However, despite
these key common properties, the two areas of soliton and of Ermakov-Ray-Reid theory have gen-
erally proceeded independently. The only known hybrid solitonic-Ermakov system seems to be that
set down in [59] where, alignment of the integrable Ernst system of general relativity, with a 2+1-
dimensional Ermakov system was shown to lead to a composition of an integrable 2+1-dimensional
sinh Gordon system (see [25–27, 51, 58]) and of a Ermakov-Ray-Reid system. However, recently
a hybrid Ermakov-Painlevé II system was derived as a reduction of a coupled N+1-dimensional
Manakov-type NLS system in [44]. Ermakov invariants admitted by the hybrid system were key
to its systematic reduction in terms of a single component Ermakov-Painlevé II equation which, in
turn, may be linked to the integrable Painlevé II equation. In terms of physical applications, the latter
equation has been shown to arise in the steady, two-ion reduction with valency relation ν1 +ν2 = 0
of the classical Nernst-Planck ion system descriptive of the migration of charged particles through
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material barriers [9, 11, 33, 36, 37]. The hybrid Ermakov-Painlevé II equation of [44] arises directly
in a pair of three-ion cases with valency ratios ν1 : ν2 : ν3 = 1 : −2 : −1 as previously isolated by
Conte et al in [14]. It adopts the form

Ωxx +
x
2

Ω+ εΩ
3 =− 1

4Ω3 (γ− ε

2
)2 , (1.3)

(ε =±1)

where Ω is connected to the electric field E by a relation of the type E ∼ Ωx/Ω. The nonlinear
equation (1.3) is, in turn, connected to the classical Painlevé II equation

ωxx = 2ω
3 + xω + γ , (1.4)

via the relation

ω =
ε

2Ω2 [ γ− ε

2
−2ΩΩx ] (1.5)

(c.f. Gromak [22]).
In [44], a two-component ‘resonant’ nonlinear Schrödinger system

i Φz +∇2Φ− s [ ∇2|Φ|/|Φ| ] Φ+ν [ |Φ|2 + |Ψ|2 ] Φ = 0 ,

i Ψz +∇2Ψ− s [ ∇2|Ψ|/|Ψ| ] Ψ+ν [ |Φ|2 + |Ψ|2 ] Ψ = 0

( ∇2 := ∂ 2/∂x2
1 + · · ·+∂ 2/∂x2

N )

(1.6)

was investigated which incorporates de-Broglie-Bohm-type potential terms in ∇2|Φ|/|Φ| and
∇2|Ψ|/|Ψ|. Wave packet representations were introduced into (1.6) which resulted in a symme-
try reduction to a novel coupled Ermakov Painlevé II system for the amplitudes |Φ|, |Ψ| in the
form

|Φ|ξ ξ +[ cI + cIIξ ] |Φ|+ cIII ( |Φ|2 + |Ψ|2 ) |Φ|=
1

1− s

(
I

N

)2 1
|Φ|3

,

|Ψ|ξ ξ +[ cI + cIIξ ] |Ψ|+ cIII ( |Φ|2 + |Ψ|2 ) |Ψ|=
1

1− s

(
K

N

)2 1
|Ψ|3

(1.7)

where ξ = λ z+µz2 + x1 + · · ·+ xN and I , K are appropriate invariants.
The pair (1.7) constitutes a particular Ermakov-Ray-Reid system and admits the characteristic

invariant E where

( |Φ|ξ |Ψ|− |Φ||Ψ|ξ )2 +
1

1− s
[

(
K

N

)2 ∣∣∣∣ΦΨ
∣∣∣∣2 +(I

N

)2 ∣∣∣∣ΨΦ
∣∣∣∣2 ] = E (1.8)

and this, together with a (non-local) Hamiltonian may be used to obtain reduction of the system (1.7)
in terms of the canonical single component Ermakov-Painlevé II equation in Ω =

√
|Φ|2 + |Ψ|2,
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namely

Ωξ ξ +[ cI + cII ξ ] Ω+ cIIIΩ
3 =

E

Ω3 . (1.9)

If we now set c2
II = 2 and cIII = 2ε together with

E =−1
4
(γ− ε

2
)2 ≤ 0 (1.10)

then ω as given by (1.5) is governed by the integrable Painlevé II equation. The integrals of motion
involving I , K may be exploited to systematically construct the original wave packet representa-
tions. It is interesting to observe that the Ermakov invariant (1.8) together with the constraint (1.10)
requires that the parameter s > 1. This corresponds to the ‘resonant’ situation when the de Broglie-
Bohm potentials cannot be removed by the procedure described in [29, 35]. The 1+1-dimensional
resonant NLS reduction with s > 1 is of particular physical interest since then novel solitonic fission
and fusion phenomena are admitted (see e.g. [36] and literature cited therein).

The object of the present paper which introduces the notion of hybrid Ermakov-Painlevé IV
systems is to exploit underlying Ermakov invariants therein to obtain reduction in terms of a single
canonical Painlevé IV equation. The procedure is motivated by the occurrence of such a Ermakov-
Painlevé IV system as a symmetry reduction of an N-component derivative nonlinear Schrödinger
system. In terms of physical applications, two-component derivative NLS systems were originally
derived by Morris and Dodd [32] in a study of the modulational stability of circularly polarized
long Alfvén waves. Alfvén solitonic phenomena in such coupled derivative NLS systems in plasma
physics have subsequently been investigated by Xu et al in [63] while Darboux transformations
for two-component derivative NLS systems have been constructed by Ling and Liu [31]. Resonant
derivative NLS equations have been recently derived in the context of Chern-Simons theory by Lee
and Pashaev in [28].

2. Ermakov-Painlevé IV Reduction of a Derivative Nonlinear Schrödinger System

Here, we consider an N-component coupled ‘resonant’ derivative nonlinear Schrödinger system

i Φ1t −ν i [ ( |Φ1|2 + |Φ2|2 + · · ·+ |ΦN |2 ) Φ1 ]x− εΦ1xx = s ( |Φ1|xx/|Φ1| ) Φ1 ,

i Φ2t −ν i [ ( |Φ1|2 + |Φ2|2 + · · ·+ |ΦN |2 ) Φ2 ]x− εΦ2xx = s ( |Φ2|xx/|Φ2| ) Φ2 ,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

i ΦNt −ν i [ ( |Φ1|2 + |Φ2|2 + · · ·+ |ΦN |2 ) ΦN ]x− εΦNxx = s ( |ΦN |xx/|ΦN | ) ΦN

(2.1)

which incorporates de Broglie-Bohm type potential terms. It is noted that, recently, Lee and Pashaev
[28] derived a single component resonant derivative nonlinear Schrödinger equation via a reduction
of a Chern-Simons system.

Wave packet representations are now introduced into the system (2.1) according to

Φi = ( 2 t )−1/4
σi(ζ )eiα(ζ ) , i = 1, · · ·N (2.2)

where ζ = x/(2t)1/2. In the single component case, in the absence of a de Broglie-Bohm potential,
such an ansatz is known to lead to an integrable Painlevé IV reduction in a gauge-equivalent NLS
equation (Ablowitz, Ramani and Segur [2, 3]).
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Insertion of the representations (2.2) into the derivative NLS-type system (2.1) produces a non-
linear coupled system in the σi and α , namely

( ε + s )σ̈1− εα̇2σ1−να̇σ1[ σ2
1 +σ2

2 + · · ·+σ2
N ] = α̇σ1ζ ,

ε[2α̇σ̇1 + α̈σ1]+2νσ1[ σ1σ̇1 +σ2σ̇2 + · · ·+σNσ̇N ]+νσ̇1[ σ2
1 +σ2

2 + · · ·+σ2
N ]

=−ζ σ̇1−
σ1

2
,

( ε + s )σ̈2− εα̇2σ2−να̇σ2[ σ2
1 +σ2

2 + · · ·+σ2
N ] = α̇σ2ζ ,

ε[2α̇σ̇2 + α̈σ2]+2νσ2[ σ1σ̇1 +σ2σ̇2 + · · ·+σNσ̇N ]+νσ̇2[ σ2
1 +σ2

2 + · · ·+σ2
N ]

=−ζ σ̇2−
σ2

2
,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

( ε + s )σ̈N− εα̇2σN−να̇σN [ σ2
1 +σ2

2 + · · ·+σ2
N ] = α̇σNζ ,

ε[2α̇σ̇N + α̈σN ]+2νσN [ σ1σ̇1 +σ2σ̇2 + · · ·+σNσ̇N ]+νσ̇N [ σ2
1 +σ2

2 + · · ·+σ2
N ]

=−ζ σ̇N−
σN

2

(2.3)

where, in the present context, the dot indicates a derivative with respect to ζ . The relations (2.3)2,
(2.3)4, .... (2.3)2N together show that

ε[ 2α̇( σ1σ̇1 +σ2σ̇2 + · · ·+σNσ̇N )+ α̈( σ2
1 +σ2

2 + · · ·+σ2
N ) ]

+3ν( σ2
1 +σ2

2 + · · ·+σ2
N )( σ1σ̇1 +σ2σ̇2 + · · ·+σNσ̇N )

=−ζ ( σ1σ̇1 +σ2σ̇2 + · · ·+σNσ̇N )− 1
2
( σ2

1 +σ2
2 + · · ·+σ2

N )

(2.4)

whence, one obtains the integral of motion

εα̇ΣN +
3ν

4
Σ

2
N +ΣN

ζ

2
= I (2.5)

so that

α̇ =
1

εΣ
[ I − 3ν

4
Σ

2− ζ

2
Σ ] (2.6)

where ΣN = σ2
1 +σ2

2 + · · ·+σ2
N .

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

632



Colin Rogers

Substitution of α̇ as given by (2.6) into (2.3) now produces a ‘Ermakov-Painlevé IV’ system,
here termed of Type I, namely

4ε( ε + s )σ1ζ ζ +[
3ν2

4
( σ2

1 +σ2
2 + · · ·+σ2

N )2 +2ζ ν( σ2
1 +σ2

2 + · · ·+σ2
N )+ζ 2− γ ]σ1

=
4I 2σ1

( σ2
1 +σ2

2 + · · ·+σ2
N )2 ,

4ε( ε + s )σ2ζ ζ +[
3ν2

4
( σ2

1 +σ2
2 + · · ·+σ2

N )2 +2ζ ν( σ2
1 +σ2

2 + · · ·+σ2
N )+ζ 2− γ ]σ2

=
4I 2σ2

( σ2
1 +σ2

2 + · · ·+σ2
N )2 ,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

4ε( ε + s )σNζ ζ +[
3ν2

4
( σ2

1 +σ2
2 + · · ·+σ2

N )2 +2ζ ν( σ2
1 +σ2

2 + · · ·+σ2
N )+ζ 2− γ ]σN

=
4I 2σN

( σ2
1 +σ2

2 + · · ·+σ2
N )2 ,

(2.7)

where γ =−2νI . This system admits the constant Wronskian invariants

σiζ σ j−σiσ jζ = Wi j , i 6= j , i, j = 1, · · ·N (2.8)

as well as the (non-local) Hamiltonian

4ε( ε + s )( σ
2
1ζ

+σ
2
2ζ

+ · · ·+σ
2
Nζ

)+
ν2

4
Σ

3
N +2ν

∫
ζ ΣNdΣN +

∫
( ζ

2− γ )dΣN +
4I 2

ΣN
= 2H .

(2.9)
On use of the identity

(σ2
1 +σ2

2 + · · ·+σ2
N)(σ

2
1ζ

+σ2
2ζ

+ · · ·+σ2
Nζ

)

−[(σ1ζ σ2−σ1σ2ζ )
2 +(σ1ζ σ3−σ1σ3ζ )

2 + · · ·(σN−1ζ σN−σN−1σNζ )
2]

≡ (σ1σ1ζ +σ2σ2ζ + · · ·+σNσNζ )
2

(2.10)

it is seen that

4ε( ε + s )[ (σ1ζ σ2−σ1σ2ζ )
2 +(σ1ζ σ3−σ1σ3ζ )2 + · · ·+(σN−1ζ σN−σN−1σNζ )

2 +
1
4

Σ2
Nζ

]

= ΣN [ 2H − ν2

4
Σ3

N−2ν

∫
ζ ΣNdΣN−

∫
(ζ 2− γ)dΣN−

4I 2

ΣN
]

(2.11)
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whence, in view of the Wronskian invariant relations (2.8),

ΣN [ 2H − ν2

4
Σ3

N−2ν

∫
ζ ΣNdΣN−

∫
(ζ 2− γ)dΣN ]−4ε( ε + s )ΣW 2

i j −4I 2

= ε( ε + s )
(

dΣN

dζ

)2

.

(2.12)

Accordingly,

ΣNζ ζ =
1
2

Σ
2
Nζ

/ΣN−
1

4ε( ε + s )
[

3ν2

2
Σ

3
N +4νζ Σ

2
N +2( ζ

2− γ )ΣN ]+
2

ΣN
[ ΣW 2

i j +
I 2

ε(ε + s)
] ,

(2.13)
so that, with the scalings

Σ
∗
N = µ

−1
ΣN , dζ

∗ = λdζ (2.14)

where

λ 2 =− 1
4ε(ε + s)

, ε(ε + s)< 0

λ µν = 1 ,

(2.15)

reduction is obtained to the standard Painlevé IV equation

Σ
∗
Nζ ∗ζ ∗ =

1
2

Σ
∗2
Nζ

/Σ
∗
N +

3
2

Σ
∗3
N +4ζ

∗
Σ
∗2
N +2( ζ

∗2−δ
∗ )Σ∗N +

β ∗

ΣN
(2.16)

where

β
∗ = 2ν

2[ ΣW 2
i j +

I

ε(ε + s)
] , δ

∗ = γ/λ
2 . (2.17)

Importantly, in the present context, any solution Σ∗N of this canonical Painlevé IV equation delivers
a solution Ω = Σ

∗1/2
N of the Ermakov-Painlevé IV-type equation

Ωζ ∗ζ ∗− [
3
4

Ω
4 +2ζ

∗
Ω

2 +ζ
∗2−δ

∗ ] Ω =
W

Ω3 (2.18)

where

W = ν
2[ ΣW 2

i j +
I

ε(ε + s)
] . (2.19)

It is observed that, for a specified solution Σ∗N of the Painlevé IV equation (2.17), substitution
into the system (2.7) produces reduction to N copies of a now explicit second order linear equation.
However, the presence of Painlevé IV transcendents in the potential of the latter makes it, in gen-
eral, intractable as it stands. Accordingly, here an alternative approach is adopted wherein admitted
Ermakov invariants are exploited to obtain explicit solution involving a single quadrature. Thus, a
sequence of Ermakov invariants may now be constructed. In this connection, (2.7)1 may be written
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as, on setting µ = 1,

σ1ζ ζ +
1

4ε( ε + s )
[

3ν2

4
Ω

4 +2ζ νΩ+ζ
2− γ ] σ =

I 2σ1

ε(ε + s)Ω4 , (2.20)

while (2.13) yields

Ωζ ζ +
1

4ε( ε + s )
[

3ν2

4
Ω

4 +2ζ νΩ+ζ
2− γ ] Ω =

1
Ω3 [ ΣW 2

i j +
I 2

ε(ε + s)
] . (2.21)

The pair (2.20), (2.21) constitute a Ermakov-Ray-Reid system with invariant

1
2
( σ1Ωζ −Ωσ1ζ )2 +

1
2
[ ΣW 2

i j ]
(

σ1

Ω

)2
= I1 . (2.22)

In a similar manner, the pairs (2.7)2, (2.21), (2.7)3, (2.21) ..... (2.7)N , (2.21) constitute Ermakov-
Ray-Reid systems which, in turn, admit the invariants

1
2
( σ2Ωζ −Ωσ2ζ )2 +

1
2
[ ΣW 2

i j ]
(

σ2

Ω

)2
= I2

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

1
2
( σNΩζ −Ωσ2ζ )2 +

1
2
[ ΣW 2

i j ]
(

σN

Ω

)2
= IN

(2.23)

It is seen that Ii > 0, i = 1, · · ·N.
On introduction of the new independent variable ζ̄ according to

dζ̄ = Ω
−2dζ = Σ

−1
N dζ (2.24)

and of new dependent variables

Ui =
σi

Ω
, i = 1, · · · ,N , (2.25)

the Ermakov invariant relations (2.22), (2.23) are seen to yield

Ui =

√
2Ii

W ∗ sin(±
√

W ∗ ζ̄ +Ki ) (2.26)

where W ∗ = ΣW 2
i j , ΣU2

i = 1 and the Ki are arbitrary constants of integration.
Thus, in summary, a solution set {σi, i = 1, · · · ,N} of the Ermakov-Painlevé IV system (2.7)

may be generated via a seed solution ΣN of the integrable Painlevé IV equation (2.13) according to
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the relations

σi =

√(
2Ii

W ∗ ΣN

)
sin(±

√
W ∗ ζ̄ +Ki) (2.27)

where

ζ̄ =
∫

Σ
−1
N dζ (2.28)

Addition of the Ermakov invariant relations (2.22)−(2.23) and application of the identity (2.10)
together establish a connection between the invariants, namely

ΣW 2
i j = I1 +I2 + · · ·+IN . (2.29)

It is interesting to observe that reduction in the present context to the canonical Painlevé IV
equation requires that ε(ε + s) < 0 so that, in the standard case with ε = −1 then s > 1. This
corresponds to the situation when resonant solitonic behaviour may be observed in the derivative
nonlinear Schrödinger equation incorporating de Broglie Bohm quantum potential terms [28].

3. A Type II Ermakov-Painlevé IV Triad

Here, a second kind of hybrid Ermakov-Painlevé IV system is introduced, namely the triad

uxx− [
3
4
( u2 + v2 +w2 )2 +2x ( u2 + v2 +w2 )+ x2−δ ] u =

β

2u3 ,

vxx− [
3
4
( u2 + v2 +w2 )2 +2x ( u2 + v2 +w2 )+ x2−δ ] v =

β

2v3 ,

wxx− [
3
4
( u2 + v2 +w2 )2 +2x ( u2 + v2 +w2 )+ x2−δ ] w =

β

2w3 .

(3.1)

It is again noted that the single component Ermakov-Painlevé IV equation

Ωxx− [
3
4

Ω
4 +2xΩ

2 + x2−δ ] Ω =
β

2Ω3 , (3.2)

on insertion of ω = Ω2, leads to the canonical Painlevé IV equation (see e.g. [12, 13] and literature
cited therein), namely

ωxx =
ω2

x

2ω
+

3
2

ω
3 +4xω

2 +2 ( x2−δ ) ω +
β

ω
. (3.3)

It is noted that a coupled nonlinear system of the type (3.1) is readily derived as a symmetry reduc-
tion of an overarching appropriately x-modulated coupled NLS triad. In terms of applications, in
Bassom et al [10], the avatar (3.2) of Painlevé IV was investigated with parameter β = 0 in con-
nection with solutions Ω(α : x) constrained by the boundary condition Ω(∞) = 0. Bound state solu-
tions were obtained via an integral equation formulation which, importantly, decay exponentially as
x→ ∞.
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Here, the Ermakov-Painlevé IV system (3.1) is seen to admit a triad of characteristic Ermakov
invariants, namely

( uxv− vxu )2 +
β

2
[
(u

v

)2
+
( v

u

)2
] = EI ,

( vxw−wxv )2 +
β

2
[
( v

w

)2
+
(w

v

)2
] = EII ,

( wxu−uxw )2 +
β

2
[
(w

u

)2
+
( u

w

)2
] = EIII , .

(3.4)

Moreover, the system (3.1) admits the (non-local) Hamiltonian

u2
x + v2

x +w2
x−

1
4

Σ
3−2

∫
xΣdΣ−

∫
( x2− γ ) dΣ+

β

2
[

1
u2 +

1
v2 +

1
w2 ] = 2H (3.5)

where Σ := u2 + v2 +w2.
The identity

( u2 + v2 +w2 )( u2
x + v2

x +w2
x )− [ ( uxv− vxu )2 +( vxw−wxv )2 +( wxu−uxw )2 ]

≡ ( uux + vvx +wwx )
2

(3.6)

is now employed, whence the Ermakov invariant relations (3.4) together with the Hamiltonian (3.5)
show that

Σ [ 2H +
1
4

Σ
3 +2

∫
xΣdΣ+

∫
( x2− γ ) dΣ− β

2
(

1
u2 +

1
v2 +

1
w2 )

− [ EI +EII +EIII−
β

2
(
(u

v

)2
+
( v

u

)2
+
( v

w

)2
+
(w

v

)2
+
(w

u

)2
+
( u

w

)2
) ] (3.7)

=
1
4

(
dΣ

dx

)2

that is,

Σ [ 2H +
1
4

Σ
3 +2

∫
xΣdΣ+

∫
( x2− γ ) dΣ ]− E

2
=

1
4

(
dΣ

dx

)2

(3.8)

where

E = 2 ( EI +EII +EIII )+3β . (3.9)

Equation (3.8), in turn, leads to a Painlevé IV equation

Σxx =
Σ2

x

2Σ
+

3
2

Σ
3 +4xΣ

2 +2 ( x2− γ )Σ+
E

Σ
(3.10)

in Σ which, in terms of Λ = Σ1/2, produces the associated Ermakov-Painlevé IV equation

Λxx− [
3
4

Λ
4 +2xΛ

2 + x2− γ ] Λ =
E

2Λ3 . (3.11)

Importantly, the latter together with each of the constituent nonlinear equations in the triad (3.1)
taken in turn, constitute Ermakov-Ray-Reid systems. These pairs admit an additional triad of
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Ermakov invariant relations, namely

( uxΛ−Λxu )2 +
1
2
[ E
( u

Λ

)2
+β

(
Λ

u

)2

] = RI , (3.12)

( vxΛ−Λxv )2 +
1
2
[ E
( v

Λ

)2
+β

(
Λ

v

)2

] = RII , (3.13)

( wxΛ−Λxw )2 +
1
2
[ E
(w

Λ

)2
+β

(
Λ

w

)2

] = RIII . (3.14)

On introduction of the new independent variable x̄ according to

dx̄ = Λ
−2dx , (3.15)

and new dependent variables U, V, W via

U =
( u

Λ

)2
, V =

( v
Λ

)2
, W =

(w
Λ

)2
(3.16)

it is seen that (3.12)−(3.14) yield

d U1/2/dx̄ =±
√

RI−
1
2
[ EU +βU−1 ] (3.17)

d V 1/2/dx̄ =±
√

RII−
1
2
[ EV +βV−1 ] (3.18)

together with

d W 1/2/dx̄ =±
√

RIII−
1
2
[ EW +βW−1 ] . (3.19)

However, it is observed that once U,V have been calculated via (3.17) and (3.18) respectively then
W may be determined immediately by the relation

U +V +W = 1 . (3.20)

The equations (3.17) and (3.18) show that, if E > 0, then

U =
1
E

[ RI +
√
R2

I −βE sin( ±
√

E

2
x̄+KI ) ] (3.21)

and

V =
1
E

[ RII +
√

R2
II−βE sin( ±

√
E

2
x̄+KII ) ] (3.22)

where KI and KII are constants of integration and it is required that R2
I > βE and R2

II > βE . The
residual quantity W is then given via the relation (3.20). Moreover, addition of the integrals of
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motion (3.12)−(3.14) together with the identity (3.6) and the Ermakov invariant relations (3.4) is
seen to impose the constraint

EI +EII +EIII +
E

2
+

3β

2
= RI +RII +RIII (3.23)

whence, on use of the relation (3.9),

E = RI +RII +RIII . (3.24)

In summary, solution sets {u,v,w} of the Ermakov-Painlevé IV system (3.1) are generated in
terms of seed solutions Σ of the canonical integrable Painlevé IV equation (3.10) via the relations

u =±

√
1
E

[ RI +
√
R2

I −βE sin( ±
√

E

2
x̄+KI ) ] Σ , (3.25)

v =±

√
1
E

[ RII +
√

R2
II−βE sin( ±

√
E

2
x̄+KII ) ] Σ (3.26)

(E > o )

while

w =±
√

Σ−u2− v2 (3.27)

and x̄ is obtained in terms of x by integration of the relation (3.15), namely

dx̄ = Σ
−1dx . (3.28)

It is remarked that seed solutions Σ of Painlevé IV may be generated, in particular, via the applica-
tion of established Bäcklund transformations (Gromak [22]).

In summary, it has been established that novel hybrid Ermakov-Painlevé IV systems of two types
may be introduced, both of which are amenable to algorithmic solution in terms of the canonical
Painlevé IV equation via the systematic application of Ermakov invariants.
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