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Firstly, we establish the relation between the loop group method and gauge transformation method for 3 x 3
spectral problem. Some novel solutions of long wave-short wave model are obtained by Darboux transformation
method. Besides, we give the analysis and classification of solution in detail.
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1. Introduction

In 1978, Newell presented a long wave-short wave model [17]

A; =20K((|B)*), ©==I,

. 2 : ) (1.1)
B; —1K>B,, = —K3AXB+1K4A B—216K5B|B‘ s

where A(x,7) and B(x, ) represent the amplitude of the long wave and the envelope of the short wave
respectively. The system (1.1) is integrable for the choices of parameters K; =1,i=1,2,3,4,5[17].
Another relative long wave-short wave model was derived by Benney in 1977 [2], which had been
widely researched, such as [8, 12,15, 16, 19]. However, there is few research about the model (1.1).

In this work, we consider the long wave-short wave model (1.1) with the choices K; = 1 and
o=1

iB; 4 By + (iA, + A*)B+2|B|*B =0,

1.2
Al+2(‘B’2)x:0- (2
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Huang,Guo and Ling

It is readily to see that the equations (1.2) possess the scalings invariant property x — Ax, t — A%,
A — A/A and B — B/A. Owning to the integrability of the long wave-short wave model (1.2), we
can rewritten it as the compatibility condition of the following linear system [17]

o, =Ud,
(1.3)
q)[:V(b,
where
[iA B iA
U= |-B*0-B|,
| iA B —iA
[ A2 4i|B? —BA+iB,—AB —i|B2
V = |B*A+iB;+AB* ZA%-2i|B> —B*A+iB;+AB"
—i|BJ? BA+iB,—AB  —iA*+ilB|?

From above spectral problem (1.3), we can see that it is nothing but deep reduction of three wave res-
onance interaction(3WRI) [13,20]. Also, the 3WRI model is well researched by lots of researchers,
such as [3,4,6,13,20]. Soliton solutions of 3WRI can be classified in three main classes, depend-
ing on the boundary conditions. The first one is the bright-bright-bright solitons [13,20], where the
pulses of the three interacting waves vanish sufficiently fast at infinity. The second class, bright-
bright-dark solitons, is given by two bright pulses which vanish sufficiently fast at infinity and a
kink-like pulse which asymptotically behaves like a plane wave [3]. The third class, dark-dark-dark
solitons, is given in [4]. The detailed analysis of the 3WRI spectral problem presented in refer-
ence [6].

As we well known that, the Darboux transformation method [7,16] is an efficient way to generate
the soliton solution. In paper [5], the author establishes the relations between different construction
methods. However, the classical Darboux transformation can not tackle with the high-order spectral.
Recently, Guo, Ling and Liu [9, 10] develop the Darboux transformation, so that it can be used to
yield the high order solution. Afterwards, Bian, Guo and Ling combine the generalized Darboux
transformation with the inverse scattering method, so that the inverse scattering method can be used
to generate the high-order solution readily [1].

In reference [14], the authors give the Darboux transformation for about linear system (1.3)
and present some simple exact solutions. In reference [11], the authors give a method to solve the
Lax pair with the nonzero seed solution. In this paper, we combine the method in [11] with [14] to
construct some novel solutions of equations (1.2).

This paper is organized as following. In section 2, we give the Darboux transformation by the
loop group method. We prove the equivalence between the loop group representation and gauge
transformation representation. In section 3, we give some novel solutions and classification of solu-
tion. We analyse the asymptotical behavior of the new types soliton solution in detail. Final section
involves some conclusions and discussions.

2. Darboux transformation

We use loop group method [18] to derive the Darboux transformation. Since the spectral problem
(1.3) is the 3 x 3 AKNS spectral problem, then the elementary Darboux transformation of (1.3) can
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be represented as the following form [18]:

P

where P is the projector operator. On the other hand, we introduce the involution relation for linear
system (1.3). It is evidently that the matrices U(A) and V(1) possess the following involution
relations

Ut(A*)=-U(A), Vi) =-v(), @.1)
and
U)oy =U(-1), &V(A)or,=V(-1), (2.2)
where
001
o,=1010
100

Based on the above involution relations, we establish the following lemmag;

Lemma 2.1. If U and V satisfy the involution relations (2.1) and (2.2), then there exists a funda-
mental solution ®(A) for linear system (1.3) which satisfies the symmetry relations ®'(A*)®(1) =1
and ®(—A) = 6, ®(A)0,; and vice versa.

Proof: Since the symmetry relation (2.1), we can deduce that the fundamental solution & (1*)
satisfies the following conjugation equation

—®{(A") =T (AU (1),
—®/ (M) =D (A)V(A).

On the other hand, the solution @~ !(2) satisfy the above conjugation linear system. Moreover, we
have ®(1)®T(A*) = C}. Specially, we can choose the constant matrix C; = I. Similarly, by relation
(2.2), we can obtain the matrix 6,P (A )0, satisfies the following system

GQ(DX(A)O'Q = U(—A)qu)(l)dz,
Gz@,()t)ﬁz = V(—)L)GQCD(A,)G}

Then we have ®(—A1) = 6,P(1)0,C;. In particular, we choose the matrix C; = I. By the above
analysis, converse process is evidently valid. [

By above lemma, we can obtain the symmetry relation for Darboux matrix T, i.e. T (x,t;—A) =
0,T (x,t;A) 05 and T7 (x,t;A*)T (x,t;A) = I. Furthermore, we can suppose

A] GzA] (o)) AJr GQAJ{GQ

_ _ 1 L
C A iy L e S

(2.3)

The matrix A; has two distinct cases. One case is the rank of matrix A| equals to one. Another case
is the rank of matrix A; equals to two. Although its possess different rank, its are equivalence each
other actually. In what following, we would like to verify this fact.
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Prior to prove the fact, we give the following lemma. The lemma establishes the relation between
loop group method and gauge transformation method.

Lemma 2.2. The Darboux matrix

A=A . . .
T =14 ———,P, Pisaprojector matrix,
A=A
can be rewritten as
22100
M
T=M| o0 10|M', M=[®(L),®A]),P:(A)], (2.4)
0 01
or
A=A
i 00
T=N| 0 %jﬁ: 0[N, N=[®(h), P2(M1), P3(A])], (2.5)
0 0 1

Proof: Assume the rank of P equals to one, and the kernel of matrix / — P is ®;. By the relation
®T(A*)P(A) = I, we can deduce that the ®,(A;) and @5(A;]) are the kernel of P. Therefore, we
can obtain that the

100
P=M|000| M "
000

It follows that the equation (2.4) is valid. Similarly, if the rank of P equals to two, the equation (2.5)
is valid. [J

Theorem 2.1. The Darboux matrix (2.5) can be rewritten as the following form

r-Aoh (1+}”_7Ll P1>,

A 2 —A
where
p — DIADEAD)
(A3 (A])

Proof: The directly calculating. [J

By above theorem, we know that the rank of matrix P, equals to one. Thus for the 3 x 3 spectral
problem, we merely need to choose the rank of matrix P equals to one. It follows that the rank of
matrix A; equals to one, since the form of Darboux matrix (2.3) is nothing but iteration of elemen-
tary Darboux transformation twice. Then we can suppose the matrix A; = |y;)(x;|, where |y;) is a
row vector, (x| is a column vector, and |x;) = (x|7, )y1| = [y1). By the relation T (A)TT(1*) =1,
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we have the following residue relation
(%)) —
Resy_:(T(A)T"(A7)) = 0.

Then we can have

yi) (x| 02’Y1><X1\02)
I - —0.
<+M—M Mar )P

We can obtain two messages from above equation. Firstly, we can suppose that |x;) = ®;(A;), where
®;(A;) is a special solution for linear system (1.3) with A = A;. Secondly, we can solve the |y;) by
above linear equations. Denote

_ (u|oafxr) B — (e xr)
MtA A AT

It follows that
1
y1) = m(acz +B)lx1)-

Because the Darboux transformation keep the matrix form, then we have the following relation
T, +TU = UT. Taking the spectral parameter large enough A — oo, we have the transformation
between the fields, i.e.

2

All}=A- B2 [B(¢195 — 0307) + (|63 — [01])] .
(95— 01)05 (2.6)
B[l] —B—1W7

where ¢; equals to the i-th component of |x;). The N-fold Darboux transformation is given in refer-
ence [14], we omit it in this work.

3. Exact solution with non-vanishing background

In reference [14], the authors choose two special seed solutions. In this paper, we consider the
general seed solution. It is readily to obtain the seed solution

A=d, B=-cexpli(ax+ (d*+2c* —a*)t)] (3.1)

readily, where a,b,c and d are real constants. In what following, we use the method in reference [11]
to solve the linear system (1.3) with seed solution (3.1). Although we can solve the linear system
with a unified formula, there are two cases to simple formulas. Thus we classify three different cases
to construct the fundamental solution.

3.1. The case I

In this case, we consider the special case in (3.1) with ¢ = 0 and d # 0. Under scaling transformation,

we merely need to consider d = 1. In order to avoid the radical sign, we use a simple substitution

A= %(k — %) We can obtain a general vector solution for linear system (1.3). We would like to
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give the detailed calculating in subsection 3.3. In this subsection, we merely give the results. We
can obtain that

exp[—ﬁ(k —k~2t)(cy exp[%(k+ k=)x] + 2 exp[—%(k+ k=1)x])
[x1) = cyexplg(k—k=')) :
exp[—%(k — k= 12](c1k! exp[%(k%—k‘l )x] — czkexp[—%(k—i- k=1)x])

where ¢ and ¢; are complex constants. For convenience, we choose the parameter c3 = 1 and divide
|x1) by the factor exp[¢ (k —k~')%], then we can obtain

exp[—%(k— k‘l)zt] (c1 exp[%(k+k‘1 )x] + czexp[—%(k+k_l)x])
) = | . (3.2)
exp[—%(k — k2 (crk™! exp[%(k+k71)x] - czkexp[—%(lH- k~Hx])

Together with equations (2.6), (3.1) and (3.2), we can obtain the exact solutions. Because the exact
solution formulas are rather complex, we omit the explicit expression. We can obtain three kinds of
nontrivial solution by formulas (2.6).

3.1.1. Bright-Dark pair

If we choose the parameters c; =0 and ¢; # 0, k =e+if, ef # 0 and e > 0, we can obtain the exact
expression for A and B:

Y
Sl (w+1)2e* + we 21| 417
B ef(w?—1)e"
ole(w+1)(1—e+if)eXt — (0 —e+if)eX1]’

9=1(1-5) + (5 v ameter

v e 1+1 n e+e fA+1 2e -
= —— _— X —_ —_————
=73 ® 270 2  wo+1) 7T8)

A=1-

3.3)

where

_ (0—1)>f? _ 20n|c|
"= =20 &7 flo-1)
(e—1)2+£2) oy 20are(es)

" 2e(@+ 1) (e((e— 12+ f2) —2f2)

The trajectories of A and |B|? are along the line X; +1In(|e|(1 + ®)) — 3 In(®) = 0. The cavity depth
for A is

e(1+w)

(@—1)%f

At = ollet sign(@@ D) [(e— 12+ 2] — 277

The maximum value of |B|? is

B e(1+o)(0—1)*f
™7 20(e+sign(e)@!2)[(e— 12+ 2]~ 22
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x 15 -15 (b)

(@

Fig. 1. (Color online)(a): Picture of A(x,¢); (b): Density plot of A(x,¢); (c): Picture of |B(x,¢)|; (d): Density plot of | B(x,?)|;
We can see that A is a dark soliton and |B| is a bright soliton. From the density plot, we can see that the trajectory of A
and |B| is along the same line.

To give us a clear understanding of the solutions, we exhibit the dynamics of solution A and
|B| by plotting the picture. Choosing parameters ¢; =0, c; = 1 and e = f = 1, we plot the explicit
picture by Maple (Fig. 1). It is seen that the solution A is a dark soliton, and |B]| is a bright soliton.

If we choose the parameters ¢; # 0 and ¢, =0, k = e +if, ef # 0 and e < 0, we can obtain the
exact expression for A and B:

Y
o [62((0-1- 1)2€2X1 + w3672X1] +1 ’
B ef(l—w?)eh
 0?(1+e+if)eXi +e(14+0)(@+e+if)e X1’

A=1+

34
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where

WL (5 (e g)ren) omer
€ e e (fP+1) 2e
1-308) (0 (55 05 o).
B Cll Vi i _20je|
T ole(ler )2+ A +2/ 87 fi-o)
(e 1) /7 _ 2urg()o

82 =

5:2ew(co+1)[e((e+1)2+f2)+2f2]’ e(l1+w)

The trajectories of A and |B|? are along the line X; +1n(|e|(1 + ®)) — 3 In(@) = 0. The cavity depth
for A is

—(0—1)*f?
o[(e+sign(e)®'/?)[(e+1)2 + 2]+ 22

Acq =

The maximum value of |B|? is

B — e(1+a))(a)—1)2f2
P20 (e+sign(e)o1/2)[(e+ 1)+ f2] + 2]

3.1.2. Bright-Bright pair

If we choose the parameters c; =0 and ¢; # 0, k=e+if, ef # 0 and e < 0, we can obtain the exact
expression for A and B (3.3). If we choose the parameters ¢; # 0 and ¢c; =0, k =e+if, ef # 0 and
e > 0, we can obtain the exact expression for A and B (3.4). Because the properties are similar with
the Bright-Dark pair, we ignore it in this subsection.

To give us a clear understanding of the solutions, we exhibit the dynamics of solution A and |B]
by plotting the picture. Choosing parameters ¢c; = 1, c; = 0 and e = f = 1, we can plot the picture
of A(x,t) and |B(x,t)| (Fig. 2) by Maple.

3.1.3. New type soliton pair

Before giving this kind of soliton solution, we choose the parameters ¢, = 1, ¢3 = 0 and divide |x;)
by the factor exp|} (k—k~')* — 3 (k—k~')?z], then components of the vector solution |x;) are

01 = evexpls (k+k ")) + caexpl—3 (k+k "),
¢ =0, 3.5
¢3 = crk! exp[%(k—l—k*l)x] —CzkeXp[—%(k+k71)x}-
Then we can obtain the trivial solutions by formulas (2.6)
2 " % 2 2
A:—m[ﬁ(¢1¢3—¢3¢1)+a(|¢3’ — o], (3.6)

B=0,
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1.037
1.027
1.011

(b)

0. 162
0.10-
0.06°
0.02-

|B|

(d)
©

Fig. 2. (Color online) (a): Picture of A(x,t); (b): Density picture of A(x,?);(c): Picture of |B(x,t)|; (d): Density picture
of |B(x,1)|; We can see that they are both bright soliton. However, the amplitude of bright-bright pair is lower than the
bright-dark pair.

where

Re(¢)¢3) o2+ es)?

=R P ameon)

We can see that the solution A(x,7) is independent with 7. On the other hand, we know that any
solution A(x) and B = 0 satisfy the equation (1.2). Thus the solution (3.6) is a trivial solution.

If we choose the parameters cic; # 0 and ¢3 = 1, then we could obtain the new type soliton
solution. In mathematical view, this kind of solution is nothing but the nonlinear superposition for
different type solutions. For convenience, we merely consider the parameters e > 0.
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We analyse the asymptotic behavior of new type soliton solution. If e + f2 > 1, ef > 0 and
t > 0, then the vector solution (3.2), as t — +oq

exp[— 1 (k— k1)) (crexp[4 (k+k~1)x] + coexp[— 4 (k+ &k~ 1)x])
[x1) — 0

exp[—3(k— kK12 (erk™! exp[%(k—k k~Dx] — czkexp[—%(k—k k=1)x])

It follows that we have solution (3.6). As t — —eo, without, generality we suppose f > 0, and x —
—oo, then the vector solution (3.2)\

crexp[s(k+k x— L(k—k1)%]
|X1> — 1

cik~Vexp[L (k+kNx— L (k—k 1))

It follows that we have solution (3.4). As t — —oo, f > 0, and x — 4o, then the vector solution
(3.2)/\

crexp[— i (k+k V)x— L (k—k~1)?]

|x1) — 1

—cokexp[— S (k+k V)x— L(k—k~1)%]

It follows that we have solution (3.3).

To give us a clear understanding of the solutions, we exhibit the dynamics of solution A and |B]
by plotting the picture. Choosing parameters c; = c; = 1 and e = f = 1, we can obtain the pictures
of A(x,t) and |B(x,t)| and some other pictures for A(x,#) (Fig. 3). Similar phenomena are reported
in reference [3]. Although the spectral problem for this model (1.2) is deep reduction for the WRI
model [3], this model (1.2) is second flow for this spectral problem with deep reduction and WRI
model is the first nontrivial flow without deep reduction. Thus the solutions we obtained can not be
reduced from the solution of previous research papers [3,4].

3.2. The Case 11

In this case, taking parameters a = d = 0, we merely take parameters ¢ = 1 by scalings. As above
subsection, we make a substitution A; = %(k — %) ¢ RUIiR. Then solutions can be represented as

A= _0523132 [B(0165 — 6307) + a(|9s]* — |91 )] ,

B— <1_i(¢3_¢1)¢2*>82117
a+p
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Fig. 3. (Color online) (a),(b) Picture of A; (c) Picture of |B|; (d), the picture of A, when ¢ is enough big (r = 10%). It is
very interesting that we can obtain a new kind of solution by nonlinear superposition of bright-dark pair, bright-bright
pair and the trivial case.

where
2ik ik '
" =1 1_ 2 IECI exXp(X1) + %Cz xp(X2),
¢ = 1+crexp(X;) +caexp(Xz),
2ik i ik
0= a5~ ORI + 5 (%)
o |6+ 2Re (07 63) 5 011>+ [92]* + [ 93]
2Re? (A1) 7 2iIm* (A1) |
and

Xi =i(k/2+k") [x+ (k/2+k ],
X, =i(k/24+k7") [—x+ (k/2+k )],
Co-published by Atlantis Press and Taylor & Francis
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4

YTV 1y

Fig. 4. (Color online) (a): Picture of A(x,?); (b): Density plot of A(x,?); (c): Picture of |B(x,7)|; (d): Density plot of
|B(x,1)|; We can see the breather solutions possess the similar structure with Fig. 3.

c1 and ¢, are complex constants. Similar as above subsection, we can obtain three different kinds of
solution.

Choosing parameters ¢; = ¢ = 1 and k = 2 +1, we can obtain the picture of A(x,¢) and |B(x,?)]
(Fig. 4) by Maple. It is seen that two breathers get together into a stationary soliton from the picture
and density plot of A, and two breathers annihilate from the picture and density plot of |B].

3.3. Case I11

In this subsection, we consider the general case. To solve the periodic coefficient ODE, we use the
gauge transformation. We use the gauge transformation

go = diag (exp(—ix/3),exp(2ix/3),exp(—ix/3)), (3.7

Co-published by Atlantis Press and Taylor & Francis
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where ¥ = ax + (d* + 2c> — a®)t. Then the linear system (1.3) becames

¥, — UpW,
2 2i 3.8
W, — <iU§—;UO+91(37L%+3d2+a2+6c2)> P, G:5)
where
i(Aj—a/3) ¢ id
Uy = —c 2ia/3 —c . (3.9)
id c —i(A +a/3)

The next task is diagonalization of matrix Uy. Firstly, we have the characteristic equation
E3+ (A +d* 22 +d2/3)E +i(—2aAf /3 +2a° /27 +2%d + 2ac* /3 — 2ad* /3) = 0. (3.10)

Suppose above cubic equation has three different solution &;, &, &3 respectively. Then the solution
of equations (3.8) can be represented as

01 = Ajexp(X)) +Axciexp(Xa) +Azcrexp(X3),
@2 = Byexp(X)) + Baci exp(Xa) + Baca exp(X3),
¢3 = exp(X1) +c1exp(X2) + c2exp(X3),

where

B —3(—3¢* +2ad + 3id&))
© —2a%+3ia&; — 9E? + 6ad; +9iA & —9c?
3c(3id +ia+3& —3iL)
- —2a%+3ia&; — 9E? + 6ak; +9iA & —9c?”

2 2i
Xi = Gix+ (ié,-z - gaémt 31 (3Af +3d* +a* +6c2)> r.

Then solution can be represented as

A== s (B0 = 0n0) + ol 0a — 1),

B (C_i(¢3—¢1)¢2*
o+p

3.11)
) exp [i(ax + (d* +2¢* — a*)t)),

where

o = |92 +2Re(979s) B |91 + 192> + 165
2Re*(A) 2ilm?(4;)

and A; € RUIR.
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(d

Fig. 5. (Color online) (a): Picture of A(x,); (b): Density picture of A(x,); (c): Picture of |B(x,)|; (d): Density picture
of |B(x,#)]; This kind of solution is different from Fig. 4. When ¢ is enough big, A is not stationary and |B| is no longer
vanishing.

Choosing parameters
a=0, d=1, c¢=2""2 A =(1+3i)/4, (3.12)
then we can numerically solve the cubic equation (3.10) by Maple

&1 ~ —0.3413199783 — 0.5734343555i,
& ~ —0.1099240564 + 1.478137206i, (3.13)
&3~ 0.4512440348 — 0.9047028502i.

Owning to the functions A(x,#) and B(x,7) (3.11) with respect to the parameters &;, i = 1,2,3, are
continuous, the errors between the numeric solution and exact solution are enough small. Substitut-
ing the parameters (3.12) and (3.13) into formulas (3.11), and putting them into computer, we can
obtain the picture and density plot of solutions A(x,) and |B(x,7)| (Fig. 5). It is seen that the soliton
|B| does not annihilate.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
527


Administrator
插入号
Parameters $c_1=c_2=1$.


Darboux transformation and novel solutions for the long wave-short wave model

4. Conclusions and discussions

In this work, we analyse the exact solution for long wave-short wave model (1.2) with non-vanishing
background. However, we can not obtain the rational solution for this model (1.2), since the deep
reduction of Darboux transformation.
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