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A systematic investigation to derive nonlinear lattice equations governed by partial difference equations
(PAAE) admitting specific Lax representation is presented. Further it is shown that for a specific value of
the parameter the derived nonlinear PAAE’s can be transformed into a linear PAAE’s under a global transfor-
mation. Also it is demonstrated how to derive higher order ordinary difference equations (OAE) or mappings in
general and linearizable ones in particular from the obtained nonlinear PAAE’s through periodic reduction. The
question of measure preserving property of the obtained OAE’s and the construction of more than one integrals
(or invariants) of them is examined wherever possible.
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1. Introduction

The study of discrete systems governed by nonlinear PAAEs and OAE's has attracted researchers
in nonlinear phenomena in recent years. One of the reasons for the interest to study discrete sys-
tems is that they are more fundamental than the continuous ones. Also it is of interest to under-
stand whether or not the discrete systems derived from continuous nonlinear systems governed
by ordinary or partial differential equation especially integrable ones preserve their integrability
characteristics [1,2, 5, 11,20-26]. In the last few decades, considerable progress has been accom-
plished and several integrable nonlinear ordinary and partial differential equations were discretized
leading to differential-difference, ordinary difference equations or mappings preserving integrabil-
ity characteristics of their counterpart [7, 12, 14, 27-29, 33, 34]. Several analytical methods have
also been devised to derive both mathematical and physical aspects from integrability to chaos of
discrete nonlinear systems. To the best of our knowledge only a few nonlinear partial difference
equations or lattice equations with two independent variables have been derived whose continuum
limit can be related with known integrable partial differential equations with two independent vari-
ables including soliton possessing systems. It is appropriate to mention that the study of integrable
nonlinear PAAE’s enables one to derive integrable higher dimensional nonlinear OAE’s or inte-
grable mappings, for example through periodic reductions [3, 8,16, 18,19,21] and hence the search
for integrable lattice equations involving two or more independent variables is interesting.
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It is known that the concept of integrability of nonlinear difference equations is not well defined
like for nonlinear differential equations however there exists some working definitions in the litera-
ture. A nonlinear PAAE with two independent variables is said to be integrable

(i) if it arises from the compatibility condition of a system of linear partial difference equations
[1,2, 18] and the underlying method is referred to as Lax pair method;
(i1) if it possesses multi-soliton solutions [11,13,19];
(iii) if it passes the ultra-local singularity confinement criterion [10, 11] and has zero algebraic
entropy [6, 15];
(iv) if it has the Consistency Around the Cube (CAC) property [4];
(v) ifiit can be transformed into a linear partial difference equation through a global transformation;

We would like to mention that in definition (v), the transformation of a nonlinear differential equa-
tion means that the solutions can be expressed in terms of known functions. Hence in the discrete
case also one would expect the discrete analogues of the known functions to play a crucial role. In
this article a scalar nonlinear PAAE with two independent variables having the form

vf,;;_ll = F(vfn,vf,fl,vfnﬂ), vfn =v(l,m)

is considered and derived equations admitting specific Lax representation. The identified nonlinear
PAAE’s can be classified into two distinct forms namely

(V)3 hia (V) 4 hisvh, + g

: I+1
1 v = 1.1
( ) m+1 h15(vfn)3 —|—h16(vfn)2 —|—h17vfn + hlg ( )
and
I+1 .1 ! I+1 .1
(11) v1+1 _Fll(vnj_ 7vm+l)+va12(VnT 7vm+l) (1.2)

=
" Flz(vﬁ,fl,van)—vann(vf,TI,anH)

where /1;’s are polynomials in (viF l,vfn +1) and Fiy and Fiy are polynomials of degree (2|r| — 1)

and 2|r| respectively, r € Z\{0}. It is shown that the latter nonlinear PAAE with specific forms of
F1; i = 1,2 can be transformed into linear PAAE through a global transformation.
The plan of the article is as follows. Given a set of Lax pairs with rational entries having the form,

g where both P and Q are polynomials in v/ ,v/+! and v/

s Vo mt 1> NOW to derive the associated non-
linear PAAE’s with two independent variables is presented in section 2 which results to the above
equations (1.1) and (1.2). It is shown that equation (1.2) is linearizable under a global transforma-
tion ensuring its integrability. In section 3 it is demonstrated how to derive higher order OAE’s in
general and linearizable ones in particular from the obtained nonlinear PAAE’s through periodic
reductions. The question of measure preserving property of the obtained OAE’s and construction of
more than one integrals of them is examined wherever possible. In section 4 a brief summary of the

obtained results and concluding remarks are presented.

2. Integrable and Linearizable Nonlinear Partial Difference Equations

Consider a system of linear difference equations with two independent variables / and m given by
I+1 !
Vim Vim
=L(l,m,k , 2.1
<v25n+1> ( ) <v2£n> @D
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1 1
<V17"“> M(l,m,k) <“’"> : 2.2)
V2int1 V2m

where L(I,m,k) and M(I,m,k) denoted by L. and M’ are (2 x 2) matrices. Here v{/, and v,/ are
wave functions defined at the sites of a two-dimensional lattice as functions of the spectral parameter
k. Then the compatibility condition of (2.1) and (2.2) gives

ML, =L}, M, (2.3)

which is usually referred to as Lax equation. Let us assume that the matrices L/, and M, depend only
on the potential (v,,v,1) and (v},,v}, ) respectively. Then the Lax equation (2.3) is equivalent to
a condition of the type

l+11 _F( Vins l+lvvfn+l)' (24)

Recently we considered Lax matrices with rational entries, having the form where both P and
Q are linear in v/ ,v/+! and V! ms1 and reported several new nonlinear PAAE’s satlsfylng (2.3) and
hence they are integrable in the sense of Lax [30]. In this article we wish to consider Lax matrices
again with rational entries in which P and Q are algebraic polynomials of degree greater than one

and show that there exists a class of nonlinear PAAE’s satisfying the compatibility condition (2.3).

We now consider specific Lax matrices L/ and M’ having the form

Suh,viih

S
Lin(k) = kfiz (v, Vi) izl ’ 25)
m? m 0
f14( l+1)
0 g (Vi Vi 1)
M (k) = o0 | 26)

kg3 (Vi v )

0
g14( m7 ff;l+])

where k is the spectral parameter and fi;’s and gy;’s, i = 1, 2, 3 and 4 are arbitrary unknown func-
tions. It is easy to verify that the components (1,1) and (2,2) of the compatibility condition (2.3)
vanish while the components of (1,2) and (2, 1) result the following respectively:

M Vet V) fia Oy g Vi )g1a (Ve v 1) o7

SO VD v ) g Vg (Vv ) .

Sis (V) Fra(h, vi) _ e Vol g1 (Vv ) 2.8)

Fra(h VD) A 0, v ) gra(vh LV g (v vl ) .
From equations (2.7) and (2.8) it is clear that they reduce into a single equation

fll( m+1> m+1)f12( m Lirl) 81 1(v Hl» i;-:l)gIZ(v£n>v£n+1) 2.9)

F VI F LY g (b v g (v VL) .

provided
iz Vi) = fii (v Vi VD), fa(vh, Vi) =f12(vfmqufl),

g13(an,vfn+1) _gll( Vins £n+1) g14(vfnvvin+1) = g12( Vins £n+1)
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Equation (2.9) is a functional equation and therefore cannot be solved for vf;f Jrll explicitly. To solve
equation (2.9) for lel we first consider f};’s and gy;’s, i = 1,2, are linear which leads to not so
interesting cases. Next we consider both f};’s and gy;’s are quadratic in (v’ v’“, Vin +1) A detailed

calculation show that equation (2.9) can be solved for vf;r +11, for the following forms:

Sl vitt) = (06+V) S v ') = (av, +1)

I ! Il _
811 (Vi V1) = (v + (@ = vy, 1), 812V Vig1) = (@ —vp) (@ +v, ),
where « is an arbitrary parameter and so we obtain a nonlinear PAAE which can be written as a

ratio of polynomials of degree three in v/,

41 _h11(V1) —I—hlz(v ) —I—h13v + hig

S (2.10)
m+1 h15(vfn) —|—h16( m) —|—h17vfn+h18
where hy;’s, i = 1,...8 are also polynomials in (v l+1,V£,l+1),
i = ol — e+ aa — v+ 2a, -~ 200
fn-H fn+1+062(062+1)( ) — 203y I-H(vingl)z]?
hia = [(1— )+O€( —-1) l+1+20“’m+1 202, vy,
202 (v )P — e+ IV,
hiz = a?[a(a? —1) — 202 m+1+2a3 Vi ! fn+1
—a(? + 1)(vh, )2+ (ot + D, )7,
hiy = afa?(o? — 1) — 20y l 2o vt an
—a(at + 1)L, 2+ (@ 1)y ’“( m+1)27 @2.11)
his = (066+ 1) a(a "‘ D! 20, =202, v, .
- ((X _1)( m+1)27
hg = af(ar* +1) — a0 + DV 200, = 2020,
—a(a? — 1)y (v),.0)°],
hi7 = af[-o (O‘2+ 1)+ 207 (viH! _v£n+l)+2a3 ! £n+1
—a(a® = 1)( m+1)2+ (a* = I)Vﬁl("fnﬂ)z]v
hig = —Z(X3+(X ( +1)V£;rl —2a*, Vin 1+20‘5 v m+1
—a(at = 1)(v),.1)* + (o — I)ijl("fnﬂ)z'

Thus the equation (2.10) is integrable in the sense of Lax. It is not clear, at the moment, whether
this equation possesses other characteristics of integrability such as CAC (Consistency Around the
Cube) property, ultra-singularity confinement criteria, conservation laws, etc. However we wish to

report that when o?=—1, equation (2.10) becomes
N 2(i_vfn+1)(("£n)2 + 1)[an+1 _Vm+1 +V (1 +VH1 £n+l)] (2.12)
" 2= vl ) (2 DI+ ) = v OB =) |
m+1 m m Vmt1 m m+1
which can be transformed into a linear PAAE
0L — 6+ 0L, — 6l =pr, 6, =tan”'(v},), pEZ (2.13)

and thus equation (2.12) is both integrable and linearizable.

Next we consider fi;’s and gy;’s are polynomials of degree three in their respective arguments. A

detailed calculation show that equation (2.9) is solvable for vf,f +11 when the degree of gy; is lesser by

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
182



New Integrable and Linearizable Nonlinear Difference Equations

2 than that of fi;. In other words, for the following forms

Firlhoh!) = (@), Falhh!) = (ad+ D+ 1),
gll( Vins £n+1) ( OW +1) g12( Vins £n+1) = ((X—an)

where « is an arbitrary parameter, equation (2.9) yields a nonlinear PAAE which can be written as

ratio of polynomials of degree three in v/,

(V ) +h12( ) +h13v +h14
15( V)3 + hig(Vh)2 + hygvl, + hyg

I+1 _
Vm+1 -

(2.14)

3‘1 x-x

where hy;’s, i = 1,...8 are also polynomials in (v,;!,v/ . ). Since each ;s involve a lengthy

expression we refrain from presenting its explicit form. Thus the equation (2.14) is integrable in the
sense of Lax. Here again for a?> = —1, equation (2.14), after eliminating common factors appeared
in both numerator and the denominator, becomes a QRT type equation,

Fll( [+1 l )+v FIZ( 1+1 vl )

+1 _ Vin > m+l Yim Vit

— , (2.15)
il Flz(VfrflannH) —vhFi (v Vi 1)
where
Fy = 2( H—ll ) m+l)(1+‘;l+ll l£n+l)7 l | " l
Fp = (1+Vn—1i_ _Vm+l+v+ m+l)(1 + +Vm+l+v+ m+l)’
which can also be transformed into a hnear PAAE
oL —2(8," — 6l ) -6, =px, 0} =tan'(V}), pEeZ (2.16)

and hence integrable and linearizable as well.

Next we consider f;’s and gy;’s are polynomials of degree four in their respective arguments and
find that the solution of (2.9), that is for v 11 involve irrational functions and hence not pursued
further. The situation remains the same when f1i’s and g1;’s are polynomials of degree > 4. However
for the following forms of fi;’s and gy;’s

S ') = (a+vp)* (o v )
FraOh VDY = (v, + 12 (e + 1)1,
s .o 2.17)
gll(vm7vm+l) ( avl+1)(a7_vm+l) )
glz("im m+1) ((X—Vm)(OC varl)r_2
with a? = —1, equation (2.9) leads to QRT type nonlinear PAAE of the form
F, l+1’ —|—V F l+l’vl
I+1 11( 2111 ;n+l) 12( Vin m+1) (218)

m Fio(vi v 1) —VﬁnFll(Vﬁl,anH)’
where F; and Fj, are specific polynomials of degree (2|r| — 1) and 2|r| respectively and their
explicit expression for different values of r are given in Table 1 and Table 2.

Here again equation (2.18) can be transformed into a linear PAAE

oL — (0, —6l,)— 6L =pn, 6}, =tan”'(V,)), pe Z, r € Z\{0}. (2.19)

Hence equation (2.18) is integrable in the sense of Lax as well as being linearizable under a global
transformation.
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r Explicit expressions of F; and F}, in equation (2.18)
e Fn = (' — l ‘ljinﬁl)a
(1+V+ m+l)
=20 )
(1+Vl+l m+1+"lJrl fn+1)(1 l+1+vm+1+vl+1 fn+1)
r_3 F11 = = V) B = )7 = ) 80 v 3007 )? (an+1)2]
(1+V”1 v ) =3 ) — 3( Vi 1)+ 8V Vot + ) (V1)
_2( l+ll 1 m+ll)(1+‘;l+11 l£n+1)(1+vl+l_vm+l+vl+l £n+1)
e et ) )
r=4 =l +12(1 l+ vlmTl) l(v”:r) 1(1"5“) Ty mHl 1_ ]
+2Vl+1 2m+l(vln—1’_ _2Vm+ll)—1’_§vn—l‘r ) (lm+112 ][1_121( A Vm+l)
(7—1"_1)2 l(vm+21) +4an Vm+l 2V+ m+l(v+ m+l)
_‘_(Vnir ) (varl) ]
Fiy _( AR m+l)[5 2(( l+1) +(Vm+l) )(5+12Vl+1 £n+l
+5(v j*i) (v?1+1)3)+Vljllfﬁ+1(4(l)+7fvl“ Vi1 HA00LT2 ()P
r=> 50 jl)l(vmﬂ))—i_(vn;zr)l+<vmz+l)] I+1, VD2 )2
Fiy (1—1“1}+1 m+l)[1_1?(1( 1+ )? +(le+1l) )(11+4;+ 1;1+11+(l . )3 (Vs 1)?)
+v +l r1n+1(24+76v4Jr m+1+24( . ) (Vm+1) +(Vn;r ) (Vm+1) )
+5(v +) +5( )]
Fi = 2( AR )({n_T_lvlJrl fn+1)[3_( 1+1)2 ( m+l) +8v1+1 £n+l
+3( 1“) (va) =302 =3 ) +8v Ve + ()2 (V1))
r==6 Fp = (1—|—v1+1 m+1+"lJrl £n+1)(1 l+1_|_vm+1_|_vl+l £n+1)
[1+4( [+1 Vﬁn?q_‘_(‘;ﬁl)z—i—(l 1 ) —I—;l-le £n+1(l l:rll 5'1? 3 ( l+1)2
( mJ?—}-)l ]2[11_4( 2+ Vm+l)+( nj— ) +(Vm+1) 4V+ m+1( nj— m+1)
+( Vin ) (Verl) ]
etc., etc.,

Table 1: Explicit expressions of Fi; and Fj, in equation (2.18) with r € Z*

r Explicit expressions of Fj; and Fj, in equation (2.18)
Ir| i1 ; ‘
Fiu= L (—1) 7 (7) (sen(r) 0 v, ) (14,
r-odd o
[r—1]

o= L (DI (sen(r) ! =) (L, )
El : i ,

Fu = ; (=17 () (sen(r) (0t = vy ) (L W,
IT;ild N |

F, = ,;') (_1)(TW(IrI) (sgn( Y(vH I+1 Vm+1)) (l—l—le fnﬂ)\r\ﬂ

i—even

I\)‘\

r-even

Table 2: Explicit expressions of Fj; and F; in equation (2.18) with r € Z\{0}.
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where (%1 is the smallest integer greater than or equal to % and

1,ifr>0
sgn(r) = 0,if r=0 (2.20)
—1,if r <O0.

It is appropriate to mention that Levi and Scimiterna [9] have derived a set of necessary conditions
for a nonlinear PAAE (2.4) to be linearizable [9] and we checked that equation (2.18) satisfies those
conditions [9].

3. Reductions to ordinary difference equations
In this section we would like to show that how periodic reduction of the obtained nonlinear PAAE’s
result to higher order autonomous OAE’s. With this, we consider a solution v/, of the nonlinear
PAAE (2.4) satistying the periodicity property

vfnjfil =Vim = Vp, 3.1)
where gcd(z1,22) = 1, 21,20 € Z. Here n = mz; + [z; and so

1 _ I+1 +1 _
Vinrl = Vatzis Vim = Vit Vm+1 = Vntz14+22

. As a consequence equation (2.4) becomes an OAE of order (z; + z7), that is

Vntzi+2 = F(Vn7vn+zl7vn+22)-

We wish to report that the periodic reduction of each of the obtained PAAE’s in section 2 namely
(2.10), (2.12), (2.14) and (2.18) results to higher order OAE’s. We explain how to derive them below.
To begin with we consider equation (2.10) which reduces into an OAE of order (z; +22)

hllvi + hlzvﬁ + //llgvn + h14

Vel = hisv3 + higv2 + hi7v, + hig’ (3-2)
where /s, i = 1,...8 are polynomials in (v4,,,Vs4z, ) given by,
hi = ol —ab+a(o* — 1), +2av,,,, — 202
Vitz,Vntz + a’(o®+ l)v%+Zl — 2a3vn+zzv%+21],
hiy = 02[(1— o) + a(0? = 1)vpigy + 2000012, — 20Vt 2 Vnoe
+2a2v3+11 —o(a®+ l)vnﬂzvﬁﬂl],
hiz = o2[o(0 — 1) = 202V g, + 203V, Vi s,
_a(aZ + 1)V13+z| + (Ol4 + l)vn+z2V1%+zl]>
his = a[az(az — )V, — 2a4vn+m + 2a5Vn+z2Vn+11
—OC(OC4 + 1)V13+z| + (aé + l)vn+z2V1%+z|]? (33)

his = (O‘6 +1)— O‘(O‘4 + 1)Vnizy + 20017 — 2a2Vn+z2Vn+z1
_a2(a2 - I)V%+Zl’

hie = af(@* +1) — (02 + 1)vysg + 20001z, — 203V, Vis s,
_a(az - l)anrszﬁJrzl]a

hy7 = Ot[—OC(OCZ +1)+ 2a2(vn+22 — V) 2a3vn+22vn+21
_a(a2 - 1)V1%+zl + (064 - l)vl‘H’szzH'Zl]’

hig = =20 + o*(o* + vz, — 2a4vn+m + zasvn+zzvn+11

—OC(OC4 - 1)V13+z| + (aé - l)vn+zzvg+21 :
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By assigning distinct values for z; and z; one can derive higher order OAE’s and its integrability is

an open question. However equation (3.2) with &?> = —1 or equation (2.12) becomes
Vntz, — Vntz + Vn(l + Vntz Vn+22)
% = (3.4)
et (1+ Vntz Vn+22) —Vn (Vn+22 - Vn+zl)
which can be transformed into a linear OAE
0n+21+22 - (9n+22 - 6n+zl) —-6,=pm, 6,= tan”! (Vn)ap €Z (3.5)

and hence the reduced OAE of order (z; + z7) is linearizable and so integrable.
Similar conclusion can be arrived at for the reduced equation, obtained from equation (2.14), given
by

/71111},?; + 71121}% + /71131},1 + /7114
lesvﬁ + 7116"% + hy7ve + hig

Vntoil = (3.6)
where 7;’s, i = 1,...8 are polynomials in (v, ,,V,,) and its integrability is an open question.
As before equation (3.6) with o2 = —1 can be transformed into linear OAE. Next, the OAE arising
from equation (2.18) reads

v _ Fi1(Vitoy Vit ) +ViF12(Vnt gy Vi)
SR F12(Vn+zzvvn+21) — ki1 (Vn+zz>vn+z1) ’

3.7

where Fy; and Fj, are specific polynomials of degree (2|r| — 1) and 2|r| respectively and their
explicit expression for different values of r are given in Table 3 and Table 4.

Equation (3.7) can be transformed into a linear OAE of order (z; + z») with constant coefficients

6n+zl+22 - r(enJrzZ - 6n+zl) —6,=pm, 6,= ta”l_l(Vn)a PEL, rE Z\{O} (3.8)

and so integrable.
We wish to add that the linearizable equation (3.7) also possesses more than one integrals for lower
order with specific values of r. Some of them are as follows:

Casel:r=1,z1=1,20=2
Equation (3.4) becomes a third order OAE

Va2 = Vard + (L + Vg 1Vns2)Vn
1+ Vn+an+2) - (Vn+2 - Vn+l)vn

Vni3 = ( (39)

which admits two integrals J; (n) and J,(n)

: L =vpvni2 +vn+vani2 7
Py(n)
haln) = Py(n)’

where
Pi(n) = (Vﬁ+lvn+2 - Vﬁﬂ + Vg 1Vns2 + Vo1 V2 + Vn+1vﬁ+2 - Vﬁﬂ
F(1 v 1) Va2 + (L4 v 1) (T vg2) (14 Vg 1Veg2) i,
_ 2 2, .2 .2
Py(n) = [Vpr1Vnr2 (Vg 1Var2 FVnpt + 1)+ Ve +H vy v v, + 1
+(1 +Vn+l)(1 +Vn+2)(1 +Vn+lvn+2)vn + (1 +Vn+l)(vn+2 + V,%Jrz)-
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r Explicit expressions of Fj; and Fj» in equation (3.7)

Fiy = (Vn+22 - Vn+zl)a

Fio = (14+vni5Vnig)

F=2 Fii = 2(Vntzy = Vi) (L Vit gVt

Fio = (14 Ytz = Vargy Vg Vnra) (L= Vatgy + Vitgy + Vit Vnta)

=3 Fii = (Vpgg, — Vn+zl)[3 - (Vn+22)2 — (Vg )2 + 8Vt oy Vg + 3(Vn+22)2(vn+zl )2]

Fio = (14+vni5Vnig) [1- 3(Vn+22)2 —3(Vniz )2 + 8Vt Vintz + (Vn+22)2(vn+zl )2]

Fiv = 2(Vntz, = Vnsz)) (L Vit Vit ) (L Vikzy = Viezy + Vit Vinzy)

(1- Vntz T Vnyzy + Vn+22vn+zl)
. Fip = [1 + 2(Vn+22 - Vn+zl) - (Vn+22)2 - (VnJrzl )2 + 4Vn+22vn+zl

r=4 2 2
+2Vn12Vnt2 Vntzy = Vi) + Vnze)” iy )11 = 2Vt — Vi)

- (Vn+22)2 - (VnJrzl )2 + AVt Vntz = 2Vntz Vg (Vn+22 - Vn+zl)

+ (Vn+zz)2 (Vatz, )2]
Fit = (Vut, = Vit )5 — 2((Vn+22)2 + (VnJrzl)z) (5 + 12V, Vi

+5(Vn+22) (Vntz) ) + VintzVntz (40 + 76V, Vniry + 40(Vn+22)2(vn+zl )2
F=5 +5Vnter)* Vntz )3) + (Vite)* + (Vnia) ]
Fio = (14 Vniz iz )1 — ((Vn+z2)2 + (V2 )2) (1 +4Vniz Vs

(Vi) (Vntzy )2) t Vntz Vntzy (24 + TV, Vi, +24 (Ve ) (Ve )

(Vi) (V) )+5(Vn+zz) +5(Vnta)’]

Fiv = 2(Vatz, = Vo) (L4 Vi Vi, )3 — (Vn+zz)2 — (Vntz, )+ 8VintzVntz)
+3(Vn+zz)2(vn+11 )2] [1- 3(Vn+zz)2 —3(Vnty )?+ 8VintzVntz)
+(Vn+22)2(vn+21 )2]

r=6 | Fio=(14Vuts, = Vutz TVaraVnra ) (L= Vaig, + Vntzy TVt Vit

[1+4(Vntz, = Virz) + (Vn+22)2 + (Vatz )2 + Wiy Vnrz (Vitz, = Viszy)

+(Vn+22)2(vn+zl )2] [1— 4(Vitzy = Vnizy) + (Vn+22)2 + (Vi )2 —AVni2,Vintz

(Vitzy = Vo) + (Vn+22)2(vn+zl )’]

etc., etc.,

Table 3: Explicit expressions of Fy; and Fj, in equation (3.7) with r € Z*

It is easy to check that equation (3.9) is measure preserving with measure 5 [31]

Casell: r=1,z1=1,20=3
Here equation (3.4) becomes a fourth order OAE

Vn+3 = Vptr1 + (1 +Vn+lvn+3)vn
(14 Vs 1V043) = (Vi3 = V1) Va

Vni4 = (3.10)

which admits two integrals J; (n) and J,(n)

. I —vyVngs
iln) = 1= ViVt + Vi + Vngs
h(n) = 01(n)+ Q2(n)
? —01(n)+0a(n)’
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r Explicit expressions of Fj; and Fj; in equation (3.7)
‘r‘ i—1 i .
Fi = ; (-1)= (l?l) (sgn(r) (Vntzy = Vta ))l(l + Vit Vntz )Mﬂ
r-odd ol

|r71‘ i— i .
Fp = Z (_1)(Tw (| |) (Sgn( )(Vﬂ+22 - Vn+z1)) (1 +Vn+22vn+21)‘r‘_l

[r—1] i1

Fi= % (_1)% (M) (sgn( ) Witz _Vn—«—zl))i(l +Vn+zzvn+21)|r|7i

i=1
i—odd

Ir| il

Fip = Z (_1)(77W (|’|) (sgn( ) Vntzy — Vn+zl))i(1 +V”+szn+21)\r\—i

i—even

r-even

Table 4: Explicit expressions of Fy; and Fj, in equation (3.7) with r € Z\{0}.

where
01 (l’l) = (Vn + Vn+3)(vn+2vn+3 + 1)(Vn+lvn + 1)(Vn+2vn+1 + 1)7
Oa(n) = (1+vp) (14 v )14V ) (14 vp5).

We have verified that equation (3.10) is a measure preserving one with measure m [32].
Caselll: r=2,71=1,20=2
Equation (3.7) becomes a third order OAE

Vs = Fi1(Vag2, V1) +VaF12(Vig2,Vnt1) G.11)

Fio(Vat2,Vnt1) = VaF11 (Vas2, Vag1)

where

Fii = 2(pg2 = V1) (1 + Vg 1vat2),

Fi2 = (14 Va2 = Va1 FVar1var2) (1= Va2 + Vet + Vi 1Vag2)-
which admits two integrals J; (n) and J,(n) given by

2[(var1 = D) (vn +Vnr2) = (Wngt + 1) (Va2 — 1)]

‘< (n) - Vn+1(vn + Vn+2) - (VnVnJrZ - 1) ’
Ja(n) = 2837
where
Ri(n) = [13(n)vp s = v2(m)vasa +n()]v; + [=1() (vain — 1) = 4vii1varava
+n(n)vy, 2+Y2(n)vn+2+?’%(”)],
Ra(n) = —[n(n)vyp + 12(n)vasa + 1(n)]vi + [=1(0) (Vi 2 — 1) = 4vai1vaialve
[?’%(”)Vﬁz Y (n)Vay2 + 1 (n)],

]
ni(n) =—(v 3+1 Fv+1), pn) = (i — 1),
v(n) = (—v n+l + V1 —1).
We have verified that equation (3.10) is measure preserving with measure - [3 1].
Similarly higher order OAE’s can be obtained by taking different Values for z1 and 27 in equation
(3.7) which may admit more than one integral.
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4. Summary and Concluding Remarks

In this article, a systematic investigation has been made to derive autonomous nonlinear PAAE’s
admitting specific Lax representation. In Section 2, we have derived two nonlinear PAAE’s equa-
tions (2.10) and (2.14) possessing Lax pair but not belonging to QRT type. Also we have derived
another nonlinear PAAE (2.18) which is a QRT type and shown that it is linearizable with r € Z\{0}.
We would like to mention that nonlinear PAAE’s (2.10) and (2.14) fall into equation (2.18) when
r =1 and r = 2 respectively, for a particular parametric restriction. Equation (2.12) gives a particular
case of equation (2.18) when r = 1.

In Section 3, we have shown how OAE’s of order (z; + z2) namely equations (3.2), (3.6) and
(3.7) can be derived from each of the identified nonlinear PAAE’s (2.10), (2.14) and (2.18) respec-
tively. Among them, the reduced equations (3.2) and (3.6) obtained from equations (2.10) and (2.14)
respectively are nonintegrable in general and their integrability nature is under investigation. The
reduced equation of order (z; 4 z,) obtained from equation (2.18), given in equation (3.7) can be
transformed into a linear OAE (3.8) ensuring its integrability. Further we have discussed the inte-
grability of lower orders of equation (3.7) in three different cases giving different values for z; and
Z2. We obtain one third order OAE each in Case I and III, from equation (3.7), namely equation
(3.9) and equation (3.11) respectively, admitting two integrals. Next in Case II, from equation (3.7)
we get a fourth order OAE (3.10) admitting two integrals.

Equations (3.9), (3.10) and (3.11) are measure preserving and the corresponding measures are
given in each case. We would like to caution the reader that the analysis carried out in this arti-
cle is not an exhaustive one. It is also interesting to find the most general form of Lax integrable
and linearizable nonlinear PAAE’s with the above mentioned global transformation which is under
investigation. In addition examining the corresponding OAE’s, obtained through periodic reductions
of the PAAE’s, for integrability is also under investigation.
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