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In this paper, we obtain p-symmetry and p-conservation law of the extended mKdV equation. The extended
mKdV equation dose not admit a variational problem since it is of odd order. First we obtain p-conservation
law of the extended mKdV equation in potential form because it admits a variational problem, using it, we can
obtain p-conservation law of the extended mKdV equation.
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1. Introduction

In 2001, Muriel and Romero introduced A-symmetries method to order reduction of ODEs. In
2004, Gaeta and Morando expanded this approach to the PDE frame with p independent variables
x = (x',...,x?) and g dependent variables u = (u',...,u?), in order to do this, the central object is a
horizontal one-form y = A;dx’ on first order jet space (J Mm, m,M), where  is a compatible, i.e.
DiA;j —DjA; = 0, and thus one speaks of u-symmetries.

In 2006, Muriel, Romero and Olver generalized the concept of variational problem and conser-
vation law, based on A-symmetries, and presented an adapted formulation of the Nother’s theorem
for A-symmetry of ODEs. In 2007, Cicogna and Gaeta extended the results obtained by Muriel,
Romero and Olver, in the case of A-symmetries to the case of p-symmetries. They called, con-
servation law in the case of u-symmetry of the Lagrangian, p-conservation law. The Korteweg-de
Vries (KdV) equation u; + uy + uu, = 0, is one of the most popular equations by Korteweg and
de Vries in the 19" century as water waves equations. The KdV equation is a nonlinear partial dif-
ferential equation arising in the study of a number of different physical systems, e.g., water waves,
plasma physics, harmonic lattices, elastic rods and nonlinear long dynamo waves observed in the
Sun. The modified Korteweg-de Vries (mKdV) equation is one of the most important nonlinear
wave equation in physics and mechanic. For example, in the study of plasma physics, nonlinear
optics, solid state physics and fluid mechanics, whose general form is u; + auy + butu, = 0.
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In the paper [8] H. Liu and J. Li studied the nonlinear evolution equation in the form of
Us + a1 U + Aoty + azuit, + a4u2ux =0.

They called this equation “extended form of the mKdV equation” and the parameters a; € R. We
know that the basis of mKdV equation rather than KdV type equation is obtained in terms of the
basis of extended form of the mKdV equation. In view of this, we would rather name this equation,
the extended mKdV equation. All properties of the extended mKdV equation can be obtained from
the well-known properties of the mKdV equation taking transformation mentioned in the paper [7]
into account. So, solutions of the extended mKdV equation can be expressed via the Painleve’
transcendents as well. In partial cases solutions of the extended mKdV equation can be expressed
using rational function and the Airy functions [1].

The outline of this paper is as follows. Firstly, u-symmetry and reduced equations for the
extended mKdV equation. Secondly, u-symmetry and reduced equations for particular cases -
the mKdV equation, the KdV equation and the Euler equation - of the extended mKdV equation.
Finally, u-conservation law for the extended mKdV equation.

2. u-prolongation and y-symmetry

In this section, the starting point will be a discussion of some of the foundational results about -
prolongation and p-symmetry rather briefly. Let t = A;dx’ be horizontal one-form on first order jet
space (J(VM,m, M) and compatible with contact structure & on J®M for k > 2, i.e. du € J(&),
where J(&') is Cartan ideal generated by contact structure & and A; : J (MM — R. In the paper [5],
condition du € J(&) is equivalent to D;A; — D;A; = 0, where D; is total derivative x'. For given the
vector bundle (M, 7, R), the horizontal one-form u € A'(J'M), i.e. the one-form p = A (x, u, u, )dx,
where A (x,u,u,) : J'M — R is smooth real function.

Suppose A(x,u™) = 0 is a scalar PDEs involving p independent variables x = (x',...,x”) and
one dependent variable. Let X = £9,; + @9, be a vector field on M. We define Y =X +Y%_, ¥, 4,
on k-th order jet space J*M as p-prolongation of X if its coefficient (with ¥y = @) satisfy the
U-prolongation formula

W)= (Di+A)¥Ys—usm(Di+1)E™. (2.1

Let us observe that, if 4 = 0 in (2.1), then we gain ordinary prolongation of X. So we can assume
ordinary prolongation as O-prolongation in p-prolongation framework. Let X be a vector field on
M, and Y be its u -prolongation of order k. Let A be a differential equation (PDE) of order & in M,
A(x,u®) =0, and . C J® M be the solution manifold for A. If Y : . — T.%, we say that X is a
U-symmetry for A.

Suppose 1t = A;dx' is a horizontal 1-form and V = exp (/)X is an exponential vector field,
where X is a vector field on M. For , consider an equation A such that D;A; — D;A; = 0 is satisfied
on .#;. Then V is a general symmetry for A if and only if X is a g-symmetry for A.

In the paper [5], we observe reduction of PDEs under y-symmetries in the following theorem.
Theorem 2.1. Let A be a scalar PDE of order k for u=u(x',...,x?). Let X = 5’(%) + (p(%) be a
vector field on M, with characteristic Q = @ —w;&', and let Y be the p-prolong of order k of X. If
X is a p-symmetry for A, thenY : x — T.%x, where x C J®M is the solution manifold for the
system Ax made of A and of E; :== D;Q = 0 for all J with | J |=0,1,...,k— 1.
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3. u-symmetry for the extended mKdV equation

In the extended mKdV equation we will consider PDEs in two independent variables, (x,?). In this
case we will also write X = 0y + 79, + @9, and U = A1dx + Aydt.

3.1. u-symmetry of given equations

In order to determine p-symmetry of a given PDE A of order n, one can proceed in the same
way as for ordinary symmetries. That is, consider a generic vector field X acting in M, and its u-
prolongation Y of order n for a generic u = Aidx’, acting in J"M. One then applies Y to A, and
restricts the obtained expression to the solution manifold . C J® M. The equation A, resulting
by requiring this is zero is the determining equation for y-symmetries of A; this is an equation for
&, 7,0 and A;, and as such is nonlinear.

If we require A; are functions on J®)M, all the dependences on u; with | J |> k will be explicit,
and one obtains a system of determining equation. This system should be complemented with the
compatibility conditions between the A;. If we determine a priori the form u, we are left with a
system of linear equation for &, 7, @; similarly, if we fix a vector field X and try to find the u for
which it is a g-symmetry of the given equation A, we have a system of quasilinear equation for the

Ai.

3.2. u-symmetry for the extended mKdV equation

Let us consider the extended mKdV equation
u,+a1uxxx+azux+a3uux—|—a4u2ux =0. 3.1

Suppose X = £d, + 19, + ¢J, is a vector field and pt = A;dx+ A,dt is a horizontal one-form. For

this 1, we should have the compatibility condition D;A; = DA, when u, + aj iy + azuty + azuu, +

asu’u, = 0. Let us come to the third p-prolongation of X. For this computation we can use the Eq.

(2.1), hence, we show t-prolongation of X as

Y =X+%9,, +¥3d, +¥"0,, +..+¥"0,

1t )

where

(Dy+21)@ — ux(Dy+ A1)E — u(Dx+ A1) 7,

= (D1 +12)¢ —uy(Di +A2)E —u (D, + 1) 7,

= (Dy+M)¥" — e (Dx + A1)E —uy (D + A1) 7,

= (D, VP — (D +A2)E — uy (D + Ao) T,

W' = (D + )Y — (D + A2)E —uy (D 4+ A2) 7T, (3.2)
B = (Dy 4 AP — ttgee(Dy 4 2 )E — it (D + A1),

P = ( VP — (D + A2)E — tts (Ds + M2) T,

P = (Dt +12)‘P” - ”xtx(Dt +/12)<§ — Ut (Dt +7LZ)T,

W = (D + M) V" — ttyx(Ds + A2)E — 1ty (Ds + A2) T
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In this case, the p-prolongation Y acts on the Eq. (3.1) and substituting (u, — axu, — azuu, —
asu’uy) /ay for uy, we obtain the following system

a7, =0, a Ty =0, ar Ty = 0, a18, =0, a18u =0,
a1 & =0, aiMT+art =0, —2a1 M7, +a1(M),T+2a17, =0,
3a1 Ty +3a1 M T+ a1 (M), T =0, 9a1 A&y +9a1 8y +4ar (A1) —3a19u, =0,
3ai M Ty + a1 (A1) uu T + 3a1 T + 3a1 (A1) T, = 0,
3a1(kl)xr+3a1‘cxx+3a17tf‘c+6alllfu =0,
ar(AM)uwé +3a1(M)uéu + 3a1 s — a1 Gy + 301 21§ = 0,
—3a1(M)x& +3a1Puu + 3a1 1 @y — 3a1Exx — 31 APE + a1 (A)ud — 6a1 41 &, =0,
6ai A Ty + 3a1 (M) Ty — 36+ 2a1 (A1) + 3a1 (A1) T
+3a1(A1)uTe +3a1 A2 T, + 301 T = 0,
BaiAi O+ a1 (M) w® + 20 + @ + a1 e + azudi @ + 3ar (A1) xx + 3a1 A1 P
+3a; (A1) @ + azud, +a1)~13¢ + ary @y + ar A @ + agu® O+ agu’ Ay @ = 0, 3.3)
—3ay (M1)€ —3ar(M)u&x + 3azué, + 3a1 Quu — 3a1 A2 E, — 2a1 (M) & + 3026,
—6a1 A1 &+ 3012 Ouy — 31 o — 3a1 (A1) xEu A a1 (A1) uud +3a1 (A1)
+3asu?&, +3ar (M) upu =0,
— a1 3T =T — T — a1 (M) T — a3udi T+ 3E — a1 Ty — 301 A1 Ty — 31 AT,
—ap Ty —3a1(A)2 M T —3a1 (A1) T+ 30 E — azuty — ar M T — agu’ t — aguP Mt =0,
—a A& — &+ 2a3ué — 3a1 &y — M€ —3ar (M) M€ —3ariALE + 3a1 ALy + 2a0&,
+3a1 (M) x@u — a1 (M) + 3a1 G + 2a1 (A1) ixd + 6a1 A1 @ + 3a1 (A1) w1 9 + az¢
—a1 & +2a3ur & — 3ay (A1)xEx 4 3a1 (A1) u e + +2a4up +2a2A1 &
a4’ M € +2a,u*E, = 0.

For any choice of the type
M =Di[f(x,0)]+g(x),  Ada=D[f(x,0)]+h(1), (3.4)

where f(x,?), g(x) and h(t) are arbitrary functions, we have the compatibility condition, i.e. D;A; =
D, A, (on solutions to the Eq. (3.1)). For instance, we consider two cases to obtain f-symmetry of
the Eq. (3.1) as the following:

1. When g(x) = 0 and h(z) = 0, then substituting the functions A; = D, f(x,7) and A, =
D, f(x,t) into the system of (3.3) and solving them, we obtain

E=F(x,1), 7=0, ¢ =0,

where f(x,r) = —In(F(x,t)) and F(x,t) is an arbitrary positive function. Then X =
F(x,t)0y is p-symmetry of the Eq. (3.1) and corresponds to an ordinary symmetry V =
exp ( [ Dyf (x,8)dx+ Dy f (x,t)dt)X of exponential type. In this case, reduction of the Eq.
3.1)is

Q=0 —Euy—tu = —F(x,t)uy. (3.5)
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2. When g(x) = 0 and h(t) = c1/(c1t + 12a2) where c; is an arbitrary constant, then substi-
tuting the functions A; = D, f(x,t) and Ay = D, f(x,t) +c1/(c1t + 12ai) into the system of
(3.3) and solving them, we obtain

(4azayq — a%) (c1t+ 12a£) +2as(c1x+c2)

= F(x,t),
é 6a4(c1t + 1261%) ( )
2
T=F(x,1), QDZ—MF(X,I),
6as(cit + 12a3)
where f(x,t) = —In(F(x,t)), F(x,t) is an arbitrary positive function and c; is an arbitrary

constant. Then

c1(as +2aqu)

oh+0———"
ta 6a4(c1t+ lzaﬁ)

¥ ((4a2a4 — ag)(clt + 12aﬁ) +2ay4(c1x+c2)

0 )F ,1),
6as(cit +12a?) o) E (1)
is u-symmetry of the Eq. (3.1) and corresponds to an ordinary symmetry V =
exp (fD,J(x,t)dx—&— (Di f(x,1) + 1/ (c1t + 12ai))dt)X of exponential type. In this case,

reduction of the Eq. (3.1) is

Q= ¢—Cuy— Ty (3.6)
_ _( 1 (a3 + 26141/!3 (4612614 —a%)(clt + 1202) —0—22a4(01x—|—c2) e+ u,)F(x,t) '
6as(cit + 12ay) 6as(cit + 12ay)

4. u-symmetry for Particular cases of the extended mKdV equation

In this section, we obtain y-symmetry for Particular cases of the extended mKdV equation u; +
a1 Uy + artty + azuity + asuuy, = 0. Clearly, when a, = a3 = 0, the extended mKdV equation is the
mKdV equation u; + @ty + asu’u, = 0. When a; = a3 = 1 and a» = a4 = 0, the extended mKdV
equation is the KdV equation u; + tyyy + uu, = 0. When a3 = —1 and a; = a» = a4 =0, the extended
mKdV equation is the Euler equation u; — uu, = 0.

4.1. u-symmetry for the mKdV equation
When a; = a3 = 0, the Eq. (3.1) is the mKdV equation
Ur + a1 Uy + g, = 0. (4.1)

Similar to the extended mKdV equation, for instance, we consider two cases to obtain [-symmetry
of the mKdV equation as the following:

1. When g(x) = 0 and &(r) = 0 in the functions of (3.4), then substituting the functions A4, =
D, f(x,t) and A, = D, f(x,t) into the system of (3.3) and solving them, we obtain

ézF('x7t)7 TZO? (p:O7

where f(x,7) = —In(F(x,t)), F(x,t) is an arbitrary positive function. Then X = F(x,)d;
is u-symmetry of the Eq. (3.1) and corresponds to an ordinary symmetry V =
exp ( I Dyf (x,t)dx+ D, f (x,t)dt)X of exponential type. In this case, reduction of the Eq.
(3.1)is

Q=0 —Euy—Tu = —F(x,1)uy. (4.2)
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2. When g(x) =0 and h(t) = 3c1 /(3¢ + 1) in the functions of (3.4), where ¢; is an arbitrary
constant, then substituting the functions A; = D, f(x,t) and A, = D, f(x,7) +3¢1/(3c1t+ 1)
into the system of (3.3) and solving them, we obtain

c1x+c cu
= F(x,t T=F(x,t =- F(x,t

3C1t+1 (x7 )7 (‘x7 )7 (P 3C1t+1 (x7 )7
where f(x,t) = —In(F(x,t)), F(x,t) is an arbitrary positive function and c; is an arbitrary
constant. Then

c1x+cp cu
x=Fen e )
O e 1> T ST

is u-symmetry of the Eq. (4.1) and corresponds to an ordinary symmetry V =
exp (fDxf(x,t)dx—i— (Dyf (x,2) 4+ 3c1/(3ert + 1))dt)X of exponential type. In this case,

reduction of the mKdV equation u; + aj iy + asu’u, =0 is

clu c1x+cp
3cit+1  3cit+1

Q:q)_éux_fut:_< ux—Ht;)F(x,t). 4.3)

4.2. u-symmetry for the KdV equation
When a; = a3z =1 and a, = a4 =0, the Eq. (3.1) is the KdV equation

U + Uy + uny, = 0. 4.4)

Similar to the extended mKdV equation, for instance, we consider two cases to obtain [-symmetry
of the KAV equation as the following:

1. When g(x) =0 and h(¢) = 1/(t + ¢) in the functions of (3.4), where ¢ is an arbitrary con-
stant, then substituting the functions A; = D, f(x,¢) and A, = D, f(x,¢) 4+ 1/(t + ¢) into the
system of (3.3) and solving them, we obtain

1
é_F(x7t)a T_Oy (p_t_i_icF(xat)a

where f(x,1) = —In(F(x,t)), F(x,t) is an arbitrary positive function. Then X = F(x,#)d, +
(1/(t+c¢))F(x,1)d, is a u-symmetry of the KdV equation and corresponds to an ordinary

symmetry V = exp (fDxf(x, 1)dx+ (D f (x,t)+1/(¢ —|—c))dt)X of exponential type. In this
case, reduction of the KdV equation is

Qz(p—éiux—fuf:( —ux)F(x,t)- 4.5

t+c
2. When g(x) = 0 and h(t) = 3/(3t +¢1) in the functions of (3.4), where c; is an arbitrary
constant, then substituting the functions A; = D, f(x,7) and A, = D, f(x,t) +3/(3t 4+ ¢1)
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into the system of (3.3) and solving them, we obtain

3(—2u + 3C2)

x+3c3
g_(c + 3t+cy

2 3t+c;

VF (x,1), T =F(x,1), 0= F(x,1),

where f(x,7) = —In(F(x,?)), F(x,t) is an arbitrary positive function, ¢, and c3 are arbitrary
constants. Then

x+3c3
3t+c

—2u+3c) )
S 4 7 bl

3
X = F(x,1) ((c2+ )+ 3, + ( e

is a u-symmetry of the KdV equation and corresponds to an ordinary symmetry V =
exp (fDxf(x, t)dx+ (D, f(x,t)+3/(3t+ci ))dt)X of exponential type. In this case, reduc-
tion of the KdV equation under p-symmetry is

x+3c3
3t+cy

3(—2u+3cy)

3t+c; —(Cz—l—

Q=<p—<§ux—wz=F(x,t)( )ux—u,). (4.6)

4.3. u-symmetry for the Euler equation
When a3 = —1 and a; = a, = a4 = 0, the Eq. (3.1) is the Euler equation

uy — utty = 0. 4.7)
If a3 = —1 and a; = ay = a4 = 0 in the system of (3.3), then we obtain
(e A u+22) @+uue (uhi +2A2) T — 1 (Ui — A2)E + @ 4wt T — & +u@+ 1, T —un &, = 0.

With the ansatz A; (x,7,u) = A; and Ay = Ax(x,7,u) the dependence of the equations above in u, is
explicit, and it splits into two equations:

(Mu+2)o+ ¢ +up, =0,
o+ (Muer?Lzu)Tf (l1u+lz)§ +ut — ét +M27x*”§x =0.

A special solution is given by

€:x2+tu2—s—2txu+uxe_m/2, T=0, (p:x‘i‘tue—ux/Z’ M=u, 12:”727
u u 2
and D,A; = D, A, when u; — uu, = 0. Hence, vector field
2 2
I3 1 1
X — (x +tu L—; xu—l—uxe,uxﬂ) 9+ (x—ib—t ”ewx/z) 2 4.8)

is a u-symmetry for the Euler equation u, = uu,. This g-symmetry corresponds to an ordinary
symmetry V of exponential type, i.e. V = e/HX, or V = exp ( Judx+ %uzdt>X . Also, reduction of
the Euler equation u; = uu, under yu-symmetry is

XA+t X%+ tu* + txu + ux
e —

5 e /2y, 4.9

Q=0 —Euy—Tu, =
u
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5. Lagrangian of the extended mKdV equation in potential form

In this section, we show that the extended mKdV equation does not admit a variational problem
since it is of odd order, but the extended mKdV equation in potential form admits a variational
problem. In the book [13], a system of a variational formulation if and only if its Frechet derivative
is self-adjoint. In fact, we have the following theorem.

Theorem 5.1. Let A =0 be a system of differential equation. Then A is the Euler-Lagrange expres-
sion for some variational problem £ = [ Ldx, i.e. A= E(L), if and only if the Frechet derivative Dp
is self-adjoint: Dy = Dy. In this case, a Lagrangian for A can be explicitly constructed using the
homotopy formula L{u) = [} u.A[Au]dA.

We consider the extended mKdV equation as
A ut—i—aluxxx—l-agux—I—a3uux—|-a4u2ux =0. 5.1
The Frechet derivative of A is
Dp=D,+ alDi + (ay + a3u+ aqu?) Dy + azu,.

Obviously it does not admit a variational problem since D} # Da. But the well-known differential
substitution u = v, yields the related transformed the extended mKdV equation as the following

. 2 _
Ay Vi A1V + A2V A3V Vi + aAgVyVxx = 0. (5.2)

We called this equation “’the extended mKdV equation in potential form ” and the Frechet derivative
itis

Da, = DyD; + a1 D} + (az + asve + aavy) Dy + (a3vex + 2a4Vxvir) D,

which is self-adjoint: D} = Dy, . By the Theorem (5.1), the extended mKdV equation in potential
form A, has a Lagrangian of the form

! 1
Lv] = /0 VA AV]dA = T (6vxv, —6av2, 4 6av2 + 2a3v? + awﬁ) + DivP.
Hence, Lagrangian of A, equation, up to Div-equivalence is

1
L] = 1 <6vxvt — 6a1v)2m + 6a2v§ + 2a3v)3( + cuvi) , (5.3)

6. u-conservation laws

A (standard) conservation law is a relation DivP := Y? | D;P' = 0, where P = (P',--- |PP) is a
p—dimensional vector. Suppose u = A;dx’ is a horizontal one-form, such that DiAj = DjA;. We
define a u-conservation law as a relation

(Di+ A)P' =0, (6.1)

where P’ is a (Matrix-valued) vector and the M—vector P! is called a u-conserved vector. In the
paper [4], we observe the following theorem.
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Theorem 6.1. Consider the n—th order Lagrangian ¥ = £ (x, u(”)), and vector field X, then X
is a p-symmetry for £, i.e. Y[.£] = 0 if and only if there exists M—vector P' satisfying the [i-
conservation law (D; + A;)P' = 0.

Using the other theorems in [4] and the theorem (6.1), the M —vector P! is obtained For first and
second order Lagrangian, as the following:

e For first order Lagrangian £ (x,t,u,u,,u,) and the vector field X = ¢ (d/du) is a -
symmetry for ., then the M—vector P' := ¢ (0. /du;), is a p1-conserved vector.

e For second order Lagrangian .# and the vector field X = ¢ (d/du) is a g-symmetry for .Z,
then the M —vector

0.7 0. 0.
o +((D; +)“j)‘P)ﬁij - ‘PDJ‘WU,

Pi=g (6.2)

is a u-conserved vector.

6.1. u-conservation laws of the extended mKdV equation in potential form

In this section, we want to compute L-conservation law for the extended mKdV equation in potential
form and using it we compute y-conservation law for the extended mKdV equation in section (6.2).
Consider the second order Lagrangian (5.3) for the extended mKdV equation in potential form

Ay = Vg + a1 Vi + A2Vix + A3V Ve + a4V;%Vxx = E(f) (6.3)

Suppose X = @0, is a vector field and u = Ajdx + Aydt is a horizontal one-form. For this u,
we should have the compatibility condition D;A; = DA, when vy + a1 Vi + G2Vix + a3vivee +
asv2vy, = 0. Let us come to the second -prolongation of X. For this computation we can use the
Eq. (2.1), hence, we show L-prolongation of X as

Y = @d, +¥9, +¥0, +¥¥0,, +¥"0,, +¥"0,,,
where
Y = (D + A1) 0, ¥ =(D;+A)0, Y = (D + A1) P,
W = (D, + M), W= (D, + L)Y (6.4)

In this case, the u-prolongation Y acts on the Eq. (6.3) and substituting (a;v2, — av? —azv3/3 —
asv?) /v, for v,, we obtain

al‘va:07 a4(Pv:07 al(A«l(P‘i‘(Px) :07 a3(7t1(p—(px) :07
O+ 00 +arQ+ay@ =0, a1 (AL @ + 241 @c + Pex + A1,0) = 0, (6.5)
a1 (2A1 9, + 20, + A1,9) =0, 3a40, +2a30, +3asA1 9 =0.

Suppose ¢ = F(x,t), where F(x,t) is an arbitrary positive function satisfying .Z’[v] = 0, where .Z|v]
is from (5.3), then a special solution them is given by

Fy(x,1)
F(x,t)’

_E(x,t)

== F(x,1)’

A=

(6.6)

where A; and A, are satisfying to D;A; = D, A,. Hence, X = F(x,7)d, is a t-symmetry for .%, in this
case by the Theorem (6.1) there exists M—vector P’ satisfying the p-conservation law (D; + A;)P' =
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0, by the Eq. (6.2), we have

1
P! = 6 <3vt + a1V + 6a2vy + 3a3v§ + 2a4v)3(>F(x,t), P’ = —%F(x,t). 6.7)

Hence, pt-conservation law for second order Lagrangian .Z[v] is (D, + A1)P' + (D; + A2)P?> =0, or
corresponds to

D.P'+D,P*+ 1, P' + 1,P* = 0. (6.8)

Hence, X = F(x,t)0, is a u-symmetry and D,P' + D,;P? + A, P! + 1, P?> = 0 is p-conservation law
for the extended mKdV equation in potential form A,,.

Remark 6.1. By the Noether’s Theorem for t-symmetry (for the extended mKdV equation in
potential form), we have

(Di4 A))P' = (Dx+ A1)P' + (D; + X)) P?
= F(x,1) (Var + @1 Vierr + @2Vix + Q302000 + a4V (6.9)

= QE(Z).

6.2. u-conservation laws of the extended mKdV equation

We want to compute tt-conservation law for the extended mKdV equation. Consider the extended
mKdV equation in potential form A, = vy + @1 Vygee + @2 Vix + A3V Vi + a4v)2€vxx =0, or equivalently
Dy (v + a1V + azvy +azv? /2 +aqv3 /3) = 0. If we substitute u for v, then, we have v; + aju,, +
axu+ azu® /2 + aqu’® /3 = F(t) where Fi(t) is an arbitrary function. Hence P! and P? in the Eq.
(6.7) are as the following

1

P' =
12

<6a1uxx + 6aru + 3azu® + 2a4u’ + 6F (t)) F(x,1), P’ = —gF(x, t). (6.10)
In doing so, p-conservation law for the extended mKdV equation is as

DP' +D,P? + L,P' + 1,P? =0, (6.11)
Remark 6.2. By the characteristic form for the extended mKdV equation, we have

(Di 4 A))P' = (Dx+ A1)P' + (D; + A, P?
= F(x,t)(u —|—a1uxxx+a2ux+a3uux+a4u2ux) (6.12)
— OA.
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