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We consider the Hamiltonian polynomial function H of degree fourth given by either H(x,y, px, py) = %( p)zc +

P2+ 3 (% +3%) + Va(x,y) + Va(x,y), or H(x,y, px,py) = 5(—p + p3) + 3 (=5 +32) + V3(x,) + Va(x,y),

where V3(x,y) and V4(x,y) are homogeneous polynomials of degree three and four, respectively. Our main
objective is to prove the existence and stability of periodic solutions associated to H using the classical averag-
ing method.

Keywords: Hamiltonian systems; Periodic orbits; Stability; Averaging theory.
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1. Introduction

It is known that the periodic orbits are the most simple non-trivial solutions of an ordinary differ-
ential system, and that their study is of particular interest because the motion in a neighborhood
can be determined by their type of stability, [22]. In this paper we study the existence and stability
of periodic solutions in Hamiltonian systems defined for two families of polynomial Hamiltonians
of degree four on the plane. More specifically, we consider the following polynomial Hamiltonian
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functions:
H' = %(p§+p§)+%(x2+y2)+v3(x,y)+V4(x,y), (1.1)
and
H = %(—p§+p§) - %(—x2+y2) +Va(x,y) + Va(x, ), (1.2)

where the polynomials V3 and V4 are homogeneous polynomials of the third and fourth degree,
respectively and which are given by

A
Vs(x,y) = 3%+ By, (13)
and
Ay maog Ay
V. =—x'+— = 1.4
4ey) = X0+ Sy (1.4)

where A, B, A,m, A are real parameters.

In this work we will make use of the averaging method to find families of periodic orbits asso-
ciated to the Hamiltonian given by (1.1) and (1.2), respectively, for appropriate conditions on the
parameters A, B,m,A and A. The essential tools that we use are the definitions and notations on the
averaging method which are given in [6] (see also [27]). Others studies related to the Hénon-Heiles
system can be found in: [1], [2], [4], [5], [8], [9], [10], [12], [13], [14], [15], [18], [19], [23], [26]
and references therein. In [7], the authors study the dynamics associated to (1.1) in a much more
general sense but the case of the cosmological model (case H ™) is not considered.

Before to enunciate the main results in this paper, we introduce the appropriate notations
in relation to the parameters of the Hamiltonian (1.1) and (1.2), respectively. For the constants
A,B,m, A, A, we define

My = 10B(A+B)+9(A —m)
My = 10(A—3B)(A+B) —9(A + A —2m)
M3 = 10(A—2B)(A+B)+9(m—A)

M, =2(A—6B)B+3m

Ms = 14B(A — B) +3(34 — m)

Mg = 2(SA—9B)(A—B) —9(A +A) +6m
M = 2(5A—2B)(A—B) —3(3A —m).

Once fixed /& > 0 and the parameters A, B,m, A, A, we consider the following sets:

M M
Al = {(A,B,m,/l,A) ers. Mt o Ms >O’M3M47é0}
2 M,
and
M M
A% - {(A’B’m’lv/\) ER: < 0,*7 > 0, MyM 7’50},
Me 7 Mg

then we get the following result:
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Periodic orbits associated to Hamiltonian functions of degree four

Theorem 1.1. Let h > 0 and H be as in (1.1). Then:

(1) there is at least one family of periodic orbits if (A,B,m,A,A) € A,ll \A,zz

(2) there are at least two families of periodic orbits if (A,B,m,A,A) € A7\ A}.

(3) there are at least three families of periodic orbits if (A,B,m,A,A\) € A,lZ OA,%.

The next theorem gives information on the stability and unstability of the periodic solutions
obtained in Theorem 1.1.

Theorem 1.2. Under the same hypotheses of Theorem 1.1 we have that:

(i) The family in (a) is linearly stable if MsM4 > 0 and unstable if MsMy < 0.
(ii) The two families in (b) are linearly stable if MsM7; < O and unstable if MaM7 > 0.
(iii) The three families in (c) are linearly stable if MsMy > 0 and MsM7 < 0, and unstable if
either

(Al) MsMy > 0 and MqyM7 > 0, or
(A2) MsM4 < 0 and MyM7 > 0, or
(A3) MsMy < 0 and MyM7 < 0.

In a similar way, for A, B,m, A, A, we define the following expressions:

Ny = 10B(A—B)+9(A +m)

Ny = 10(A — B)(A+3B) +9(A +A+2m)
N3 = 10(A — B)(A+2B) +9(A+m)

Ny = 2B(A+6B) —3m

Ns = 14B(A+B) +3(3A +m)

No = 2(A+B)(5A+9B) +9(A +A) +6m
N7 = 2(A+ B)(5A+2B) +3(3A +m).

Fixed h # 0 small and the parameters A, B,m, A, A, we consider the following sets:
N, N-
ol = {(A,B,m,/l,A) ERS: —2hL 50,2053 > 0, N3Ny # 0}
N N

and
&

> 0, Ny 0},
N 4N7 #

N
92 = {(AB,m,l,A) S RS : _2hﬁ5 > 0,2h
6

then we get the following result:
Theorem 1.3. For any h # 0, the Hamiltonian system associated to (1.2) has at least:

(a) one family of period orbits if (A,B,m,A,A) € Q,ll \ Qi.

(b) two families of period orbits if (A,B,m,A,A) € Q2 \ Q.

(c) three families of period orbits if(A,B,m,A,A) € QI N Q2.

The next theorem gives us information on the stability or unstability of the periodic orbits given
in Theorem 1.3.

Theorem 1.4. Under the same hypotheses of Theorem 1.3 we have that:
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(i) The family in (a) is linearly stable if h N3xN4 > 0 and unstable if h N3N < O.
(ii) The two families in (b) are linearly stable if h NyN7 < 0 and unstable if h N4N7 > 0.
(iii) The three families in (c) are linearly stable if h N3Ny > 0 and h NyN7 < 0, and unstable if
either

(Al) h N3N4 >0 and h NyN7 > 0, or
(A2) h N3Ny < 0 and h NyN7 > 0, or
(A3) h N3Ny <0 and h Na4N7 < Q.

Theorems 1.1 and 1.2 are improvement of results given in [18] and Theorems 1.3 and 1.4 are
improvement of results given in [1]. The strategy to add more terms to the classical models of
cosmological scalar fields in [18] is because such perturbation increases the regions of existence of
periodic orbits.

Now, we point out that since our potential V = V3 + V4 is the addition of the homogeneous
polynomials of degree three and four defined in (1.3) and (1.4) they have the property of symmetry,
in fact, the reflection y — —y. Thus, we can apply symmetry arguments, but will not be studied in
this work. On the other hand, since the Hamiltonian function H* (and H ) has the origin (0,0,0,0)
as an equilibrium point whose eigenvalues of the linearization are +i with multiplicity two and
the linear part is diagonalizable and the Hessian evaluated at (0,0,0,0) is positive definite. Then
by Weinstein’s Theorem (see [22]) we can prove the existence of at least two (families) periodic
solutions whose periods are close to 27 and the energy level h = H™ is sufficiently close to 0. But,
we cannot apply this theorem for H .

It is important to observe that the used averaging method is closely reminiscent of the normal
form approach: therefore, methods very similar to those exploited by us have been used in many
occasions before, especially to find periodic orbits, see for example [3], [11], [20], [21] and [28]. On
the other hand, the natural systems with indefinite kinetic energy (the “cosmological Hamiltonian”
in the language of our work) have recently been investigated by [24] and [25].

The organization of the paper is as follows: In Sections 2 and 3, we will describe the motion
equations to apply the Averaging theory. The main results will be proved in Section 4 and 5. Finally,
in Section 6 we will give examples where the conditions of the main results are not empty.

2. Statement of the problem and equations of motion for H*

The equations of motion associated to the system (1.1) and are

X _pX7

Y = Dy,

. AR

Px:_x_x—ga 2.1)
avs  dVy
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Periodic orbits associated to Hamiltonian functions of degree four

Let x = /X,y = /€Y, p, = \/€px and p, = \/€py be the change of variable, which is £2-
symplectic, therefore the system (2.1) becomes

X = Px,
Y _pYJ
Vs oVy
iy = —X —€=— — €2
A% oV,
=_Y-—e—— g~ =
Py oy ~ oy

The Hamiltonian function associated to (2.1) and (2.2) is

K* = %(p§+p%>+%(X2+Y2>+eva+ezv4, 23)
where K+ = ¢ 2H* = h.

By the standard theory of Hamiltonian dynamical systems, for all € different from zero, the orig-
inal system (2.1) and the new system (2.2) have essentially the same phase portrait, and additionally
the system (2.2), for € sufficiently small, is close to an integrable system.

Now, we introduce the change of variables (r,p, 0, @) by the relations

X =rcosO, Y=pcos(6+a), px=rsinb, py =psin(6+ ).

Recall that this is a well defined change of variables when r > 0 and p > 0. Clearly this change
of variables is not canonical, so we lose the Hamiltonian structure of the system of differential
equations. Next, differentiating directly and using the expressions given in (2.2) we obtain

eA% V.
Fo= —gsinea—; —ezsineT;,

. COSG% 20059%

0=-l-¢ AR & 54
) = —¢ in(9+oz)%—fs2 in(9+a)% oY
p=—es gy °° Y’
. cosO dVs  cos(0+ ) dV3 , [cosB IV, cos(6+ ) dVy
a=c¢ — -4 — — —1,

r dX P 1224 r o0X P 1224

where the partial derivatives of V3 and V, are evaluated at the point (rcos 0, p cos(0 + &) ). Moreover
note that

aa‘ik zcoseg‘;(k

%‘g = —rsineg‘;—psin(9+a)%
aa‘;k :cos(G—i-a)aa‘;k

3‘2‘ = —psin(@—i—a)aa‘;‘.
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for k = 3,4. Therefore (2.4) can be written as

1(8‘/3 8V3> 821(8V4 8V4)7

=8\ %0 90/ TE 7\ 90 " Ja
. 10V; 10V,
g0V 2104
0 r or € ror’ )5
v 1oV =
p poa poa’
1 1 1 1
a:g(,%_f%) 82(,%"%)
rdr padp rdr padp
We observe that for a fixed value 4 of K™, in polar coordinates, it assumes the form
1
h=—(r*4+p*) +€eV3(rcos0,pcos(8 +a)) +e*Vy(rcos 8, pcos(6 + a)). (2.6)

2

In order to put our system as a periodic ordinary differential equation, we introduce the 6 variable
as independent (new time), and we use the notation prime to denote the derivative with respect to 6.
It is observed that the angular variable & cannot be used as the independent variable, since the new
differential system do not have the appropriate form in order to apply the averaging method. Now,
note that

o502

_ 96 da
do Vs 9V,
T

Remember that the function

1
&) =——~=1—a€ 2 _a)e?+ 0
1€) = rag o = |~ e + (@l —a)e’ +0(&)
19V 1 V.
by developing a Taylor series in powers of € around € = 0. Replacing a; = ,73 and ap = 774
r or r or
we get
1 19V; 19V3\2 19V, 3
—1--T2e+ [(-52) - - S+ 0(e).
10V; 10Vy , r or * r or r dr +0(&)
I+—-—=—€e+-——¢
r dr r dr
Therefore,
1/dV5 dVs 1719V3/0dV5 dVs aVy IV
/ 3 3 2 3
=—|==-= == - == o(e’).
=156 " 3)e v o (36~ 3a) ~ (36~ 3a) )o@
Moreover,
19dVs 10V
E—=—+€—=—
dp  pda p oo
do L OV3 10Vy’
l+e;—=—+€-—
TE; ar * r or
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thus
LV [LViaVs 19Vay,
pda +[rp dr da paa} +O(&).
Also
190V 19V 19V, 19V,
da (;W*;ap) 8(??73,;)
e 190Vs .19V, ’
bt e o
then

1 _(19vs _ 19w 19Vs (19Vs _ 19Vs) _ (19Va _ 19Vs)] 2 3
a__(r ar p8p>g+[r ar <r r p p) (r ar pap)}g +0(8 )
If we write the previous system as a Taylor series in powers of €, we have that

2.7)

0 Jda

L e 5 G- 50 (G- ) v

00 da r or

’ 1% |: 1 8V3 8V3 1 8V4

- 773 2 3
rp or oo p aa} +0(&),

o (18V3 18V3>8+[18V3<18V3 1%) (188\? ;%‘2”32"‘

ror pop ror\rdr pap
0(&%)

In order to apply the averaging theory we will fix the value of the first integral of K =/ > 0. We
write the Taylor expansion of the function p of second order in € and rewrite the system (2.7) in the
variables r and «. The function p in its Taylor form is

p(e) = p(0)+p'(0)e+O(e?). (2.8)
Regarding (2.8), we obtain for € = 0,
p(0) = vV2h—r2. (2.9)

Derivating (2.8) with respect to €, we have

0= pp'+V3(rcosf,pcos(6 + a)) +egyp cos(60+a)+

2€eVy(rcosB,pcos(0+a)) —i-szaayp’cos(e +a)

and evaluating at € = 0, we obtain

1
(0 ——V (rcos@ V/2h—r2cos(0 + o) ) (2.10)
PO == =a"
Thus, from (2.8), (2.9) and (2.10) the development of the function p in Taylor series has the form

1
p(€) =V2h—r2— T%(rcos 0,vV2h —rtcos(0+ a))e + O(€?).
—r
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Since V3 depends on the variables (r,p, 0, &), the derivatives of V3 respect to their variables in the
Taylor series are:

Vs vz |, Vs 5
* J0 a0 P 055595 0E)
Vs dV; 9*Vs

e+ 0(€?),

Z _ 773 I
* 90 " Ja P (O)apaa
Vs Vs ., 9V

7 _ 77 2
* 5 = TP 05550,
Vs Vs 0 Vs oo
* 3= +p'(0) ap2£+0(£ ).
Moreover,
1 1 p'(0)

"h a0 px0) )
G LIVs_ 1 Vs 1p'(0)9%Vs  p'(0) IV 2
pdp  p(0)dp [p(O) ap*>  p*0) 8p]8+0(8 )

Recall that the function V3 and its partial derivatives are evaluated at the point (rcos8,p(0)cos(6 +
o)), with p(0) as in (2.9). Therefore,

L(avs _avs) _1(dvs Vs, p'(0) (2%Vs  9%Ws )
r\ d6 da | — r\ d6 Jda r dpdd  dpda

(l%_i%) _ (1%_4%) n [wﬂ_ (wﬂ_&%ﬂg

@2.11)

Then substituting the latter expression into equation (2.7), we obtain the two differential equations

(2.12)
d d Vs /0 d 92 92
d __;(87‘3_8‘(3)8 ;[;;(&‘3_8‘2)_#( )(8p(‘9/39_8p<‘9/26>

o 1<9V3 r 8V3) N [_p’(O) 9%Vs (p’(o) 9*Vs  p'(0) av3) N

P\ or  p(0)dp/° r apar ' \p(0) ap*  p2(0) dp
10V5 /19 105 19V, 10V, 9 3
?W(?W‘E%)‘(?W‘E%)]g +0(&%),

where the partial derivatives of V3 and Vj are evaluated at the point p = p(0) (as in (2.9) and
(rcos@,p(0)cos(6+)).
The system (2.12) has the general form

(2.13)
¥ = F11£+F2182 + 0(83),

o = Fire+ F2282 + 0(83),
Co-published by Atlantis Press and Taylor & Francis
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where
(2.14)
R VALY
Air=—2(55 ~7a)
19V, r dVs
o= (5 - 7p(0)$)’
1719V39Vs 93 pon( 92V 9V
=250 (56~ 50) PO 5006~ 3p9w) -
(%_%ﬂ
00 Jdo
Py — [_ '(0) an3 p'(0)9*v;  p'(0) %>
r 8p8r p(0) dp?  p2(0) dp
10V5 (1 o3 l&l) (1%_13%)}
ror\radr pop ror padp/l
Also, we denote
1 2
fi(r, o) iz(fu,flz)zﬂ/o (F11,F12)d0 (2.15)
and
f(ra) = (fa1,/2)
om 0 (2.16)
zzi/ [DmFl(O,r,a)./ Fi(tr,a0)dt +F>(0,r, )] d,
7 Jo 0
where F; = (F11,F12), F, = (F21,F») and D, Fy (6,1, @) is the Jacobian matrix given by
dF dFi
Jr da
Do F1(0,r,0) = . 2.17)
dF; dFpp
Jdr da

The following lemma is related to the expressions (2.13), (2.15), (2.16) and will be very useful
for future computations.

Lemma 2.1. f;(r,a) = (0,0)
Proof. Note that

Fi = [ (2h )cos (a+ 0) +Ar*cos’ 6] sin 0,
[B(2h—3r?) cos®(a+ 0) +Ar*cos® 6] cos 0

r

As each of the integrals in (2.15) involves the presence of combinations of the functions cos?(8),
cos?(8)sin(8), cos(8)sin?(0), sin®(0), we arrive to the equation f;(r, &) = (0,0). O
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3. Statement of the problem and equations of motion for H~

The equations of motion associated to the system (1.2) are

X = _pX7

y _pya

. AZECAZ)

PxIX—g—gy 3.1
A A

Let x = /€X, y = /€Y, p, = \/epx and p, = \/€py be the change of variable, which is £72-
symplectic, therefore the system (3.1) becomes

X = —DPx,
Y = Py,
A% Vs
X—e=——¢g—
A% vy
pr oy E oy
The Hamiltonian function associated to (3.1) and (3.2) is
1 1
K = 5(—p;2(+p12/)+§(—X2+Y2)+8V3+82V4, (3.3)

where K~ =¢ 2H™ =h.

By the standard theory of Hamiltonian dynamical systems, for all € different from zero, the orig-
inal system (3.1) and the new system (3.2) have essentially the same phase portrait, and additionally
the system (3.2), for € sufficiently small, is close to an integrable system.

Now, analogously to the previous case we introduce the convenient change of coordinates
(r,p, 6, ) by the relations

X =rcosO, Y=pcos(—0+a), px=rsinb, py =psin(—0 + o).

Recall that this is a well defined change of variables when r > 0 and p > 0. We observe that for a
fixed value & of K, in polar coordinates,

1
h= 5(—r2 +p?) +£V3(rcos@,pcos(—0 + ) + £V (rcos 0, pcos(—0 + a)). (3.4)
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Differentiating directly, we arrive to the fact that the equations of motion assume the form

V- V.
F o= —ssine—3 —szsine—4

0X X’
COSG%_ 2cos@%

O=1-¢ r ox ¢ ox’ 3.5)
. Vs 5. V4 '
p = esm(—9+a)a—y+£ sin(—6 + ) 37
. cos0 V3 cos(—O0+ ) IV; o[ cosBdVy cos(—O+a)dVy
o6=¢€|— — - Je" |- — = — .
r o0X P aY r o0X p aY
Moreover, note that
Vi = COSG%
or oX’
8Vk . . 8Vk . aVk
% ——rsmeﬁ—l-psm(—e—i-a)ﬁ,
Vi _ Vi
Fre cos(—0+a) 3y
Vi _ . oVy
ﬁ = —pSlH(—@-i—OC)W
for k = 3,4. Therefore (2.4) can be written as
_ 1,0Vs dV; 51 oVy dVy
=2 (30 50) ¢+ (30 + 5)
. 1avs ,10v,
R g
v L1 0
- Tpda poa’

a:g( 10V; 1%)+82( 19V, 1%)’
where the partial derivatives of V3 and V4 are evaluated at the point (rcos6,pcos(—6 + «)). In
order to put our system as a periodic system of ordinary differential equations, we introduce the
0 variable as independent (new time), and we use the notation prime to denote the derivative with
respect to 0. It is observed that the angular variable o cannot be used as the independent variable,
since the new differential system does not have the appropriate form in order to apply the averaging
method. Now, note that

A% 8V3> 82(8V4 8V4)

dV:g<89+8a 96 o
a0 IV o |
or or

Remember that the function

1

= m =1 +01€+(Cl%+02)82+0<83>,

f(e)
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1 9V 1 V.
by developing a Taylor series in powers of € around € = 0. Replacing a; = 7873 and ap = 774
r or r or
we get
1 19V3 19V3\2 19dV4
L A LY E
1_18\/3 _13V42 +r or + r or +r or +0(&)

Therefore,

, 1(8V3 8V3)8+1[1%(8V3 8V3) (8V4 oV,

— (2 2 i s s o e 2 3
"= %079 1 (6 +3a) (36 30 )20
Moreover,
gLVs 210V
dp " poa p oo
e . dV; 19V’
o T8 o
thus
, 19V 10V39Vs  19Vy7 , ;
p = p&oc'S [rp or 8a+p8a]8 +0(&).
Also
19V 19Vs\ 7 19Vy 19Vy
mf(‘rar‘pap) 8(‘;?‘5%)
do 103,19V, ’
e
then

r_ 19Vs _ 19Vs 19V 19Vs _ 19Vs 19Vs _ 19Vs)] 2 3
o= (‘7?‘**)8+ [7?(‘?7‘**) + (‘7?‘*7)}8 +0(g7).
If we write the previous system as a Taylor series in powers of €, we have that

3.7

;1 AZEA % 17110V3 70V dVs oVys  dVy
(W+ﬁ>g+ [;W(%*ﬁ)*(%*ﬁ

y_ 19V r19V39vs 19Vy
p = pBOc8 [rp or 3a+p8a

=7 , )|+ o).

}82—0—0(83),

, ( 19V; 1%> E%‘f( 10V; 1%) (_1%_1%)}‘9%

In order to apply the averaging theory we will fix the value of the first integral of K = A > 0. We
write the Taylor expansion of the function p of second order in € and rewrite the system (3.7) in the
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variables r and . The function p in its Taylor form is
p(e) =p(0)+p'(0)e+O(e?). (3.8)
Regarding (3.4), we obtain for € =0,
p(0) = v2h+r2. (3.9)

Derivating (3.4) with respect to €, we have
V.
0=pp'+Vs3(rcos0,pcos(—0+a)) —1—8(9—3

2eVy(rcos 8, pcos(—6 + a)) + € ?;p cos(—0+ o)

p'cos(—0 + o)+

and evaluating at € = 0, we obtain

p’(O):—\/zth <rcos€ V/2h+r? cos( 9+Ot) (3.10)

Thus, from (3.8), (3.9) and (3.10) the development of the function p in a Taylor series has the form

1
p(e) =V2h+r>— T—FZ%(WOS 0,V2h+r2cos(—0 +a))e + O(&?).
V I

Since V5 depends on the variables (r,p, 0, o), the derivatives of V3 respect to their variables in the
Taylor series are:

avs Vs, 9*V;
* 20 a0 P 03530
Vs dvs ., 9*V;
* 90 " aa P 05554
Vs Vs
* o~ P05,
Vs dVs 9%V

e+0(g?),

grs _ Y gy 2
* 59 (0) 3 £+ 0(€?)
Moreover,
1 1 p'(0) 2
—=——— e+0(g7),
5 p0) pr0)° O

, Lavs 1 dVs [p'(0)d*Vs  p'(0) dVs )
=— 24 - le+0(e).
*0ap pdp Lp) ap? p20) aplETOE)
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Recall that all the previous functions are evaluated at the point (rcos0,p(0)cos(—6 + a)). There-
fore,

oV , a3\ _ 1(0Vz , aVs p'(0) [ 9%y 02V;
(ae + E)a) = ?(W*W)JF  \9poe T 9paa )&

_lovi 1vs) _ (_19va 1 ovi) _ [pl0) 9%y o (p'(0) 9% pl(0) 93]
rdr pdp ) r dr  p(0) dp r dpdr p(0) 9p2  p2(0) dp :

Then substituting the latter expression into equation (3.7), we obtain the two differential equations

@3.11)

(3.12)

=G 3o+ [T (5o + 50) +0'O (Gma + gpa) *

(e o

, 1y Vs r V4 p'(0) 9*vs  (p'(0) V5 p'(0) IV;
(‘W‘M%) [_ r 8p8r_(p(0) dp2  p2(0) 2 )
1 8V3 ( 1 8V3 1 8V3> ( 1 8V4 1 8V4>} 2 0(83),

rar\ rar p(0) “rar p(0)

rdr p(0) dp rdr p(0) dp

where the last system is evaluated at the point p = p(0) as in (3.9) and (rcos 8, p(0) cos(—6 + «)).
The system (3.12) has the general form

(3.13)
¥ = F118+F2182+0(83),
o = Fiae+ Fpe® +0(€?),
where
(3.14)
1/0V5 9V,
Ai=(30 + 5q)
19w r dVs
Fip = _?(Wer(O)%)’
_1710V5 9V 9V; 9%Vs  9*V;
Br= 050 (50 56) P (0)(78p89 +78p8a) +
oV, 9V,
(56 * 5a).
P [_p’<0) Vs (p/(O) *v;  p'(0) %)
2 r dpar \p(0) dp>  p2(0) dp
19V3(_1%_13V3) (_1%_1%)]
r or ror pap ror padp/l
Also, we denote
1 2r
filr@) = (fnsfio) = 5 [ (Fu,F)do (3.15)
TJo
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and

fa(ra) = (fa1,/2)

| jon 0 (3.16)
= 7/ [DrocFl(earva)'/ Fl(tarva)dt+F2(67raa)]d9>
21 Jo 0
where F| = (F11,F12), F, = (Fa1,F») and Do F1 (6,1, &) is the jacobian matrix given by

JdF dFy
dr do

D, Fi(0,r,0) = . (3.17)
0F, dF»
dr do

As the expression given in F; and F; involves the presence of combinations of the functions cos’ 0,
cos? @sin B, cos O sin” O, sin® B, we arrive to the equation f;(r, ) = (0,0). This result is the same
as in Lemma 2.1.

4. Proof of Theorem 1.1 and Theorem 1.2, the case H*

Proof. We use the same notation as in [6] to apply the averaging method. Let H be as in (1.1) such
that / be any small positive number. Moreover, the expressions of f>; and f>> given by (2.16) are of
the form:

= %r (r* —2h) [2AB+3 (m —4B%)] sin(2cx)

1
fro =5 [IOAZrZ +24AB(h — r?) — 2B*(2h +31%) —3(h(4m—67t) 2 (—4m+3(A +A))) -
2(2(A — 6B)B+3m)(h— rz)cos(ZOc)].
Let M;, for j =1,...,7 be the expressions given in Section 1. In order to apply the averaging

method, first we solve the system f,; = 0 and f>» = 0 for the variables r and o. Therefore, we
obtain the solutions (r;, &), for j =1,2,3, given by

M,
) = —2h—,0>,
(r1, ) ( M,

Ms T
) = —2h 777>7
(r2,02) (\/ My 2

(r,00) = (rz,g)

Remember that p; = | /2h — r?, for j = 1,2,3. Therefore, this expressions are

M;

— . [2n=2

P1 tha

M7

=4/2h—.

pa hM6
pP3 = p2
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The next step is to find the region of the parameters where the determinant J; of the Jacobian
matrix, D,.q(f1, f2) evaluated in the zeros (r;, &;) is non null. We find that

hr?
Ji = =L MM,
1 72 3iV14,
PR TR
2 = 72 4117 4
B = .

Now, we finish the proof of Theorem 1.1. Indeed, if (A, B,m,1,A) € A} \ Az, thenr; >0, p; >0
and J; # 0 and therefore we obtain at least one-family of period orbits. If (A,B,m,A,A) € A7 \ A},
then r, > 0, p» > 0 and J, # 0, so we get at least two-families of periodic orbits. Finally, if
(A,B,m,A,A) € A}lﬂA}zl, then r; >0, >0, p; >0, p>0,J; #0 and J, # 0, so we get at
least three-families of periodic orbits. This completes the proof of Theorem 1.1.

For the proof of Theorem 1.2. Observe that if we denote by A and 1) the eigenvalued of the
Jacobian matrix D,.4(f1, f2) evaluate in (ry, &t ), we have that

1
nVhv=MsMy, 1) = —A{.
ik 3Ma, Ay i
Moreover, as J; = A A;, we obtain that J; = —(1}). Therefore, for (A,B,m,A,A) € A} \ A7 such
that M3M4 > 0 we obtain at least one-family linearly stable and linearly unstable if M3M, < 0. This
proves the first part of Theorem 1.2. For the second part of Theorem 1.2, we denote by A7 and A7
the eigenvalues of the Jacobian matrix D, (f1, f2) evaluated in (r2, &), we have that

A2 = —6\15r2x/E\/M4M7, A3 =—A%
Moreover, as J, = A7 A}, we obtain that J, = —(17)?. Therefore, for (A,B,m,A,A) € A7\ A} such
that MyM7; < O we obtain at least two-families linearly stable and linearly unstable if MsM7; > 0.
Finally, for the proof of the third part of Theorem 1.2, for (A,B,m,A,A) € A}l HA% such that M3M,4 >
0 and M4M7 < 0, we obtain three-families linearly stable and three-families linearly unstable in the
other conditions. Therefore, the proof is completed. O

All = —

5. Proof of Theorem 1.3 and Theorem 1.4, the case H~

Proof. We use the same notation as in [6] to apply the averaging method. Let H be as in (1.2) such
that 2 be any small number. Moreover, the functions f>; and f>; given by (3.16) are:

for = %r(2h+r2) (2AB +12B* —3m) sin(2a),

far = % [— 10A%2 — 24AB(h+ 1*) + B*(—4h + 67%) —

3(h(4m+6/1) + 2 (4m+3(A +A))) -
2<ZB(A +6B) — 3m) (h+1?) cos(Za)} .

Let N; be for j=1,...,7 the expressions given in Section 1. To apply the averaging method, first we
solve the system f>; = 0 and f»; = O for the variables r and . Therefore, we obtain the solutions
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(rj,a;), for j =1,2,3, given by

Ny
o) = —2h—,0>,
(ri o) ( N,
N5 T
, 00) = _2h73 - ) )
(r2, 02) ( N’ 2
T
(r3,05) = (rz,i)
Remember that in the case H™, p; = /2h + r?, for j = 1,2,3. Therefore, these expressions are
N3
=4/2h—
p1 Ny
N7
=4/2h—
P2 Ne'
p3 = p2.

The next step is to find the region of the parameters where the determinant J; of the Jacobian
matrix, D, (f1, f2) evaluated in the zeros (r;, @;) is non null. We find that

PR

1 — 7 31V4,
hr%

J —77N4N77

J3 = .

Now, we finish the proof of Theorem 1.3. Indeed, if (A,B,m,A,A) € Q}\ Q3, thenry >0, p; >0
and J; # 0 and therefore we obtain at least one-family of periodic orbits. If (A, B,m,A,A) € Q% \Q},
then o > 0, po > 0 and J, # 0, so we get at least two-families of periodic orbits. Finally, if
(A,B,m,A,A) € Q}lﬂﬂz, then r; > 0,7 >0,p; >0, po >0,J; #0 and J, # 0, so we get at
least three-families of periodic orbits. This completes the proof of Theorem 1.3.

For the proof of Theorem 1.4, observe that if we denote by )»11 and /121 the eigenvalues of the
Jacobian matrix D,.«(fi, f) evaluate in (r1, 0 ), we have that

1
! ViV =NNg, A =~}

A= —
1 6\/5

Moreover, as J; = A] 1), we obtain that J; = —(1])?. Therefore, for (A, B,m,A,A) € Q} \ Q7 such
that N3N > 0 we obtain at least one-family linearly stable and linearly unstable if N3N < 0. This
proves the first part of Theorem 1.4. For the second part of Theorem 1.4, we denote by A7 and A7
the eigenvalues of the Jacobian matrix D, o (f1, f2) evaluated in (2, @2 ), we have that
1
At = ———=nVhVNailN7, 2} = —AL.
L= oA N7, A3 i
Moreover, as J, = A?A}, we obtain that J, = —(1{)?. Therefore, for (A,B,m,A,A) € Q2 \ Q} such
that N4N7 < O we obtain at least two-families linearly stable and linearly unstable if N4N; > 0.
Finally, for the proof of the third part of Theorem 1.4, for (A,B,m,A,A) € Q}l N Q%l such that N3Ny >
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0 and N4N7; < 0 we obtain three-families linearly stable and three-families linearly unstable in the
other conditions. Therefore, the proof is completed. O

6. Numerical Examples on the Existence of Periodic Orbits

6.1. Examples of families of periodic orbits for H"

Taking A = A = m =0, that is, V4 = 0, we recuperate the results obtained by Jiménez-Lara and
Llibre in [17]. Moreover, we emphasize that adding to the classical Hen6n-Heiles system a homo-
geneous polynomial of degree four, we obtain periodic orbits outside the region of the existence
of periodic solutions found in [17]. The importance of adding to classical Henén-Heiles system
a homogeneous polynomial of degree fourth, lies in to find another family of periodic orbits in a
region where the conditions given by Llibre and Jiménez-Lara in [17] are not valid.

Indeed, we point out the following examples.

For a one periodic orbit: Taking A=1,B=4, m= 15 and A = —A = 3, we obtain r| =
0.780988\/ﬁ, p1 = 1.17901\/5 and J; = 552.774h* for every h > 0 small. Therefore, the Hamilto-
nian

34

_1 2 2 1 2 2 13 2 34 322
H—E(px—i-py)—ki(x +y)+§x Ayt Tyt =0y

has at least one family of periodic orbits for every 4 > 0 small. However, note that
(2B—5A)(2B—A) =21 >0,

therefore, A and B do not satisfy the condition given in [17].
For two periodic orbits: TakingA=B=2,m=—-3and A=A = —3,weobtainr, =r; = Vh,

Pr=p3= vh and JHh=J3= %hz for every h > 0 small. Therefore, the Hamiltonian

4 3202 _§ 4

_1 2 2 1 2 2 23 2 3
H =5 (pi+py) + 5 (0 +y7) + 300 +20y" — 2% = oay” — 7y

has at least one family of periodic orbits for every 2 > 0 small. However, note that
A+B=4+#0,

therefore, A and B do not satisfy the condition given in [17].
For three periodic orbits: Taking A =5, B=4, m= —3 and A = —A = 3, we obtain, r; =
24/ f—gx/ﬁ, rn=r3= \/%\/E Ji = %hz, Hh=Jz= %hz for every & > 0 small. Therefore, the

Hamiltonian
1

1 5 3
H=2(pi+p))+ 500 +57) + 30 + 4+ 0x =

322 34
3 a5 Y Ty

has at least one family of periodic orbits for every 4 > 0 small. However, note that
B(2B—5A) = —68 <0,
therefore, A and B do not satisfy the condition given in [17].
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6.2. Examples of family of periodic orbits for H™

Now, we are going to exhibit that the necessary conditions given in Theorem 1.1 are not empty,
in fact, we will consider different particular elections of the parameters A, B,m, A, A such that the
constraints are satisfied.
Firstly, if we take A =B =4, m = 1.5 and A = —A = 3, then there exist r; = Vh, p1 =
1.73205v/h and J | = 123.469h2 for every h > 0 small, thus the Hamiltonian
1 3 4

1 4 3 3
2 2 2 2 3 2 4 2.2
H_f(—px—i—py)—i—i(—x +y )—i-gx +axy”+ X"+ —x"y"T — -y

has at least one family of periodic orbits for every & > 0 small.

Secondly, considering A = 30,B = —10, m = —4 and A = A = —3, we obtain that there is
r=r3= %\/ %\/71, p2=p3= % 5117691\/71 and J, =J3 = —2492%8252343112 for every h > 0 small.
Therefore, the Hamiltonian

1 1 30 3 3

H=2(=pi+py) +5 (=0 437+ 5 = 10ny? = 2 =2y = 5y
has at least two families of periodic orbits for every & > 0 small.

Thirdly, taking A = 40,B = —10,m = —4 and A = A = —3, we obtain r; = \/ 3953 Vh, 1, = r3 =

2 2

3L o1 = BV, pr = pr =\ B VR, Jy = SIS g gy IHOIGAE g
every h > 0 small. Therefore, the Hamiltonian
34

1 1 40 3
H=_(—pi+p;)+5(—+y")+—x = 10xy* - Zx“ —2x%y? — 2

2 2 3

has at least three families of periodic orbits for every /& > 0 small.
Another important remark is the following which permit us to find regions for the existence of
periodic orbits in a simple sense.

Remark 6.1. Let consider m = A = A and A, B such that m # —%B(A —6B),A+B#0,A—2B#0
and 0 < —=£_ < 1, Then there exists at least a family of periodic orbits, for all # > 0. Indeed, if

A-3B
B
— 2k, /
" a3 "

m=A = A then
(A—2B)(A+B) (2B(A —6B)+ 3m> £0.

and

5hr?
dy==—1
1™ 736

Therefore, there exists at least one family of periodic orbits.
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