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In this paper, we first construct an analogue of the Sugawara operators for the twisted Heisenberg-Virasoro
algebra. By using these operators, we show that every integrable highest weight module over an affine Lie
algebra can be viewed as a unitary representation of the twisted Heisenberg-Virasoro algebra. As a by-product
of our constructions, we give the unitary representations of the twisted Heisenberg-Virasoro algebra which have
the central charges appearing in [1]. Our approach to obtain these central charges is different with that of [1].
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1. Introduction

The twisted Heisenberg-Virasoro algebra L was first introduced by Arbarello et al. in [1]. This is an
infinite dimensional Lie algebra which contains both the Heisenberg algebra and Virasoro algebra
as its subalgebras. It is known that the representation theories of both the Virasoro algebra and
Heisenberg algebra play important roles in statistical mechanics [2] and string theory [10]. They are
also closely related with the theory of affine Lie algebras [8, 9].

The representation theory of the twisted Heisenberg-Virasoro algebra L has been studied by
several authors. In particular, in [1] the authors classify the unitary highest weight modules over the
twisted Heisenberg-Virasoro algebra.

Let us now briefly describe the results of [1] concerned with the classification of unitary highest
weight modules over L .

It is well-known that every unitary highest weight representation of L can be determined by a
quintuple of real numbers (c,h,ca,ha,c3). (We refer to the appendix of [1] for the details of the real
numbers c, h, ca, ha and c3.) In [1, (6.6) Theorem], the authors show that every irreducible unitary
highest weight representation R(c,h,ca,ha,c3) of L is arisen in precisely following cases:

If ca = 0, then c3 = 0, ha = 0 and (c,h) =
(
cm,hm

r,s
)
, (1.1)
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where cm = 1− 6
(m+2)(m+3) and hm

r,s =
((m+3)r−(m+2)s)2−1

4(m+2)(m+3) for m, r, s ∈ Z≥0 and 1≤ s≤ r ≤ m+1.

If ca > 0, then either

{
c− 12c2

3
ca
≥ 2

h− h2
a+c2

3
2ca
≥ 0

(1.2)

or

{
c− 12c2

3
ca

= 1+ cm

h− h2
a+c2

3
2ca

= hm
r,s.

(1.3)

To show the existence of such irreducible unitary representations satisfying the above conditions, in
[1] the authors used the tensor product of a highest weight representation of the Heisenberg algebra
with a unitary representation of the Virasoro algebra. In their approach, the known classification [2],
[3], [4] of unitary highest weight representations of the Virasoro algebra plays an important role.

In this paper, we shall be concerned with a study of unitary representations of L which does
not depend on the classification of unitary highest weight representations of the Virasoro algebra.
The key ingredient in our approach is to introduce the twisted Sugawara operators which are vari-
ations of the ordinary Sugawara operators. Our construction of the twisted Sugawara operators is
based on the construction from string theory which plays an important role in the proofs of [1, (6.6)
Theorem, (6.7) Theorem]. By using these new types of the Sugawara operators, we prove that
every integrable highest weight representation of an affine Lie algebra yields a unitary representa-
tion of the twisted Heisenberg-Virasoro algebra. This generalizes some results of [3] to the twisted
Heisenberg-Virasoro algebra (cf. [7, Lecture 10]).

In the last section, we apply our results to the tensor products of the irreducible representations
of ŝl2 (C). These tensor product representations are equipped with unitarity due to Theorem 3.2.
Moreover, our calculations reveal that the conditions for the central charge c appearing in (1.2)
and (1.3) can be also obtained through the twisted Sugawara actions on the certain tensor product
modules over ŝl2 (C).

2. Preliminaries

The twisted Heisenberg-Virasoro algebra L is a complex Lie algebra with a basis{
Lm,Gn,C,Z,C̃ | m, n ∈ Z

}
, and its Lie bracket satisfies

[Lm,Ln] = (m−n)Lm+n +
m3−m

12
δm+n,0C. (2.1)

[Gm,Gn] = m δm+n,0 Z. (2.2)

[Gm,Ln] = mGm+n− i m2
δm+n,0 C̃, where i is the imaginary unit. (2.3)

[L ,C] = [L ,Z] =
[
L ,C̃

]
= 0. (2.4)

We point out that the subalgebras generated by the subsets {Gn, Z | n ∈ Z} and
{

L j, C | j ∈ Z
}

are
nothing but the Heisenberg algebra H and Virasoro algebra Vir, respectively.
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Twisted Heisenberg-Virasoro algebra

Let us now take a finite dimensional complex simple Lie algebra g, and fix its Cartan subalgebra
h. Write hR for the real form of h. We denote by g̃ the untwisted affine Lie algebra C

[
t, t−1

]
⊗g⊕

CK with commutation relations

[x(m),y(n)] = [x,y] (m+n)+mδm+n,0 (x | y)K, (2.5)

[K, g̃] = 0, (2.6)

where x(m) stands for tm⊗ x (m ∈ Z, x ∈ g) and (x | y) denotes the normalized invariant bilinear
form on g. We also write ĝ for the affine Lie algebra C

[
t, t−1

]
⊗g⊕CK⊕Cd which is obtained by

adjoining to g̃ a derivation d. The derivation d satisfies an additional commutation rule [d,x(n)] =
nx(n).

A g̃-module V is called admissible if for any v ∈ V we have x(n)v = 0 for all x ∈ g and all
n >> 0. It is easy to see that all highest weight g̃-modules are admissible representations.

In order to perform calculation, it is convenient to introduce the restricted completion Uc (g̃)

of the universal enveloping algebra U (g̃). In more details, we define Uc (g̃) as the set of all series
∑

∞
j=1 u j with u j ∈ U (g̃) such that for any admissible g̃-module V and v ∈ V , u j(v) = 0 for all

but finitely many u j. We identify two series in Uc (g̃) if they represent the same operator for all
admissible g̃-modules.

Let {ui} and
{

ui
}

be dual bases of g, i.e.
(
ui | u j

)
= δi, j. Then it is well-known that ∑i uiui =

∑i uiui, and this yields that

∑
i

[
ui(m),ui(n)

]
= mδm+n,0 (dimg)K. (2.7)

Next, we introduce the Sugawara operators Tn (n ∈ Z) [6, Chapter 12] (cf. [3, 4, 7]):

T0 = ∑
i

uiui +2
∞

∑
n=1

∑
i

ui(−n)ui(n),

Tn = ∑
m∈Z

∑
i

ui(−m)ui(m+n) if n 6= 0.

It is immediate from (2.7) that the Sugawara operators Tn are contained in Uc (g̃).
In a semidirect sum of Uc (g̃) with Vir, we recall that the Lie bracket between the generators of

Vir and Uc (g̃) is given by [x(m),L j] = mx(m+ j) for x ∈ g and m ∈ Z (see [5]). This commutation
relation is extended to the Sugawara operators as follows.

Lemma 2.1. Let x ∈ g and m,n ∈ Z. Then, we have

[x(m),Tn] = 2(K +g)m x(m+n),

where g denotes the dual Coxeter number of g.

Proof. See [6, Lemma 12.8]

According to the following theorem, every irreducible highest weight g̃-module can be viewed
as a representation of Vir.
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Theorem 2.1. Let L(Λ) be an irreducible highest weight g̃-module with highest weight Λ. Let g be
the dual Coxeter number of g. Suppose that the level of Λ is k and k 6=−g. Then, the g̃-module L(Λ)
is extended to g̃oVir-module by letting

Ln v =
(

1
2(k+g)

Tn

)
v for v ∈ L(Λ) and n ∈ Z,

and

C v =
k (dimg)

k+g
v.

Proof. This theorem is immediate from both Lemma 2.1 and the following well-known formula

[Tm,Tn] = 2(K +g)
(
(m−n)Tm+n +δm+n,0

m3−m
6

(dimg)K
)
. (2.8)

We refer to [7, Theorem 10.1] for the details of (2.8).

Let us now review the coset representation of the Virasoro algebra Vir.
Let L(Λ1) and L(Λ2) be two integrable highest weight representations of g̃ with levels k1 and

k2, respectively. Assume that k1 +g 6= 0 and k2 +g 6= 0, and write LΛi
n (i = 1, 2) for the action of Ln

on L(Λi) to avoid confusion.
For the tensor product L(Λ1)⊗L(Λ2), we should notice that there are two types of Sugawara

actions on L(Λ1)⊗L(Λ2).
One is obtained by considering the whole tensor product L(Λ1)⊗ L(Λ2) as an admissible g̃-

module. In this case, the central element K acts as a scalar operator (k1 + k2) Id on L(Λ1)⊗L(Λ2).
So, the corresponding Sugawara operators LΛ1⊗Λ2

n and CΛ1⊗Λ2 are given respectively by

LΛ1⊗Λ2
n =

1
2(k1 + k2 +g)

Tn

and

CΛ1⊗Λ2 =
(k1 + k2)dimg

k1 + k2 +g
Id.

The other is obtained through the outer tensor product of representations. This means that the
attached Sugawara operators LΛ1�Λ2

n and CΛ1�Λ2 are given respectively by

LΛ1�Λ2
n = LΛ1

n ⊗1+1⊗LΛ2
n

and

CΛ1�Λ2 =

(
k1 dimg

k1 +g
+

k2 dimg

k2 +g

)
Id.

It is known that the map

Ln −→ LΛ1�Λ2
n −LΛ1⊗Λ2

n and C −→CΛ1�Λ2−CΛ1⊗Λ2 (2.9)

defines a unitary representation of Vir on L(Λ1)⊗L(Λ2) (see [3], [4], [6, Chapter 12] or [7, Section
10.2]). We call this representation the coset representation of Vir on L(Λ1)⊗L(Λ2).
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3. Twisted Sugawara operators

In this section, we introduce the twisted Sugawara operators for the twisted Heisenberg-Virasoro
algebra L . By using these operators, we extend Theorem 2.1 to the case of the twisted Heisenberg-
Virasoro algebra. Based on this L -module structure, we also show that every irreducible highest
weight module over an affine Lie algebra yields a unitary representation of L .

Theorem 3.1. Let V be an admissible g̃-module such that K acts on V as a scalar operator kId,
and let c̃V be any real number attached to the g̃-module V . Assume that k 6= 0 and k 6=−g. Suppose
that we fix a nonzero element hg ∈ hR such that (hg | hg) = 1. Then, the following actions define a
representation of L on V :

L0v =

(
1

2(k+g)
T0 +

c̃2
V

2k

)
v, (3.1)

Lnv =

(
1

2(k+g)
Tn + i n

c̃V

k
hg(n)

)
v for n ∈ Z−{0}, (3.2)

Gnv = hg(n) v for n ∈ Z, (3.3)

Zv = kv, (3.4)

C̃v = c̃V v, (3.5)

Cv =

(
(dimg)k

k+g
+

12 c̃2
V

k

)
v, (3.6)

where v ∈V and i denotes the imaginary unit.

Proof. We show that the actions (3.1) - (3.6) satisfy the commutation rules (2.1) - (2.4).
(a) [Lm,Ln] for mn 6= 0 and m+n 6= 0;

[Lm,Ln] =

[
1

2(k+g)
Tm + i m

c̃V

k
hg(m),

1
2(k+g)

Tn + i n
c̃V

k
hg(n)

]
=

(m−n)
2(k+g)

Tm+n + i
c̃V

k
m2 hg(m+n)− i

c̃V

k
n2 hg(m+n)

(by (2.8) and Lemma 2.1)

= (m−n)
{

1
2(k+g)

Tm+n + i
c̃V

k
(m+n) hg(m+n)

}
= (m−n)Lm+n.

(b) [Lm,L−m] for m 6= 0;

[Lm,L−m]

=

[
1

2(k+g)
Tm + i m

c̃V

k
hg(m),

1
2(k+g)

T−m + i (−m)
c̃V

k
hg(−m)

]
= 2m

(
1

2(k+g)
T0 +

c̃2
V

k
Id
)

v+
m3−m

12

(
12c̃2

V

k
+

(dimg)k
k+g

)
Id

= 2mL0 +
m3−m

12
C.

(c) [Ln,L0] for n ∈ Z;
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We may assume that n 6= 0. So,

[Ln,L0] =

[
1

2(k+g)
Tn + i n

c̃V

k
hg(n),

1
2(k+g)

T0 +
c̃2

V

2k

]
= n

(
1

2(k+g)
Tn + i n

c̃V

k
hg(n)

)
= nLn.

(d) [Gm,Ln] for m,n ∈ Z;

[Gm,Ln] =

[
hg(m),

1
2(k+g)

Tn + i n
c̃V

k
hg(n)

]
= m hg(m+n)+ i n

c̃V

k
[hg(m),hg(n)]

=

{
m hg(m+n) if n 6=−m

m hg(0)− i m2c̃V Id if n =−m

= m hg(m+n)− i m2
δm+n,0c̃V Id

= m Gm+n− i m2
δm+n,0C̃.

Similarly, we can see that [Gm,L0] = mhg(m) = mGm.

(e) [Gm,Gn] for m,n ∈ Z;

[Gm,Gn] = [hg(m),hg(n)]

= mδm+n,0 k Id

= mδm+n,0 Z.

Since the central elements C, Z and C̃ of the algebra L are scalar operators on V , the theorem is
now immediate from (a), (b), (c), (d) and (e).

Definition 3.1. We call the operators 1
2(k+g)T0 +

c̃2
V

2k and 1
2(k+g)Tn + i n c̃V

k hg(n) in Theorem 3.1 the
twisted Sugawara operators associated with the admissible g̃-module V .

Remark 3.1. We should notice that the twisted Sugawara operators coincide with the ordinary
Sugawara operators if c̃V = 0 (i.e., the central element C̃ acts trivially on V ).

Let us now consider an irreducible highest weight ĝ-module L(Λ) with highest weight Λ. We
assume that the weight Λ is a dominant integral weight and the level of Λ is k. Then, by Theorem 3.1
the irreducible ĝ-module L(Λ) yields a representation of L . In particular, the generator C̃ acts on
L(Λ) as C̃ v = c̃L(Λ)v for some c̃L(Λ) ∈ R. In this case, we simply write c̃Λ for c̃L(Λ) if no confusion
is likely to arise.

Definition 3.2. Let A be a Lie algebra.

(1) A map f : A −→ A is called a C-linear anti-involution of A if f (x+ y) = f (x)+ f (y),
f (ax) = ā f (x), f ([x,y]) = [ f (y), f (x)] and f 2 = Id for all x, y ∈A and a ∈ C.

(2) A A -module V is unitary if there exists a C-linear anti-involution f of A and a positive
definite Hermitian form 〈 , 〉 on A which is contravariant with respect to f (i.e., 〈xu,v〉 =
〈u, f (x)v〉 for all u, v ∈V and x ∈A ).
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We recall that there uniquely exists a C-linear automorphism ω0 of g satisfying ω0 (ei) = − fi,
ω0 ( fi) =−ei and ω0 |hR=−IdhR . This automorphism is extended to an involution ω̃0 on ĝ by letting
ω̃0 (tn⊗ x) = t−n⊗ω0(x), ω̃0(K) = −K and ω̃0(d) = −d, where x ∈ g. Let t be the transposition
map on ĝ defined as t (X) =−X for X ∈ ĝ. Then, according to [6, Theorem 11.7] the irreducible ĝ-
module L(Λ) carries a unique, up to a constant factor, Hermitian form 〈 , 〉 which is nondegenerate,
positive definite and contravariant with respect to a C-linear anti-involution t ◦ ω̃0.

In the following proposition, we prove that the pairs (Ln,L−n) and (Gn,G−n) are adjoint, and
the operators C̃, C and Z are self-adjoint.

Proposition 3.1. Let L(Λ) be the irreducible highest weight ĝ-module with a dominant integral
highest weight Λ of level k. Let 〈 , 〉 be the unique nondegenerate, positive definite, contravariant
Hermitian form on L(Λ) as above. Suppose that L(Λ) is equipped with a L -module structure via
Theorem 3.1. Then, for v, w ∈ L(Λ) and n ∈ Z we have

(1) 〈Lnv,w〉= 〈v,L−nw〉.
(2) 〈Gnv,w〉= 〈v,G−nw〉.
(3) 〈Zv,w〉= 〈v,Zw〉.
(4)

〈
C̃v,w

〉
=
〈

v,C̃w
〉

.
(5) 〈Cv,w〉= 〈v,Cw〉.

Proof. Since the Hermitian form 〈 , 〉 is contravariant with respect to the anti-involution t ◦ ω̃0, we
obtain that 〈Xv,w〉 = −〈v, ω̃0(X)w〉 for v,w ∈ L(Λ) and X ∈ ĝ. Especially, for the fixed element
hg ∈ hR we get

〈hg(n)v,w〉 = −〈v, ω̃0 (hg(n))w〉 (3.7)

= −〈v,−hg(−n)w〉 (3.8)

= 〈v,hg(−n)w〉 . (3.9)

In addition, we see from [6, Proposition 12.8] that

〈Tnv,w〉= 〈v,T−nw〉 for n ∈ Z and v,w ∈ L(Λ). (3.10)

Thus, we have

〈Lnv,w〉 =
〈(

1
2(k+g)

Tn + i n
c̃Λ

k
hg(n)

)
v , w

〉
=

〈
v ,

1
2(k+g)

T−nw
〉
+

〈
v , −i n

c̃Λ

k
hg(−n) w

〉
(by (3.9), (3.10) and c̃Λ ∈ R )

=

〈
v ,

(
1

2(k+g)
T−n− i n

c̃Λ

k
hg(−n)

)
w
〉

= 〈v , L−nw〉 .

It is also immediate that 〈L0v,w〉= 〈v,L0w〉 because L0 =
1

2(k+g)T0 +
c̃2

Λ

2k and c̃2
Λ

2k ∈ R.
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Similarly, we obtain that

〈Gnv,w〉 = 〈hg(n)v,w〉
= 〈v,hg(−n)w〉
= 〈v,G−nw〉 .

Finally, since Z, C̃ and C act on L(Λ) as real constant factors, it is clear that 〈Zv,w〉 = 〈v,Zw〉,〈
C̃v,w

〉
=
〈

v,C̃w
〉

and 〈Cv,w〉= 〈v,Cw〉. The result now follows.

Notice that there uniquely exists a C-linear anti-involution ω of L satisfying ω (Ln) = L−n,
ω (Gn) = G−n, ω (Z) = Z, ω

(
C̃
)
= C̃ and ω (C) = C. Then, the following theorem immediately

follows from Theorem 3.1 and Proposition 3.1.

Theorem 3.2. Let L(Λ) be the irreducible highest weight ĝ-module with a dominant integral high-
est weight Λ. Assume that L(Λ) is equipped with a L -module structure via Theorem 3.1. Then,
L(Λ) is a unitarizable representation of L .

4. Application to ŝl2 (C)

In this section, we apply our results to g= sl2 (C).
By following our notations in Section 2, we have g̃=C[t, t−1]⊗sl2 (C)⊕CK and ĝ=C[t, t−1]⊗

sl2 (C)⊕CK⊕Cd. Let h be the Cartan subalgebra C
(

1 0
0 −1

)
of g, and let α : h−→C be the simple

root defined as α

(
h 0
0 −h

)
= 2h. We introduce a nondegenerate symmetric bilinear form ( | ) on ĥ=

1⊗h⊕CK⊕Cd satisfying (α | α) = 2, (K | d) = 1 and (α | K) = (α | d) = (d | d) = (K | K) = 0
through identification ĥ' ĥ∗.

Set P+ =
{

λ ∈ ĥ∗ | 2(λ |α)
(α|α) ∈ Z≥0 and 2(λ |K−α)

(K−α|K−α) ∈ Z≥0

}
. Then, by simple computations we get

P+ =
{1

2 nα +md +bK | m, n ∈ Z≥0, n≤ m, b ∈ C
}

.
Choose two integral dominant weights λ = 1

2 nα +md (m ∈ Z≥1) and d in P+, and consider
the corresponding integrable highest weight ĝ-modules L(λ ) and L(d). According to [6, Lemma
9.10], L(λ ) and L(d) are still integrable highest weight g̃-modules and the central element K acts
on L(λ ) and L(d) as m Id and Id, respectively. Also, by Theorem 3.1 the representations L(λ ) and
L(d) are equipped with L -module structures, and we take c̃λ as any real number and c̃d = 0 for
our purpose. By tensoring L(λ ) with L(d), we obtain a tensor product representation L(λ )⊗L(d)
of L . We point out that the tensor product L(λ )⊗ L(d) is a unitary representation of L due to
Theorem 3.2. In addition, the central elements C̃ and Z act on L(λ )⊗L(d) as c̃λ Id and (m+1) Id,
respectively. Let c be the eigenvalue of the central element C on L(λ )⊗L(d). Then, by Equation

(3.6) we get that c = 3m
m+2 +

12c̃2
λ

m + 1. So, we have c− 12c̃2
λ

m = 4− 6
m+2 for m ∈ Z≥1. Hence, this

implies that c− 12c̃2
λ

m+1 ≥ 2 (cf. [1, (6.6) Theorem] or Equation (1.2)).
Next, let us endow L(λ )⊗ L(d) with the coset Vir-module structure (see Section 2 for the

details of the coset Virasoro actions). Then, we can trivially extend this coset Vir-module structure
to a L -module structure on L(λ )⊗L(d) as follows:

(1) the generators Ln and C act on L(λ )⊗L(d) through the coset Virasoro actions defined in
(2.9).
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(2) the generators Gn, Z, and C̃ act trivially on L(λ )⊗L(d).

We should notice that L(λ )⊗L(d) becomes a unitary representation of L under the actions (1) and
(2). We also see from (2.9) that the element C acts on L(λ )⊗L(d) as

(
3m

m+2 +1− 3(m+1)
m+3

)
Id. Let us

now take the tensor product of L(λ )⊗L(d) with the integrable highest weight g̃-module L(d +α).
Then, we obtain a unitary representation (L(λ )⊗L(d))⊗L(d +α) of L . (Here, L(d +α) is con-
sidered as a unitary representation of L through Theorem 3.2.) Note that the central elements C̃
and Z act on (L(λ )⊗L(d))⊗L(d +α) as c̃d+α Id and Id, respectively. In addition, the eigenvalue
c of the central element C on (L(λ )⊗L(d))⊗L(d +α) is(

3m
m+2

+1− 3(m+1)
m+3

)
+
(
1+12c̃2

d+α

)
.

Thus, these yield that c−12c̃2
d+α

= 2− 6
(m+2)(m+3) which is a special case of Equation (1.3) when

ca = 1.
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