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Boundary value problems for the nonlinear Schrodinger equation formulated on the half-line can be analyzed
by the Fokas method. For the Dirichlet problem, the most difficult step of this method is the characterization
of the unknown Neumann boundary value. For the case that the Dirichlet datum consists of a single periodic
exponential, namely, aexp(i®t), a, @ real, it has been shown in [2—4] that if one assumes that the Neumann
boundary value is given for large ¢ by cexp(i®t), then ¢ can be computed explicitly in terms of a and ®. Here,
using the perturbative approach introduced in [16], it is shown that for typical initial conditions, it is indeed
the case that at least up to third order in a perturbative expansion the Neumann boundary value is given by
cexp(ior) and the value of ¢ is at least up to this order the value found in [2-4].

Keywords: Initial-boundary value problem; Generalized Dirichlet to Neumann map; Nonlinear Schrodinger
equation.
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1. Introduction

A unified method for analyzing boundary value problems, extending ideas of the so-called inverse
scattering transform method, was introduced in [5], see also [6] and the review [7] (as well as the
review [12] for the implementation of the unified method to linear PDEs).

For integrable nonlinear evolution PDEs, the most difficult step in the implementation of this
so-called Fokas method, is the characterization of the Dirichlet to Neumann map. For example, for
the nonlinear Schrodinger equation (NLS) on the half-line with given initial g(x,0) = go(x) and
Dirichlet g(0,7) = go(r) data, this involves characterizing the unknown Neumann boundary value
q(0,1) = g1 () in terms of go(x) and go(¢). In this respect we note: (i) for certain particular boundary
conditions called linearizable, the above characterization can be achieved via explicit formulas and
hence for these cases the Fokas method is as effective as the inverse scattering transform method. (ii)
If go(¢) vanishes as r — oo, it is possible to bypass the characterization of the Dirichlet to Neumann
map and to obtain the asymptotic form of the solution as r — oo [8-10, 15]. (iii) If go(7) is a periodic
function, then in order to obtain the large ¢ asymptotics of the solution g(x,7), it is first necessary to
determine the asymptotic form of g;(z) as t — eo.

Pioneering results regarding (iii) have been obtained in a series of papers by Boutet de Monvel
and co-authors [2—4] . The final result of these authors is the following: Consider the NLS on the
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half-line
i+ @ —2A|glPg =0, x>0, >0, (1.1)
with A = +1 and a single periodic exponential as the Dirichlet datum,
q(0,1) = ae'™, a, o real. (1.2)
Assume that the Neumann boundary value is asymptotically periodic, namely,
q:(0,) = ce'® +o(1),  t— oo, (1.3)
Then, c can be obtained explicitly in terms of a and ®:
w>0: c:—a\/m, (1.4a)
®<0: c=iay/—0—21d (1.4b)

An effective characterization of the Dirichlet to Neumann map for the NLS equation on the
half-line was recently presented in [11] and [16] (see also [13, 14] for the application of the sine-
Gordon and the modified Korteweg-de Vries equations formulated on the half-line) using two dif-
ferent formulations, both of which are based on the analysis of the global relation: the formu-
lation in [11] is based on the eigenfunctions involved in the definition of the spectral functions
{A(k),B(k)}, whereas the formulation in [16] is based on an extension of the Gelfand-Levitan-
Marchenko approach first introduced in [1]. In particular, in [16] a perturbative approach was intro-
duced for the explicit construction of the Neumann boundary value as t — oo. Using this approach,
we show here that for the Dirichlet datum (1.2) and the initial datum

q(x,0) = ae” ™, n>0 0<x<oo, (1.5)

the Neumann boundary value is indeed given up to third order in a by (1.3), where c satisfies, at
least up to this order, equations (1.4).

2. The Main Result

Theorem 2.1. Let
q(x,t) = €qi(x,t) + @ (x,) +---, €0,

be the perturbation solution q(x,t) of the NLS on the half-line with the initial data

q(x,0) =ge™ ™, n>0 2.1
and the Dirichlet boundary data
q(0,t) =¢ego1(t) +0 ('), €—0, (2.2)
where
goi(t) =€,  weR. (2.3)
Then,
q:(0,t) = g1 () +€g13(t) + O (¢*), €0, (2.4)

where g11 and g3 are given by the following formulas:
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(i) ®>0
g11(t) = —Ve +o(1),  t— oo, (2.5a)
g13(t) = —meiwt +o(1), t — oo, (2.5b)
(i) ® <0
gu(t) =iv—we® +o(l), 1o, (2.6a)
o
gi3(t) = —ﬁe’“” +o(l), 1. (2.6b)

Proof. Itis shown in [11] that

qx(O,t):;_/aD lig(0,) +k (@1 (1, k) — @1 (1, —k))] dk

24(0.1) 4 g b(—k) ==
+ Y /803 (Py(t,k) — Do (1, —k)) dk — p= /¢9D3 ke mcbz(t, —k)dk, (2.72)

where dDj is the oriented boundary of the third quadrant of the complex k-plane and {®;,®,}
solve the following system of equations:

@ (1,k) = /0 " i) [—iA|q(0,8) @1 (', k) + (2kq(0,1") +ige(0,1"))Po(t' k)] dt’,  (2.7b)
Dy (t,k) =1+A /O t [(2kg(0,1") —ig,(0,1')) 1 (', k) +i|q(0,¢") *®a (' k)] dt'. (2.7¢)

Substituting in the above equation (2.2) and (2.4), as well as (2.7b) and (2.7¢), we find the following
equations:

2 4 2
1) =— k[® (1, k) — D1 (1, —k)] +igo1 (t) Ydk— — [ ke K7Dy (—k)dk, 2.8
gui(t) m/m{ [@11(2,k) — P11 (2, —k)] +igoi () } i o, K€ 1(=k) (2.8)

g13(1) :2/0 k[¢13(t,k)—d>13(t,—k)]dk+72Tg01(t)/a [P (t,k) — a1, —k)] dk

iTJo D3
4 " I
—— | ke (k) [D0r (2, —k) — ar(—k)|dk 2.
iz Jon, K 1(—k) [@na (2, —k) — ar(—k)] dk, (2.9)
. .
B (1, k) = e 4 /O 4T (2kgy (1) +ig11 (7)) dT, (2.10)
t t
lq’zz(f,k):/o [2k§01(f)—l'gu(f)]‘bn(fak)dTJri/O |g01(7)Pd7, (2.11)

a2 1 a2 . .
A®3(t,k) =e 4””/0 e[ —ilgo1|*®11 (7, k) + (2kgor +ig11) AP (T, k)
+iAgi3(7)]dr, (2.12)

where the functions b; (k) and a, (k) are given by

by (k) = — / 2ike g gy 2.13)
0

ar(k) = A / e M / ¢ 2K0) o= g 1. (2.14)
0 X
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Fig. 1. (w > 0) The deformed contours @D (left) and abgk (right).

The proof of of Theorem 2.1 is the consequence of several propositions and lemmas given below

in Sections 3 and 4.

3. A Perturbative Approach for ® > 0

Proposition 3.1. For @ > 0,

g1 (l‘) = —\/Eei‘o’ + €_4ik§tA(k%)dk3 +

oD;

where the contour dDj is depicted in figure 1 and

A(K?) =

Furthermore,

| e Ak = o),
oD,

and

o4kt
/ °__dk=o0(""),
d

D; 2ik+1n
Proof. Using (2.13), we find

by(—k) = _/o e~ k)X —

n(4k> + o)

kef4ik2t

t — oo,

t — oo,

1

2ik+1n’

and then substituting (3.4) into (2.8), we obtain the last terms in (3.1).

Note that equation (2.10) yields

k[®11(1,k) — @i (1, k)] =

i?r/(n% {k[@11(1,k) — P11 (1, —k)] +igor (1) fdk =

228

4+ o
Inserting the rhs of (3.5) into the rhs of (2.8), we find

I
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4kle—41k t+ we'o!

42+ o

(3.1

3.2)

(3.3a)

(3.3b)

(3.4)

(3.5)

(3.6)
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Note that the integrand in the rhs of (3.6) has removable singularities at k = —iy/®/2. In what
follows it will be necessary to split the integral in (3.6) in two separate integrals. Thus, before
splitting we deform the contour dDs to the contour dD3. Hence, (3.6) becomes

2 weiwt 2 4k26_4ikzl
t) =— ——dk+ — —dk. 3.7
gult) ﬂ/aD34k2—|—a) +7r/ab3 4k + o 3-7)

The above splitting is consistent with the fact that ekt decays in the second and fourth quad-
rants of the complex k-plane as ¢ — oo. Using the residue theorem to compute the first integral in
the rhs of (3.7), we find the first two terms in (3.1).

It is straightforward to estimate the large ¢ behavior of the integrals appearing in the rhs of (3.1).
Indeed, let us denote the integral in (3.1) by %I . Using the Cauchy theorem, we deform the part of
dDj involving the negative real axis along the ray arg k = 377 /4, which we denote by C; (cf. figure3),
and along C.., where C. is the limit of Cg = {|k| =R, 3n/4 < argk <} as R — oo:

()

For the first integral in (3.8), letting k = pe™/*, we find

o 2 ,—4p%t 0o ~2 —4p2t
idims [TPZePAp . inya [T P7e P dp

0o 4ip?—w 0o 4ip?—w 39)

For the second integral in (3.8), let k = Re'® with 37 /4 < 0 < . Thus, for large R, we obtain

[Io(4R%t) — Lo(4R%1)], (3.10)

K2 ef4ik2t T R3 e4R2tsin29 TR3
— do =
cx 4P+ o ' /371:/4 4R? — || 16R? — 4|0

where I,(z) is the modified Bessel function and L,(z) is the modified Struve function. Using the
asymptotics

2
In(z) —Lo(z) ~ —— — oo
WD) ~Lo@)~ o el e
we find that the rhs of (3.10) vanishes as R — oo and hence the second integral in (3.8) is identically
zZero.
Similarly, we can show that the integral along the part of dD5 involving the negative imaginary
axis yields the same expression as in (3.9). Thus,

—4ik? o _
/ ke 4k tdk P p e 4p? tdp
obs 4k* + @ o 4ip?—

A stationary point calculation implies that the leading order contribution vanishes. The leading order
contribution from integration by parts also vanishes, thus we obtain (3.3a). Equation (3.3b) can be
derived in a similar way. 0
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We write g1;(¢) as

2
gn(t) =g\ (1) +g7 ), (3.11)
where
&) (1) =~V + . e A (K3 s (3.12a)
D3
and
—4ik3t
)\ 4/ ke
t) = — dk. 3.12b
gll() in Jap, 2ik+ 1 ( )
Also, we denote @ (z,k) by
@1y (1, k) = ) (1, ) + 7 (1,4), (3.13)
where
. t .
DV (¢,k) = 4K / T (2kgon (7) +igV (7)) d7 (3.14)
0
and
. t .
O (1, k) = ie 4k / AT (1) ar, (3.14b)
0
Lemma 3.1. For o > 0,
- (—4ik%t iot . _4ik%t —4ik3t
— 1
!V (1, k) = i(e ), e ¢ AGR)dks, (3.15)

+ +-f =
2k +iv/o 20k—iyo 4 Japgk k> —k3

where the contour dDZ* is depicted in figure 1 and 6 = 1 ifk € dD, whereas 6 = —1 if —k € dD;.

(1)

Proof. Substituting the expression for gll1 in (3.14a) and integrating with respect to dt, we obtain

L _4ik? i 2 2
l(e 4ik°t _ elwt) 1 e—41k3t _ e—4lk t

oW ny="8 —¢ ), ¢ e
1 2k +iv/o 4 Jop,  K2—K3

A(K3)dks. (3.16)
The integrand in the rhs of (3.16) has removable singularities at k3 = k and k3 = —k. In what follows
it will be necessary to split the integral in (3.16) in two separate integrals. Thus, before splitting we
deform the contour dDj5 to the contour 813?" shown in figure 1. One of these two integrals can be
computed exactly via the residue theorem:

2 —4ik?t K2
— / 2 > 212 dks
. Jopgk (4k5+ w)(k* —k3)

. k k
— _4 . —4lk2l _ o 3
e [ 24+ w) 8K

] B ief4ik2t
Substituting this expression in (3.16), where dDs is replaced with 8[)?", we find (3.15).

For k = 0, a separate analysis shows that the above integral equals —1/+/®, which agrees with
the limit of the above expression as k — 0. 0
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Lemma 3.2. For o >0,

—4ik2t 1 k e—4ik%l
) (1,k :eiJr—/ _dks. 3.17
i (1K) 2ick+1 ' in Japgk Qiks+1)(K2—K2)" e
Moreover,
S 4ik2t 1 ko tikat
&, (t—k) =W, k) - S */ : dk 3.18

where the contour 813?]‘ is depicted in figure 2 and
m B i( e4ik2t _ efia)t) i e4ik2t N 1 e4ik§t
e 2k tive 26k+ivo 4 Japsk kK2 —K3
Proof. Substituting (3.12b) into (3.14b) and integrating the resulting expression with respect to d,
we find that cpﬁ) (t,k) is given by

—4ik?t k At —k3) 1
(k) =¢ / 3 : dks. 3.20
11( ) it Jop,; 2iks+7m kz—k% . ( )

A(k3)dks. (3.19)

The integrand in (3.20) has removable singularities at k3 = £k. Thus, before splitting the integral
we deform the contour dDj into dDJ*. Note that it is not necessary to avoid k = —iy/®/2. Using
the residue theorem, one of these integrals can be computed as

—4ik*t —4ilt
k
Kl S
in Jopgk (2iks +mn) (k> —k3) 2ick+n
and then we find d>§21) (t,k) given in (3.17).

Regarding @, (7, —k), we note that

——— . t . .
Dy (t,—k) = —eiFt / e T keI 1 gy (1)]d7 (3.21)
0
and g1 is given by
4ik3t
_ D) 4 / kpe™*2
=g\ () +— dk 3.22
gu(t) =g/ ( +to 3, 2iky — 1 2 (3.22)
with
gW(1) = —voe @ 4 /  HRIA (R do, (3.23)
dD,

where dD; is the oriented boundary of the second quadrant of the complex k-plane and the con-
tour 9D, is depicted in figure 2. Substituting (3.22) and (3.23) into (3.21) and then integrating the
resulting expression with respect to d7, we find

o0t 1 A(R2) (Al _ ikt 1 Jo (K51 _ pHik%t

) LR ) L k(e e
2k +iv/o 4 Jp, k? — k3 in Joap, (2iko —n)(k* —k3)

The integrands in the above expression have removable singularities at k, = k. Thus, before split-

ting the integrals we deform the contour dD, into 8135’", however it is not necessary to avoid
k = i\/@/2, and then we find (3.18) by using the residue theorem. O

i( e4ik2t _

q)ll(t,—k) = dk,.
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Fig. 2. (w > 0) The deformed contours 9D, (left) and ang (right).

Let us denote Ady,(z,k) by

ADo (t,k) = ALY (1,k) + A (1, k), (3.24)
where
(1) i . (1) e 2
LD, (t,k):/o [2kgoi (7) — gy, (T)] @), (T,k)dT—H/O Igo1 (7)|"dx, (3.25a)
and
A3 (t,k) = / g\ (t,k)dT+ / 2%g01 (1) —ign (1)@ (1,k)de.  (3.25b)
Lemma 3.3. For @ > 0,
200 (1,k) =B i4h0) Lo )+ [ ek k)40 gk
200 Tk —ive apgt
| alk)e B Rak + [ cy(k,ky)e T gk,
DSk oD,
+ / < / N C5(k,k2,k3)e4”<k%k§>dk2>dk3, (3.26)
aDgk \ Jap3™?

where the contours D> and dDS* are depicted in figure 2, 6 =1 ifk € dDs, 6 = —1 if —k € IDy,
and similarly for 3Dck3 with & = 1 ifky € dD3, 6 = —1 if —k3 € dD3. Furthermore, the functions
o (k) and {c;}3 are deﬁned as follows:

B i i o 2 (3)
al(k)_2k+i\/6+26k—i\/5’ ci(k) =cy (k) +c¢; (k) +c;” (k), (3.27)
1 A(K) _ k) A(R3)
62(k7k3) - 4l(k2 —k%) % — l\/av C3(k7k2) - 4 (k2 _k%)a (328)
_ iA(k3) 1L ARA(KS)
call ko) = (2k + iv/0) (42 + @)’ esth ke ka) = =7 (B —k2) (k2 —13)’ (3.29)
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where
C(l)( ) = 2k(o+1) 1 2k +iv/o - 1 (3.30)
Y4+ )20k —ivo) 2o (20k—ivo)?  2iyo(2k+ivo)' '
@) 1 1 1
k)= 3.30b
e (k) 26k+i\/5<2k+i\/5+26k—i\/6 ’ (3-305)
2
3) 4k 2klogk
k) =—————(logd —logw
cr (k) i7r(4k2—|—w)2( ogd —log) + (42 + 0) (2k+iyVo)
2klog(—k 1 4k — o
> st ——t - (3.30¢)
in(42+0)(2k—ivo) in(4k2+ o) 2042+ o)
Proof. We note that
(1) = _ . —iot 43T 4 (12
ig\} (7) +2kgo1 (1) = (2k +iv@)e if e A(K3)dks.
2
1
Let us denote <I>(11) by
o) = o (k)e ¥ 1 oy (k)e wt+4 oo K sz(k%)d@, (3.31)
with oy (k) defined by the first equation in (3.27) and o (k) defined by
l
pk)=————. 3.32
0 == ive (5.32)
Thus
P
[ (—igl (2)+ 2600 (0) @) (2. Ryae
t i ) 1 e—4ik§rA(k2)
_ : —ioT —4ik?t it |~ 3
_ (2k+z\/5)/0 e [al(k)e +a(k)e 45 e dk3}d‘c
t ) . 74tk ‘L'A k2
i / { / HTAGS) o (K)e K7 + an (el + / ’ >dk3}dk2}dr (3.33)
o /oD, 4 DS

Integrating with respect to d7, we find that the rhs of (3.33) equals the following expression:

o \/7 . 1 —tt(4k2+a)) 1 A(kz) iy
W)y o — OC l
( +1 ){ 1( ) —l(4k2+(1)) + 2 +4/Dak —l 4k2+w) k k2 }

At —k) _ 1 ) Pl (45 +0) _ )
—ix k/ ———A(k5)dky — iy k/ ————A(k5)dk
ioa (k) oD, 4i(k§—k2) (kz)dkz =0 (k) oD, i(4k§+a)) (kz)dk

; dit (k3—k3) _ 1 A(KA k2
([ A
4 Jop, \ Jopgt 4i(ks —k3) kK> —k

e—it(4k2+a)) .

Note that
2k +ivo)op (k) = —it,
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Fig. 3. The oriented contours C;, C, €} and 5.

which cancels the second integral of the rhs in (3.25a)

t
i/ |go1|*dT = ir.
0

The single integrals involving dD, have removable singularities at £k; thus, before splitting these
integrals we deform dD; to dDS*.
Using the residue theorem, we find

A(K3)dks 2 .
/8[)3“' - 4E+w)  Jolok—iyo)? Ak,
A(K2)dky 4 A(K3)dky 1
/a[)g’k K-k 26k+ivo Palb). /aDz Wtro  2Jo

Regarding the double integral, we deform 9D, to DI, where 6 = 1 if k3 € dD; and & = —1
if —k3 € dDj3. Then, using a residue calculation similar to the one used in lemma 3.1, we find the
identity

L,
—1.

~Gk3 k2 — k2 4i
by %= 2k3—i/®

Thus, denoting the double integral with B5(k), we find
A(k3)A(K3) > 32 500 _ 50
) dks ) dis = B (k) = — B,
/abgk </¢9D;k3 (k% ) 2 3 ﬁ3( ) (B3 ﬁ?) )

4i eox
/ A<k%) de — {_ 2k3+iv/ o lf ?
2 if &

—R)E -1 &
where
2
0 _/ k3 1 1
) — dks,
B3 (k) c (4k§+60) (2k; + i) (kz_k%) ’
2
@) L :/ k3 1 1 dk
ﬁ3 ( ) c (4k§+w) (2]{3—1\/6) (k2—k%) 3,

and Cjand G, denote the parts of af)gk involving the negative real axis and the negative imaginary

axis respectively (see figure 3). In order to compute [33(1) and [33(2), it is slightly more convenient

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
234



A Perturbative Approach for the Asymptotic Evaluation of Neumann Value for the NLS

3im/4 _

to deform C; and C, to C; and G, respectively (see figure 3). Thus, using k3 = re —ra,
o = e ™/* and k3 = ra for [33(1) and [33(2), respectively, we find
[53(1) :e—in/4/ I 1 1 dr,
0o (4irr—o) 2re "4 —i/o) (K> +ir?)
2 1
B =5
Thus,
64 1)
k)= — k).
B (k) = - B (k)
Computing [53(1) (k) explicitly, we find
64k> 32klogk
k) =———5—(logd —logw
B (k) i7r(4k2+a))2( ogd —log) + in(4k2 + 0) (2k+iy0)
32klog(—k) B 16 N 8(4k* — )
in(4k2 + 0)(2k —iv/o) it(4k>+ o)  (4k*+ 0)?>’
Using the above formulas, we find (3.26), where ¢ (k) is defined by
(2k+iv/o) (2k+ivo) oy (k) ch(k)
k)= —F—m—=o(k) + ————=Pi(k) — k) — 3.34
Simplifying the rhs of (3.34), we find that c; (k) is given by the second equation in (3.27) with
(3.30). O
Lemma 3.4. For o >0,
;o —it (42 +w) o
AR (1,k) =" dy (k dy (k,k)e "+ g
2 0 = Gormak—iva) T AT fpa 2Rk }
+ | dylk k)Rt gr, + / dy(k ko) 1K) g,
aDg aDsk
- / _ ( / ds(k,kz,k3)e‘4”“‘5—k%>dk3)dkz, (3.35)
opgk \ Joapgk

where the functions {d;}; are defined by

di (k) = d\" (k) +d (k) +d) (),

) b B 4y
LR = i - ive e -8y P = e ik - MR e)
B ko ou (k) 1 Aky)
da(k,k2) = in(2ik, —n) <2ik2 —n 2ok 4 > T 4ickt ) (K = k3)’
and
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1 ks ky A(K3) koA(K3)
dS(k’kz’k3):n(kZ—kg)(kg—kg) [2ik2+n<7t(2ik3—n)_ 4i2>_4i(2ik2jn)}’ (3.36)
with

I i 1 1
df)(k):_n+\/5<2k+i\/5+2k—i\/5>’ (3.37a)
Bl p— ( Ly L >+ . n-yo)
2i6k—M \2k+iyJo 20k—iyo (2ick+1n)(2i6k —n)(26k+iy/ o)
(3.37b)
and
d?)(): 2(n+2i)  nA(m-2i) 2zk.log(—k). B 2.zklogk .
n(4k2+n2)2  2m(4k*+n?)? m(2k+in)(2k—in)?  w(2k—in)(2k+in)?
8ik*log(2/1) 2imlog @ 4nk?> — nn /@ — 16ik*log 2
(e +n2)? AP+ o) (n?—0)  m(4k2+12) (42 + o)
_ 2k(n + Vo) (log(—k) —logk) 8ik? (log(—k) + logk) B 4in*logn (3370)
TT(4k% +n?)(4k2 + o) n(4k2 +n?)(4k2 + o) w2 +n2)(n?-w)

Proof. Recalling (3.12b), (3.14a) and (3.14b), as well as (3.1), we find that Mbgzz) (t,k) is given by

o dik’t 1 kse —4dik3t
A0 (t,k) = /2k ikl P— / dks|dt
2 ( [2 Gk+n in Japgk (2iks + 1) (k> —k3) :
k2€4lk2 |: (1) ef4tk‘L' 1 k3e741k§ :|
_4 k) +_7/ . dls | dkrdt
/ /(;Dz 2t —n |2 B s Y i opg (2iks +n) (K2 —k2)" |77

m ikt 1 ks o4kt
—+ — dkz|dT. 3.38
/g“( )[2zck+n+i7r opgt (2iks +1)(k* —k3) 3] (3:38)

Integrating the first line in (3.38) with respect to d7, we find

2i —it(4k*4o) _ 1 2 k —it(4k3+w) _ 1
ot ( 2 )*k/~ oyt (CED)
2ick+n 4k* + o opgk (2iks +m)(4k5 + o) (k> — k3)

Evaluating one of the integrals with respect to dks, (3.39) yields

o —it (42 +0) : —it(4k3+ )
Dike 2ik 2k kse T dks,  (3.40)
) apgt (

2ick+n  (N+Vo)4k2+o T 2iks + 1) (4k3 + ©) (k2 — k3)

where we have used the identity

/ ? dhs =~ s < - >'—B(k)
abgt (2iks +1M)(4k3 + 0) (k> —k3) ST T Yo 2ick+n n+veo) 4K ).
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Using (3.31) for <I>§11) and then integrating the resulting expression with respect to dt, the second
line in (3.38) becomes

4 ks o4t (R —1) _ 1 Pl (45 +0) _
oz 2iky — { ® 4i(k? — k3 +a2(k)f
oD, 2iky — M —4i(k* — k3) i(4k35 + o)
1 A( k%) A6 —k3) _ 1 e dit(IP—k3) _ 1
4 Jopgk 12 — i [ 4i(k3 — k3) ]  4i(2ick+1) (K2 —k2)
i ks At —k3) _ 1
— dks pdk;. 341
T /a[)gk (2iks +1) (K2 - K3) [ 42 —i2) |70 ©41)
Substituting (3.23) into (3.38) and integrating with respect to d7, the third line in (3.38) yields
Jo e 14 +0) NG ks e it(4k3+0) i
2ick+n ( 42+ o > L apst (2ikz +m) (k2 —k3) [ —i(4k3 + o) } ’

A2 —4it(—k3) _ 1 All2 k 4it(l5—K3) _ 1
—i/ (2) e : 22 _i_(.z)/ : 3 5 6_2232 dks »dk;.
D, | 2ick+n | —4i(k* —k3) in Jopgk (2iks+mn)(k—k3) | 4i(k3 —k3)
(3.42)

We can evaluate some of the integrals appearing in (3.41) and (3.42) explicitly. For the single
integrals, from the residue theorem, we find
k2 i
dky = ~———,
/azjgk (2iky — 1) (k% — k3) > 2i6k—1
kg iT
2= =

d
/a[)gk (2ik, — n)(4k§ + o) 4n+vo)
Furthermore, we denote the double integrals in (3.41) and (3.42) by

ks / A(R3)

o dksdky := Bs(k), 3.43a
/(9D;k3 21k2 — TI ang (kZ _ k%)(k% _ k%) 34K ﬁ5( ) ( )
/ : / < dksdky := P (k) (3.43b)

955" 2iks =11 Jang (2iks ) (€ —K3) (B k)T T -

: 2
/af)gks A) /a[)gk 2T n)(k2k3— D E—1)
Thus equation (3.41) involves the following explicit terms
__o (k) k) . L N ﬂs_(k) _ Bs(k) (3.44)
2i6k—m n++vo (2ick+n)(2i6k—n) 4din r?
Similarly, for (3.42), we find

Vo (et 1N Ve B2 (k) B (k)
2ick+1 ( 4%+ o ) g Pal - 4Q2ick+n) = 4din

dk3dk2 = ﬁ7 (k) (3.43C)

(3.45)

The double integrals in (3.43) can be evaluated in a similar way as the term 3(k) in lemma 3.3;
tedious but straightforward calculations yield
1
4in

(Bs(k) + By (8) — P — 4 ),
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where d?) is given in (3.37¢).

Combining (3.40), (3.44) and (3.45), A®) (1,k) is given in (3.35) with (3.36). m

Proposition 3.2. For @ > 0,

?lgm(t):—%e"“’uro(l), t — oo. (3.46)
Proof. First, note that (2.9) can be written in the form
Agiz(t) = Agly (1) + Agi3 (1) + 2813 (1), (3.47)
where
Dy =2 / o —AD;5(t,— 4
)ng (l) pm aD}k[)L 13(t,k) A 13([, k)]dk, (3.48)
A8 (1) = %ei‘”t /a i [AD (t,k) — AP (t, k)] dk (3.49)
3
and
lgg)(t):—% i ke by (—k) [A@x (1, —k) — Aaz(—k)] dk. (3.50)
i Ds

The expression for ®x,(z,k) needed in (3.49) is given by (3.24) with (3.26) and (3.35) with 6 = 1;
similarly ®,,(¢,—k) can be obtained by evaluating the rhs of (3.24) with (3.26) and (3.35) for

o = —1 and then replacing k by —k. In what follows, we will determine the terms involving ¢'®’ in
(3.47).
In order to compute A gg) (t) involving '®’, we will first show that
4 .
| ke ¥ ®p (—k)Aax(—k)dk = O(t73?),  t — oo, 3.51)
I JoDs
Recalling (2.14), we find
oo ) 00 ) , 1
Aao(—k :/ e(21k—17)x/ e—(21k+1])x dx' dx — .
2=k) = | ; 20 (2ik+1)
Thus, the lhs of (3.51) with (3.4) yields
2 k —4ik?t
- / k. (3.52)
mn Japs (2ik+1)

Using a similar analysis as in proposition 3.1, we can show that (3.52) is of O(t_3/ 2)ast — oo, We
next consider the following integral
4

— = | ke ¥ ®p (—k)A Dy (1, —k)dk, (3.53)
I JoDs

where from (2.11), Ay, (7, —k) is given by
- t ) - t
A (t, k) = / [ 2ke®* + igyy ()] Dy (7, —K)dlk — i / g0 [2d. (3.54)
0 0
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From (3.18), we write @y (7, —k) as

- ) ] 1 A(k2)e4ik§t
) A ikt iot | 2
1(t,—k) = (k)e + ap(k)e'” + 1 abgt 2 k% dky
1 k264ik%t
v = dks, 3.5
i Jopgt (2iky — M) (k2 —k3) 2 (3:53)

where (k) is given in (3.32) and
i i 1
a (k)= — — .
1K) 2k+iyo 26k+iveo 26k—1
Substituting (3.55) into (3.54) and using a similar calculation as in lemma 3.3, the term involving
€'®" in (3.54) arises from

(3.56)

iy (k)
2% —ivo

and (3.53) implies that the relevant contribution is

4 kaxy (k) k__4{/ k
T Joby 2k —iv/@)(2ik+m) 7w\ Je (2ik—n)(2ik+n)(2k —iv/o)

_/ k 4ik N L\
Jo, Qik+1)(2k —iv/o) \ 42+ © = 2ik+1n '

Deforming each contour into C; and C, and letting k = —ra and k = ra, respectively, we can
evaluate the rhs of the above equation and we obtain
1 2 (n*+w)log(n*/0) \ ;
Ag3 (1) :(— —- + - e +0(1), t—o. (3.57)
: ntve ir(n-vo) irn-Vo)n?-oe)

We next compute the term in A g%) (t) involving €'®’. Recalling (3.13), the term involving ¢'®!

arises from
2

- [e1(k) —ci(—k) | dk+ 2

. 7 b, di (k) —di (—k)]dk. (3.58)

Note that ¢y (k) = cil)(k) + cgz) (k) + 053) (k) with cgz)(—k) =0 and c?)(k) = cg3>(—k). Hence, for
the first term in (3.58) we need to evaluate the integral

2 (1) (1) 2 @)
— ¢ ' (k)—ci ' (—k)|dk+ — ¢, (k)dk. 3.59
2 L e =i Pk (359
For the first integral in (3.59), we find
(1) (1) dik
k) — k)=
ab-a b= et ey
which has simple poles at k = —i\/®/2 and k = . Hence, the first integral in (3.59) is given by
2 (1) (1) 1
— c; (k) —cy ' (—k)|dk = ——=.
n/aﬁ}[ 1 ( ) 1 ( )] \/a

In order to compute the second integral in (3.59), we introduce as before C; and C; as the parts
of dD; involving the negative real axis and the negative imaginary axis respectively (cf. figure 3).
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Thus, the second integral in (3.59) can be written in the form

2 2) 8 1) 2
z K)dk = — (&1 — &),
ﬂ/abfl (k) n(cl 1 )

where

A1) _ 2) k

k
“i /c ktivark—iva)™ O :/cz 2k 1 iv@) (2 — iy

dk.
)2

In order to evaluate the above integrals, we deform C; and C, to Ciand G5, respectively and then use
k3 = —rot, ot = e~ /* and k3 = rot for 6(11) and Egz), respectively (cf. figure 3); this yields 6(11) = 6&2)

and hence,

% i P (k)dk = 0.
Thus, we find
2 [e1(k) —er(—k)|dk = N (3.61)
7t Job, Vo

For the second term in (3.58), we note that dg?’) (k) = d1(3) (—k), and hence we need to compute

2 /(9133 [d" (k) —d\V (k)] dk + 2

- =, [d®) (k) — d (—k)] dk. (3.62)

The integrand of the first integral in (3.62) can be simplified to

8ik

(1) (1) -
) =i (k) =~ )

and then we find

2 (1) (1) 2

— dy’(k)—dy’ (—k)|dk = ,
T 953 [ 1 ( ) 1 ( )] n + \/5
where we have used the fact that the integrand has poles at k = —iy/®/2 and at k = 0. The second
integral in (3.62) can be written as

(3.63)

2 2) 2)
— d7(k)—d;” (=k)|dk =
p a~3[ 1 (k) 1 )]

i{ [No= n)lz4k2+ a7 |, <zik+n>}§4k2+w> ‘”‘}‘

Deforming each contour into €} and C, and letting k = —ra and k = rot, respectively, we find that
the integral in the rhs of the above equation is identically zero. Thus, from (3.63), we find

2 2
/(9133 di (k) —di (—k)|dk = Y

4
Therefore, combining (3.64) with (3.61), the coefficient of the term e/®’ for lg%) (1) is given by

(3.64)

1 2 :
il = (5t yrgm) e 1o 269
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In order to compute the analogous contributions from 4 g%) (t), we note that according to (2.12),
A®i3(t,k) involves two contributions. Noting that

t . t . . .
/ . i|g01 |2€41k27q)11(17,k)d17 _ / e4zk21 [al (k)e—4zk21: + Otz(k)elwr
0 0

1 o dikyT o4k’ 1 ks o 4ik3t

- — A(K3)dk 7+—/ dks | dr,
4 Jobgk k* — k3 (ks)dks + 2ick+n  im Jabgt (2iks +1)(k* —k3) 3]

it follows that the A g%) (t) involves the following explicit terms:

it(4k*+o) _q
! ¢ } (3.66)

L(t,k) = — ie 4kt kt+ ——— k)————
1(:4) le {al( ) +2i0k+n+a2( ) i(4k> + o)

Furthermore, noting that

t .
/0 [2kgo1 (%) + g1 (7)] ¥ T Ady (1, k)d e

"okt 0T 0T 4ik?t 2 4 ke_4ik2[
= [ "™ 2ke'" — iV we' +i/ e YA (k3))dky + — _
/0 [ aD; (5)dks + o7 aps 2ik+1

dk] lq)gg(f,k)df,

it follows that A g%) (t) also involves the following explicit terms:

ik it eit(4k2+(1)) -1

L(t,k)y=e" o (k)t + ———— k)+di(k) ———F—F— /. 3.67
2t,k) =e {l 1(k) +210:7k+n +(C1( )+ )) l(2k+l\/5)} ( )

The expressions /; and I, yield the following asymptotic contributions:

2V ~= [ k[nok I(1,—k dk
813 (Z) NE D5 l(ta )‘021_ 1(t7_ )‘6271
2

bl k[l 10—, —k }dk. 3.68
+i71,' aD; 2( )‘0':1 2< ){c:—l ( )

We next compute the contribution in (3.68) of terms involving ¢/®’. These contributions arise from
the third term in /; and from the third term in /.
The coefficient of ¢/® from the third term of 7; leads to

_ Otg(k) . i
M2+ (2k+iyo)(4k2 + o)

and the relevant contribution in the first term of (3.68) equals

2 k i i 1
— dk= ———
iﬂ/aD3 4k2—|—a)[2k+i\/5+2k—i\/5 2V’

(3.69)

where we have used the fact that the above integrand has a double poles at k = —iy/®/2.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
241



G. Hwang

The coefficient of ¢/®' from the third term in I, is given by

Cl(k)—Fdl(k)

i(2k+ivo)’
Thus, the relevant contribution equals
3 X ci(k)+di(k) c1(—k)+di(—k)
i(2k+ivo) i(2k—iy/o)

; dk. (3.70)
in Job,

Recall that
k) = (0 + 7 0+ (k). di(k) =y () i () + ) ().
For cgl) (k), we find
k) k(K)o
Utivo  2k—ivo (@GE+o)?
which has a pole at k = —i\/®/2, and hence

(1) (1)
_2 ') (=01, 1
n/aﬁgk[zkﬂ\/a* 2k—i\/5}dk_ T’ (3.71)

For ng) (k), we obtain

2 kel (k) 8 K> 8 K2
—— ———dk=—— dk+— | ———=dk 3.72
Tt Jobs 2k +iv/ o T /c1 (4k% 4+ o) (2k +iv/0)? + 7T Je, (4K% + w)? (3.72)
The integrals in the rhs of (3.72) can be computed in a similar way as before; we find
(2) -
2 k k —4
L2 kM) g T (3.73)
T Job, 2k+iv/ @ LY 2VAD)
For the term involving 653), using c§3) (k) = cES) (—k), we find
2 1 1 ) 7 —4i
—— k k)dk = ——= 3.74
T Jab, [2k+i\/w+2k—i\/w]cl () 8/’ 3.74)

where we have used the fact that the integrand has a pole at k = —iy/® /2. Combining (3.61), (3.69),
(3.71), (3.73) and (3.74), we obtain the coefficient of ¢/ as

2 Cl(k) C](—k) o 1
in amk[i(Zk—i—i\/E) +i(2k—i\/6)]dk_\/6'

We will evaluate the integrals involving the term d (k) in (3.70). First, noting that

,{ di’ (k) +d§”<—k>]:_ NI
2k+ivo  2k—ivo (N + o) (4k2 + )2’

we find

(1) My
2 k{ dy (k) d( k)] _ 1 (3.75)

Tt Jop, |2k+ivo  2k—iy/o n+vo’
where we have used the fact that the integrand has a double pole at k = —i\/® /2.
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For d@, we note that

2 dPk)  d?P(-k)
' aﬁ3k[2kl+i\/6 ZIii\/B}dk
8i K2 K2
:n{ /cl (2k+ i/@) (2ik — n) (4% + ) k= /cz (2k+ in/@) (2ik + 1) (4K + co)dk}
8(n — Vo) K
L— {/c1 (2ik — 1) (2ik 4 1) (2k + iv/@) (4Kk> + w)dk

k2
+/c2 ik 1 1) 2k = iv/@) (42 + o) ‘”‘}' (3.76)

As before, deforming each contours into C; and C, and letting k = —ra and k = ra, (3.76) yields

20 [, 47k
2k+ivo  2k—ivo

T Job;
n m-—vo nm’-nvoto)
g _ 1 i .
2(n+v0)?  ir(n>— o) in(n*— o)? og(n°/@) (3.77)
Regarding d§3), using d£3) (k) = d?) (—k), we find
2 1 1 )
- k d;’ (k)dk
7r/af>3 [2k+i\/5+2k—i\/6} v (k)
; 2
! WO VORI g ), (3.78)

T 2 +ve)? amP-o)  inn?-o)?

where we have used the fact that the integrand has poles at k = —iy/®/2 and at k = —in /2. Thus,
combining (3.75), (3.77) and (3.78), we obtain

2 k[ di (k) di(—k)
i Jop, |i(2k+ivo)  i(2k—ivo)
I 2 (N’ +w)log(n*/w)
n+ve iz(n-vo) ir(n-yo)n?-o)

and then we find

o (t)_<_2¢5+\/5_n+x/5+in(n—x/5)
(N’ +w)log(n*/w) ot .
in:(n_\/a)(nz_w)) +o(1), [ — oo, (3.79)

Therefore, combining equations (3.57), (3.65) and (3.79), we find (3.46).

The computations of the large ¢ asymptotics of the terms involving single integrals with respect
to dk, and dks of ¥t and 4kt respectively, as well as double integrals with respect to dkodks of
¥R are similar with the computations presented in proposition 3.1. O
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Imk

/2 Re k ©/2

Fig. 4. (@ < 0) The deformed contours dDs (left) and abgk (right).

4. A Perturbative Approach for o < 0

In a similar way as in Section 3, we can obtain the analogous results for the case of @ < 0. For
simplicity, here we present the results with a vanishing initial datum, that is, g(x,0) = 0. In this
case, a(k) =1 and b(k) = 0.

Proposition 4.1. For @ <0,

g1 (t) = iv—we'® + . e A (K2 ) dks, (4.1)
3

where the contour dDs is depicted in figure 4 and

A(R*) = 3 4.2)
(4k% + ) '
Lemma 4.1. For o <0,
i ef4ik2t _ oot i e74ik2t 1 ef4ik2
Dy (t,k) = ( ) A(k3)dks, 4.3)

2k++/—o T 2ok V- T3 bt k2 — I3
where the contour dDS¥ is depicted in figure 4 and 6 = 1 ifk € dDs, whereas 6 = —1 if —k € dD;.

Lemma 4.2. For o <0,

AP (1. k —it (4k"+ o) / zt(4k3+a))dk
(k) = et +2k+ Vo oWt ’
+ / e3(k, ko)) gy + (k,kz)e"<4kz+w>dk2
8D2
+ ( / N cs(k,kz,k3>e4ff<k2—"3>dkz> dks, (@.4)
apgk \ Jap3?
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Im k
D, D; >
Gk
/2 V®/2
\_/ Re k \_/

Fig. 5. (® < 0) The deformed contours 3D, (left) and aDg’k (right).

where the contours 0D, and dDS* are depicted in figure 5 and the functions oy (k) and {c;}; are
defined as follows:

i (1 ) (3)
k)= k) = k k k 4.5
al( ) 2k+m 20k — m C]( ) € ( >+Cl ( )+c1 ( )7 4.5)
! A(K3) (k) Ak3)
k,ks) = — kyky) = 4.6
C2( ) 3) 4l(k2—k§) 2k+\/$’ C3( ) 2) 4 (kz_kz)a (4.6)
iA(3) L ARAGR)
k.ky) = koko,k3) = —— 4.7
alkbk)= o Fa@drey Wk ="getae_g @
with
D) = 2k(c+1) ] — V- ! (4.8a)
PY @+ )20k +v—0)  2v—0 (Zok \/—w) 2v/—0(2k++/—o)’ '
@) 1 1
k) = 4.8b
@M= e (2k+\/—a) 20k — \/—w> (4.85)
3) 4K 2klogk
k) =——————(log4 —log(—
o M) =raes (0)2( og4 —log(~@)) + (42 1 )2k — v/ —0)
2klog(—k) B 1 B 1 4.80)
in(4k2+ ®)(2k++/—w) it(4k>+ o) 204K+ o) '
Proposition 4.2. For o < 0,
Agiz(t) = ! _ e/ 1 0(1), t—oo (4.9)
Vs ) . .
Proof. Using (4.1), (4.3) and (4.4), we can derive (4.9). However, A®;,(z,k) contains the term
involving te'®. Here, we prove that the contributions from the terms involving 7e/® cancel. The

(2)

in Ag,5 arises from the second term of (4.4) and the relevant contribution is

\/% < 1 ) -
s\ Ve T m e ) = (4.10)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
245

coefficient of re'®"




G. Hwang

where we have used the fact that the integrand has poles at k = —/—®/2 and at k = 0. Regarding

iot (1)

the coefficient of e’ in g7, we note that I for @ < 0 is given by

B(t.k) me %1 oy (1 R VZON g O 11
2k = ) ra(h)!
. o
T R 4.11)
2k+V-0)\ 4+o : :
Hence, the coefficient of 7e™®" in 2.g §13) arises from the last term in (4.11) and the relevant contribu-

tion is

pak _w/av k( ! dk = 2/~ o, 4.12)
D3

1
in (2%k++v—0)? (2k— M)Z)

where we have used the fact that the integrand has poles at k = —/—®/2 and at k = co. From (4.10)
and (4.12), it follows that the terms involving t¢’®’ cancel. ]
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