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1. Introduction

Let £ be the linear space of polynomials with complex coefficients and let &2’ be its algebraic
dual. A polynomials sequence {P,}, is called a polynomial set if and only if deg(P,) = n for all
nonnegative integer n. We denote by < u, f > the effect of the linear functional u € £’ on the

polynomial f € Z.

Let {P, }, be a polynomials set in &2. The corresponding dual sequence (u,) is defined by

< Uy, Py >= Oy, nym=0,1,...,

where 8, being the Kronecker symbol.

A natural extension of the notion of orthogonality was introduced by Van Iseghem [7] and Maroni
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[15] as follows:

Let d be a positive integer and let {P, },, be a polynomials set in .

{P,}, is called a d-orthogonal polynomials set( d-OPS for shorter) with respect to the d-dimensional
functional vector % =" (ug,uy,...,uy—1) if it verifies the following conditions:

(g, PpPy) =0, n>md+k+1,

(Ui, PuPpaik) 70, n>0.

For each integer k € {0,1,...,d — 1}.
For the particular case d = 1, we meet the well known notion of orthogonality.
Recall that {P, }, is d-OPS if and only if it satisfies a recurrence relation of order d + 1 of the type

d

xb, ()C) = ﬁn+1Pn+1 (X) - z akmfkpnfk(x),
k=0

where B,,4+100,—qa # 0 and the convention P_, =0, n > 1. The result for d = 1 is reduced to the
so-called Favard Theorem. During the past two decades, the d-OPS have been the subject of numer-
ous investigations and applications. In particular they are connected with the study of vector padé
approximants, simultaneous padé approximants and other problems such as vectorial continued
fractions and polynomials solutions of the higher order differential equations. We mention also the
appearance of multiple orthogonal polynomials is some problems of modern mathematical physics.
The d-OPS can be obtained from general multiple orthogonal polynomials under some restrictions
upon their parameters [1]. We mention also that numerous explicit examples of such polynomi-
als have ”good properties” that’s to say explicit expression in terms of generalized hypergeometric
functions or possessing some “classical properties” (see, [15]). A new applications of the d-OPS
was presented recently in [17] by L.vinet and A.Zhedanov is connected with nonlinear automor-
phisms of the Weyl algebra.

In the same context, we would like to present a g-analogue of this work. In fact, we will consider
an operator S which is no longer unitary and the corresponding matrix coefficients of this operator
with respect to the initial basis give arise to a system of polynomials, which essentially coincides
with a g-Charlier polynomials d-OPS. We show that almost all nontrivial properties the d-OPS g-
Charlier polynomials can be derived directly from their definition as matrix elements of the Fock
representation of the g-oscillator algebra.

2. The g-Oscillator algebra

In this section we consider a form of the g-oscillator algebra and we discuss some of its basic
properties. Let us first review a few basic notions of g-calculus; the interested reader may consult [5].
Let g be a real number 0 < g < 1. The g-shifted factorial are defined by

n—1

(@:q)n =[] (1 —aq"), 2.1)
k=0

(aiy...,arq)n = (a1;q)n---(ar;q)n,n=0,1,.... 2.2)
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‘We denote also

n (¢:9)n
= . (2.3)
|:k:| q (q7 Q)k(q’ Q)nfk
The g-exponentials functions are defined by [5]
g 1 1
eq(z) := = 2l < —,
o gb gt (1=q)zq)- <1
Ey2) =Y ¢"" VP = (—(1-@)ziq)w. 2 €C,
n=0 [n]Q'
where
(a:9) = [T (1 —aq"),
k=0
and
1— qn n
[n]g = 1—a’ [n]g! = H[k]q
q k=1
The g-difference operator
f(x) = fgx)
D,f(x) =
q ( ) ( _q)x

We have

Dy(fg)(x) = 8(qx)Dyf(x) + f(x)Dyg(x).

2.1. The Fock representations of the g-Oscillator algebra

In the literature there are several forms of the g-deformed oscillator algebra, see [11, Ch.5]. In this
work, we consider the g-oscillator algebra denoted by @74, which is the associative algebra over C
generated by A_, A, q‘(‘)‘, q‘AO and relations (see [11])

A A =1, ¢"AL =A™, ¢“A =q 'A g, g =g g =1. 2.4)
where
[A,B], :=AB — gBA.

In the case ¢ = 1, this algebra represents the one—dimensional harmonic oscillator algebra generated
by three generators a, a* and 1 with relations

aa* —a*a=1, la=al, la* =a*1.

Let 7 the be the Hilbert space with orthonormal basis {|n >},cn and let & be the linear dense
subspace of 7 spanned by {|n >},cn. Here we have used the standard Dirac notation (see [16]).
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In this notation an state |y > has the decomposition
ly>= 3 <nly)n>,
n=0

where < n|y > means the scalar product of the two states [n > and |@ >.
The Fock representation of the g-oscillator algebra 274 is given by

Ailn>=/In+1]gn+1>, (2.5)
A_|ln>= \/E]n —1>, (2.6)
¢l >=q"n>. 2.7)
From (2.5) we get
In>= ; |0 >, 2.8)
[n]4!

where the vector |0 > is normalized by the condition
A_|0>=0.

It’s clear that from (2.5) and (2.6) the operator A;A_ is hermitian and has for n = 0,1,..., the
g-numbers [n], as eigenvalues

AfA_|n>=n],|n>.

We denote by |z > the g-coherent state defined by

|Z>—€q ZA+ |0> z

In> . (2.9)

F

The state |z > can be looked upon as an eigenstate of the operator A_ such that

A_lz>=zlz>. (2.10)
For g-coherent states |z; > and |z >, we have

<zl >=e4(z122).

In addition, if

y(z) =<zly >,
then

D,y (z) =<z|A_|y > and z2y(z) =< zJAL |y >.

Let S(A_,A;,Ap) be an operator constructed from operators A_, A, Ay . We assume that this
operator is invertible, i.e there exists an operator S™!(A_, A, Ag) such that

sl =5"15=1. (2.11)
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Consider two systems of matrix coefficients:

W =< k|S|n> and ¢y =<n|S k> .

It is assumed that the functions Y, and ¢, do exist. A simple computation shows that

Sn>=Y <klS'n> k>
k=0

and
SS7n>=3"> <kS ' n><rSk>|r>.
k=0r=0
Then
<m|SS~n >= Y, <m|Sk>< kIS~ n >,
k=0

and by (2.11) we obtain the identities

S <m|Slk ><k|S7 n >=<m|SS”'|n >=<m|n >= &,

k=0

Similarly,

Y <klST'n><n|S|s >=<k[ST'S|s >=< k|s >= &,
n=0

Hence, the matrix elements W, ¢ satisfy the bi-orthogonality relations

z lI/kn¢km = Omn and Z l/’sn(Pkn - 5ks-
k=0 n=0

2.2. Identities in g-oscillator algebra

(2.12)

(2.13)

The theory of quantum algebra and in particular g-oscillator algebra has been successful in produc-
ing identities for g-special functions (see [14]) and further references given there. From [14, Propo-

sition 3.1] we have

eq(qAO +A4) :eq(A+)eq(qA0)7 Eq(qA0+A+) :Eq(qu)Eq(A+)7
eq(A-+q") = ey(q")eq(A-), Eq(A-+4") = Ej(A)E ().

Proposition 2.1. Forn=0,1,2,..., we have
A AL = [n]An g,
(A%, AL] = [n]gqtoAn "
Moreover, if f(z) = Xooand" is a formal power series, we have

[A-,f(AL)] =Dy f(Av)g™, [f(A-),A4]=q""Dyf(A-).
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Proof. Letn € N, from (2.4) we have

n—1
[Ali aA+] = z Al— [A*¢A+]Ari_1_i
i=0

n—1
= AT a1,
i=0

n—1
= g'g™A",
i=0
= [n]qquA’fl.
The identity (2.16), follows from (2.14) and (2.15) and the fact that

[A+7f(A*)] = 2 an[A'L,A+] and [f(A*)7A+] = Z an[A’L,A+].

n>0 n>0

Proposition 2.2. Let P be a polynomial and t a complex number, we have

e (tA_)P(AL)E,(—tA_) = P(A, +14™),
E (tA})P(A-)ey(—tAy) = P(A_ —1q™).

Proposition 2.3. Let N > 0. For all complex numbers ay, ... ,ay, we have

N N
eq(@A )ALA_T]E)(—ad-) = g™ [1 - T](1 —@A_ )] +A A
i=0

N
[ eq
i=0 i=0
N N N
[Tes(@a )  TTEy(—aid-) = ¢ T](1 —ai(1—-g)A-).
i=0 i=0 i=0

Proof. We will prove the formula (2.18) by recurrence.

For N =0, we have

eq(apA )AL Eq(—apA_) = aoqA_+ALA_.

We suppose that this expression is true for NV , stay it true for the order N+ 1 ?
We have

N+1 N+1

(2.17)

(2.18)

(2.19)

[Teq(@a)A; T Eq(—aiA-) = eq(an+1A- (Z Y ai...ai,q"A" +AL)E(—agA-)
i=0 i=0

p=1li<-<ip
N

:(Z Z aj; .. 4i€q ad-HA quAP ( aNJrlAf)

p=1i1<-<ip

+eqg(anr1A-)ALEq(—an1A-).

On the other hand

eglanA g = o Y L @GA) oy ia ).

= (@:@)n
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Then we obtain

eq(an 1A g™ = ¢ e (qan1A-) = (1 —an 1A )eg(an1A-).

Hence

N1 N1
[Teq(@aa)A, T] E(—aiA-) = 614" — 02g™A_+ -+ (=1)N oy 11g™°AY + A,
=0 .

Then, the formula (2.18) follows from the fact that
014" A — 0pg™A% + -+ (—1)NoygMAN T = M1 H (1—aA ).
i=0
The proof of (2.19) is similar to (2.18). ]

3. Properties
3.1. Generating functions

In this section we calculate the generating functions of the matrix coefficients y,,; and ¢, related
to the operator S given by

d
= Eq(ﬁA+)Heq(aiA_). (3.1

The method is very similar to the one used in [17].
We have according to (2.9)

i < k|S|n >

< 7 & - 2
NN T Vi e

Taking into account of formula (2.10), we have

In >=<k|S|z>.

< KISlz >=< KIE,(BA) Ha(A )|z >= Hy(2) < KE,(BA- eq(z4:)10 >,
where
d
Hy(z) == Hy(z,a1,...,aq) = Heq(aiZ)-

On the other hand, we have successively by means of the (2.8) and g-binomial formula (see [5])

A JeA 0 = 3 * TR D o) = 5 T

and
<HE(BAey(ca )0 >= A5
N
where
Ok(z. B:q) = (=B /z:q)x. (3.2)
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Hence, the matrix coefficients Y, are generated by

0c(z,B; q

F(z,k) := o, 2 Yk —F— \/7

(3.3)

3.2. Recurrence relations

If we apply the g-difference operator D, to each member of (3.3) and we use the following formulas

0(qz. B:q) = ¢"(z+ B/q)6k—1(z. B:q), Dgbk(z,B:q) = [K]6i—1(z. B:4),

_ 1T (1 - (1 - g)aiz)
(1-9)z '

3 il = i (W0 e Bt 0 Braroo o)
! ([k]qf)k(qz,ﬁ;q)

Ha(g2) + 0z, B:4) () Hy <z>) |

(kg \ 4*(z+B/q)
_ q(ﬂg/q) (g2 + <z o) F(
where
(z+B/q9)0 Z 0,z (3.4)
Consequently

) n—1 ©o n
(Z‘f’ﬁ/Q)’; \/@Wnk\/[’i_w = C]_k[k]qrgaq”q/nkz

]!
oo d 7"
+Z <Za,-\/[n]q...[n—i+1]q1//n_,-k> ;-
n=0 \i=0 ]!

Comparing now the coefficients of 7", we get
Proposition 3.1. The matrix coefficients Wy, satisfy the recurrence relation

ﬁ d

A o=~ Kot X oIy - I+ gV (3.5)

i=0

Now, from (3.5) one can express Y, x recursively, starting from . Indeed, putting n = 0 we
obtain

1—q’k
l—¢q

l//1k=%(0€o— )Woks

and for n = 1, we have

¢ 1—g | —g* 1 —gi*
Vor = (le 5 (00— 1—gq ) (00 — 1—q )+051>ll/0k-
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Repeating this process we arrive at the following.

Proposition 3.2. The matrix elements , i are expressed as

Wk = II/OkV( """ )(qfk)

where V" ) (g7%) is a polynomial of degree n in g% and satisfying the recurrence relation of

order (d + 1)

ﬂ (@1 ta) (ke _ ( (1)
[+ 1V, 5 (g ™") = —[n—KgVa® +ZO¢, =i+ 1V,5 g™,

with initial conditions

vo(ah...,ad)(q—k) — 1’ Vn(al“'"ad)(q_k) = 0, n <0.

a17

Consequently {V, aa) (¢7) Y0 is d-orthogonal.

The associated monic polynomial ?,,(a‘ red) (g% is defined by

The polynomial \7,1( """ aa) §

3.3. Orthogonality relations

Proposition 3.3. The matrix coefficients ¢y satisfy the difference equation

—[n—klgOu = BPn- 1k—ZO€zq \/n+1 [n+ilgOntik-

Proof. From the bi-orthogonality relations (2.13) and the generating function (3.3) the matrix coef-
ficients ¢, have the following generating function

" < 4 Ok(zB59)
G(z,k) = ———— = 2 Opn——F———. (3.6)
Vnlg!Ha(z) (S []q!
Applying the operator D, to each members of (3.6) we obtain
i Ko 0u O—1( [ 02).
n
pat ki VAL \/ Hi(qz) /In Hd
So that
S ) v /] g2
k)49, k + 3.7
g’ lodn Ik \/n—l 'Hy(qz)  /[nlq'Ha(qz)
+1
\/ Z Hd qz)
The result is finished by comparing the coefficients of 6;(gz) in each members of (3.7). O
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If d > 1 it is possible to express ¢, in terms of polynomials of argument ¢ ¥. According to the
above proposition, the coefficient ¢,; can be expressed as

d-1 _
Ok = Y, oaR (g7,
i=0

where R,(f) (q(*k) are polynomials of argument ¢g—*. The degrees of these polynomials depend on n

in the following manner. Assume that n = dj+r where r =0,...,d — 1. Then

degR\) = jifi<r degRY = j—1ifi>r

In connection with the above result we introduce the functionals vector (Ly,Ls,...,Ly—1) defined
by
< ok (5B
L) = 3, £la™)a®) —— i
k=0 (k4!

Then we have the following.

Proposition 3.4. The system of polynomials {P,(x) },en satisfies the following vector orthogonality

relation
Li(x"B,(x)) =0, n>md+i+1,i=0,...,d—1, (3.8)
Li(x"B,(x)) #0, n=md +i, i=0,...,d—1. (3.9)
Proof. Relations (3.8) and (3.9) are direct consequence of (2.13). ]

4. Explicit expression of the d-OPS of ¢g-Charlier type.
The Al-Salam Carlitz II polynomials v, (x;q) are defined by [12]

q,q> . (4.1)
a

The polynomial y(x) = Vn(a) (x;q) is an eigenfunction of the following second order g-difference
operator

—n

Vi (q) = (~a)'q~®) 200 (q 7

, X

(1=x)(a—x)y(gx) — [(1—x)(a —x) +aqly(x) +agy(qg”'x) = —(1 — ¢")xy(x).

The Al-Salam Carlitz II polynomials are closely related to the g-Charlier polynomials [12]

Calg ™ 9) =Valg ™| q).

The three-term recurrence relation for the polynomials (4.1) is as follows (see [12])
Wi (xi0) =V () + (0t Dg Vi (wq) +ag (1= g, (5g).

In this section we calculate the matrix coefficients y,;; and ¢, associated to the operator S given by

d
S =E,(BA+) [Teq(air-), (4.2)
i=1

in terms of the By means of technic based on the notion of a generating function, we express in this
section the matrix elements Y in terms of a d-OPS where V,,(¢~*| g) are the Al-Salam Carlitz II
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polynomials.
Let @ = €27/ 4 € C and we suppose for i = 0,1, ...,d — 1, a; = ao'. From [5, 1.30], we have

(ad;qd)n = (a,a, ...,awdﬁl;q)n. 4.3)

If we let n — oo in (4.3), we get

d—1
kll)eq(aza)k) = ey (a’z%). (4.4)

Hence the operator S becomes
S=E,(BA)ey (a®A).
We denote by
Vﬂ(u,d) (x) = Vn(a,aco,..‘ awd=") ().

Now, by means of technic based on the notion of a generating function, we express the matrix ele-
ments Y, in terms of a d-OPS of Al-Salam Carlitz /1 polynomials evaluate the matrix coefficients
¢,k in terms of basic hypergeometric series. Expanding eq(q_kz))_l and egq (az?) in terms of 7, we
find

=GN & (G- ) (- g ()i
Zb(_l) (@) _26<26 (q%:9?)i(q:9)n—ia )Z'

Consequently

m/d] i1 — V=i (1 — g@)i( gk ,
a, _ n q q q ".q)n—i
W = g = 3 ( 2qd;q§,)i(q;q>)§id =

According to the following identity

_ _ d —1- j. d
(g5 @)nia _ g (g %@ Iljmi (g " 5q%)
(439 n-ia (@:9)n TI9y (g Hsgd)i

we obtain

o 174 —l—ntj. dy. i dvi —ikd
(ad)( —k n(, —k. e =1 (g 39%)i d'(1—q%)iq

Vi (g ") = (=1)"(¢ "q)n(1—¢ . _

(¢7) = (=D Jn(1—q) Z(,) %, (¢ 7q); (q:qi(1— )

Finally

(@d) (kY _ (1Y (ke ) (] — )7 A(—n,diq*),0 | 4 a(l—q%)'q”"
V) = (1 -0 (S ,

T (1=

where

AR, m;q) = gt/m gPHDim L gAtm=/m,
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4.1. Lowering and raising operators

According to Proposition 2.1 and Proposition 2.2, we get

SA_ = (A_—Bqg™)s.
Then

Inlg W1 = (KISA_[n) = (K| (A~ — g™)S|n) = (KIA_S|n) — B (kIS n)

and

\ [lgWn1 = \/ [k + g Winjesr — Bd* Wk

ﬁqu(kq)/z.
[K]q!

Recall that
Yok =< k|S|0 >=< k|E,(BAL)|0 >=<k|B >=

Dividing the two members of (4.5) by yo, we get

quk (Vn(alw-,lld) (qfkfl)(qf(]&%l)) _ ‘/n(a],.-qad)(q—k)) _ /[I’l]qvn(illwwad)(qik),

Since

Vn(al,..47ad)(q7k) _ qi(;)ﬁn(l o q)n \/@Vn(ah“.,ad)(qfk)ﬂ.

So that

qk (ﬁn(al"“’ad)(q_k_l) B Vn(ah...,ad)(q—k)) _ (C]n _ 1)V(i11,..4,ad)(q—k).

On other words

(D 71‘7”(a1.,...,ad))(q—k) _ [n]qvn(m,...,ad)(q—k)'

q

From Proposition 2.2 and Proposition 2.3, we can write

SALS™ = Eg(BAL)(ArqdQ(A))ey(—BAY)
=Ap+(1+(1-q)BA QA —(1-q)Bg™).

Hence

SA+ = (As + (1+(1-q)BAL)G) (A= — (1 —q)Bg™)'s.

The operator A_ and g satisfy the g-commutation relation

A-q" =qq"A_.

4.5)

(4.6)

Then from the well know g-binomial Newton formula for g-commuting variables (see [14]) we get

d—1

(o= =3 1] - apy g

s=0

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
491

4.7



q-Oscillator Algebra And d-Orthogonal Polynomials

From (4.6), we have

[I’l—i— l]ql[/n+1k =< k‘SA_An >
=<klA+ +(1+(1—q)BAL)g" O(A- — (1 —q)Bg™)|n >

d—1 kd & d—1 d—s—1
=Vl 1= 0-0p ¢+ 2 [ 1] 1-9p)
d-2r17
g [ e S| 0 gytgey
x [k+ ”q [k[f]i]'q, W k—s-
Hence
d—1\ kd [k]q'
\/ [+ 1gWnrix =1/ [n+1],(1 = (=(1=q)B)* )" Wrr1 + m
< d—1 —5— —s5— [k]q!
R e e
[d—s—2],k+1]
X (1+ [S—}—i]q q)l//nkfs-
Henceforth
VIt 1V () = I+ 10,1 = (= (1= g)B)* g
Xvn(ad)(q—k—l)_i_ [k—[qu—! l]q!vn(ad)(qfkmfl)
dlrd—1 o1 (d—s k]!
(11— d—s—1 _(d—s—1)k q
+§o[ s L( (1-gB) g T
(1 [d—s—2] [k—l—l]q)vn(ad)(qfkﬂ)‘

q
[s+ 1],

Let introduce the operator R,

R, = [n+ l]q(l —(=( _Q)B)dil)qkd

Ky .
XqujIl_i_ [kTq—]]q! qkild-&-l

Cld=17 it @ | K]
L o e
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Here T, is the g-shift operator defined by (7,-1P)(x) = P(q~'x). Then

RV (g™ = [/ In+ 1,V D (g7).

Note that the operators D1 and R, satisfy the relation
RyDy v — gDy 1Ry = 1.
In order to find the dual function ¢,;, we need the following Lemma.
Lemma 4.1. If f(z) = Y qax6(z), then
1 k
ar = Wq! [qu(z)]z:—ﬁ

If d =1, by Lemma 4.1, we can write

_ 1 okE(—a I S () a
Pok [k]q! [Dq(Eq( Z))] o [k]q!( )'q [Eq( zq )L__B
= 1 —a k (12{) —aqurl _ 1 —a k (12() (a7Q)°°
[k]q!( ) qWE,( 1—q ) [k]q'( )*q (aq.a)n
On the other hand,
aqu2
e o (aq;:9)(q:9)
Consequently
L ) = 3 Ay ) =0, nm
(aq; q)x (q ) ’

If d > 2, then according to Lemma 4.1, we get

1 7"
= Dt E o (—alsd
= DA ”)Lﬁ
B q"ik(ad;qd)w oo qz(nJrl)(qfk;q)i
- = 2 Gaat)

- 0 ( q7%,0,0,...,0
(1—¢q)" k]q![n]q dr1vd a,a0,...,a0’"!

q.qn+l).
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