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This paper is dedicated to provide theta function representations of algebro-geometric solutions and related
crucial quantities for the two-component Hunter-Saxton (HS2) hierarchy through an algebro-geometric initial
value problem. Our main tools include the polynomial recursive formalism, the hyperelliptic curve with finite
number of genus, the Baker-Akhiezer functions, the meromorphic function, the Dubrovin-type equations for
auxiliary divisors, and the associated trace formulas. With the help of these tools, the explicit representations
of the algebro-geometric solutions are obtained for the entire HS2 hierarchy.

Keywords: Hyperelliptic curve; Baker-Akhiezer function; Algebro-geometric solutions; Trace formulas.

2000 Mathematics Subject Classification: 35Q53, S8F07, 53C35

1. Introduction

In this paper, we consider the following two-component Hunter-Saxton (HS2) system

my + 2um +umy + opp, =0,
(1.1
pr + (up )x =0,
where m = —uy,, 0 = 1. The system (1.1) was recently introduced by Constantin and Ivanov

in [9]. The variable u(x,7) describes the horizontal velocity of the fluid and the variable p(x,7)
is in connection with the horizontal deviation of the surface from equilibrium, all measured in
dimensionless units [9]. The HS2 system (1.1) is the short-wave (or high-frequency) limit of the
two-component Camassa-Holm shallow water system [9, 17,39, 43]. This system, reading as (1.1)
with m replaced by (1 — 92 )u, has recently been the object of intensive study (see [8,9,25,26,45]).
The HS2 system (1.1) is integrable, since it has a Lax pair [9] and a bi-Hamiltonian structure [9,39].
It is also a particular case of the Gurevich-Zybin system describing the dynamics in a model of non-
dissipative dark matter [24, 40, 44]. The mathematical properties of the system (1.1) have been
studied further in a series of works (see [9,23, 24, 36,42-44]).
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For p = 0, the system (1.1) becomes the Hunter-Saxton (HS) equation [30], which models
the propagation of weakly nonlinear orientation waves in a massive nematic liquid crystal director
field. Here, u(x,t) describes the director field of a nematic liquid crystal, x is a space variable in a
reference frame moving with the linearized wave velocity, and 7 is a slow time variable. The field of
unit vectors (cosu(x,t),sinu(x,t)) describes the orientation of the molecules [23,30,44].

The HS equation also arises in a different physical context as the high-frequency limit [13,31]
of the Camassa-Holm (CH) equation —a model equation for shallow water waves [7, 11, 32] and
a re-expression of the geodesic flow on the diffeomorphism group of the circle [10] with a bi-
Hamiltonian structure [18], which is completely integrable [12]. The HS equation is also a com-
pletely integrable system with a bi-Hamiltonian structure, and hence, it possesses a Lax pair, an
infinite family of commuting Hamiltonian flows, as well as an associated sequence of conservation
laws [5,30,31,39,41]. It also describes the geodesic flow on the homogeneous space related to the
Virasoro group [33-35]. Recently, algebro-geometric solutions for the HS hierarchy was investi-
gated in [28]. Moreover, peakon solutions, global weak solutions and the Cauchy problem of the
system (1.1) were discussed in [9, 23, 36, 44]. However, within the knowledge of the authors, the
algebro-geometric solutions of the entire HS2 hierarchy are not studied yet.

This paper concerns algebro-geometric quasi-periodic solutions of the whole HS2 hierarchy
associated with (1.1). The algebro-geometric solution, as an important feature of integrable sys-
tem, is a kind of explicit solution closely related to the inverse spectral theory [1,6, 14-16]. In a
degenerated case of the algebro-geometric solution, the multi-soliton solution and periodic solution
in elliptic function type may be obtained [6,37,38]. A systematic approach, proposed by Gesztesy
and Holden to construct algebro-geometric solutions for integrable equations, has been extended to
the whole (1+1) dimensional integrable hierarchy, such as the AKNS hierarchy, the CH hierarchy,
etc. [19-22]. Recently, we investigated algebro-geometric solutions for the modified CH hierarchy
and the Degasperis-Procesi hierarchy [27,29].

The outline of the present paper is as follows.

In section 2, based on the polynomial recursion formalism, we derive the HS2 hierarchy associ-
ated with the 2 x 2 spectral problem. A hyperelliptic curve %, of arithmetic genus # is introduced
with the help of the characteristic polynomial of Lax matrix V), for the stationary HS2 hierarchy.

In Section 3, we decompose the stationary HS2 equations into a system of Dubrovin-type equa-
tions. Moreover, we obtain the stationary trace formulas for the HS2 hierarchy.

In Section 4, we present the first set of our results, the explicit theta function representations of
the potentials u, p for the entire stationary HS2 hierarchy. Furthermore, we study the initial value
problem on an algebro-geometric curve for the stationary HS2 hierarchy.

In Sections 5 and 6, we extend the analyses of Sections 3 and 4, respectively, to the time-
dependent case. Each equation in the HS2 hierarchy is permitted to evolve in terms of an indepen-
dent time parameter f,. As initial data, we use a stationary solution of the nth equation and then
construct a time-dependent solution of the rth equation of the HS2 hierarchy. The Baker-Akhiezer
function, the analogs of the Dubrovin-type equations, the trace formulas, and the theta function
representations in Section 4 are all extended to the time-dependent case.

Finally, we remark that although our focus in this paper is on the case o =1 in (1.1), all of the
arguments presented here can be adapted to study the corresponding case ¢ = —1.
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Algebro-geometric solutions for the HS2 hierarchy

2. The HS2 hierarchy

In this section, we provide the construction of HS2 hierarchy and derive the corresponding sequence
of zero-curvature pairs using a polynomial recursion formalism. Moreover, we introduce the under-
lying hyperelliptic curve in connection with the stationary HS2 hierarchy.

Throughout this section, we make the following hypothesis.

Hypothesis 2.1. In the stationary case, we assume that
u,p € C*(R), o*u,d*p € L*(R), k € Np. 2.1)
In the time-dependent case, we suppose

u(-,1),p(-t) € C*(R), d*u(-,1),0%p(-,1) € L*(R), ke Ny, t € R,
u(x, ), e (x,-), P (x,-), px(x,-) €C'(R), x€R.

We first introduce the basic polynomial recursion formalism. Define {f;}en,, {g1}ien,, and
{M}1en, recursively by

2.2)

1
fO = 57
fre==29 (207 fi 25+ 2 fi 1 x+200ufi 2 F theefi1), LEN, 03
| .
8= 5fl+1,x, I € N,
h=—8 1.~ P fi—tufir1, €Ny,
where ¢ is given by
G:CGR)—
2.4)
/ / y) dydx;, x€eR,veCy(R).
One observes that ¢ satisfies
d2
E Og =W (25)
Explicitly, one computes
1
fO = 57
fl =-—-u+ 1,
=95 — p* + 2uuy) +2¢1 (—u) + 2,
(2.6)

80 = — Z Uy,

1
2
1 1
g1 = 5%(4uxuxx + 2uttyee — 2P Px) + 2¢1 (—Eux),
1
= _EfZ,xx - psz — Uy f1, €tC.,

where {c;}1eny C C are integration constants.
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Next, it is convenient to introduce the corresponding homogeneous coefficients f,4;, and hy,
defined by the vanishing of the integration constants ¢,k =1,...,,

A 1 N
fO :f() = 3 fl :fl|c’k:07 k=1,....1» le N7

2
. 1 .
Bo=g0=—7ux, &= 8ile=0, k=1,..1, LEN, 2.7)
ho = ho, =m0, k=1..1, [EN.
Hence,
I . ! l .
fi=Y.2cfe, @=Y,2c 48, m=) 2c i, 1€N, (2.8)
k=0 k=0 k=0
defining
1
co — 5 (29)
Now, given Hypothesis 2.1, one introduces the following 2 x 2 matrix U by
—U(zx)y = 0 . (2.10)
Yy =U(Z,X)Y = —Z_ZPZ—Z_IMXXO v, .
and for each n € Ny, the following 2 x 2 matrix V,, by
¥, = Va2 W, (2.11)
with
—Gn(Z) n(Z)
Vu(z) = , € C\ {0}, € No, 2.12
n(Z) <Z2Hn(Z) Gn(Z) Z \{ } n 0 ( )

assuming F;,, G, and H, to be polynomials® with respect to z and C* in x. The compatibility condi-
tion of linear system (2.10) and (2.11) yields the stationary zero-curvature equation

—Vux+[U,V,] =0, (2.13)
which is equivalent to
F,x =2Gy, (2.14)
H,o=2(p* + 21t) Gy, (2.15)
PGpy = —H, — (p* + 2 Fy. (2.16)

4F,, Gy, Hy, are polynomials of degree n+ 1,n,n+ 1, respectively.
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Algebro-geometric solutions for the HS2 hierarchy

From (2.14)-(2.16), one infers that

d 1d
rdet(Va(ex) =~ 5 ( 2G,(2,%)% + Fy(2,%)H, (z,x)) —0, 2.17)
and hence
2G(z,x)? + Fo(2,X)Hp (2, %) = Ropi2(2), (2.18)
where the polynomial Ry, ;, of degree 2n + 2 is x-independent. In another way, one can write Ry;,»
as
1 5 1 2n+1
Roni2(2) = <4 uy + 2h0> [1Gz—En), {Emtm=o...2nr1€C. (2.19)
m=0

Here, we emphasize that the coefficient (%uﬁ + %ho) is a constant. In fact, equation (2.17) is equiv-
alent to

222GyGx + FyHy x4+ Hy Fy o = 0. (2.20)
Then comparing the coefficient of powers 72"+ yields
28080.x + fohox +hofox =0, (221
which indicates
1 1
5 Utk + Eho’x =0. (2.22)
Therefore,
1 1 1 1
1 )2C+ 2h =d~ (2uxuxx+ 2h07x> = constant. (2.23)

For simplicity, we denote it by a®, a € C. Then, Ra,12(z) can be rewritten as

2n+1
Roni2(z) =a H En);, {Em}m=o0,.20+1 € C. (2.24)

Next, we compute the characteristic polynomial det(yl — zV,) of Lax matrix zV,,
det(yl —zV,) = y* — 22G,(2)? — Fu(2)Hu(2)
=) —Rania(2) =0, (2.25)
and then introduce the (possibly singular) hyperelliptic curve _#;, of arithmetic genus n defined by
S Fu(2,y) =y — Ranya(z) = 0. (2.26)

In the following, we will occasionally impose further constraints on the zeros E,, of Ry, , intro-
duced in (2.24) and assume that

En€C, En#Ey, Ym#m', mm =0,...2n+1. (2.27)

The stationary zero-curvature equation (2.13) implies polynomial recursion relations (2.3).
Introducing the following polynomials F,(z), G,(z), and H,(z) with respect to the spectral parameter
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2,

n+1

F(z)=Y i, (2.28)
=0

n

Gu(z) =) &1z, (2.29)
=0
n+1

Hy(z) =Y mz" ' (2.30)
=0

Inserting (2.28)-(2.30) into (2.14)-(2.16) then yields the recursion relations (2.3) for f;, [ =
0,....n+1, and g, I = 0,...,n. For fixed n € Ny, we obtain the recursion relations for A,
[=0,...,n—11in(2.3) and

o= =P fo = teefart,  huyr =—p*fur1. (2.31)
Moreover, from (2.15), one infers that

- hmx +p2fn,x + uxxfn-i—l,x =0, neN,

) (2.32)
_hn+1,x+p fn-‘rl,x:O) n € Np.
Then using (2.31) and (2.32) permits one to write the stationary HS2 hierarchy as
2 fr 10+ Uroe fur1 + 2P Pxfn + 2p2fn x)
s-HS2,(u,p) = ’ ~ 1 =0, ne&Np. 2.33
n( p) ( _2pprn+1 _2p2fn+1,x 0 ( )
We record the first equation explicitly,
S—HS20(M,p) _ ( —2uxuxx — Uy + PPx+ Cluxxx> 0. (234)
Pxl+ Pux —C1Px

By definition, the set of solutions of (2.33) represents the class of algebro-geometric HS2 solu-
tions, with n ranging in Ny and ¢; in C, [ € N. We call the stationary algebro-geometric HS2 solu-
tions u, p as HS2 potentials at times.

Remark 2.2. Here, we emphasize that if u, p satisfy one of the stationary HS2 equations in (2.33)
for a particular value of n, then they satisfy infinitely many such equations of order higher than n for
certain choices of integration constants ¢;. This is a common characteristic of the general integrable
soliton equations such as the KdV, AKNS, and CH hierarchies [21].

Next, we introduce the corresponding homogeneous polynomials E, (A}l,ﬁz by

l
Fi(z) = F(2)lo=0, k=1..0 = Y, id ", 1=0,...,n+1, (2.35)
k=0
. [
Gi(2) = Gi(2)]e=0, k=10 = Y. &2 ", 1=0,...,n, (2.36)
k=0
A~ l ~
Hi(z) = H(2)|epm0, k1,0 = Y 5, 1=0,...,n—1, (2.37)
k=0
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n—1

Hy(z) = =P fu— w1 + Y, 2™, (2.38)
k=0

Hyi1(2) = —p2fros1 +2Hu(2). (2.39)

In accordance with our notation introduced in (2.7) and (2.35)-(2.39), the corresponding homo-
geneous stationary HS2 equations are then defined by

=0, neN. (2.40)

.....

At the end of this section, we turn to the time-dependent HS2 hierarchy. In this case, u, p are
considered as functions of both space and time. We introduce a deformation parameter #, € R in u
and p, replacing u(x),p(x) by u(x,t,),p(x,,), for each equation in the hierarchy. In addition, the
definitions (2.10), (2.12), and (2.28)-(2.30) of U, V, and F,,G,, and H,, respectively, still apply.
The corresponding zero-curvature equation reads

U, —Vox+[U,V,] =0, neNy, (2.41)

which results in the following set of equations

Fox = 2Gh, (2.42)
ZGyx = —Hy— (p* + 2U) Fr, (2.43)
—2ppy, — ZUag, — Hyx +2(p* + 214) G, = 0. (2.44)

For fixed n € Ny, inserting the polynomial expressions for F,, G,,, and H,, into (2.42)-(2.44), respec-
tively, first yields recursion relations (2.3) for fi|;=o, .. n+1, 81li=0....n» Mil1=o0,..n—1 and

hn = =P fa—thefui1,  hng1 =—p fus1. (2.45)

Moreover, using (2.44), one finds
— Uyxxt, _hn,x+p2fn,x+uxxfn+l,x =0, neNy, (2.46)
2pptn+hn+l,x_p2fn+1’x:0, n e Np. '

Hence, using (2.45) and (2.46) permits one to write the time-dependent HS2 hierarchy as

— Uy, + 2”xxfn+l X + uxxxfn—i—l + 2pprn + 2p2fn.,x
2pptn - 2pprn+l - 2p2fn+l7x

For convenience, we record the first equation in this hierarchy explicitly,

HS2,(u,p) = < ) =0, neNp. (2.47)

(2.48)

HSZO(u,p) _ < —Uxxtg — 2U Uy — Ullyxy +ppx+ Cl”xxx) —0.

Pry + Pxt + Pty — C1Px

The first equation HS2y(u,p) = 0 (with ¢; = 0) in the hierarchy represents the HS2 system as
discussed in section 1. Similarly, one can introduce the corresponding homogeneous HS2 hierarchy
by

HS2,,(u,p) = HS2, (it, p)|e)=0. 1=1..n =0, n € Ny. (2.49)

goeny

In fact, since the Lenard recursion formalism is almost universally adopted in the contempo-
rary literature, we thought it might be worthwhile to use the Gesztesy and Holden’s method, the
polynomial recursion formalism, to construct the HS2 hierarchy.
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3. The stationary HS2 formalism

This section is devoted to a detailed study of the stationary HS2 hierarchy. We first define a funda-
mental meromorphic function ¢ (P, x) on the hyperelliptic curve %, using the polynomial recursion
formalism described in section 2, and then study the properties of the Baker-Akhiezer function
(P, x,xp), Dubrovin-type equations, and trace formulas.

For major parts of this section, we assume (2.1), (2.3), (2.6), (2.10)-(2.16), (2.26)-(2.30), and
(2.33), keeping n € Ny fixed.

Recall the hyperelliptic curve %,

Hn: Fu(2,5) =Y — Ropga(2) =0,

2] (3.1)
Roni2(2) =a” [ c—En), {Em}m=o...20+1 €C,
m=0

which is compactified by joining two points at infinity P, , with P, # P . But for notational
simplicity, the compactification is also denoted by .%,. Hence, %, becomes a two-sheeted Riemann
surface of arithmetic genus n. Points P on %, \{Pw+ } are denoted by P = (z,y(P)), where y(-) is
the meromorphic function on %, satisfying .%,(z,y(P)) = 0.

The complex structure on %, is defined in the usual way by introducing local coordinates

8oy : P — (z—20)

near points Qyp = (z0,y(Qo)) € 45, which are neither branch nor singular points of J#;; near the
branch and singular points Q1 = (z1,y(Q1)) € %, the local coordinates are

Co, P — (z—21)"/%

near the points P.., € %, the local coordinates are
~1

Cpxi :P—z

The holomorphic map *, changing sheets, is defined by

{%{1 — A,

X :

P:(Zayj(z))%P*:(Zayj—i-l(modZ)(Z))v J=0,1,

P = (P")", etc., (3.2)

where y;(z), j = 0, 1 denote the two branches of y(P) satisfying .%,(z,y) = 0, namely,

(y=0(2)(y=21(z)) = ¥ — Rany(z) = 0. (3.3)
Taking into account (3.3), one easily finds

Yo + y1= 07
Yoy1 = —Ront2(2), (3.4)
2 2
Yo+ 1 = 2Ron12(2).
Co-published by Atlantis Press and Taylor & Francis
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Moreover, positive divisors on .%, of degree n are denoted by

-----

) k if Poccurs k times in {P,..., P}, (3.5)
"o itrp¢{p,....R).

X
X

Y

Next, we define the stationary Baker-Akhiezer function y(P,x,x0) on ., \ {Pe, P Py =
V/(P,X,X()) - < (
va(P,
(

(Oalpfn+l)} by
X())
xe))
(P, x0) = U (u(x), p(x),2(P)) W(P,x,x0),

Va(u(x),p(x),2(P))W(Px,x0) = y(P)W(P,x,x),
1 (PX(),X()) =1;
P (Z y)e’%/\{ °°+7P°°77P0:(07ipfn+1)}? (.X,XO)ERz.

Closely related to y(P,x,xo) is the following meromorphic function ¢ (P, x) on .%#;, defined by

(3.6)

z Wl,x(Rxax())

P x) = , Pedy, xeR 3.7
such that
v (P,x,x0) —exp< / o(Px)d >, P e Hp\{Pw, ,Pus_,Py}. (3.8)
Then, based on (3.6) and (3.7), a direct calculation shows that
y+2Gn(z,x)
Px)="—""""7
?(Px) F(z,x)
H,(z,x)
=12 3.9
y—2Gy(2,%) G5
and
Ya(P.x.x0) = i (P.x,x0) (P) = (3.10)

In the following, the roots of polynomials F, and H, will play a special role, and hence, we
introduce on C x R

1 n n
Fi(z,x) = 5 [1(z= (%)), Ha(zx) = ho] J(z = vi(x)). 3.11)
=0 1=0
Moreover, we introduce
.a]'(x):(:u]( ), ,LL]( ) n(”j(x)vx))e'%/m j=0,...,n, xeR, (3.12)
and
f/l(x) = (Vl(x), vl(x)Gn(vl(x),x)) €, 1=0,....,n, xeR. (3.13)
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Due to assumption (2.1), u and p are smooth and bounded, and hence, Fy(z,x) and H,(z,x) share
the same property. Thus, one concludes

uj,v€eC(R), j,l=0,...,n, (3.14)

taking multiplicities (and appropriate reordering) of the zeros of F;, and H,, into account. From (3.9),
the divisor (¢ (P,x)) of ¢ (P,x) is given by

(¢(Px)) = Da)9x) (P) = Dy () (P)- (3.15)
Here, we abbreviated
A={,....Q}, V={V,...,V,} €Sym" (). (3.16)

Further properties of ¢ (P,x) are summarized as follows.

Lemma 3.1. Suppose (2.1), assume the nth stationary HS2 equation (2.33) holds, and let P =
(2,5) € Hn\{Pw, ,Pu_, R0}, (x,%0) € R% Then ¢ satisfies the Riccati-type equation

Oc(P)+27'0(P)* = —27' p” — s, (3.17)
as well as
H,
O(P)O(PT) =~ 1 ((ZZ)) (3.18)
2zG,
(P +9(P) = o), 3.19
2
O(P)—¢(P") = (yz)- (3.20)
Proof. Equation (3.17) follows using the definition (3.9) of ¢ as well as relations (2.14)-(2.16).
Relations (3.18)-(3.20) are clear from (2.18), (3.4), and (3.9). O

The properties of y(P,x,xg) are summarized in the following lemma.

Lemma 3.2. Suppose (2.1), assume the nth stationary HS2 equation (2.33) holds, and let P =
(2,3) € Hu \{Pw, , P, P}, (x,%0) € R?. Then y1 (P, x,x0), Y2 (P,x,Xo) satisfy

- Fu(z,x) \1/2 y[* N
Vi (P,X,XO) - <Fn(Z,xO)) exXp <Z o Fn(Z,X) dx' |, (3.21)
E3 _ Fn(Zax)
v (P, x,x0)yi1 (P*,x,x0) = Falzxo)’ (3.22)
* _ Hn(va)
W2 (P, x,x0) Yo (P*,x,x0) = ZFy(ex) (3.23)
« « Gu(z,x)
V1 (P, x,x0) Y2 (P", x,x0) + w1 (P*,x,%0) W2 (P,x,x0) = 2 , (3.24)
Fn(Z,Xo)
-2
Wi (P, x0) Y (P, %0) — Wi (P, X0) Y (P, o) = . (3.25)
zF,(z,x0)

Proof. Equation (3.21) is a consequence of (2.14), (3.8), and (3.9). Equation (3.22) is clear from
(3.21) and (3.23) is a consequence of (3.10), (3.18), and (3.22). Equation (3.24) follows using (3.10),
(3.19), and (3.22). Finally, (3.25) follows from (3.10), (3.20), and (3.22). ]
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In Lemma 3.2, we denote by

vi(P)=vi o, vi(P") =y, va(P) =21, vo(P") = ¥ -,
and then (3.22)-(3.25) imply

WiV Wi v ) = (Vis¥o + Vi) =4y v Yy, (3.26)

which is equivalent to the basic identity (2.18), ZZG% + F,H, = Ry,12. This fact reveals the relations
between our approach and the algebro-geometric solutions of the HS2 hierarchy.

Remark 3.3. The Baker-Akhiezer function y of the stationary HS2 hierarchy is formally analogous
to that defined in the context of KdV or AKNS hierarchies. However, its actual properties in a
neighborhood of its essential singularity will feature characteristic differences to standard Baker-
Akhiezer functions (cf. Remark 4.2).

Next, we derive Dubrovin-type equations, that is, first-order coupled systems of differential
equations that govern the dynamics of u;(x) and v;(x) with respect to variations of x.

Lemma 3.4. Assume (2.1) and the nth stationary HS2 equation (2.33) holds subject to the con-
straint (2.27).

(i) Suppose that the zeros {p1j(x)} j—o

X)}i=0,..n ofF (z,x) remain distinct for x € &, where Q;; CR
is an open interval, then {11;(x)} -

..n satisfy the system of differential equations,

.....

y(fy

Hjx =4 H(m() w(x)~"', j=0,....n, (3.27)
Hj iZo
k#j
with initial conditions
{f1;(x0)} j=0...n € i, (3.28)

for some fixed xo € Q. The initial value problem (3.27), (3.28) has a unique solution
satisfying

fij € C*(Qu, %), Jj=0,....n. (3.29)

n of Hy(z,x) remain distinct for x € Q,, where Q,, CR
n satisfy the system of differential equations,

,,,,,

2 o n

v,.x:—z“’ TV T () —viw) ™, 1=0om, (3.30)
i h() \%i =0
k£l

with initial conditions

{Vi(x0) }i=0,...n € S, (3.31)

for some fixed xy € Qy. The initial value problem (3.30), (3.31) has a unique solution
satisfying

neC(Qy,06,), 1=0,....n (3.32)
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Proof. It suffices to prove (3.27) and (3.29) since the proof of (3.30) and (3.32) follow in an identical
manner. Differentiating (3.11) with respect to x then yields

n

1
Fox(lj) = =5 Hj kl'!) (1j(x) — e (x)). (3.33)
k£

On the other hand, taking into account equation (2.14), one finds

ymf_). (3.34)
J

Fn,x(.uj) = 2Gn(“j> =2 —
Then combining equation (3.33) with (3.34) leads to (3.27). The proof of smoothness assertion
(3.29) is analogous to the KdV case in [21]. ]

Next, we turn to the trace formulas of the HS2 invariants, that is, expressions of f; and /; in
terms of symmetric functions of the zeros u; and v; of F, and H,, respectively. For simplicity, we
just record the simplest case.

Lemma 3.5. Suppose (2.1), assume the nth stationary HS2 equation (2.33) holds, and let x € R.
Then

12 1 2n+1
u(x) = > Y w0 - 3 Y En (3.35)
j=0 m=0

Proof. Equation (3.35) follows by considering the coefficient of z” in F, in (2.28) and (3.11), which
yields

1 n
—u-+tc :—EZ‘UJ‘. (3.36)
j=0
The constant ¢; can be determined by a long straightforward calculation considering the coefficient
of z2"*1 in (2.18), which results in

1 2n+1
a=-3 Z En. (3.37)

m=0

4. Stationary algebro-geometric solutions of HS2 hierarchy

In this section, we obtain explicit Riemann theta function representations for the meromorphic func-
tion ¢, and especially, for the solutions u, p of the stationary HS2 hierarchy.
We begin with the asymptotic properties of ¢ and y;, j = 1,2.

Lemma 4.1. Suppose (2.1), assume the nth stationary HS2 equation (2.33) holds, and let P =
(z,y) € Hp\{Pw, ,Pu_,Po}, (x,X0) € R2. Then

¢(P) o —uc(x)+0(), P—P., (=2, 4.1
. iuxx(x)_px(x) _
o(P) o zp(x)+T(x)c+0(g2), P—P, (=z 4.2)
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and

v (Px,x0) = exp ((u( )NE+0(?), P—P., =z, 4.3)

4)

Va(Prx) = O(F) ex ((() u(x))§+0(8%), P—P.., (=z'. (44
l//l(P,x,xo = exp< dxp (1)>7 P—PR, =z 4.5)

W2 (P, x,x0) gio 0(¢ M exp <C/xo dx’' p(x’)+0(1)> , P—=PR, (=z (4.6)

Proof. The existence of the asymptotic expansions of ¢ in terms of the appropriate local coordinates
¢ =z near P., and { = z near Py is clear from its explicit expression in (3.9). Next, we compute
the coefficients of these expansions utilizing the Riccati-type equation (3.17). Indeed, inserting the
ansatz

¢ = do+thz ' +0(7) “7)
into (3.17) and comparing the same powers of z then yields (4.1). Similarly, inserting the ansatz
0 = do+h1z+0(%) (4.8)
z—0

into (3.17) and comparing the same powers of z then yields (4.2). Finally, expansions (4.3)-(4.6)
follow from (3.8), (3.10), (4.1), and (4.2). O

Remark 4.2. We note the unusual fact that Py, as opposed to P, is the essential singularity of
y;, j = 1,2. In addition, one easily finds the leading-order exponential term in y;, j = 1,2, near Py
is x-dependent, which makes matters worse. This is in sharp contrast to standard Baker-Akhiezer
functions that typically feature a linear behavior with respect to x in connection with their essential
singularities of the type exp(c(x —xp){ ') near { = 0.

Next, we introduce the holomorphic differentials 1;(P) on %,

-1
=22 4z, I=1,....n, (4.9)

and choose a homology basis {a;,b j}7:1 on %, in such a way that the intersection matrix of the
cycles satisfies

Clebk:(s]"k, CleakZO, bjOkaO, j,kzl,...,n

Associated with ., one introduces an invertible matrix E € GL(n,C)

E= (E]k nxns jk—/ n]7

(4.10)
c(k) = (c1(k),...en(k),  ¢j(k) = (E71)j,
and the normalized holomorphic differentials
n
O)j:ZCj(l)Tll, / (Oj: i ks / COj:‘Cij, j,k:I,...,n. (4.11)
=1 aj bk

Apparently, the matrix 7 is symmetric and has a positive-definite imaginary part.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
485



Yu Hou and Engui Fan

We choose a fixed base point Qg € 7, \ {flo(x), Vo(x) }. The Abel maps Ay (-) and & (-) are
defined by

Ag, : Hn— J(Hy) = C"/L,,
P P (4.12)
PHAQO(P) = (AQOJ(P)v"'?AQom(P)) = (/ wla--'a/ wn) (mOd Ln)

Qo Qo

and

7 a0, (2)= Y. 2(P)Ag,(P). (4.13)

where L, ={z€ C"|z=N+1tM, N, M € Z"}.
Let CID,(f ) (i), Wye1(i1) be the symmetric functions of {i;} j—o,...x,

o (1) = (- H My Pusr () = (1)1 Hup (4.14)
p#/
Here, (x) = (Ho(x), 11 (¥), . 1o (¥)) = Ho (1)1 ().
The following result shows the nonlinearity of the Abel map with respect to the variable x, which

indicates a characteristic difference between the HS2 hierarchy and other completely integrable
systems such as the KdV and AKNS hierarchies.

Theorem 4.3. Assume (2.27) and suppose that {[1;(x)}j—o,.n satisfies the stationary Dubrovin
equations (3.27) on an open interval , C R such that puj(x),j = 0,...,n, remain distinct and
nonzero for x € Q. Introducing the associated divisor D, () (x), one computes

e
an-‘rl (I:"(x))

In particular, the Abel map does not linearize the divisor D (x)a(x) 01 Qpu-

8 OCQO(.@ (A (x )) g(l), X € Q“. (4.15)

Proof. Let x € €. Then, using

=0 Wp N,
R A () j=0,....n (4.16)
i ooty  Wani() T

—_—

one obtains

=ok=1 Hj %ﬁ(j) (1j— )
4a U .Ul-(il ()
= — — c J @,/ I
o () < )ngéq(uj R
J
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Z ig Un1(2)kj(Uni1 (1))

n
o1 (R ]70k:1
n

- Z k)8,
n+1 “ k=1

__4e
n+1(.a)

(1), 4.17)

[

where we used the notation ® = (@, ..., ®,), and the relations (cf.(E.13), (E.14) [21]),

k—1 "
H;j

- . U ()~ = (oY : 4.18
(e A= (e @) (“.18)
J

Un+1 (/._L) =

The analogous results hold for the corresponding divisor Zg(y)y(x) associated with ¢ (P, x).
Next, we introduce
o - A \ P, Poo } = CT,
P = EQO(P) = (BQO Iy BQoJl)

5 (4.19)
B fQO w+ n= 1,
(15,m2 8 ).n=2
QO R QO n QO Pm+~,Poo, ) Z 4
where @) , = az'dz/y(P) (c£(F53) [21]) and
B, : Sym" (Ao \{Pe P }) = C",
(4.20)

n
@Q ZE Qj Q:{Qla aQn}ESym (Ji/\{ L) ,})7
choosing identical paths of integration from Qg to P in all integrals in (4.19) and (4.20). Then, one
obtains the following result.

Corollary 4.4. Assume (2.27) and suppose that {{1;(x)}j—o...., satisfies the stationary Dubrovin
equations (3.27) on an open interval Qy C R such that pj(x),j = 0,...,n, remain distinct and
nonzero for x € ;. Then one computes

o, Z/ +;4(C;1( o xeQ,, 4.21)
A 4a, n=1,
KB (Zp) = {4a (0....0,1),n>2 &% (422)

Proof. Equation (4.21) is a special case of (4.15). Equation (4.22) follows from (4.17). U

The fact that the Abel map does not provide the proper change of variables to linearize the
divisor Py (va(x) in the HS2 context is in sharp contrast to standard integrable soliton equations
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such as the KdV and AKNS hierarchies. However, the change of variables

o /xd’( da ) (4.23)

X X= X ———— .
lPn—&—l (nu ('x,»

linearizes the Abel map Ay (Z;,v)i(x))> j(X) = 1;(x),j =0,...,n. The intricate relation between

the variable x and ¥ is detailed in (4.34).

Next, given the Riemann surface ./, and the homology basis {a;,b;} ;-
Riemann theta function by

», one introduces the

ey

0(z) = Z exp <27ri(g,;) + mi(n, m)), zeC",

nezh

where (A,B) = Y_; A;B; denotes the scalar product in C".
Let

(3) (Y= 10Gu(x)  y+wGa(®)\ dz | At |
a)ﬂo(x),oo(x)(P) = < — o T v 2y+ Y JI;II(Z_)LJ)dZ (4.24)

be the normalized differential of the third kind holomorphic on ., \ {fip(x), Vo(x)} with simple
poles at flyp(x) and Vp(x) and residues 1 and —1, respectively,

Ofnta o (P) =, (€ FOMNE,  as P o) (4.25)
Ot 500 (P) o (=& '+ 0(1)de, asP— Po(x), (4.26)

tion
ag fio(x), Vo (x) ’ AR
Then
Pw(3) (P) = In{+ey+0(L), asP— fp(x) (4.27)
Qo fo(x). Vo (x) C:O 0 ’ Ho(x), .
o) (P) = —In{+dy+0(L), asP— Vy(x) (4.28)
Qo [.AL()()C),\A/Q(X) C:() 0 ) 0lX), .

for some constants egy,dy € C. We also record

Ap,(P)—Agp, (P..) o +UL+0(E%), asP—P.,, U=c(n). (4.29)

In the following, it will be convenient to introduce the abbreviations

2(P,Q) = Ep, —Ag, (P) + 0, (%),
PeJy, Q=(01,...,0,) € Sym" (), (4.30)

where EQo is the vector of Riemann constants (cf.(A.45) [21]). It turns out that z(-, Q) is independent
of the choice of base point Qg (cf.(A.52), (A.53) [21]).
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Based on above preparations, we will give explicit representations for the meromorphic function
¢ and the stationary HS2 solutions u, p in terms of the Riemann theta function associated with J7;,.

Theorem 4.5. Suppose (2.1), and assume the nth stationary HS2 equation (2.33) holds on Q sub-
ject to the constraint (2.27). Moreover, let P = (z,y) € J#, \{Po} and x € Q, where Q C R is an
open interval. In addition, suppose that Dy y), or equivalently, Dy, is nonspecial for x € Q. Then,
o, u, and p admit the following representations

8P YW)0(E(R,AKX))) P
00 =0 g st oap e (0 Ohbnis ) 430
s 1 1 6(2(Pe,, A(x) + @)
u(x) = -5 EO E,+ 5; Aj— 5]; Ujdp,In (9(Z(Pw e +w)> ‘Q:o’ (4.32)
6(z(Po, V(x)))0(2(Pe, , A(x)))
= iuy — = . 4.33
P = ) g 90O (R A1) 439
Moreover, let Q C Q be such that W, j =0,...,n, are nonvanishing on Q. Then, the constraint
o [ Ay -(3) ,
4a(x—xo) = —4a o o () ]; (/a, COPN+P°°7)C](1)
6(2(Po_, 1(x0))) 6 (2(Pos,. , f1(x))) ~
+1 = = , X, Q 4.34
" (9(Z(Pw+,u(xO)))9(Z(Pm#(ﬂ))) 0 € @39
holds, with
N N X dx’
%o\ Zpowa) = o, (Zaoxonin) —4a | g —mrmyel)
= 00, (Zp(a(x)) — (1) (F—Xo), x€ Q. (4.35)

Proof. First, we temporarily assume that
wi(x) # wp(x),  vie(x) # vie(x) for j# j',k# K andx € Q, (4.36)

for appropriate Q C Q. Since by (3.15), Diov ~ Dpop» and (flo)* & {fu1,..., A, } by hypothesis, one
can use Theorem A.31 [21] to conclude that % € Sym"(.#;) is nonspecial. This argument is of
course symmetric with respect to fl and V. Thus, &, is nonspecial if and only if % is.

Next, we derive the representations of ¢, u, and p in terms of the Riemann theta function. A
special case of Riemann’s vanishing theorem (cf. Theorem A.26 [21]) yields

0(Eg, —Ag,(P)+ 0y (Z0)) =0 ifandonlyif P {Q,...,0.}. 4.37)

Therefore, the divisor (3.15) shows that ¢ (P,x) has expression of the type

0(Zg, —Ag, (P) + &g, (Yo P
X)G(EQO—AQO(P)+aQO(9ﬂ(x)))eXp<eO_ / . ) (4.38)

00 Pox).Vo(x)
where C(x) is independent of P € .%,. Then taking into account the asymptotic expansion of ¢ (P, x)
near Py in (4.2), we obtain (4.31). The representation (4.32) for u on Q follows fromNtrace formula
(3.35) and the expression (F.59) [21] for Z?:o u;. The representation (4.33) for p on Q is clear from

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
489



Yu Hou and Engui Fan

(4.1) and (4.31). By continuity, (4.31), (4.32), and (4.33) extend from Qto Q. Assuming p; # 0,
j=0,...,n, the constraint (4.34) follows by combining (4.21L (4.22), and (F.58) [21]. Equation
(4.35) is clear from (4.15). Finally, (4.34) and (4.35) extend to Q by continuity. U

Remark 4.6. We note that the stationary HS2 solutions u, p in (4.32) and (4.33) are meromorphic
quasi-periodic functions with respect to the new variable ¥ in (4.23). In addition, the Abel map in
(4.35) linearizes the divisor Zp()a(x) With respect to ¥ under the constraint (4.34).

Remark 4.7. Since by (3.15) %y, and %y, are linearly equivalent, that is

Ag, (o (x)) + 2o, (Za(x)) = Agy (Vo(x)) + 2o, (D)) (4.39)

Then one infers
%) (Do) = A+ 2o (Zp(): A= Agy ) (o(x)). (4.40)
Hence, one can eliminate %y, in (4.31), in terms of %, using

2(PV)=z(PA)+A, Pc,. (4.41)
Remark 4.8. We emphasized in Remark 4.2 that y in (3.8) and (3.10) differs from standard Baker-
Akhiezer functions. Hence, one can not expect the usual theta function representation of y;, j = 1,2,
in terms of ratios of theta functions times an exponential term containing a meromorphic differential
with a pole at the essential singularity of y; multiplied by (x —xp). However, using (E.3) and
(F.59) [21], one computes

o O(c(P.. () + )
“p A L oot <e<z<Pm A®) +w>> o @42

and hence obtains the theta function representation of y; upon inserting (4.42) into (3.21). Then,
the corresponding theta function representation of y; follows by (3.10) and (4.31).

At the end of this section, we turn to the initial value problem for the stationary HS2 hierarchy.
We will show that the solvability of the Dubrovin equations (3.27) on Q, C R in fact implies the
stationary HS2 equation (2.33) on Q.

Theorem 4.9. Fix n € Ny, assume (2.27), and suppose that {{i;}i—o, . . satisfies the stationary
Dubrovin equations (3.27) on Q such that uj, j =0,...,n, remain distinct and nonzero on Q,
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where Q C R is an open interval. Then, u,p € C*(L,), defined by

1 2n+1
—= Z En+= Zu,, (4.43)
and
5 5 d2 2n+1
p* =ty + 2 — 3 () —u Y En |, (4.44)
m=0

satisfy the nth stationary HS2 equation (2.33), that is,
s-HS2,(u,p) =0 0n Q. (4.45)

(
Proof. Given the solutions f1; = (1,y(f1)) € C*(Qu,#5),j =0,...,n of (3.27), we introduce

1
31 C)
1

(4.46)
Gn(z) = anx(Z),
on C x Q. Taking into account (4.46), the Dubrovin equations (3.27) imply
N 1 1 1
Y(B)) = Hikjx IT (=) = — o HiFaa () = =1 Gu(H))- (4.47)
k=0
k#j
Hence
Ronia(1))* = u7Gu(l))? = y(07) — 3Gy (1))* =0, j=0,...,n. (4.48)
Next, we define a polynomial H, on C x €, such that
Roni2(2) = 22 Gy(2)* = Fu(2)Ha(2).- (4.49)

Such a polynomial H), exists since the left-hand side of (4.49) vanishes at z = u;, j=0,---,n, by
(4.48). To determine the degree of H,, using (4.46), one computes

1
Roni2(2) —22Gu(2)* = =hoZ?"P2+0(" ). (4.50)

2|0 2

Then combining (4.46), (4.49), and (4.50), one infers that H, has degree n+ 1 with respect to z.
Hence, we may write

n

Hy(z) =ho[J(z—v), onCxQ. (4.51)
=0

Next, one defines the polynomial P, by
Py(2) = Hy(2) + (p? + 102) Fy (2) + 22 G (2). (4.52)

Using (4.46) and (4.51), one infers that indeed P, has degree at most n. Differentiating (4.49) with
respect to x yields

222 G(2)Gx(2) + Fux(2)Hy(2) + F (2) Hy 2 (2) = 0. (4.53)
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Then multiplying (4.52) by G, and replacing the term G,G, , with (4.53) leads to

Gu(2)Py(z) = Fu(2) (P? + ttx2) G (z) — %Hm(z)) +(Gu(z) — %Fn,x(Z))Hn (2), (4.54)

and hence
Gn([.LJ)Pn(/.L]) :0, jZO,...,I/L (455)
on £;. Restricting x € Q, temporarily to x € S~2“, where

y(A(x))

Ou = {x € Qu | Gly(x),0) = == 52 #0,7=0,....n)
={xeQu|ujx) ¢ {Entm=o,. 2041, =0,...,n}, (4.56)
one infers that
P.(uj(x),x) =0, j=0,...,n, xeflu. (4.57)
Since P,(z) has degree at most n, (4.57) implies
=0 onCxQ, (4.58)
and hence (2.16) holds, that is,
PGus(2) = —Hu(2) = (P + 12) Fo(2) (4.59)

on C x ﬁu- Inserting (4.59) and (4.46) into (4.53) yields
F(2) (Hn(2) = 2(p + 102) G (2)) = 0, (4.60)
namely
H,(2) = 2(p* +1:2) G (2) (4.61)

on C x flu. Thus, we obtain the fundamental equations (2.14)-(2.16) and (2.18) on C x ﬁu- In order
to extend these results to €, we next investigate the case where f1; hits a branch point (E,,,0).
Hence, we suppose

Wj (x) = Ep, asx—xg € Qy (4.62)
for some j; € {0,...,n}, mo € {0,...,2n+ 1}. Introducing
le (x) :6(.“1'1 (x)_Emo)l/zv o==l,
Hj, (x) = Epm, + Cj] (x)27

for some x in an open interval centered near xo, the Dubrovin equation (3.27) for u; becomes

(4.63)

2a 2n+1 1/2
Cjia(x) = C(G)Emo( ’7!30 (Emg _Em)>
m=£my
X T By = 1ex) ' (14 0(8, (x)) (4.64)

k=0
k#ji
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for some |c¢(o)| = 1. Hence, (4.58)-(4.61) extend to Q, by continuity. We have now established
relations (2.14)-(2.16) on C x €, and one can proceed as in Section 2 to obtain (4.45). O

Remark 4.10. Although we formulated Theorem 4.9 in terms of {u j} j=0,....n only, the analogous
result (and strategy of proof) obviously works in terms of {vj} j=0,...n-

Remark 4.11. A closer look at Theorem 4.9 reveals that u, p are uniquely determined in an open
neighborhood Q of xo by %, and the initial condition (flo(xo), f1(x0), .-, dx(x0)), or equivalently,
by the auxiliary divisor Zp () fi(x) At X = xo. Conversely, given %, and u, p in an open neighbor-
hood Q of xp, one can construct the corresponding polynomial F;(z,x), G,(z,x) and H,(z,x) for
x € Q, and then recover the auxiliary divisor Zp(y)a(x) for x € Q from the zeros of F,(z,x) and
from (3.12). In this sense, once the curve .7, is fixed, elements of the isospectral class of the HS2
potentials u, p can be characterized by nonspecial auxiliary divisors Zp, () (x)-

5. The time-dependent HS2 formalism

In this section, we extend the algebro-geometric analysis of Section 3 to the time-dependent HS2
hierarchy.

Throughout this section, we assume (2.2) holds.

The time-dependent algebro-geometric initial value problem of the HS2 hierarchy is to solve
the time-dependent rth HS2 flow with a stationary solution of the nth equation as initial data in the
hierarchy. More precisely, given n € Ny, based on the solution u(®), p(®) of the nth stationary HS2
equation s—HSZn(u(O), p(O)) = 0 associated with .%, and a set of integration constants {c;};—1 ..
C, we want to construct a solution u, p of the rth HS2 flow HS2,(u,p) = 0 such that u(ty ) = u®,
p(t,) = p© for some o, €R, reN.

To emphasize that the integration constants in the definitions of the stationary and the time-
dependent HS2 equations are independent of each other, we indicate this by adding a tilde on all
the time-dependent quantities. Hence, we employ the notation V,, F, Gr7 vy fs» &5, s, G in order
to distinguish them from V,,, F,, G,, H,, fi, g1, hi, ¢; in the following. In addition, we mark the
individual rth HS2 flow by a separate time variable ¢, € R.

Summing up, we are seeking a solution u,p of the time-dependent algebro-geometric initial
value problem

—Uxxt, T 2”xxfr+l.x + Mxxxfr+l + 2pprr + 2p2fr.x >
HS2,(u,p) = " ’ = ~ ’ =0, 5.1
(.p) < 20D, — 2Pt — 20210 G-

(”7 P) |tr:lo.r = (M(O) ) p(O))v

2xxn x—"_ XXXJ N —"_2 xn+2 n.x
H52,u,p%) = ( ' fﬂ—zpbfo ff: 2pp? fl > )ZO’ 62

for some 7y, € R, n,r € Ny, where u = u(x,t,), p = p(x,t,) satisfy (2.2), and the curve .7, is
associated with the initial data (u(o), p(o)) in (5.2). Noticing that the HS2 flows are isospectral, we
further assume that (5.2) holds not only for ¢, = 1o -, but also for all #, € R. Hence, we start with the
zero-curvature equations

U, = Vs + U, V] =0, (5.3)

—Vux+[U,V,] =0, 5.4)
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where
U(z) = (_Z—zpzo_z—luxx (1)>
_ —Gu(z) Fu(2)
b= (i e
= (-G F{
Vil2) = (Zzﬁr(Z) G (z)> ’
and

n+1 n
F() =Y i = fH]]Ge—u),
=0 Jj=0

n
Gn(Z) = Z g[znfl7
=0

n+1 n

Hy(z) =) AR [TGz—w),
=0 =0
r+1

ﬁr(Z) — Zﬁzﬂrlfs’
s=0

-
Gr (Z) — gszr7s7
s=0
r+1

I'Nlr(z) = Z ESZH_I_Sa
s=0

for fixed n,r € No. Here, {fi}i=0..nt1, {8} 1=0,.ns {Mi}i=0,.. n+15 {Fsts=0..rt1, {&s}s=o0,..,

yooey

-----

priate integration constants. Explicitly, (5.3) and (5.4) are equivalent to
—20p1, — Ty, — Hy x4+ 2(p% 4 214 )G, = 0,
Fx=2G,,
Gy = —H, — (0% + zit ) Fy
and
Fpx =2Gy,
Hyx = 2(P* + 2it) G,
PGy = —Hy— (p* + 2ty ) F.
From (5.15)-(5.17), one finds

d _ ldy/, 2 _

J-det(V,(2) = Z—za(z Gn(z) +Fn(z)Hn(z)) =0,
and meanwhile (see Lemma 5.2)

d 1dy/, 2

“rdeu(V,(2)) = 5 5 (PO ROH)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
494

(5.5)

(5.6)

5.7

(5.8)

5.9

(5.10)

(5.11)

(5.12)
(5.13)
(5.14)

(5.15)
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Hence, z2G,(z)? + F,(z)H,(z) is independent of variables both x and #,, which implies the funda-
mental identity (2.18) holds,

2Gu(2)? + Fu(2)Ho(2) = Rons2(2), (5.20)

and the hyperelliptic curve %, is still given by (2.26).
Next, we define the time-dependent Baker-Akhiezer function (P x,xo,t,,f,) on £, \

{P‘x’i?PO} by

1(P,x, X0, o, r)>
P,x,x0,t,00,) )’

II/(vava)tr?tOJ) - ( E
II/X(RX,X(),Z‘,-,I()J) - (M( 7tr) (x tr) ( )) (P xax())thto,r)a
W, (Px,x0, b, 10,) = Vi(u(x,1,), p (%, 1), 2(P)) W(P,x, X0, 1, o 1), (5.21)
ZVn(“(Xatr)ap(x7tr)aZ(P))ll’(vavxmtrytO,r) :y(P)lI/(vax07tr7t0,r)7
V1 (P, x0,%0,t0,r,20,r) = 15
P= (Z y)EW\{ °°i7P0}7 (x,tr)ERz.
Closely related to y(P,x,xo,t,,,) is the following meromorphic function ¢ (P,x,t,) on .%; defined
by

llll,x(vax()?tratO,r)
llll (Rxax()?trato,r)

O (Px,t,) = , Pc\{Pu.,R}, (x,1,) € R? (5.22)

such that

llfl(P,x,X(),l‘r,t()J) = exp( dS( (Z X0,8 )(])(P,X(),S)

tO r
~ X
~Gilzx,s)) +7 ! / aYo(PA 1)),
X0
P=(z,y) € Hp \{Pur, R} (5.23)
Then, using (5.21) and (5.22), one infers that

G t
(P = IO E)

Fu(z,x,1;)
Hn(Z,x)tr)
= 5.24
y_ZGn(vavtr) ( )
and
Vo (Px,x0,tr,10,) = Wi (P, X, X0,tr,t0.7) @ (P,x,1:) /2. (5.25)
In analogy to (3.12) and (3.13), we introduce
ﬁj(x’tr> = (”j(x7tr)v _“j<x?tr)Gn<-uj(x7tr>7x7tr)) € %17 (5.26)
J=0,....n, (x,t,) € R?,
f/l(x,t,) = (vl(x,t,),v;(x,t,)Gn(vl(x,t,),x,t,)) S %l, (5.27)

[=0,...,n, (x,t;) € R%
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The regularity properties of F;,, H,, 1;, and v; are analogous to those in Section 3 due to assumptions
(2.2). Similar to (3.15), the divisor (¢ (P,x,1,)) of ¢ (P,x,t,) reads

(O(Px,11) = Doy sy wsr) P) = Dpg(ean) () (P) (5.28)
with
f={f. . ), ©={V1....%]} €Sym"(A). (5.29)

The properties of ¢ (P, x,t,) are summarized as follows.

Lemma 5.1. Assume (2.2) and suppose that (5.3), (5.4) hold. Moreover, let P = (z,y) € %, \
{P..,Ry} and (x,t;) € R%. Then ¢ satisfies

O(P)+2'9(P)* = —27'p? — Uy, (5.30)
9, (P) = (—2G,(2) + F,(2)9(P))x (5.31)
=z 'H(2) + (2 'p? + u) Fr(2) + (Fr(2) 9 (P))x,

¢,(P)=z""H, (z)+ Gr(2)9(P) — 2 ' F(2)9(P)?, (5.32)

o(P)O(P*) = Fn(z) : (5.33)
y 2G,(2)

¢(P)+¢(P")=2 ) (5.34)
* 2y

o(P)—o(P") TABE (5.35)

Proof. Equations (5.30) and (5.33)-(5.35) can be proved as in Lemma 3.1. Using (5.21) and (5.22),
one infers that

By, = 20y ), = 2(inyn) = 2(2)

_ (~Gwi+Fwy <
=( m )x_( G+ F0).. (5.36)

Insertion of (5.14) into (5.36) then yields (5.31). To prove (5.32), one observes that
( Wz) ( YVor. WaVi, )
O =z| —) =z(——

Y1/t Vi vi
_zﬁr 6}" _6r ﬁr
:Z<Z v+ llfz_zf1¢ Vit lI/2>
Vi Vi
=7 'H,+2G,¢ —z 'F¢?, (5.37)

which leads to (5.32). Alternatively, one can also insert (5.12)-(5.14) into (5.31) to obtain (5.32). [

Next, we determine the time evolution of F,, G,, and H,, using relations (5.12)-(5.14) and
(5.15)-(5.17).

Lemma 5.2. Assume (2.2) and suppose that (5.3), (5.4) hold. Then

Foy, = 2(GoF, — G, Fy), (5.38)
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Z*Gy,, = H.F, — H,F,, (5.39)
H,, =2(H,G,— G,H,). (5.40)
Equations (5.38)—(5.40) are equivalent to

Vs + V] =0, (5.41)

Proof. Differentiating (5.35) with respect to ¢, naturally yields
(9(P) = 9(P*))y, = —=2yFy, F *. (5.42)
On the other hand, using (5.32), (5.34), and (5.35), the left-hand side of (5.42) can be expressed as

O(P), — 9(P), =2G,(9(P) = #(P")) =z 'F(9(P)* — 9(P*)?)

=4y(G,F, — F,G,)F, 2. (5.43)

Combining (5.42) and (5.43) then proves (5.38). Similarly, differentiating (5.34) with respect to ¢,
one finds

(0(P)+ (P(P*))tr = 2Z(Gn,tan - GnFnJr)FrTZ' (5.44)
Meanwhile, the left-hand side of (5.44) also equals
O(P)i, +9(P*);, =2G(9(P)+9(P")) —z 'F.(9(P)*+ ¢ (P*)*) + 27 'H,
= —27G,F, *Fy,;, +27'E; \(HF, — F.H,), (5.45)

using (5.32), (5.33), and (5.34). Equation (5.39) is clear from (5.44) and (5.45). Then, (5.40) follows
by differentiating (2.18), that is, >G> + F,H, = Ro,12(z), with respect to ¢,, and using (5.38) and
(5.39). Finally, a direct calculation shows (5.41) holds. U

Basic properties of y/(P,x,xo,t,1 ) are summarized as follows.

Lemma 5.3. Assume (2.2) and suppose that (5.3), (5.4) hold. Moreover, let P = (z,y) € J&, \
{P..,R} and (x,x0,tr,t0,) € R*. Then, the Baker-Akhiezer function y satisfies

F.(z,x,t,) \1/2 tr _
l[/l(RX,X(),tr,t()J) = (n())> exp (y dSFr(Z,XO,S)Fn(Z,XOaS) :

Fy(z,x0,%0,r z Ji,
X
+= dx/Fn(Zax/7tr)_1 ’ (546)
< Jxo
. F(z,x,ty)
1 P,X,X(),lr,l()J 1(P ,X,X(),lr,l()’r ==, (5.47)
v il ) Fy(z,x0,t0,r)
Hn(zaxatr)
P, x,x0,ty,1 P* . x,x0,tr,l0,) = ——— ", 5.48
v ( 0,1 20,1) W2 ( 0,1, t0.r) 2Fy(z.50,10,) (5.48)
k k G Z,X,lr
Wl(RX,XO,tr,t()J)WQ(P 7x7x01trat0,r)+llll(P 7x7x07tr7t0,r)WZ(Rxax0>tr>tO,r):2 Vl( ) )
Fy(z,x0,10,r)
(5.49)
2y
P, b, P te to,) — u (P* ot P tofo,y) = ——————.
II/I( 7'x7'x07 r OJ)II/Z( 7x7x07 r 0,}’) l//l( ’x’x07 r ()77-)1,/2( ’X’XO7 " 0,") ZFn(Zv-XO;tOr)
(5.50)
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Proof. To prove (5.46), we first consider the part of time variable in the definition (5.23), that is,

exp ( ) ds (27" F(z,x0,5)¢ (P, x0,5) —ér(z,xo,s))) . (5.51)

tO,r‘

The integrand in the above integral equals

7 Fo(2,%0,5) 9 (Px0, 5) — Gr(2,%0,5)
= y+2Gu(z,%0,8) ~
=z F(z,x0,8) —————— — G, (z,x0,8
r( 0 ) Fn(Z7-x07S) r( 0 )
~ %f}(z,xo,S)Fn(Z,xo,S)_l + (Fy(2,%0,5)G(z %0 5)

- 6r(Z,XQ,S)Fn(Z,X0,S))Fn(Z,X(),S)_l
an_’S<Z,X0,S)

: 5.52
2 FH(Z,X()7S) ( )

== JE)E(Z7XO7S)FH(Z7X07 s)il +

using (5.24) and (5.38). Hence, (5.51) can be expressed as

Fn(ZaXOatr) )1/2 <y e~ 1>
_— exp | = dsF,(z,x0,8)Fy(2,x0,s . 5.53
(Fieamioy) P, G fns) 59

On the other hand, the part of space variable in (5.23) can be written as

Fn(Z,X,fr) )1/2 (y * / / 1)
D) N ek (2 dX (2,4t , 5.54
(FH(MW p(Z ) @A) (5.54)

using the similar procedure in Lemma 3.2. Then combining (5.53) and (5.54) readily leads to (5.46).
Evaluating (5.46) at the points P and P* and multiplying the resulting expressions yields (5.47). The
remaining statements are direct consequences of (5.25), (5.33)-(5.35), and (5.47). O

In analogy to Lemma 3.4, the dynamics of the zeros {;(x,t.)} j—o,..» and {V;(x,t,) };=0,. » Of
F,(z,x,t,) and Hy,(z,x,t,) with respect to x and ¢, are described in terms of the following Dubrovin-
type equations.

Lemma 5.4. Assume (2.2) and suppose that (5.3), (5.4) hold subject to the constraint (2.27).

7777

equations,
.uj,x - 4y(uj) H (‘u“] —,LL[{)il, .]: 07' -5 N, (555)
Hj =0
k#j
FRRLIACINEIR o SRR S S (5.56)
Hj ]lgjéo'
J
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with initial conditions

{fj(x0,20,r) }j=0,..n € Hn, (5.57)

for some fixed (xo,t0,,) € Qu. The initial value problem (5.56), (5.57) has a unique solution
satisfying

0 €C(Qu, A), Jj=0,....n. (5.58)

7777

equations,
2 8 n
vy, = o P Fuav)y(V) [Tvi-v)™, 1=0,....n, (5.59)
' ho vi =0
k£l
H,(v)y() 1
vV, =2——r Vi—V , 1=0,...,n, 5.60
1, o /Q)( 1 — Vk) (5.60)
k£
with initial conditions
{Vi(x0,00,+) }1=0,...n € Hn, (5.61)

for some fixed (xo,to ) € Qy. The initial value problem (5.60), (5.61) has a unique solution
satisfying

0 eC(Qu, ), 1=0,...n. (5.62)

Proof. It suffices to prove (5.56) since the argument for (5.60) is analogous and that for (5.55) and
(5.59) has been given in the proof of Lemma 3.4. Differentiating (5.6) with respect to ¢, yields

1 n
Fos, (1) = =5 g [T (05 = ) (5.63)
k=0
=y

On the other hand, inserting z = y; into (5.38) and using (5.26), one finds

(‘:j) Fo(uy). (5.64)

J

Fog, (1) = 2G (1)) Fr (1) =

Combining (5.63) and (5.64) then yields (5.56). The rest is analogous to the proof of Lemma 3.4. [J

Since the stationary trace formulas for HS2 invariants in terms of symmetric functions of u;
in Lemma 3.5 extend line by line to the corresponding time-dependent setting, we next record the
t,~-dependent trace formulas without proof. For simplicity, we confine ourselves to the simplest one
only.

Lemma 5.5. Assume (2.2), suppose that (5.3), (5.4) hold, and let (x,t,) € R2. Then,

2n+1

u(x,t,) = Zuj X, 1) — Z Ep. (5.65)
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6. Time-dependent algebro-geometric solutions of HS2 hierarchy

In our final section, we extend the results of section 4 from the stationary HS2 hierarchy, to the time-
dependent case. We obtain Riemann theta function representations for the meromorphic function ¢,
and especially, for the algebro-geometric solutions u, p of the whole HS2 hierarchy.

We first record the asymptotic properties of ¢ in the time-dependent case.

Lemma 6.1. Assume (2.2) and suppose that (5.3), (5.4) hold. Moreover, let P = (z,y) € J&, \
{P.,, P}, (x,t,) € R2. Then,

¢w&1—wwm+movP%&ﬂ E=z7", (6.1)

0(P) — ip(aay)+ M) —pelrt)

2 —
= o) O, Pk L=z 6.2)

Since the proof of Lemma 6.1 is identical to the corresponding stationary results in Lemma 4.1,
we omit the corresponding details.

Next, we investigate the properties of the Abel map. To do this, let i = (U, ..., 1,) € C"!, we
define the following symmetric functions by

\Pk+1(ﬁ) = (_1)k+1 Z Uy, "'.ulk+17 k:()a"'an7 (63)
€S 41

where Y11 = {l: (ll,...,lk_H) ENS-H | I <o <k Sn},

oV (1) =(-"" Y ..y, k=0,..,n-1, (6.4)

1egY)

where 9,((1)1 ={l=,---, lkt1) € k1| In #j}, j=0,...,n. For the properties of W (ft) and

dD,(cﬂz 1 (f1), we refer to Appendix E [21].
Introducing

r+-1—k
dri1x(E Z Gtk sC(E), k=0,....r+1An+1, (6.5)
for a given set of constants {Cz}z 1...-+1 C C, the corresponding homogeneous and nonhomoge-

neous quantities F.(u ;) and F(u ;) in the HS2 case are then given by °

r+1

Fuy= Y a@Eo? (n),
s=(r—n)vo
rtl - (r A1) ” ©0
]) - ZCNr-i—]—SFY(.u'j) - Z di’+l,k(£)q)kj (.a)a re N07 CNO - 17

using (D.59) and (D.60) [21]. Here, &(E), s € Ny, is defined by (D.2) [21].

Sm An =min{m,n}, mVn = max{m,n}
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We now state the analog of Theorem 4.3, which indicates marked differences between the HS2
hierarchy and other completely integrable systems such as the KdV and AKNS hierarchies.

Theorem 6.2. Assume (2.27) and suppose that {[1;} j—o,... » satisfies the Dubrovin equations (5.55),
(5.56) on an open set Q; C R? such that uj, j=0,...,n, remain distinct and nonzero on £, and
that F.(1j) # 0 on Qy, j=0,...,n. Introducing the associated divisor -@ﬁo(x.,tr)g(x,ty)’ one computes,

4a
axQQO(@,ﬁo(x,t,)E(x,t,)) = _mg(l)a (X,l‘r) S Ql-h (6.7)

4a (r+1)A(n+1) .
atrQQo(@ﬂo(x,tr)E(m)):—m 1;) dr 1 k(E)Pr(B(x,1,)) | c(1)

n+1
+4a ( Z dr+l,n+2—€(E)C(€)> 5 (x>tr) € Qu- (68)
(=1V(n+1-r)

In particular, the Abel map dose not linearize the divisor Dy (xs,)a(xs,) 0N Qp-

Proof. Let (x,7,) € ©,. It suffices to prove (6.8), since (6.7) is proved as in the stationary context of
Theorem 4.3. We first recall a fundamental identity (E.10) [21], that is,
(I),({]le(‘a) :“j(bl(c])(‘a)—i_kpk-&-l(:a)’ k=0,...,n, ]:0,,11 (6.9)

Then, applying (4.16), (6.6), and (6.9), one finds

I;r ) (r+DA(n+1) N\
W) Y (B () (6.10)
AuJ m=0
(r+1)A(n+1) _ )
—u;" Y dean(®) (w0 (7 + YalR)
m=0
(r+1)A(n+1) (r+1)A(n+1) ()=
7 0 (g 7 - P (1)
= dy ,mEcI)m,”_ dy mELPm.ui_-
Y @@ dnE g
Hence, using (5.56), (6.10), (E.4), (E.13), and (E.14) [21], one infers that
o k—1
n 0 n n ap;
9, / ©) =) ) cth)—=
t<j;) Q ) ];) ”kg’l ()y(#j)
k—1
ks Hj Fr (1)
=4a (k)
Zz)k; o (1 — )y
j
n n ‘u'].(_]
=4a (k)
ngkg’l [T (1) — )
J
(r+DA(n+1) q)(j)(— (r+1DA(n+1)
- n ,u) 7 ) /=
x (- dri i m(E)Y —_ + dri1m(E)P
(- L @@y ot L dan®e]m)
(r+l)/\(n+1) B \Pm(ﬁ) n n _ B
=—4a Y dr+1,m(E)q,7- Y Y () (Ui (B))kj(Unir (1))
0 nt1(M) k=1j=0
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(r+1)A(n+1) _ non
+da Y deiw(E) Y ) () Unir (B))ij(Un1 (B))fpomsn
m=1 k=1j=0
4a (r+DA(n+1) (r+DAn+1)
= Y danE)Yu(@)c(l)+4a Y, dram(E)e(n—m+2)
\P"Jrl(u) m=0 m=1
4a (r+1)A(n+1) _ n+l1 ~
= - \pi— Z dr+1,m (E)lpm (I:L)Q(l) +4a Z dr+1,n+2—m (E)Q(m)> (6.11)
"'H(‘u) m=0 m=1V(n+1-r)
which is equivalent to (6.8). ]

The analogous results hold for the corresponding divisor Zy (. ;)9 (x,,) associated with ¢ (P, x, t).

Next, recalling the definition of EQO and é 0 in (4.19) and (4.20), one obtains the following
result.

Corollary 6.3. Assume (2.27) and suppose that {[i;}j—o, . satisfies the Dubrovin equations
(5.55), (5.56) on an open set Q, C R* such that u;, j =0,...,n, remain distinct and nonzero
on & and that F,(4;) # 0 on Qy, j=0,...,n. Then, one computes

”f“r 4a
o, e ) eQy, 6.12
L w0 12

A 4a n=1
A ’ ’ X,t) € Qy, 6.13
3B Fpein) = {4a(0,...,0,1), n>2, (r.tr) € Qy (615
(r+1)A(n+1)

u,xtr 4a _ )
Z/ T Wea(aln) k); dri1 k(E) k(R (x, 1))

+4adr+l,n+1(E)6n+l,r+1/\n+la (x,1,) € Qy, (6.14)
r+1 r+1 r+1
atrB(‘@ xt,)) 4a<Zcr+1 sCst1-n( Zcr—H sCs+1(E Zcr—H s6s( )
C(E)=0,1eN, (x1)€Qy. (6.15)

Proof. Equations (6.12) and (6.13) are proved as in the stationary context of Corollary 4.4. Equation
(6.14) is a special case of (6.8), and (6.15) follows by (6.11), taking into account (E.4) [21]. O

The fact that the Abel map does not effect a linearization of the divisor Z (. )a(xs,) in the
time-dependent HS2 context, which is well known and discussed (using different approaches) by
Constantin and McKean [12], Alber, Camassa, Fedorov, Holm, and Marsden [2], Alber and Fedorov
[3,4]. The change of variables

xr—>i:/ dx’<%+l(2‘m> (6.16)
and
" iq (r+D)A(+)
i d(w Y dslE )
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n+1 B c(f
—4a Z dr-H ,n+2—£(§) CE&) (6 17)
(=1V(n+1-r) =

linearizes the Abel map Ap (Zs v1)i(4,))» Bi(%0r) = Mj(x,1;), j = 0,...,n. The intricate relation

between the variables (x,?,) and (,7,) is detailed in (6.21). Our approach follows a route similar to
Gesztesy and Holden’s treatment of the CH hierarchy [21].

Next, we shall provide the explicit representations of ¢ and u, p in terms of the Riemann theta
function associated with %, assuming the affine part of .Z;, to be nonsingular. Recalling (4.24)-
(4.30), the analog of Theorem 4.5 in the stationary case then reads as follows.

Theorem 6.4. Assume (2.2) and suppose that (5.3), (5.4) hold on Q subject to the constraint
(2.27). In addition, let P = (z,y) € 2, \ {Po} and (x,t,), (x0,t0,,) € Q, where Q C R? is open and
connected. Moreover; suppose that Dy, or equivalently, Dy, is nonspecial for (x,t.) € Q.
Then, @, u, and p admit the representations

OGP ) OC(P il
OPxbr) =P o) G 5 i) )0 (P

1 2n+1

u(x,t,) = fZE Z?L 2Z’Ujawjln

D
—~
8]
—
§°
/-\
=
Sag
~—
~
SN—

D
—~
N

~
3
+
=
—~
>

p(x,ty) = iny(x, 1) G(Q(Pm, )0l o

Moreover, let Q C Q be such that uj, j=20,...,n, are nonvanishing on Q. Then, the constraint

r+1 n
da(x —xo) +4a(t, —to ) ZE,+1,S65(E) = Z </ (I)I()3) PM) cj(1)

s=0 j=1 o
X dx/ (r+1)A(n+1) 5 t) ‘Pk(,a(xo S))
x | —4a | = 44 drir k(E / 0T
( NS Tyears R MR A M e i)
n+1 n 3)
+ 4da(t-—to,) Z dri1ni2i(E Z (/ (I)Pw+PN> cj(0)
=1V (n+1-r) j=1 \74i
o (OGP ) OE(P flson,))
0(z(Pe_, 1(x,11))) 0 (2(Peo, , A (x0:00,1))) )
(x,,), (x0,10.,) € Q (6.21)
holds, with
x dx’
o (D erriiens) = 0o (i (et ry) — 4 . — 6.22
QO( fof ’r)ﬂ( l:)> QO( Qo O,Zr)ﬂ( OJr)) a( o ‘Pn-&-l( ( 1 )))c( ) ( )
(r+1)/\(n+l) B f \P( ( ))
= 0o, (Do (xao,)(x —4a dri1((E kfds c(1
taucnsson (5 e[| I
n+1
+4a(tr _IO,r) ( Z dr+17n+2—€(E)c(€)> ) (6-23)
=1V (n+1-r)
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()C,tr), (JC(),Z‘()J) € Q.

Proof. We first assume that y;, j =0,...,n, are distinct and nonvanishing on Q and I::,(u i) #0on
Q, j=0,...,n, where Q C Q. Then, the representation (6.18) for ¢ on Q follows by combining
(5.28), (6.1), (6.2), and Theorem A.26 [21]. The representation (6.19) for u on Q follows from the

trace formulas (5.65) and (F.59) [21]. The representation (6.20) for p on Q is clear from (6.18)
and (6.1). In fact, since the proofs of (6.18), (6.19), and (6.20) are identical to the corresponding
stationary results in Theorem 4.5, which can be extended line by line to the time-dependent setting,
here we omit the corresponding details. Ey continuity, (6.18), (6.19), and (6.20) extend from Qto
Q. The constraint (6.21) then holds on Q by combining (6.12)-(6.15) and (F.58) [21]. Equatior§

(6.%2) and (6.23) are clear from (6.7) and (6.8). Again by continuity, (6.21)-(6.23) extend from Q
to Q. U

Remark 6.5. One observes that (6.22) and (6.23) are equivalent to

o) (Dpg(eayprar)) =00y (Ppig(xo ) pilxor)) — €(1) (X — o) (6.24)
:QQO (‘@ﬂo(x-,t(),r)ﬁ(xvt()‘r)) B Q(l)(f’ B f()’r), (6.25)

under the change of variables x — % and 7, — 7, in (6.16) and (6.17). Hence, the Abel map linearizes
the divisor Zp (x4 (x,,) On £ with respect to £, 7.

Remark 6.6. Remark 4.7 applies in the present time-dependent context. Moreover, to obtain the
theta function representation of y;, j = 1,2,, one can write F; in terms of W, (j1) and use (5.46), in
analogy to the stationary case discussed in Remark 4.8. Here we omit further details.

At the end of this section, we turn to the time-dependent algebro-geometric initial value problem
of HS2 hierarchy. We will show that the solvability of the Dubrovin equations (5.55) and (5.56) on
Q C R? in fact implies equations (5.3) and (5.4) on €.

.....

equations (5.55), (5.56) on an open and connected set Q, C R, with F,(u;) in (5.56) expressed
in terms of W, k =0,...,n, by (6.6). Moreover, assume that |;, j =0,...,n, remain distinct and
nonzero on Q. Then, u,p € C*(Qy), defined by

1 2n+1 1
m= j=
and
5 ) d2 ~ 2n+1
PP =ty + it — le(u)—u’Z‘OEm : (6.27)
satisfy the rth HS2 equation (5.1), that is,
HS2,(1,p) =0 on Q, (6.28)

with initial values satisfying the nth stationary HS2 equation (5.2).
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Proof. Given the solutions {I; = (u;,y(f1;)) € C*(Qu, %), j=0,...,n of (5.55) and (5.56), we
define polynomials F,, G, and H,, on £, as in the stationary case (cf. Theorem 4.9) with properties

1 n

Fi(2) = 5 [1(z=w)), (6.29)
=0

Gn(z) = %Fn,x(z), (6.30)

ZGx(z) = —Ha(z) = (p* + un2) Fa(2), 6.31)

H,4(z) = 2(p* 4 u2) Ga(2), (6.32)

Roni2(2) = 22Ga(2) + Fu(2) H (2), (6.33)

treating ¢, as a parameter. Define the polynomials G, and H, by

G(z) = %fr,x(Z) on Cx Q, (6.34)

H,(z) = _Zzar,X(Z) —(p*+ ”xxz)ﬁr(z) on CxQy, (6.35)
respectively. Next, we claim that

Foy,(2) = 2(Gu(2)Fr(2) — Fn(z)ér(Z» on Cx Q. (6.36)

To prove (6.36), one computes from (5.55) and (5.56) that

Fn,x(Z) == _Fn(Z) Z ,ujpc(z - ,uvj)_l 5 (637)
j=0

Fui(2) = —Fu(2) Y Fr(uj) ez — ) ™" (6.38)
=0

Using (6.30) and (6.34), one concludes that (6.36) is equivalent to

- n

Frx(z) = Zo(fr(uj) — F(2))ja(z—py) 7" (6.39)
e

Equation (6.39) is proved in Lemma F.9 [21]. This in turn proves (6.36).
Next, differentiating (6.30) with respect to ¢, yields

Fn,xtr = 2Gn,t,- (640)

On the other hand, taking the derivative of (6.36) with respect to x, and using (6.30), (6.31), (6.34),
one obtains

Fogx =— 2Z_zflnﬁr - 2(2_2P2 + Mxxz_] )anr + 2Gnﬁr,x
—2G,..F, —4G,G,. (6.41)
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Combining (6.30), (6.34), (6.40), and (6.41), one concludes
Gy, (z) = Ho(2)Fy(z) — Hy(2)Fr(z) on C x Q. (6.42)

Next, differentiating (6.33) with respect to #,, and using expressions (6.36) and (6.42) for F,; and
G, , respectively, one obtains

Hy1,(2) = 2(Hy(2)G/(2) — Gu(2)Hy(z))  on C x Q. (6.43)

Finally, taking the derivative of (6.42) with respect to x, and using expressions (6.30), (6.32), and
(6.34) for F, », H, «, and F,, respectively, one infers that

Zan,t,x = Fnﬁr,x + 2Gnﬁr - 2(P2 + uxxz> Gnﬁr - 2I'Inér- (6.44)

On the other hand, differentiating (6.31) with respect to ¢, using (6.36) and (6.43) for F,;, and H,,,,,
respectively, leads to

PGy, = 2G,H, — 2H, G, — (2ppy, + iy, 2) Fy — 2(0% + ttx2) (GuFy — G ). (6.45)
Combining (6.44) and (6.45) then yields
—2pp;, — e,z — Hrx +2(0% + 142) G, = 0. (6.46)

Thus, we have proved (5.12)-(5.17) and (5.38)-(5.40) on C x ©,, and hence conclude that (6.28)
holds on C x €. O

Remark 6.8. Again we formulated Theorem 6.7 in terms of {11, }j—o
ogous result (and strategy proof) works in terms of {V;} ;o .

» only. Obviously, the anal-

The analog of Remark 4.11 directly extends to the current time-dependent setting.

Acknowledgments

The authors would like to express their sincerest thanks to referee and editor for constructive sug-
gestions and helpful comments. The work described in this paper was supported by grants from the
National Science Foundation of China (Project No. 11271079; 11075055) and Doctoral Programs
Foundation of the Ministry of Education of China.

References

[1] M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur, The inverse scattering transform—Fourier
analysis for nonlinear problems, Stud. Appl. Math. 53 (1974) 249-315.

[2] M. S. Alber, R. Camassa, Y. N. Fedorov, D. D. Holm, and J. E. Marsden, The complex geometry
of weak piecewise smooth solutions of integrable nonlinear PDEs of shallow water and Dym type,
Commun. Math. Phys. 221 (2001) 197-227.

[3] M. S. Alber, and Y. N. Fedorov, Wave solutions of evolution equations and Hamiltonian flows on non-
linear subvarieties of generalized Jacobians, J. Phys. A. 33 (2000) 8409-8425.

[4] M. S. Alber, and Y. N. Fedorov, Algebraic geometrical solutions for certain evolution equations and
Hamiltonian flows on nonlinear subvarieties of generalized Jacobians, Inverse Problems. 17 (2001)
1017-1042.

[5] R. Beals, D. Sattinger, and J. Szmigielski, Inverse scattering solutions of the Hunter-Saxton equations,
Appl. Anal. 78 (2001) 255-269.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
506



[22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]

(30]
(31]

(32]

Algebro-geometric solutions for the HS2 hierarchy

E. D. Belokolos, A. I. Bobenko, V. Z. Enol’skii, A. R. Its, and V. B. Matveev, Algebro-Geometric
Approach to Nolinear Integrable Equations, (Springer, Berlin, 1994).

R. Camassa, and D. D. Holm, An integrable shallow water equation with peaked solitons, Phys. Rev.
Lett. 71 (1993) 1661-1664.

M. Chen, S. Q. Liu, and Y. Zhang, A two-component generalization of the Camassa-Holm equation and
its solutions, Lett. Math. Phys. 75 (2006) 1-15.

A. Constantin, and R. I. Ivanov, On an integrable two-component Camassa-Holm shallow water system,
Phys. Lett. A 372 (2008) 7129-7132.

A. Constantin and B. Kolev, On the geometric approach to the motion of inertial mechanical systems,
J. Phys. A 35 (2002) R51-R79.

A. Constantin, and D. Lannes, The hydrodynamical relevance of the Camassa-Holm and Degasperis-
Procesi equations, Arch. Ration. Mech. Anal. 192 (2009) 165-186.

A. Constantin, and H. P. McKean, A shallow water equation on the circle, Commun. Pure Appl. Math.
52 (1999) 949-982.

H. H. Dai, and M. Pavlov, Transformations for the Camassa-Holm equation, its high-frequency limit
and the Sinh-Gordon equation, J. P. Soc. Japan, 67 (1998) 3655-3657.

B. A. Dubrovin, Completely integrable Hamiltonian systems associated with matrix operators and
Abelian varieties, Funct. Anal. Appl. 11 (1977) 265-2717.

B. A. Dubrovin, Theta functions and nonlinear equations, Russian Math. Surv. 36 (1981) 11-92.

B. A. Dubrovin, Matrix finite-zone operators, Revs. Sci. Technol. 23 (1983) 20-50.

J. Escher, O. Lechtenfeld and Z. Yin, Well-posedness and blow-up phenomena for the 2-component
Camassa- Holm equation, Discrete Contin. Dyn. Syst. 19 (2007) 493-513.

A. S. Fokas, and B. Fuchssteiner, Symplectic structures, their Backlund transformation and hereditary
symmetries, Phys. D 4 (1981) 47-66.

F. Gesztesy, and H. Holden, Algebro-geometric solutions of the Camassa-Holm hierarchy, Rev. Mat.
Iberoam. 19 (2003) 73-142.

F. Gesztesy, and H. Holden, Real-valued algebro-geometric solutions of the Camassa-Holm hierarchy,
Philos. Trans. R. Soc. Lond. Ser. A. 366 (2008) 1025-1054.

F. Gesztesy, and H. Holden, Soliton Equations and Their Algebro- Geometric Solutions. vol. I: (1+1)-
Dimensional Continuous Models. (Cambridge Studies in Advanced Mathematics, Cambridge Univer-
sity Press, Cambridge, 2003).

F. Gesztesy, and R. Ratneseelan, An alternative approach to algebro-geometric solutions of the AKNS
hierarchy, Rev. Math. Phys. 10 (1998) 345-391.

C. Guan and Z. Yin, Global weak solutions and smooth solutions for a two-component Hunter-Saxton
system, J. Math. Phys. 52 (2011) 103707.

C. Guan and Z. Yin, Global weak solutions for a periodic two-component Hunter-Saxton system, Q.
Appl. math. 2 (2012) 285-297.

G. L. Gui, and Y. Liu, On the global existence and wave-breaking criteria for the two-component
Camassa-Holm system, J. Funct. Anal. 258 (2010) 4251-4278.

D. D. Holm, and L. O Néraigh and C. Tronci, Singular solutions of a modified two-component Camassa-
Holm equation, Phys. Rev. E 79 (2009) 016601.

Y. Hou, E. G. Fan, and Z. J. Qiao, The algebro-geometric solutions for the modified Camassa-Holm
hierarchy, preprint, (2012) arXiv: 1205.6062.

Y. Hou, E. G. Fan, and P. Zhao, Algebro-geometirc solutions for the Hunter-Saxton hierarchy, Z. Angew.
Math. Phys. (2013) Springer Basel DOI 10.1007/s00033-013-0339-8.

Y. Hou, P. Zhao, E. G. Fan, and Z. J. Qiao, Algebro-geometric solutions for Degasperis-Procesi hierar-
chy, SIAM J. Math. Anal. 45 (2013) 1216-1266.

J. K. Hunter, and R. Saxton, Dynamics of director fields, SIAM J. Appl. Math. 51 (1991) 1498-1521.
J. K. Hunter, and Y. X. Zheng, On a completely integrable nonlinear hyperbolic variational equation,
Phys. D79 (1994) 361-386.

R. S. Johnson, Camassa-Holm, Korteweg-de Vries and related models for water waves, J. Fluid Mech.
457 (2002) 63-82.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
507



Yu Hou and Engui Fan

B. Khesin, and G. Misiotek, Euler equations on homogeneous spaces and Virasoro orbits, Adv. Math.
176 (2003) 116-144.

J. Lenells, Weak geodesic flow and global solutions of the Hunter-Saxton equation, Discret. Contin.
Dyn. Syst. 18 (2007) 643-656.

J. Lenells, The Hunter-Saxton equation describes the geodesic flow on a sphere, J. Geom. Phys. 57
(2007) 2049-2064.

J. Liu and Z. Yin, Blow-up phenomena and global existence for a periodic Hunter-Saxton system,
Preprint, (2011) arXiv:1012.5448v3.

V. B. Matveev, and M. 1. Yavor, Solutions presque périodiques et a N-solitons de 1’équation hydrody-
namique non linéaire de Kaup. Ann. Inst. H. Poincaré Sect. A 31 (1979) 25-41.

S. P. Novikov, S. V. Manakov, L. P. Pitaevskii, and V. E. Zakharov, Theory of Solitons, the Inverse
Scattering Methods. (Concultants Bureau, New York, 1984).

P. Olver, and P. Rosenau, Tri-Hamiltonian duality between solitons and solitary-wave solutions having
compact support, Phys. Rev. E 53 (1996) 1900-1906.

M. V. Pavlov, The Gurevich-Zybin system, J. Phys. A 38 (2005) 3823-3840.

E. G. Reyes, The soliton content of the Camassa-Holm and Hunter-Saxton equations. In: Nikitin, A.G.,
Boyko, V.M., Popovych, R.O. (eds.), Proceedings of the Fourth International Conference on Symmetry
in Nonlinear Mathematical Physics, Proceedings of the Institute of Mathematics of the NAS of Ukraine,
vol. 43, pp. 201-208. Kyiv (2002)

J. F. Song, and C. Z. Qu, Geometric integrability of two-component Camassa-Holm and Hunter-Saxton
systems, Commun. Theor. Phys. 55 (2011) 955-959.

H. Wu, and M. Wunsch, Global existence for the generalized two-component Hunter-Saxton system, J.
Math. Fluid Mech. 14 (2012) 455-469.

M. Wunsch, On the Hunter-Saxton system, Discret Contin. Dyn. Syst. Ser. B 12 (2009) 647-656.

P. Zhang, and Y. Liu, Stability of solitary waves and wave-breaking phenomena for the two-component
Camassa-Holm system, Int. Math. Res. Not. 2010 (2010) 1981-2021.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
508



