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It is shown that Hy () (1), the algebra of observables of the rational Calogero model based on the root

system % C RY, has T, independent traces, where T is the number of conjugacy classes of elements without
eigenvalue 1 belonging to the Coxeter group W (%) C End (RN ) generated by the root system 2.

Simultaneously, we reproduce an known result: the algebra Hy, (o) (1), considered as a superalgebra with
a natural parity, has ST independent supertraces, where ST is the number of conjugacy classes of elements
without eigenvalue —1 belonging to W (Z).

Keywords: Calogero model; Cherednik algebra; trace, supertrace.

2000 Mathematics Subject Classification: 17B80, 16W55

1. Introduction

It was shown in [6] and [8] that, for every associative superalgebra Hy (5 (1) of observables of
the rational Calogero model based on the root system %, the space of supertraces is nonzero. The
dimensions of these spaces for every root system are listed in [9].

Here we consider these superalgebras as algebras (parity forgotten) and find the conditions for
existence of traces and the dimensions of the spaces of traces on these algebras.

Astonishingly, the proof differs from the one in [6] and [8] in several signs only, and we provide
it here indicating change of signs by means of a parameter s with ¢ = —1 for the supertraces and
2 = +1 for the traces. As a result, some parts of this text are almost copypasted from [6] and [8],
especially Subsection 4.3 and Appendix.

1.1. Preliminaries
1.1.1. Traces

Let &7 be an associative superalgebra with parity m. All expressions of linear algebra are given
for homogenous elements only and are supposed to be extended to inhomogeneous elements via
linearity.

A linear function str on <7 is called a supertrace if

str(fg) = (—1)™ ™ & sir(g ) forall f,g € o .
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S.E. Konstein and 1.V. Tyutin

A linear function ¢r on &7 is called a trace if

tr(fg) =tr(gf) forall f,g € <.

Let »c = 1. We can unify the definitions of trace and supertrace by introducing a s-trace. We
say that a linear function® sp on <7 is a s-trace if

sp(fg) = 5"V ™E)sp(gf) forall f,g € o/ (1.1)

A linear function L is even (resp. odd) if L(f) = 0 for any odd (resp even) f € <7.

Let o) and @ be associative superalgebras with parities m; and 7, respectively. Define the
tensor product .7 = &/} ® % as a superalgebra with the product (a; ®a) (b @by) = (a1b1) @ (azbs)
(no sign factors in this formula) and the parity 7 defined by the formula w(a ® b) = m(a) + m(b).

Let 7; be a trace on .«7. Clearly, the function 7 such that T (a® b) = Ty (a)T2(b) is a trace on 7.

Let S; be an even supertrace on .<7. Clearly, the function S such that S(a ® b) = S1(a)S2(b) is an
even supertrace on <7

In what follows, we use three types of brackets:

{f.&} =rfe+sf
(.8 = fg— 3" ™E) g

1.1.2. The superalgebra of observables

The superalgebra Hyy () (1) of observables of the rational Calogero model based on the root system
Z is a deform of the skew product” of the Weyl algebra and the group algebra of a finite group
generated by reflections. We will define it by Definition 1.1 (see below); now let us describe the
necessary ingredients.

Let V = R" be endowed with a non-degenerate symmetric bilinear form (-, -) and the vectors d;
constitute an orthonormal basis in V, i.e.,

(@i, d;) = 0.

Let x' be the coordinates of ¥ € V, i.e., ¥ = d;x". Then (¥, ¥) = Y¥, x'y’ for any ¥, ¥ € V. The indices
i are raised and lowered by means of the forms J;; and 6 i,

For any nonzero v € V, define the reflections R; as follows:

()i’ ‘:) Vv for any X € V. (1.2)
(v, ¥)

Ry(X)=Xx-2
The reflections (1.2) have the following properties

R:(¥)=—v, Ri=1, (Rsy(X),il)= (X, Ry(di)) forany¥, X iieV. (1.3)

v

A finite set of vectors % C V is said to be a root system if the following conditions hold:
i) Z is Ry-invariant for any v € %,

4From the German word Spur.
bLet o7 and 4 be the superalgebras, and o7 is a Z-module. We say that the superalgebra <7 * 2 is a skew product of </
and B if of « B = o ® P as a superspace and (a; @ by) * (ay @by) = a1by(az) Qb1 bs.
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Traces on the Superalgebra of Observables of Rational Calogero Model

ii) if V1,V € Z are collinear, then either V| = ¥, or V/j = —,.

The group W(Z) C O(N,R) C End (V) generated by all reflections Ry with vV € Z is finite.

As it follows from this definition of a root system, we consider both crystallographic and non-
crystallographic root systems. We consider also the empty root system denoted by Ag, assuming
that it generates the trivial group consisting of the unity element only.

Let 7%, where oo = 0,1, be two copies of V with orthonormal bases aq; € 7%, where i =
1, ..., N. For every vector v = ?’:1 V' €V, let vg € F% be the vectors vy = Zﬁil agV', so four
bilinear forms on .7#° @ .7#! can be defined by the expression

(xavyﬁ):()_é))_;) fOI'(X,B:O,l, (14)
where X, ¥ € V and xq, yo € % are their copies. The reflections Ry act on % as follows:

(hoc, Voc) v
7.9

So the W (Z)-action on the spaces % is defined.

Let C[W (Z)] be the group algebra of W (%), i.., the set of all linear combinations ¥ ey () %8,
where o, € C and we temporarily use the notation g to distinguish g considered as an element of
W(Z) C End(V) from the same element g € C[W(%)] of the group considered as an element of
the group algebra. The addition in C[W ()] is defined as follows:

Ry(hg) =hg —2 for any hy, € %, (1.5)

Z 08+ Z Beg = Z (g +Be)2

gEW(Z) 8EW(Z) gEW(Z)

and the multiplication is defined by setting g1 8> =g182.

Note that the additions in C[W ()] and in End (V) differ. For example, if I € W(Z) is unity
and the matrix K = —I from End (V) belongs to W(Z), then I + K = 0 in End(V) while I + K # 0
in C[W (Z)]. In what follows, the element K € Hy (5)(1) is a Klein operator. ©

Let 1) be a set of constants 1y with vV € Z such that )y = n; if Ry and R; belong to one conjugacy
class of W(Z).

Definition 1.1. The superalgebra Hy(5)(n) is an associative superalgebra with unity 1; it is the
superalgebra of polynomials in the aq; with coefficients in the group algebra C[W (Z)] subject to

“Let </ be an associative superalgebra with parity 7. Following M. Vasiliev, see, e.g. [15], we say that an element K € </
is a Klein operator if m(K) = 0, Kf = (—1)®/) fK for any f € </ and K = 1. Every Klein operator belongs to the
anticenter of the superalgebra <7, see [10], p.41. (Recall that the anticenter AC(</) of an associative superalgebra A is
defined by the formula

AC() ={ae o |ax— (—1)"HF@O+ g — 0 forany x € o7}.)

Any Klein operator, if exists, establishes an isomorphism between the space of even traces and the space of even
supertraces on /. Namely, if f +— T(f) is an even trace, then f — T(fK) is a supertrace, and if f — S(f) is an even
supertrace, then f +— S(fK) is a trace.

It is proved in [9] that if Hy () (1) has isomorphic spaces of the traces and supertraces, then Hy (o) (1) contains a
Klein operator.
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the relations

gho = g(hg)hyg for any g € W(Z) and hy € %, (1.6)
xal,yp1] = €qp <(;‘5, )T+ %m% IIT;) for any xo € 2% and yg € J08, (1.7
ve ’

where € is the antisymmetric tensor, &, = 1, and 1 is the unity in Clag;]- The element 1 = 1-Tis
the unity of Hy (s (n).4 The action of any operator g € End(V) is given by a matrix (g’])

glagih') = aqigih’,  g1(g2(ha)) = (8182)(he) for any hg = agih' € 7%, (1.8)
g(I) =1 (1.9)

The commutation relations (1.7) suggest to define the parity w by setting:

m(aqg) =1 forany a, i and g € C[W(Z)]; n(1g) =0 forany g € CW(Z)].  (1.10)

We say that HW(R)(n) is a the superalgebra of observables of the Calogero model based on the
root system X.

These algebras Hy g) (1) (with parity forgotten) are particular cases of Symplectic Reflection
Algebras [4] and are also known as rational Cherednik algebras (see, for example, [5]).

Below we will usually designate 1, 1, 7 and I by 1, and FI = IF by F for any F € Clay;], and
1G = G1 by G for any G € C[W(Z)]. Besides, we will just write g instead of g because it will
always be clear, whether g € W(Z) or g € C[W(Z)].

The associative algebra Hy(g)(1) has a faithful representation via Dunkl differential-difference
operators D;, see [3], acting on the space of smooth functions on V. Namely, let v; = §;;v/, x; = &;jx/,
and

+ Zﬂv

VGW X,V

where (1 —Ry) f(x) = f(x) — f(Ry(x)) for every smooth function f. Let (see [14,1])

1—Rﬂ) (1.11)

1
agi = —(x;+ (=1)*D;) fora=0,1. 1.12

The reflections Ry transform the deformed creation (a;;) and annihilation (ag;) operators (1.12)
as vectors:

N V,'Vj
deai: Z 5,J—2W aajRV. (1.13)
=1 g
Since [D;, D;] =0, see [3], it follows that
[agi,ap j] = €qp ( i+ Y, m hivy R ) (1.14)
Ve v

which manifestly coincides with (1.7).

dClearly, Hyy () does not contain either 1 € Clayi] or I but does contain their product.
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Observe an important property of superalgebra Hy(g)(1): The Lie (super)algebra of its inner
derivations contains sl, generated by the operators

1 N
Tocﬁ = Eg{aai,aﬁi} (L.15)

which commute with C[W (Z)], i.e., [Top, Ry] = 0, and act on aq; as on vectors of the irreducible
2-dimensional sl,-modules:

[Taﬁ, ay,-] = Eqyag;+€pydgi, Wherei=1,... N. (1.16)

The restriction of the operator Tp; in the representation (1.12) on the subspace of W(Z)-
invariant functions on V is a second-degree differential operator which is the well-known Hamil-
tonian of the rational Calogero model, see [2], based on the root system &%, see [12]. One of the
relations (1.15), namely, [Ty, agi] = —(—1)%aq;, allows one to find the solutions of the equation
To1y = €y and eigenvalues € via usual Fock procedure with the vacuum |0) such that ag;|0)=0
for any i, see [1]. After W (#)-symmetrization these eigenfunctions become the eigenfunctions of
the Calogero Hamiltonian.

2. The s-traces on Hy z)(1)

Every s-trace sp(-) on .o generates the following bilinear form on .¢7:

Bs,(f,8) =sp(f-g) forany f,g € <. 2.1)

It is obvious that if such a bilinear form By, is degenerate, then the null-vectors of this form (i.e.,
v € &/ such that B(v,x) = 0 for any x € <) constitute the two-sided ideal .# C 7. If the s-trace
generating degenerate bilinear form is homogeneous (even or odd), then the corresponding ideal is
a superalgebra.

If 5c = —1, the ideals of this sort are present, for example, in the superalgebras Hy( Al)(n) (cor-
responding to the two-particle Calogero model) at N = k + %, see [15], and in the superalgebras
Hyy(4,)(N) (corresponding to three-particle Calogero model) at 7 =k + % and n =k=+ %, see [7],
for every integer k. For all other values of 1 all supertraces on these superalgebras generate nonde-
generate bilinear forms (2.1).

The general case of HW(A,H)(”) for arbitrary n is considered in [11]. Theorem 5.8.1 of [11]
states that the associative algebra HW(AH)(T]) is not simple if and only if n = L, where ¢,m are
mutually prime integers such that 1 < m < n, and presents the structure of corresponding ideals.

Conjecture: Each of the ideals found in [11] is the set of null-vectors of the degenerate bilinear
form (2.1) for some sc-trace sp on Hy (4, )(1).°

2.1. Main results

Theorem 2.1. Each nonzero »-trace on Hy (5)(1) is even.

®The dimension of the space of supertraces on Hy(a,_) (1) is the number of the partition of n > 1 into the sum of different
positive integers, see [6], and the space of the traces on Hy (4, ) (1) is one-dimensional for n > 2 due to Theorem 2.3,
see also [9].
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Proof. The space of superalgebra HW(E@)(T]) can be decomposed into the direct sum of irreducible
slp-modules, where sl, is defined by eq. (1.15). Clearly, each s-trace should vanish on all these
irreducible modules except singlets, and can take nonzero value only on singlets, i.e., on elements
f € Hy()(n) such that [T,g, f] =0 for a, B = 0,1. So, if sp(f) # 0, then [Ty, f] = 0, which
implies 7(f) = 0. O

Theorem 2.2. The dimension of the space of s-traces on the superalgebra Hy ) (1N) is equal to
the number of conjugacy classes of elements without eigenvalue s belonging to the Coxeter group
W (%) C End(RN) generated by the finite root system % C RN.

Proof. This Theorem follows from Theorem 4.1 and Theorem 3.2. O
Clearly, Theorem 2.2 is equivalent to the following theorem

Theorem 2.3. Let the Coxeter group W (%) C End(R") generated by the finite root system % C RN
have Ty conjugacy classes without eigenvalue 1 and ST conjugacy classes without eigenvalue —1.

Then the superalgebra Hy(5)(N) possesses Ty independent traces and STy independent super-
traces.

3. Ground Level Conditions

Clearly, 1-C[W(£)] is an isomorphic to C[W (%)] subalgebra of Hy, (g (1).

It is easy to describe all sc-traces on C[W (Z)]. Every s-trace on C[W (Z)] is completely deter-
mined by its values on W(Z) and is a central function on W (%), i.e., the function constant on the
conjugacy classes due to W (Z#)-invariance. Thus, the number of s-traces on C[W (Z%)] is equal to
the number of conjugacy classes in W (Z).

Since C[W(Z)] C Hy(#)(1), some additional restrictions on these functions follow from the
definition (1.1) of s-trace and the defining relations (1.7) for Hy (»)(n). Namely, for any g € W (%)
consider elements ¢ € % such that

gcl = xclyg. (3.1
Then, egs. (1.1) and (3.1) imply that
sp (c?c}g) = usp (c;gc?) =sp (c}c?g) )
and therefore

sp ([c,¢jlg) = 0. (3.2)

Since [c?,c}-]g € C|W(Z)], the conditions (3.2) single out the central functions on C[W (Z)]
which can in principle be extended to sc-traces on Hy(4) (1), and Theorem 4.1 states that each
central function on C[W (#)] satisfying conditions (3.2) can be extended to a s-trace on Hy () (1).
In [6], the conditions (3.2) are called Ground Level Conditions.

Ground Level Conditions (3.2) is an overdetermined system of linear equations for the central

functions on C[W (#)]. The dimension of the space of its solution is given in Theorem 3.2.
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3.1. The number of independent solutions of Ground Level Conditions

For any g € W (%), consider the subspaces &%(g) C .%:
&E%(g) ={he #*| g(h) = »h}. (3.3)

Clearly, dim &°(g) = dim &'(g).
In the vector space C[W ()], introduce the grading E: f

E(g) =dim &%(g). (3.4)
For any g € W (%), the number E(g) is an integer such that 0 < E(g) < N; recall that dim.72°% = N.
LetW, ={g € W(Z)| E(g) =1}. Clearly,
N
W (%)= JwW. (3.5)
1=0
The set W; is W (Z)-invariant, i.e., iW,h~! = W, for any h € W(Z), and we can introduce the
space W,* of W(Z)-invariant functions on W,.

Theorem 3.1. Each function S € Wy can be uniquely extended to a central function on W (%)
satisfying the Ground Level Conditions.

The following theorem follows from Theorem 3.1:

Theorem 3.2. The dimension of the space of solutions of Ground Level Conditions (3.2) is equal
to the number of conjugacy classes in W (%) with E(g) = 0.

Theorems 3.1 and 3.2 are simultaneously proved below.
The following lemmas are needed to prove these theorems.

Lemma 3.1. Let g be an orthogonal N X N real matrix without eigenvalue s, i.e., the matrix g — »
is invertible. Then the matrix Ryg has exactly one eigenvalue equal to .

Proof. Consider the equation RygX — »X = 0 or, equivalently, gx¥ — »R;X = 0 for the eigenvectors X
corresponding to eigenvalue »z. Using the definition of Ry this equation can be written as

N .
gxX—n(X—2 7P )=0;
hence,
S Vv, X s
x:—2%("_},‘2)(g—%) 15, (3.6)

fIt follows from Lemma 3.2 formulated below that if 2 = —1, then p(g) := E(g)|moq> is a parity on the group algebra
C[W(£)]. It is a well known parity of elements of the Coxeter group W (Z). Besides, (E(g)|,c=+1 — E(8)|sc=—1)lmoa2 =

N‘modZ .
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It remains to show that this equation has a nonzero solution. Let V = (g — 5)w; it follows from eq.
(3.6) that X = uw, where it € R. Then

v

—25(V,X)

(1wl
W

2(wf? —
2(‘ ‘2_%(‘7&7

and eq. (3.6) becomes an identity pw = uw. So the vector X; = (g — »)~ ' is the only solution, up
to a factor. O

Lemma 3.2. Let g be an orthogonal N X N real matrix and ¢;, where i =1, ..., E(g), the complete
orthonormal set of its eigenvectors corresponding to eigenvalue ». Then

i) E(Ryg) =E(g)+1if (v, &) =0 foralli;

i) if there exists an i such that (V, ¢;) # 0, then E(Ryg) = E(g) — 1 and the space of eigenvectors
of Ryg corresponding to eigenvalue s is the subspace of span{¢, ..., EE(g)} orthogonal to V.

Proof. LetCY span{c, ..., Cg(g) } and V = C @ B the orthogonal direct sum. Clearly, gB = B and
g — s is invertible on B.
Let us seek a null-vector 7 of the operator Ryg — 5, i.e., the solution of the equation

RygZ — 27 =0, (3.7

in the form7=7¢ +B, where ¢ € C and b € B. The definition of Ry and (3.7) yield

2

57 (%(a 7) + (gb, \7)) P4 (g— )b =0. (3.8)

Represent V in the form vV = V. + 1V, where v, € C, v, € B. Let v, = (g — )W, where w € B. Then
eq. (3.7) is equivalent to the system

2 4
G (HET (b (g —9m) v =0, (39)

2 ; q
57 (%(a 7.) + (gb, (g—%)sz))vT/er:O. (3.10)

Consider the two cases:
1) Let (V,¢;)) =0foralli=1,...,E(g). So, V. = 0, and hence V € B. Then (3.10) acquires the
form

= (gb, (g — »)W)w+b=0. (3.11)

It is easy to check that b=wis the only nonzero solution of (3.11) orthogonal to C.

So, all the solutions of eq. (3.7) are linear combinations of the vectors Z; = ¢;, where i =
1,...,E(g), and Zg(g) 11 = W.

2) Let V. # 0. Then eq. (3.9) gives

(2, 7.) + (gb, (g — )W) =0 (3.12)
which reduces eq. (3.10) to b = 0 which, in its turn, reduces eq. (3.12) to (¢, V) = 0. O
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Let & be the projection C[W (Z)] — C[W ()] defined as

@(Z oigi) = Z o;g; forany g; e W(Z), a; € C. (3.13)
i i:gi#1

Lemma3.3. Let g € W(Z). Let cf,c§ € £%(g) C Hy () (N) (i.e., gcf = »clg, gc§ = »c5g). Then

E(2((c¢, B))g) =E(g)—1 forany g € W(%). (3.14)

Proof. Proof easily follows from the formula

2(cf, ) =P Y nvw&. (3.15)
=74 (V, V)
Indeed, if (¢}, V)(¢2, V) # 0, then Lemma 3.2 implies that E(Ryg) = E(g) — 1. O

3.2. Proof of Theorems 3.1 and 3.2

Due to Lemma 3.3 some of the Ground Level Conditions express the s-trace of elements g with
E(g) = via the s-traces of elements Ryg with E(Ryg) =1 —1:

sp(g) = —sp(([c}, ¢j] — 1)g) if (¢;, &) = 1. (3.16)

We prove Theorems 3.1 and 3.2 using induction on E(g).

The first step is simple: if E(g) = 0, then sp(g) is an arbitrary central function. The next step
is also simple: if E(g) = 1, then there exists a unique element ¢! € £%(g) and a unique element
c} € &'(g) such that [c¥| = 1 and gcf = sec¥g. Since ([, c]] — 1)g € C[W(£)] and E(([c}, c]] —
1)g) =0, then

sp(g) = —sp(([c}, cj] — 1)g) 3.17)

is the unique possible value for sp(g) with E(g) = 1. In such a way, W is extended to W;".

A priori these values can be not consistent with other Ground Level Conditions.

Suppose that the Ground Level Conditions (3.2) which are equivalent to the conditions consid-
ered for all g with E(g) <[ and for all ¢, c¢¥ € &%(g) have Q; independent solutions.

Proposition 3.1. The value Q; does not depend on I.

Proof. It was shown above that Q; = Q. Let I > 1. Consider g € W(Z) with E(g) =1+ 1. Let

i € &% g), where i = 1,2, be such that (cf", ¢} ) 0;;- These elements ¢ give the conditions:
sp(g) = —sp(([c}, ¢1] = 1)g), (3.18)
sp(g) = —sp(([c2; 2] = 1)g), (3.19)
sp([}, 3]g) = 0. (3.20)

Below we prove that egs. (3.18) and (3.19) are equivalent and eq. (3.20) follows from them. So,
we will prove that eq. (3.18) considered for all g € W, where 0 < s < [+ 1, realizes the extension
of Wy to W/ ;.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
279



S.E. Konstein and 1.V. Tyutin
Let us transform (3.18):

sp(g) = sp(S1) —sp(S12),

where

It is clear from eq. (3.22) and Lemma 3.2 that E(S;) =/ and S 1cg = %ch 1. Hence, due to eq.

and inductive hypothesis

sp(S1) = —sp(([c3, c3] — 1)S1) = sp(([c3, c3] — 1)(([c], e1] — 1)g — S12))

and as a result

sp(S1) = sp(([e3, ca] — ([}, e1] — 1)g) — sp(([c3, €3])S12) + sp(S12).-

Finally, eq. (3.18) is equivalent under inductive hypothesis to

sp(g) = sp(([c3, ca) — 1)([c}, ei] — 1)g) — sp(([c5, c3])S12).

Analogously, eq. (3.19) is equivalent under inductive hypothesis to

sp(g) = sp(([c}, c1] = 1)([c3, c3] — 1)g) — sp(([c], c1])Sar),

where

Now, let us compare the corresponding terms in eqs. (3.26) and (3.27). First, the relation

sp(([e}, ei] = (2, ea] = 1)g) = sp(([e2, ea] = 1)([e], ¢1] = 1)g)
0

is identically true for every s-trace on C[W (Z)] since [cY, c}] commutes with g. Second,

sp(([e}, ei])Sar) = sp(([e3, 2])Si2)
since
sp([et, e1](7, @2)°Reg) = sp([c3, &) (7, €1)*Ryg)
for every v € Z such that (V, ¢1)(V, ¢2) # 0. Indeed, the element
¢=aé;+ PBc,, where a = —(V,¢) #0and B = (V,¢1) #0,
Co-published by Atlantis Press and Taylor & Francis
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is orthogonal to V:
(v,6)=0 (3.33)
and satisfies the relation
Rygc® = »c®Ryg (3.34)
due to Lemma 3.2. This fact together with the fact that
E(2([),c')Ryg) =1—1fori=1,2 (3.35)
(this also follows from Lemma 3.2) and inductive hypothesis imply
sp([c?, ¢'|Ryg) = sp([°, c}/]Ryg) =0  fori=1,2. (3.36)
Substituting ¢; = 5(5— B¢,) and & = %(E— ocy) in the left-hand side of eq. (3.31) and using egs.

(3.33) and (3.36) one obtains the right-hand side of eq. (3.31). Thus, eq. (3.18) is equivalent to eq.
(3.19); hence

sp(([e1; e1] = 1)g) —sp(([e}, 3] = 1)g) =0 (3.37)

for every orthonormal pair ¢y, ¢; € &(g). Consequently,
sp([e}, e2]g) =0 (3.38)
which finishes the proof of Proposition 3.1 and Theorem 3.2. O

4. The number of independent s-traces on Hy()(1)

For proof of the following theorem, see this and subsequent sections.
Theorem 4.1. Every »-trace on the algebra C|W (%)) satisfying the equation
sp([ho, h1]g) =0 forany g € W(Z) with E(g) # 0 and hq € £%(g), 4.1)

can be uniquely extended to a »-trace on Hy () (1).

4.1. Notation
For each g € W(Z), introduce eigenbases by; in Co#% (i =1,...,N, a = 0, 1) such that

gboi = Aiboig, 4.2)
1

b1i = —bg, 4.3

gby pRdl g 4.3)

(b()i,blj) = 6,']'. 4.4)

Let B, be the set of all these by; for a fixed g.
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In what follows we use the generalized indices /,J, ... instead of pairs (o, i) and sometimes write
i(I), &7, a(I) meaning that

br = bayiry, 8br = Mibig. 4.5)
Introduce also a symplectic form
61 = [br, bs]ln=0 (4.6)

and let f7; be the n-dependent part of the commutator [b;, by]:

d
Fiy < [br, by) =iy + fur “7)
The indices I,/ are raised and lowered with the help of the symplectic forms €%/ and €;:

w=Y o', w=Y we's Y e =-§. 4.8)
J J M

Let M(g) be the matrix of the map By — By, such that

br=Y M (g)dai. (4.9)
i,
Obviously this map is invertible. Using the matrix notation one can rewrite (4.5) as
2N
gbr =Y A{(8)bsg. (4.10)
J=1

where the matrix (A7) is diagonal, i.e., AJ = &/ A;.

We say that the monomial by, by, ... by g is regular if by, € B, for all s =1,... k and at least one
of A, is not equal to .

We say that the monomial by, by, ... by g is special if by, € B, for all s =1,... ,k and A;, = 5 for
all 5. Clearly, in this case E(g) > 0.

Introduce a lexicographical partial ordering on Hy () (1): For any Py, P, € Clag;] and g1, 82 €
W(Z%), we say

Pig| > P,g, if either deg P, > deg P, or deg Py = degP; and E(g;) > E(g2). 4.11)

4.2. The s-trace of General Elements

To find the s-trace, we consider the defining relations (1.1) as a system of linear equations for the
linear function sp.
Clearly, this system can be reduced to the following two equations

sp([br,P(a)g].) =0, (4.12)
sp(t7'P(a)gt) = sp(P(a)g), (4.13)

where polynomials P and g, 7 € W (%) are arbitrary.
Since each s-trace is even, eq. (4.12) can be rewritten in the form

sp(biP(a)g — »P(a)gbr) = 0. (4.14)

Eq. (4.14) enables us to express a s-trace of any monomial in Hy () (1) in terms of s-trace on
C[W (Z)]. Indeed, this can be done in a finite number of the following step operations.
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Regular step operation. Let by, by, ... by, g be a regular monomial. Up to a polynomial of lesser
degree, this monomial can be expressed in a form such that A;, # s.
Then

Sp(bll bIz e b[kg) = %Sp(blz . b[kgbh) = %2,11 Sp(bIz . blkbllg)7
which implies
Sp(bIl bIz . b[kg) — %}qlsp(b[l b[2 - b[kg) = %}qlsp([b[z - b[k, b[l] g)

Thus,

oy
1=y,

Sp(bll b[2 e b[kg) Sp([blz . b[k, b[l]g). (415)

This step operation expresses the sc-trace of any regular degree k monomial in terms of the
s-trace of degree k — 2 polynomials.

Special step operation. Let M = by by, ... by g be a special monomial and E(g) =1 > 0.
We can choose a basis by in & @ &' such that 67| c0a1 has the normal form:

[0 gy
Bulsros = <—1E(g> 0

Up to a polynomial of lesser degree, the monomial M can be expressed in the form
M = bf bz b, ...br,_, ,g+ alesser_degree_polynomial,
where

0<pg<k, pt+qg<k,
AM=A =AM, = foranys, (4.16)
¢uy=1, %n,=0, €Cp,=0 foranys.

Let M’ bbby, ... by, , and derive the equation for sp(M’g). Since
sp(bybM'g) = sesp(bjM'gby) = sp(bM'b,g),
it follows that
sp([biM’, by)g) =0. (4.17)

Since [byM’, by] can be expressed as follows:

)4
(b7 B3bL, o bryy  ba) = Y b1+ fin)b] ' BGbL by,
t=0

k—p—q
+ Y o/ wlby, by frabr,, b, (4.18)
t=1
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eq. (4.17) can be rewritten in the form

p
(p+1)spM'g) = — sp (Z by fiby ' biby, .. by g+
t=0
i +1
+ Y o SbL, . by, frab,, b, 8 ) (4.19)
t=1

which is the desired equation for sp(M'g).
Due to Lemma 3.2 it is easy to see that eq. (4.19) can be rewritten in the form

sp(M'g) = ) sp(Py(aa:)8), (4.20)
ZEW(Z):E(8)=E(g)—1

where the P; are some polynomials such that deg P; < degM’.

So, the special step operation expresses the ss-trace of a special polynomial in terms of the
»-trace of polynomials lesser in the sense of the ordering (4.11).

Thus, we showed that it is possible to express the s-trace of any polynomial in terms of the
»-trace on C[W ()] using a finite number of regular and special step operations. Since each step
operation is manifestly W (Z)-invariant, and the sc-trace on C[W (%)] is also W (Z)-invariant, the
resulting s-trace is W (%)-invariant.

This does not prove Theorem 4.1 yet because the resulting values of s-traces may a priori
depend on the sequence of step operations used and impose additional constraints on the values of
s-trace on C[W (Z)].

Below we prove that the value of s-trace does not depend on the sequence of step operations
used. We use the following inductive procedure:

(%) Let F défP(aa,-)g € Hy ()(N), where P is a polynomial such that deg P =2k and g € W (Z).
Assuming that s-trace is correctly defined for all elements of Hy 4\ (1) lesser than F relative to
the ordering (4.11), we prove that sp(F) is defined also without imposing an additional constraints
on the solution of the Ground Level Conditions.

The central point of the proof is consistency conditions (4.33), (4.34) and (4.50) proved in
Appendices A.1 and A.2.

Assume that the Ground Level Conditions hold. The proof of Theorem 4.1 will be given in a
constructive way by the following double induction procedure, equivalent to (x):

(i) Assume that

sp([br,Py(a)gl..) =0 forany P,(a), g and I provided b; € B,

and
A(I) # s, p <k or
Al)=3,E(g)<Il,p<kor
A) =5, p<k—2,

where P,(a) is an arbitrary degree p polynomial in ay; and p is odd. This implies that there exists a
unique extension of the s-trace such that the same is true for / replaced with [ + 1.

(ii) Assuming that sp (b;P,(a)g — »P,(a)gb;) = 0 for any P,(a), g and b; € B,, where p < k,
one proves that there exists a unique extension of the sz-trace such that the assumption (i) is true for
k replaced with k+2 and / = 0.
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As aresult, this inductive procedure uniquely extends any solution of the Ground Level Condi-
tions to a s-trace on the whole Hyy(4)(1). (Recall that the s-trace of any odd element of Hy () (1)
vanishes because the s-trace is even.)

It is convenient to work with the exponential generating functions

2N
P, (u) =sp(e’g) , where S = Z (ulby), 4.21)
L=1
where g is a fixed element of W (%), b, € B, and uk € C are independent parameters. By differen-
tiating eq. (4.21) n times with respect to u” at g = 0 one can obtain an arbitrary polynomial of n-th
degree in by, as a coefficient of g up to polynomials of lesser degrees. In these terms, the induction
on the degree of polynomials is equivalent to the induction on the homogeneity degree in u of the
power series expansions of W, (u).
As a consequence of general properties of the s-trace, the generating function W, (1) must be
W (Z)-invariant:

lP‘L'g‘L'*1 ([.L) = ng (.a) ) 4.22)
where the W (#)-transformed parameters are of the form
_ g _ _ 1
=Y (M(zgr )M (2)AT (OM(1)M ! (9)), 1! (4.23)

J

and matrices M(g) and A(g) are defined in egs. (4.9) and (4.10).
The necessary and sufficient conditions for the existence of an even s-trace are the W (%)-
covariance conditions (4.22) and the condition

sp ([bL,eSg]%) =0 for any g and L, (4.24)
or, equivalently,

sp (bLeSg — %esgbL) =0 for any g and L. (4.25)

4.3. General relations

To transform eq. (4.25) to a form convenient for the proof, we use the following two general relations
true for arbitrary operators X and Y and parameter u € C:

Xexp(Y +uX) = %exp(Y +uX) +/t2 exp(r1 (Y 4+ uX))[X,Y]exp(t(Y + uX))D't, (4.26)

exp(Y + uX)X = %exp(Y +uX)— / 11 exp(r1 (Y 4+ uX))[X,Y]exp(t(Y +uX))D't  (4.27)
with the convention that

D't =8ty 4...4+1,—1)0(r1)...0(t,)dty .. .dt,. (4.28)

The relations (4.26) and (4.27) can be derived with the help of partial integration (e.g., over #;)

and the following formula

% exp(Y +uX) = / exp(t; (Y + uX))X exp(t2(Y + uX))D't (4.29)
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which can be proven by expanding in power series. The well-known formula
[X,exp(Y)] = / exp(nY)[X,Y]exp(r,Y)D't (4.30)

is a consequence of eqs. (4.26) and (4.27).8
With the help of egs. (4.26), (4.27) and (4.5) one rewrites eq. (4.25) as

J
(1= ) 52 Waat) = / (—scdaty —tz)sp<exp(t1S)[bL,S] exp(tzS)g> D't. 4.31)

This condition should be true for any g and L and plays the central role in the analysis in this section.
Eq. (4.31) is an overdetermined system of linear equations for sp; we show below that it has the
only solution extending any fixed solution of the Ground Level Conditions.

There are two essentially distinct cases, Ay # » and A, = ». In the latter case, the eq. (4.31)
takes the form

0= / sp(exp(tlS)[bL,S] exp(tzS)g)Dlt, AL = 5. (4.32)

In Appendix A.1 we prove by induction that egs. (4.31) and (4.32) are consistent in the following
sense

0
(1) 5k / (—sehuti —12)sp (exp(tlS) bz, S] exp(th)g)Dlt (Lo K)=0  (433)
fOI'A,L#%,AK#%
and
(1— s i/ ( (118)[br, 8] exp(t2S >D1t—0f AL = (4.34)
%K)auK spl exp(#15)[br,S] exp(t2S)g =0 for A;, = ». .

Note that this part of the proof is quite general and does not depend on a concrete form of the
commutation relations between the a; in eq. (1.7).

By expanding the exponential ¢’ in eq. (4.21) into power series in u* (equivalently bg) we con-
clude that eq. (4.31) uniquely reconstructs the sc-trace of monomials containing bg with Ag # s
(i.e., regular monomials) in terms of »-traces of some lower degree polynomials. Then the consis-
tency conditions (4.33) and (4.34) guarantee that eq. (4.31) does not impose any additional condi-
tions on the s¢-traces of lower degree polynomials and allow one to represent the generating function

€The independent proof of eq. (4.30) follows from the equalities:

n—1
X exp(r)] = lim X, (exp( /n))"] = lim ¥ (exp(¥ /n)) X, (14 V)] (exp(¥ /)" *".
k=0

The same trick can be used for the proof of eq. (4.29).
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in the form
W, = @, (1) + (4.35)
1 d "ol " g
b [ [l saan - )sp (S by (15" + )50,
L:}{L#% 0 1 o %A‘L

where we introduced the generating functions ®, for the s¢-trace of special polynomials, i.e., the
polynomials depending only on b; with A; = ,

def /
Pe(1) = sp (es g) = Pelu )‘(u’:o if 272) (430

and

S= Y () §'=s5-¢. (4.37)
LZbLEBg7lL:%

The relation (4.35) successively expresses the s«-trace of higher degree regular polynomials via the
s-traces of lower degree polynomials.

One can see that the arguments above prove the inductive hypotheses (i) and (ii) for the particular
case where the polynomials P,(a) are regular and/or A; # . Note that for this case the induction (i)
on the grading E is trivial: one simply proves that the degree of the polynomial can be increased by
two.

Let us now turn to a less trivial case of the special polynomials:

sp (bles/g — %es/glﬁ) =0, where A; = . (4.38)
This equation implies
sp ([b,, es/]g) — 0, where A; = s. (4.39)

Consider the part of sp ([b;,expS’]g) which is of degree k in u and let E(g) =1+ 1. By eq.
(4.32) the conditions (4.39) give

0= / sp (exp(t1S')[br,S'] exp(t28')g) D't . (4.40)

Substituting [by,S'] = wy + Yus fiuit™, where the quantities f7; and g are defined in egs. (4.7)-
(4.8), one can rewrite eq. (4.40) in the form

P (1) = —/sp(exp(tlS')Zf[MuM exp(tzS’)g> D't. (4.41)
M

Now we use the inductive hypothesis (i). The right hand side of eq. (4.41) is a s-trace of a
polynomial of degree < k— 1 in the a; in the sector of degree k polynomials in u, and E (fjyg) = 1.
Therefore one can use the inductive hypothesis (i) to obtain the equality

/sp(exp(tlS’)Zf]MuM exp(tzS’)g)Dlt = / sp(exp(tzS’) exp(tlS’)Zf[MuMg)Dlt,
M M

where we used that sp(S'Fg) = »sp(FgS")= sp(FS'g) by definition of §'.
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As a result, the inductive hypothesis allows one to transform eq. (4.38) to the following form:
def
X; =0, where X; & P (1) +sp <exp(S’) Zf[M[.LMg> : (4.42)
M

By differentiating this equation with respect to i’/ one obtains after symmetrization

a ' "/
)+ 1) = [sp(65beS Y ) D 0 @43
H M

An important point is that the system of equations (4.43) is equivalent to the original equations
(4.42) except for the ground level part ®,(0). This can be easily seen from the simple fact that the
general solution of the system of equations for entire functions X; (1)

d d
a—quI(ﬂ) + a—u,XJ(IJ) =0

is of the form

Xi() = X1(0) + Y cup?
J

where X;(0) and ¢;;=—c;; are some constants.

The part of eq. (4.42) linear in 1 is however equivalent to the Ground Level Conditions analyzed
in Section 3. Thus, eq. (4.43) contains all information of eq. (3.2) additional to the Ground Level
Conditions. For this reason, we will from now on analyze equation (4.43).

Using again the inductive hypothesis we move b; to the left and to the right of the right hand

side of eq. (4.43) with equal weights equal to % to get

P 1
—— @, () + ([ J) = —= SV by, fiayuMg) —
S Pl + 00 0) = =5 op(expl) (b S}
1
- / Y (1 —tz)sp<exp(tlS’)FJL[J,Lexp(tzS’) fIM/.LMg>D1t—|— (I3 7). (4.44)
LM

The last terms with the factor #; — #, vanish as is not difficult to show, so eq. (4.44) reduces to

1

Ly Py (1) = —5Rus (1), (4.45)

where
Riy(1) = Y sp (exp(S){by fur g ) +(1 ) (4.46)
M
and
d 0

Ly = 8—;11”1 + a—ulﬂh (4.47)

or, equivalently,
0 0
Ly = .ula—uj + 'uja—/.tl . (4.48)
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The differential operators L;; satisfy the standard commutation relations of the Lie algebra
sp(2E(g))

[Lij,Lki) = — (€ix Ly + €Lk + CixLin + €Lix) - (4.49)

In Appendix A.2 we show by induction that this Lie algebra sp(2E(g)) realized by differential
operators is consistent with the right-hand side of the basic relation (4.45), i.e., that

[Liy, Rk — [Lkr, Riy) = — (€1 Ry + €Rix + €k RiL + CiRik) - (4.50)

Generally, these consistency conditions guarantee that eqs. (4.45) express ®, () in terms of RV
in the following way

2E(g)
By(k) = B, (0) + 1 — Zg / RO LR (), 451)
8E(g) 1=do
provided
RY(0)=0. (4.52)

The latter condition must hold for the consistency of eqs. (4.45) since its left hand side vanishes at
u! = 0. In the expression (4.51) it guarantees that the integral over ¢ converges. In the case under
consideration the condition (4.52) is met as follows from definition (4.46).

Taking Lemma 3.2 and the explicit form (4.46) of R;; into account one concludes that eq. (4.51)
uniquely expresses the sc-trace of special polynomials in terms of the s-traces of polynomials of
lower degrees or in terms of the s-traces of special polynomials of the same degree multiplied by
elements of W(#) with a smaller value of E provided that the p-independent term ®,(0) is an
arbitrary solution of the Ground Level Conditions. This completes the proof of Theorem 4.1. [J

5. Non-deformed skew product Hy ) (0) of the Weyl superalgebra and a finite group
generated by reflections

Consider HW(E@)(O). It has the same number of traces and supertraces as Hy () (1) for an arbitrary
1 and whose generation functions of these traces and supertraces can be written down explicitly.
This algebra is the skew product of the Weyl superalgebra and the group algebra of the finite group
W () generated by a root system % C V = RV, Algebras of this type, and their generalizations,
were considered in [13].

The superalgebra Hy,(4)(0) is an associative superalgebra of polynomials in aq; , where o =0, 1
and i = 1,...,N, with coefficients in the group algebra C[W (Z)] subject to relations

N
gagi = Z gf»‘aakg for any g € W(Z) and aq;, (5.1
k=1
aaisag ;] = €u4p0ij, (5.2)

where €5 is the antisymmetric tensor, &; = 1, and (gf‘) is a matrix realizing the representation
of g € W(Z) in End(V'). The commutation relations (5.1)—(5.2) suggest to define the parity & by
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setting:
nt(ag;) =1and 7(g) =0 for any g € W(Z). (5.3)
Unifying indices i and « in one index I one can rewrite eq. (5.2) as
[ar, aj] = oy, where @y is a symplectic form. (5.4)

It is easy to find the general solution of egs. (4.31) and (4.32) for the generating function of
se-traces: (1) If g € W(Z) and E(g) # 0, then sp(P(ay)g) = 0 for any polynomial P.

2)If g€ W(Z) and E(g) =0, then sp(g) is an arbitrary central function on W (Z).

(3) Let E(g) = 0. There exists a complete set by« of eigenvectors of g for each «, such that
gbx = Agbgg and 6k = [bk, b is nondegenerate skewsymmetric form such that €k, # 0 only if
AxAr, = 1. In this notation, let

S([J.,b) = ZH'KbKa
K

1 ~
o(u) = ZZ.“KNL%KL,
KL

where
~ 1+ A, ~
Gk = — Kk =Cix.
1 — Ay
Then
sp (es(u,h)g> = e2Wgp(g). (5.5)

The solution of eq. (5.5) can be also obtained in the initial basis. Let S = ¥, 1% aq;,
(g, p,t) = sp(es), ¥(g, 1) = sp(e’g) ="¥(g, 1, 1). Then

sp ([aa,-,etsg]%) =sp (teaﬁ&juﬁjetsg—I—e’Saajgp{> , where p{ =(1— %g){. (5.6)

Since E(g) = 0, the matrix (plj ) is invertible, so eq. (5.6) gives

d _ ai k Bj k 1 k_l I+ g k 1
Elp(gnuvt)__.u gocﬁ%'(skj.u lP(g,/.L,t), Whereqi_ I—%g i_i i+§6i

So

d P i - 1
E\P(ng;t) = —Ha gaﬁwijﬂﬁhp(g7ﬂat)7 where W;j = 5 <
and finally

1 i ~ ;
W(g,u) =exp (— 5#“ EaB coijuﬁ’>sz9(g)-
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Appendix A. Proof of consistency conditions
A.1. Proof of consistency condition (4.33) for A + ».

Let parameters [ = uX and p, &l X2 be such that A; # s and A, # s, where 4, wf Ak, and

A def Ak,. Let b! def bk, and b? def bk, . Let us prove by induction that conditions (4.33) hold. To
implement induction, we select a part of degree k in u from eq. (4.31) and observe that this part
contains a degree k polynomial in by, in the left-hand side of eq. (4.31) while the part on the right
hand side of the differential version (4.31) of eq. (4.24) which is of the same degree in u has degree
k — 1 as polynomial in by,.

This happens because of the presence of the commutator [b;,S] which is a zero degree poly-
nomial due to the basic relations (1.7). As a result, the inductive hypothesis allows us to use the
properties of s-trace provided that the above commutator is always handled as the right hand side
of eq. (1.7), i.e., we are not allowed to represent it again as a difference of the second-degree poly-
nomials.

Direct differentiation of Eq. (4.31) with the help of eq. (4.29) gives

(1— %lz)aiuz/(—%lltl _t2)5P<€tls[b1,S] etzsg)Dlt B (1 o 2) _
= </(1 —3cXa)(—3cits — t2)sp (€"¥[b',b*] ?5g) D't — (1 < 2)> +

+ ( / (1= 5eda)(—sh (01 +12) — t3)sp<e“sbze’25[bl,5] efss)D% - (1 o 2)) +

+ (/(1 —3eh) (= shaty — 1 — 13)sp (e“S[bl,S] et25b26’35g) D — (1 o 2)) . (A

We have to show that the right hand side of eq. (A.1) vanishes. Let us first transform the second
and the third terms on the right-hand side of eq. (A.1). The idea is to move the operators b? through
the exponentials towards the commutator [b',S] in order to use then the Jacobi identity for the
double commutators. This can be done in two different ways inside the s-trace so that one has to
fix appropriate weight factors for each of these processes. The correct weights turn out to be

th(—%ll(ll—i-lz)—g)bzEth(—%ll—Q(l—%kl))bz:
_ —
:D2t<< My —z3(1—%zl)>b7+ M b2> (A.2)

1-— %)uz 11— %312
and

Dzl‘(—%)ulll ) —[3)[92 = th((—%kl + 1)[1 — 1)[92 =

:D2t<<t1(1—%xl)— ! )Z_Z— —h ?) (A.3)

1 — 2N 1— A
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for the second and third terms in the right hand side of eq. (A.1), respectively. Here the notation
A and A imply that the operator A has to be moved from its position to the right and to the left,
respectively. Using eq. (4.30) along with the simple formula

/¢(t3,...t,,+1)D"t:/t1¢(t2,...t,,)D”*1t (A.4)

we find that all terms which involve both [b!,S] and [b?, S] pairwise cancel after antisymmetrization
1< 2.

As a result, one is left with some terms involving double commutators which, thanks to the
Jacobi identities and antisymmetrization, are all reduced to

/ (mzzl o — (1 — Ar)(1 —%)Lz))sp<exp(t1S)[S, [bl,bz]]exp(tzS)g)Dlt. (A.5)

Finally, we observe that this expression can be equivalently rewritten in the form

0 0
/ ()1,1)1,22‘1—I—l‘z—l‘ll‘z(l—%ﬂ‘l)(l—%z,z)) <al‘1 al‘ >sp(exp(t1S)[bl b2]eXp(l‘QS) >Dll‘ (A.6)

and after integration by parts cancel the first term on the right-hand side of eq. (A.1). Thus, it is
shown that eqgs. (4.31) are compatible for the case A, » # .

Analogously, we can show that egs. (4.31) are compatible with eq. (4.32). Indeed, let A; = s,
Az # 3. Let us prove that

d ! B
a—m”(“’ exp(S)]g) =0 (A7)

provided the s-trace is well-defined for the lower degree polynomials. The explicit differentiation
gives
d
a—msp([bl,expw)]g) = [ sp (18" exp(n S exp(r25)]g ) D't =

=(1- %kz)*lsp([bl, (b exp(S) — s exp(S)bz)]g> +... (A.8)

where dots denote some terms of the form sp([bl,B]g) involving more commutators inside B,

which therefore amount to some lower degree polynomials and vanish by the inductive hypothesis.
As a result, we find that

sp(1b',exp($)lg) = (1= s¢ha)"sp((B2[b",exp(S)] — Aol exp($)]6?)g) +

+(1- %kz)*lsp(([bl,lf] exp(S) — »Aexp(S) [bl,b2])g> . (A9)

ot

This expression vanishes by the inductive hypothesis, too.

A.2. The proof of consistency conditions (4.50) (the case of special polynomials)

In order to prove eq. (4.50) we use the inductive hypothesis (i). In this appendix we use the conven-
tion that any expression with the coinciding upper or lower indices are automatically symmetrized,
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e.g., F! = T(Fht 4 FRIv) Let us write the identity
0= Zsp( [exp(s’){b,,f,M}uM,b,b,] g) (s (A.10)
M

which holds due to Lemma 3.3 for all terms of degree k — 1 in u with E(g) <[+ 1 and for all
lower degree polynomials in i (one can always move f;; to g in eq. (A.10) combining f;;g into a
combination of elements of W (%) analyzed in Lemma 3.3).

Straightforward calculation of the commutator in the right-hand-side of eq. (A.10) gives 0 =
X1 +Xo + X3, where

X = - Z/SP (exp(t15"){by, FyL}u" exp(t2S"){by, fiu }™ g) D't — (1 - 7)
ML
=Y splexp(s Mg) —
Xo = L (exolS){ {bs.Furko i i) — 1),
X; = Ysp (exp(s’){b,,{b,, [ﬁM,bJ]}}/.LMg) Ao, (A.11)
M

The terms of X bilinear in f cancel due to the antisymmetrization ({ <+ J) and the inductive hypoth-
esis (i). As a result, one can transform X; to the form

X = <—% [Lys, Rul+2sp (es/{bl,fu}u]g>> — (I J). (A.12)
Substituting Fy; = 67y + f1; and fiy = [br,by] — € one transforms X, to the form
Xy = 261 Ry —2 (sp (es/{bj,fu}u]g) (e J)) ty, (A.13)
where
v =sp (5 {{bs.fish (b1, 51 }g) = (1 5 0). (A.14)
Using that
sp (exp(S') [Pfs0. '] §) =0 (A.15)

provided that the inductive hypothesis can be used, one transforms Y to the form

Y = sp <es/ ( — Ui (61S'by +byS'b1)] = bilfurs S'bs — byl S s + Lo o1 bms') g) .
(A.16)

Let us rewrite X3 in the form X3 = X3 + X5, where
s _ 1 N M
X3 = §§,SP <€ ({bl,{bh [fIM,bJ]}} + {bJa{bla [fIMabJ]}}>IJ g) —( ),
1 y
X3 = 5251’ (es ({bl,{bh [fIM,bJ]}} - {bJ,{bh [fIMabJ]}}>IJMg> ().
M
With the help of the Jacobi identity [fix,b;] — [fim,b1] = [f17,bum] one expresses X3 in the form

X3 = %SP (es’ ({61,653} [f15,S') + [f12,S' 1 b1, by} + 201 [ f17, 81Dy + 24 [ 17,51 r) g) :
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Let us transform this expression for X§' to the form
1 ,
X =35 Y sp (eS (Fy, [fIM,bJ]]/.LMg) (). (A.17)
M

Substitute Fyy = 615 + fi7 and fiy = [br,by] — €y in eq. (A.17). After simple transformations
we find that Y 4+ X3 = 0. From eqgs. (A.12) and (A.13) it follows that the right hand side of eq. (A.10)
is equal to

1
3 ([Li1, Rys] = [Lys, Rit)) +2€1Ryy -

This completes the proof of the consistency conditions (4.50).
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