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The class of solvable N-body problems of “goldfish” type has been recently extended by including (the addi-
tional presence of) three-body forces. In this paper we show that the equilibria of some of these systems are

simply related to the N roots x, of the polynomial equation P{S{mﬁ ) (x) = w, where P}S/a.ﬁ ) () is the Jacobi poly-
nomial of order N, the parameters o and 8 are related to parameters of the N-body problem (which can be
arbitrarily assigned) and w is an arbitrary number. By investigating the behavior of these solvable N-body sys-
tems in the infinitesimal neighborhood of these equilibria, the eigenvalues associated to certain N x N matrices
explicitly given in terms of the N numbers x, (and of additional free parameters of the N-body problem) are
explicitly identified. In some cases—corresponding to isochronous N-body problems—these findings have a
Diophantine connotation, inasmuch as these eigenvalues are then rational numbers.

1. Introduction

Over three decades ago [1] a class of N-body problems featuring several free parameters (“‘cou-
pling constants”) were introduced by identifying the coordinates z,(¢) of the N (unit-mass, equal)
particles— moving in the complex z-plane—with the N zeros of a time-dependent (monic) polyno-
mial y(z,7) (of degree N in the variable z),

N N
vig)) =[Jle—m®] ="+ Y cn(t) 7, (1.1)
n=1 m=1
itself evolving according to a linear Partial Differential Equation (PDE)—suitably restricted to guar-
antee that it feature a polynomial solution of degree N in z. This implies that these N-body problems
are solvable—as shown below, for arbitrary (positive integer) N—by algebraic operations: essen-
tially by finding (generalized) eigenvalues associated to two given N x N matrices, or equivalently
by finding the 2N zeros of polynomials of degree 2N. The simplest dynamical system belonging to
this class displays remarkably neat properties and was therefore considered a “goldfish” [2]. Sub-
sequently this terminology has been often employed to identify N-body models belonging to this
class. The behavior of the solutions of these N-body problems have been variously investigated and
also employed to arrive at related mathematical results, such as finite-dimensional representations
of differential operators and Diophantine properties of the zeros of certain polynomials: see the two
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monographs [3] and [4] and the references quoted there (including the more recent ones added to
the 2012 paperback version of [4]), and the more recent papers [5].

The linear PDEs satisfied by the polynomial y(z,¢) were originally restricted to feature deriva-
tives up to second order [1,3,4]. Indeed, the restriction to time-differentiations of second order
was motivated by the interest in N-body problems featuring equations of motion of Newtonian
type (i.e., “acceleration equal force”); while the restriction to z-differentiations of no more than
second order implied that the N-body problems under consideration only involved one-body and
two-body (velocity-dependent) forces. Recently consideration has been extended to third order z-
derivatives—while maintaining the restriction to second order time-differentiations so as to treat
N-body problems of Newtonian type; the corresponding solvable N-body problems thereby identi-
fied involve, additionally, three-body forces [6].

In this paper we investigate the equilibria of a subclass of these solvable N-body problems, such
that the behavior of their solutions can be more explicitly ascertained (see below). It turns out that
the values of the N coordinates Z, characterizing the equilibrium configurations of these systems
are simply related to the N roots x,, of the polynomial equation Pjs,a'ﬂ )(x) = w, where Plga’ﬁ )(x) is
the Jacobi polynomial of degree N and w is an arbitrary number. We then consider the behavior
of these solvable systems in the infinitesimal neighborhood of their equilibria. This behavior is of
course characterized by an appropriately linearized version of the Newtonian equations of motion,
the solution of which is therefore reduced to the purely algebraic task of determining the eigenvalues
of certain generalized eigenvalue problems for N x N matrices explicitly defined in terms of the N
coordinates characterizing the equilibria. Since the behavior of a system near its equilibria is merely
a special case of its general behavior, for the solvable systems under consideration it is thereby
possible to explicitly obtain these eigenvalues. These findings are the main results of this paper, as
reported in the following Section 3; in some cases they have a Diophantine connotation, inasmuch as
these eigenvalues are all rational numbers. In Section 4 these findings are proven by the procedure
we just outlined above, while Section 2 reports relevant results of [6], thereby establishing notation
and making this paper self-sufficient. A terse Section 5 entitled “Outlook™ outlines possible future
developments.

2. Review of relevant results of Ref. [6]

In this Section 2 we report relevant results of [6] and introduce notation used below.

2.1. Notation

The N coordinates (“dependent variables™) of the point, unit-mass, moving particles which are the
protagonists of the N-body problem treated in [6] are generally denoted as z,, = z,,(¢), with 7 (“time”)
the “independent variable”. As usual differentiation with respect to time is denoted by a superim-
posed dot, hence 2, = dz,/dt, 7, = d’z,/dt>. As we just did here, often the indication of the #-
dependence is not explicitly displayed. We generally assume that these coordinates z,, are complex
numbers, so that the points with coordinates z,(¢) move in the complex z-plane. Here and hereafter
i is the imaginary unit, i> = —1, N is an arbitrary positive integer (generally N > 2), and it is under-
stood that subscripts such as n (and also m, k, ¢, but not j; see below) run over the positive integers
from 1 to N (unless otherwise specified); the reader is often (but not always) explicitly reminded of
this fact. We also use occasionally the notation z to denote the (generally complex) N-vector of com-
ponents z,,, z = (z1,...,2n); and likewise for other underlined letters (see below). A key role in our
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Equilibria of a solvable N-body problem and related properties of the N numbers

treatment is played by the time-dependent (monic) polynomial y/(z,7) of degree N in the (scalar,
generally complex) variable z which features the N coordinates z,() as its N zeros, see (1.1). O

The solvable N-body problem treated in [6] is characterized by the following Newtonian equa-
tions of motion:

i+ EZ=Bo+Biz,—(N—1) 2A34+3 (N-2) Fy] 22
+(N=1)(N=2)G3%n 2%
N

+ ¥ {(zn—zg)_l 2202012 (Ag+A; 20 +Ar 22+ 43 20)
{=1; l#n

_(Zn‘i‘Zf (D0+D1 Zn) _DZ Zn (Zn 20+ 2 Zn)]}
+ al 3 (FO+F1 Zn+F2Zﬁ+F3Z,31—|—F4zi)
kyb=1; ko bn et (zn—20) (zn—2)

B <G0+G1 2+ G2 75+ G3 zi) <Z'n+z'k+z'g+z'k>}
in—2 n — 3k 20— 3k
n=1,...,N. @2.1)

Here and hereafter the 19 upper-case letters A, B;, D, E, Fj, G; denote time-independent parame-
ters (“coupling constants”). They are a priori arbitrary (possibly complex) numbers; special assign-
ments are considered below.

This Newtonian N-body system is solvable by algebraic operations because—as shown in [6]—
the coordinates z, () evolving according to this system of N Ordinary Differential Equations (ODEs)
coincide with the N zeros of the time-dependent polynomial (1.1) of degree N in z, itself evolving
according to the following linear PDE:

Ve +{E—(N—1) [D2+(N-2)G3] z} w

+(Go+ G124+ G 22+ G3 2°) Yy

+ (Do+D1 z+ D Zz) Y

+(R+FAz+hI2+FB 2+ v,

+ (A0+A1 +Ay 2+ A3 z3) V.,

+{Bo+Biz—(N—1) 2A3+3 (N—2) F1] 2} v,

+N {=B;—(N—1) [Ay+ (N —2) F]

+(N—1) [A34+2(N=2) Fy] z} w=0. (2.2)

Here the 19 upper-case letters are of course the same time-independent parameters featured by the
Newtonian equations of motion (2.1); and (here and hereafter) subscripted variables denote partial
differentiations.
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This PDE implies that the N coefficients ¢,, = ¢, (1), see (1.1), evolve according to the following
system of N linear ODEs:

ém+(N+2—m) (N+1—m) Gy ¢m—2

+(N+1—m) [Do+ (N—m) Gi] ¢m—1

+{E+(N—m) [Di+(N—1—m) G|} ¢pn

—m [Dy+ (2N —3—m) G3] ¢mt1

+(N+3-m)(N+2—m) (N+1—m) Fy cp—3

+(N4+2—m) (N+1—m) [Ag+ (N—m) Fi]| ¢

+(N+1—m) {(N—m) [Aj+(N—1—m) F5]+Bo} -1

—m {(2N—1—m)A,+ B,

+[BN*—6N+2-3(N—1)m+m’| F3} cu

+m(m+1) [As+3N-=5—m) 4] ¢ys1 =0, m=1,...,N, (2.3)
of course with ¢p = 1 and ¢,, = 0 for m < 0 and for m > N (see (1.1)).

This system, (2.3), of N autonomous linear ODEs is of course solvable by algebraic operations.
Indeed its general solution reads

c(t) = i [ 0 exp (257 1) + 0 v exp (257 1) 2.4)
m=1

where the N-vector ¢(¢) has the N components ¢,,(¢), the 2N (time-independent) coefficients b

are a priori arbitrary—to be fixed a posteriori in order to satisfy the 2N initial conditions ¢,,(0) and

¢m(0)—while the 2N (time-independent) N-vectors y(i)(’”) respectively the 2N (time-independent)

numbers A,Sli) are the 2N eigenvectors, respectively the 2N eigenvalues, of the following (time-

independent) generalized matrix-vector eigenvalue problem:
(A*I+AU+V) v=0. (2.52)

Here of course [ is the N x N identity matrix (1,,, = 6,, , Where, here and below, J,,, , is the Kronecker
symbol) and the two N x N matrices U and V are defined componentwise as follows:

Um=N+1-—m)(N+2—m) Gy 8ym—2

+(N+1—m) [Do+ (N—m) Gi] Sym—1

AE+(N=m) [D1+(N—1=m) Gal} 8,

—m [Dy+(2N—-3—m)G3] ymy1, nm=1,...,N; (2.5b)

Vin=N+3—m) (N+2—m) (N+1—m) Fy 8y m—3

+(N+2—m) (N+1—m) [Ag+ (N —m) Fi] Sym—2

+(N+1—m) {(N—m) [A;+(N—1—m) F)]+Bo} Sym1

—m{(2N—-1-—m)A,+ B

+[3N*~6N+2-3 (N—1)m+m*] B3} &m

+m(m+1) [As+(3N—=5—m) Fy) Sumse1 nym=1,...,N. (2.5¢)
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This implies of course that the 2N eigenvalues l,&i) are the 2N roots of the following polynomial
equation (of degree 2N in A):

det(A*I+AU+V)=0. (2.5d)

These findings show that the solution of system (2.3) is achieved by the algebraic operation of
determining the eigenvalues and eigenvectors of the matrix-vector generalized eigenvalue problem
(2.5a).

The algebraic equation (2.5d) can be explicitly solved (for arbitrary N) in the two special cases—
on which we shall mainly focus—in which the two N x N matrices U and V are triangular.

The first of these two special cases obtains if, of the 19 parameters in (2.3), the following 4
vanish:

A3 :D2:F4:G3:0. (263)

The second of these two special cases obtains instead if, of the 19 parameters in (2.3), the
following 9 vanish:

Av=A=By=Dy=Fy=F=F=Gy=G, =0. (2.6b)

It is then plain that—in both these two cases—the 2N eigenvalues 7Ln(1i) read

M =3 B+ (N=m) [P+ (N = 1—m) o] £} (2.72)

AL, ={E+(N—m) [D;+(N—1-m) Gy}
+4m {(ZN—l—m)Az—l—Bl
+[BN*~6N+2-3(N—1)m+m’| F3} . (2.7b)
These findings imply that—at least in these cases—predictions on the specific behavior of the
solutions of the Newtonian N-body problem (2.1) can be made. And it is in particular plain that this

Newtonian N-body problem is isochronous provided the 6 parameters E, Dy, G, A, By, F3 satisfy
the following restrictions:

E:—Zil’l(x), D1:—2i1’2(1), G2:—2ir3(l), (283)
Ay=a, 0, Bi=b 0>, F3=f;0°, (2.8b)

with
fi=2r3(s213—Ry), (2.80)
=21 - 1D)R rn—R+ri-3(N—-1) f3, (2.8d)
by=2R; (sir4—Ry))—(2N—1)ay—(3N*—6N+2) f3, (2.8¢)
R1:I’1—|—N[I"2+(N—1)I"3], R2:F2—|—(2N—1)I’3. (28f)

Here and hereafter r|, rp, r3, r4 are 4 arbitrary rational numbers, s; and s, are two arbitrary signs
(+ or —) and o is a positive parameter. Indeed with these assignments the 2N eigenvalues )L,sli) read

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
543



O. Bihun and F. Calogero

as follows,

(*)
k,ﬁli) =i r,(ni) o, r,(ni) =(1+s)) R —(RoEtry) m+(1£1) r3 m* = % , (2.9)

% o

with the N numbers g, ' all positive integers, the N numbers p;, * all integers (positive, negative
or vanishing, with pﬁni) and q,(ni) coprimes). Consequently (see (2.4))—if the rational numbers r,(,,i)
are all different among themselves, as we hereafter assume for simplicity—the N coefficients c,,(¢)

evolve isochronously,
em(t+T)=cyt), m=1,...,N, (2.10a)

with the period

r—2m4 (2.10b)
(O]

independent of the initial data. Here of course g is the minimum common multiple of the 2N denom-
inators q,(ni) of the 2N rational numbers r,(ni) = pgni)/ qgni)- And it is plain that the same property of
isochrony is then shared by the N coordinates z,(¢), namely the Newtonian N-body problem (2.1)
is then isochronous as well; with the possibility that in some open regions of its phase space the
periodicity only hold for a period which is a (generally small) integer multiple of T due to the fact
that some of the zeros of the polynomial y/(z,¢)—itself evolving isochronously with period T, see
(1.1) and (2.10)—might “exchange their roles” over the time evolution. For an analysis of this phe-
nomenology, also explaining the meaning of the assertion made above that the integer multiple in
question is generally small, see [7]; note however that this phenomenology is not relevant to the
situations of main interest in this paper, when the evolution is characterized by coordinates z,(r)
infinitesimally close to their equilibrium values Z,,, hence unable to “exchange their roles” over the
time evolution.

Other isochronous variants of the Newtonian N-body problem (2.1) are identified in [6] (see
egs. (19) there).

In this paper we restrict consideration to the subcase of the solvable N-body problem (2.1) char-
acterized by the condition (2.6b), sufficient to allow the explicit evaluation of the 2N eigenvalues
lmi , see (2.7); and moreover restricted by an additional condition on the coupling constants, see
below, which is required in order that this N-body problem feature genuine equilibria, characterized
by the requirement that the equilibrium coordinates Z,, be all different among themselves, 2,, # Z,, if
n # m. This definition of genuine equilibria is introduced to avoid the ambiguities associated with
the singularities appearing in the (right-hand side of the) equations of motion (2.1) whenever the
values coincide of two coordinates z,, and z,, with n # m.

3. Main results

In this section we report the main results of this paper, which are then proven in the following
Section 4.

Firstly let us discuss the genuine equilibria of the solvable N-body problem (2.1) with the “cou-
pling constants” restricted by the conditions (2.6b) and (3.1)—the first of which, (2.6b), allows to
obtain explicitly the 2N eigenvalues A, * characterizing the time evolution of this model (see (2.7)
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Equilibria of a solvable N-body problem and related properties of the N numbers

and (2.4)), while the second,
Bi=—(N—1)[A2+(N-2) F], (3.1)

is necessary and sufficient (see Section 4) for the existence of genuine equilibria. Hence the equa-
tions of motion characterizing the relevant time evolution now read as follows:

Zn—I—EZn:—(N—l) {A2+(N—2) F3—[2A3—|—3 (N—2) F4] Zn} Zn
+(N=1) (N=2) G3 2n 2n
N

+ Y {@-2)" Rau+2 @A+ )2
0=1; l#n

=Dy (Zu+20) zn —D2 (Znze+202n) 2]}
u { 3(F3+Fyzn) 2
k0=1; k#n,l#nk+0 (20 —20) (20— 2)

G G 2 . . . .
B [( )+ 3zn)zn] <Zn+Zk+Z£+Zk>} , n=1,...,N. (3.2)
Zn— 20 n— %k U —Zk

+

Note that these equations of motion feature only the 9 coupling constants
As, Az, E, Dy, Dy, F3, Fy, Gy, G3.

Let now the N (time-independent) numbers Z,, indicate the equilibrium coordinates of this N-
body problem, hence the solutions of the system of N algebraic equations

—(N=1) [Aa+(N=-2) 5] £, — (N—1) 2A;+3 (N-2) F] £,

N i [22,% (A2+A32n)}

(=1; l#n =2
N N [323(F3+F42n)}20 1N (3.3)
kf=1; k#n,l#nk+0 (Zn—20) (Zn—2) ’ Y

Note that this system features now only the 4 coupling constants A,, Az, F3, Fj.

Proposition 3.1. The N equilibrium coordinates Z, are given by the formula

B 2a
Z"_l—xn

, n=1,....N, (3.4

where the N numbers x,, are the N roots x = x,, of the polynomial equation (of degree N in x)

PP ) =w, (3.52)
where P}slaﬁ )(x) is the standard Jacobi polynomial (see for instance [8]),
A3 A3 A2 F3
a=4—-3N—— =24 —=—-—= =—— 3.5b
F4 ) ﬁ + F4 1_73 , a F4 ) ( )

and w is an arbitrary parameter.

Remark 3.1. This result implies that the N equilibrium coordinates Z,, depend on N and on the 3
coupling constant ratios As/Fs, Ay /F3, F3/Fy; and moreover on the arbitrary parameter w, so that
there is in fact a one-parameter family of equilibria for any given N-body problem (3.2).
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Next, let us report the findings obtained by investigating the behavior of the solvable N-body
problem (4.3b) in the infinitesimal neighborhood of its genuine equilibrium configuration described
just above, see Proposition 3.1.

Proposition 3.2. Let the N numbers x,, be the N roots of (3.5a) with (3.5b)—hence functions of the
integer N, of the 3 ratios A3/Fy, Ay /Fy and F3/Fy, and of the arbitrary parameter w—and let the
two N x N matrices U and V be defined componentwise, in terms of these numbers x,,, of the integer
N and of the 10 arbitrary parameters A;, A3, B, Dy, Dy, E, F3, Fy, G, G3 as follows:

- 2(N—1)(N-2) G3a il l—x/ )4+2Dya
Unn = E = 1—x Z n—X
n —1; 4
2G
—|—<G2 — >Xn, n=1,....,N; (3.6a)
~ 2D2a (l—xm)
Um=1|D
o < it l—xn> (X — Xm)
2G 1— N 1—
42 <G2+ 3“) U)o ( ”) ,
1 - .xn (.x” - -xm) £:1’ K;én,f#m -xn _'xf

nm=1,... N, n#m; (3.6b)

4(N=1)2A34+3(N—=2) Fy] a

1—x,

3A N 1—
() X ()
V=20 ) o Tn \¥n — Xt
2A N 1—x\? 543
+2<A2+ 3a> y ( xf) —|—3F3< + x">x,,
1—x, (=it \Xn = X0 1—x,

_6E<1+%> - Lu—mw—wm] 60

Vnn = _Bl +

= k0=1; k#n l#nk#l xﬁ) — xk)
=1,...,N; (3.6d)

1+x, N I —xy
+3F3<1—x> )y <x —Xx ’
n/  4=1; l#n£m \n T A

nm=1,....N, n#m; (3.6¢)
where
N
(1—xg) (l—xk) :|
X, = , n=1,....N, 3.6
L L%—WHM—M) " (360

k0=1; kfn l#n kAl
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or equivalently (via (4.3a) and (3.4))

1 1—x, 2a
X, =— Bi—(N—1) 2A3+3(N—-2) E
"3 <1+x,,>{ 1=(V=1) 24;+3(N=2) 4]1—xn
2A N 1-
+2 <A2+ 3“) y ( xﬁ) . n=1,....N; (3.62)
V=X ) i \ X = X0
and (see (3.5b)) a = —F3/ Fy.
Then the 2N eigenvalues k,ﬁli) of the generalized eigenvalue equation
(A I+20+V)v=0, (3.7a)

hence correspondingly the 2N zeros of the following polynomial equation (of degree 2N) in A,
det(A*I+AT+V)=0, (3.7b)

are given by the explicit expression (2.7).

Remark 3.2. The 2N quantities l,&i) depend of course on N and m, and moreover (only) on the
6 parameters A,, By, Dy, E, F3, Gy: see (2.7). This implies that the eigenvalue problem (3.7a) is
isospectral with respect to variations of the 5 parameters Az, Dy, Fi, G3 and w, which feature (in
addition of course to N and A,, By, Dy, E, F3, G,) in the definition of the two N x N matrices U and
V, see (3.6) and the definition (in Proposition 3.1) of the N numbers x,.

Remark 3.3. If the 6 parameters A, By, Di, E, F3, G, are restricted by the conditions (2.8), the
2N numbers l,sli) are all rational numbers, see (2.9), up to the common rescaling constant ®.

Note the Diophantine character of this last finding.

The findings concerning Jacobi polynomials implied by Proposition 3.2 and by the Remarks 3.2
and 3.3 are somewhat similar to, but—due to the presence of several arbitrary parameters—much
more general than previous results concerning the zeros of Jacobi polynomials (see in particular
[9]). It is likely, indeed certain, that they could be also arrived at by techniques not as closely
connected to N-body problems as the approach adopted in the present paper, but rather analogous
to those employed in [9], or based on finite-dimensional representations of differential operators
(see Section 2.4 entitled “Finite-dimensional representations of differential operators, Lagrangian
interpolation and all that” and Appendix D entitled “Remarkable matrices and related identities” of
[3]). It is indeed generally the case for findings concerning special functions that, after their initial
discovery, several alternative ways to prove them can be developed.

4. Proofs

In this section we prove the findings reported in the preceding Section 3.
Our first task is to investigate the equilibrium configurations, z,(r) = 2, (with 2, of course time-
independent) of the N-body problem characterized by the equations of motion (2.1). Clearly they
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satisfy the following system of N algebraic equations (see (2.1))

Bo+Bi2,—(N—1) 2A3+3 (N-2) Fy] &,

. [2 (Ao+A1 &+ A2 5+ 43 5)
(=1; tn in—2U

. N 3 (Fo+Fi 2.+ F 2 +F 23+F4Z“3)] _0
k=1 ket Rl (G =2) (& =2 |

n=1,....N; (4.1a)

likewise, they are the N zeros of the (time-independent, monic) polynomial (see (1.1))

W(Z)Z]_N[(Z—Zn)zz“riémz’v*’”, (4.1b)
m=1

n=1

which satisfies the third-order ODE (see (2.2))

(F+Fz+ B +FB2+F) ¢

—I—(Ao—l-AlZ—I-Az Z2—|-A3 z3) 744

+{Bo+Biz—(N—1) 2As+3 (N—2) ] 2} ¥/

+N {-B;—(N—1) [A2+ (N -2) F3]

+(N=1) [A34+2 (N=2)F] z} =0, (4.1¢)

(here and hereafter appended primes in (4.1c) indicate of course differentiations with respect to
the variable z), and whose N (time-independent) coefficients ¢,,, see (4.1b), satisfy the recursion
relations (see (2.3))

(N+3—m) (N+2—m) (N+1—m) Fy ép_3
+(N4+2—m) (N+1—m) [Ag+ (N —m) Fi] én—
+(N+1—m) {(N—m) [Aj+(N—1—m) F>]+ By} 1
—m {(2N—1—m)Ay+ B,
+[BN*~6N+2-3(N—1)m+m?| F3} ¢
dm (m+1) A3+ (BN—=5—m)Fy] émp1 =0, m=1,...,N, (4.22)

with the boundary conditions
¢o=1 and ¢,= for m<0 andm >N . (4.2b)

Remark 4.1. Of course an equilibrium configuration of the N-body problem (2.1) exists only if
the differential equation (4.1c) possesses a polynomial solution of degree N. Conditions for this are
discussed below. And recall that we focus on the identification of genuine equilibria, characterized
by the requirement that the N coordinates Z, be all different among themselves, 2, # Z,, for n # m.

As indicated above, in this paper we deal only with the subcase of the class of N-body problems
(2.1) characterized by the restriction (2.6b), which kills 9 of the 19 a priori arbitrary coupling
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constants. Then (4.1a) simplifies to read
Bi—(N—1) 2A3+3 (N—-2) Fy] 2,

1, i [2 (Ay+As 2,1)}

0=1; l+#n =2
2 u 3(FB+Fizy) |
+Z}’l A A A A - 0 bl
kl=1; ktn,0n kAl (Zn—20) (G —2)

n=1,...,N; (4.3a)

note that, to obtain this equation, we assumed (for simplicity, but without any significant loss of gen-
erality, see below) that none of the N equilibrium coordinates Z,, vanishes. Likewise (4.1c) simplifies
substantially, reading

(B2 +F) 0"+ (A2 +A32) W'+ {Biz—(N—1) 2A3+3 (N-2) Fi] *} ¥/
+N{-Bi—(N=1) [A2+(N=2) 5]+ (N—1) [A3+2(N=2)F] z} y=0; (4.3b)

and correspondingly (4.2a) becomes the following two-term recursion relation to be satisfied for
m=1,...,N (with the boundary condition ¢y, = 0, clearly entailing ¢,, = 0 for m > N):

{@N=1-m)Ay+B1+ [3N*~6N+2-3 (N—1) m+m*| F3} ¢
=(m+1) [As+BN—=5—m) Fy] sy, m=1,...,N. (4.3¢)

Remark 4.2. These equations admit of course the trivial solution ¢,, =0 form=1,... N, implying
W(z) = 7V, see (4.1b) (and the diligent reader will verify that this is indeed a solution of (4.3b)).
Of course all the zeros of this polynomial vanish, so they do not provide a genuine equilibrium
configuration. To find a genuine equilibrium another solution of (4.3c), hence another polynomial
solution of (4.3b), must be found (see below). But such a solution, if it exists, shall contain an
arbitrary constant—in addition to the arbitrary overall multiplicative constant implied by the /in-
earity of (4.3b) and (4.3¢c), which can itself be fixed by requiring the polynomial solution {(z) to
be monic—because if J(z) is a solution of (4.3b), then {(z) + L 7" with L an arbitrary parameter is
clearly also a solution.

It is plain from (4.3c) with m = N that the boundary condition ¢y, = O entails the condition
(3.1), which is therefore necessary and sufficient to guarantee that the N-body problem under con-
sideration possess (for generic values of the a priori arbitrary constants A,, Az, F3, Fy) a genuine
equilibrium configuration. It is then a standard task to solve the two-term recursion relation (4.3c),
yielding (via (3.1))

(U=N)ms (N+2+ 0+ B
m! (2+ a)mfl

. m=1,....N, (4.3d)

6,,,, =l A1

with ¢, arbitrary. Here o, B and a are defined by (3.5b) and (1), is the Pochhammer symbol,

Mo=1, Mm=nm+1)---MM+m=-1), m=1273,.... (4.3¢)

Note that the quantity ¢; in (4.3d) can now be assigned arbitrarily (consistently with Remark 4.2).
It is now a matter of trivial algebra—by inserting (4.3d) in (4.1b) and using the definition of the
hypergeometric function (see for instance eq. 2.1.1(2) of [10]), then relating the resulting expression
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of the hypergeometric function to Jacobi polynomials (see for instance eq. 10.8(16) of [8]), and also
utilizing the standard differentiation formula for Jacobi polynomials (see for instance eq. 10.8(17)
of [8] with m = 1)—to arrive at the formula

W) =2 |K+LPMP ()] x:1—27a, (4.4)
with o, B and a defined by (3.5b). Here the letters K and L denote constant parameters whose values
can be arbitrarily assigned; or only one of them can be arbitrarily assigned, and then the other can
be adjusted to make {(z) monic. In any case clearly this formula proves, via (4.1b), Proposition 3.1.

Our next task is to prove Proposition 3.2. The idea is to investigate the behavior of the equations
of motion (3.2) in the infinitesimal neighborhood of its genuine equilibrium configuration Z,, i.e. by
setting (in (3.2))

z(t) =2nt € Zu(t) (4.5)
with € infinitesimal. Then of course the N coordinates Z,(r) satisty linear equations of motion,
which can be written (in matrix-vector notation) as follows:

E+U0:+7V2=0. (4.62)

The two N x N matrices U and V turn out—after a standard if somewhat tedious computation—to
be defined componentwise by (3.6). The general solution of this linear system is then given by a
standard formula analogous—mutatis mutandis—to (2.4), say

(=Y (857 #9000 exp (247 1) + B 800 exp (57 1)] (4.6b)

m=1

with the 2N quantities Z,Sli) being of course now the 2N roots of the polynomial equation, of degree
N in i,

det (izui Q+E) —0. (4.6¢)

But the behavior of the N-body system (3.2) in the immediate vicinity of its equilibria cannot differ

from its general behavior, which is characterized by the 2N exponentials exp (ln(f) t), see (2.4) and

(1.1). Hence the set of the 2N quantities Z,Sli) must coincide with the set of the 2N quantities l,&i),
see (2.7). Proposition 3.2 is thus proven.

And the validity of the following Remarks 3.2 and 3.3 is sufficiently obvious not to require any
further discussion.

5. Outlook

A natural follow-up to the results reported in this paper is to perform analogous investigations
of the solvable N-body problem (2.1) in cases not satisfying the restriction (2.6b); in particular
cases characterized instead by the alternative restriction (2.6a), or consisting of the 7 isochronous
models identified in [6] (see eqgs. (9) there). A very preliminary investigation suggests that these
extensions—especially the first one—are far from trivial, requiring a considerable amount of further
work, that we shall undertake if circumstances shall permit.
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