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We derive discrete systems which result from a second, not studied up to now, form of the g-Pyy equation. The
derivation is based on two different procedures: “limits” and “degeneracies”. We obtain several new discrete
Painlevé equations along with some linearisable systems. The parallel between the results for the standard form
of g-Pyr and those of the new one is also established.
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1. Introduction

With almost 20 years of intense investigations on discrete Painlevé equations [1] the claim of dis-
covery of a new family may sound presumptuous. It is the aim of the analysis that follows to dispell
any doubts and show that, despite the voluminous existing body of results, it is indeed possible to
find new integrable systems of discrete Painlevé type.

It all started with our recent work [2] on linearisable QRT [3] mappings. While deriving them
systematically, based on our prior classification [4] of the QRT A; matrices, we observed that the
one associated to the g-Pyp family had a different form from all the others. (We assume at this point
that the reader is familiar with the theory of QRT mappings. A very brief summary thereof is given
in the Appendix). Indeed while all the other canonical forms of the A; matrices are of lower-right
triangular form, only the A; associated to g-Pyy has the diagonal form

1 0 0
Al=|0-1-2%20 (1)
0o 0 2

However, as we have shown there, it is possible to bring A; to a lower-right triangular form through
a variable transformation. The price is that the resulting g-Pvyr has a different form. Indeed when A
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is taken equal to

0 0 1
Aj=[0z+1/z0 (2)
1 0 O

we find that the equations of the ¢g-Py; family assume the form

(2Xnt1 4 Xn) (X +2X0-1)

:F X 3
(xn+1 "‘an)(zxn —|—xn,1) ( n) ( )
while the ones related to (1) are of the form
_2 _2
(xn+lxn Z )(xnxnfl Z ) :f(xn) (4)

(anrlxn - 1)(xnxn71 - 1)

The transformation which allows to bring equations of the form (4) to equations of the form (3)
consists in inverting every other x and introducing the appropriate gauge. Let us illustrate this on
the asymmetric g-Pyy [5] equation

(Xn 190 —2°) On¥n —2°) _ ayy +bzy, + c2yy +d2y, + ezt
(Xnr19n — 1) (Vnxn — 1) ayr+ fy; +gvi+hy,+e

(5)

(xnyn - Zz) (yn—lxn - Zz) o exi + dZXz + CZZX% + bz3x,, + az4
(xnyn_l)()’n—lxn_l) ex‘,l"+hx,3,+gx,%+fxn+a

Usually (5) is presented with a = e = 1, which is possible, without loss of generality, provided
ae # 0. Now we invert x and multiply by —z, i.e. x — —z/x while keeping y as is. We find

(X1 +y0) Ot 2x0) 1 ayy+bzyy+c2ys +d2y, + ez’
-= )
(ne1 +290) (@yn+x0) 22 @t —fy3+g:—hy,+e
ZYn T Xn )\ZYn—1 T Xn ax, X, + 877X, "X, + ez
n+2%)n1 +2x0) 22 axt—bx3+cxi—dx, +e

where we have changed the signs of f and & between (5) and (6) so as to have only positive signs in
the numerators. A symmetric form can also be obtained for(6): it suffices to take f = b, g = c and
h = d in order to find

(2Xns1 +x) (X +2x0-1) 1 ax? 4+ bz 4 c2?x2 + dx, + ez

= 7
(Xnt1+2%0) (X0 +X01) 22 axt—bx)+cx2 —dx,+e ()

At this point one may understandably wonder whether the title of the paper is the proper one.
After all, if the new family is obtained from that of Py already presented in [6] by a straightforward
transformation, the moniker “new” would be hardly justified. However this is not the case. In order
to make our argument more precise let us present an explicit example (more will be given in the
discussion). Suppose we take ¢ = 0 in (6). Going back to (5) we remark that both rhs are now ratios
of cubic polynomials. However in the first equation the ratio of the highest terms is exactly unity
while in the second it is not. This situation is not usually considered in the constructive approach
for discrete Painlevé equations, based on the deautonomisation of QRT mappings. In particular it
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has not been considered in our study [6] of the limits and degeneracies of the g-Pvy equation. The
consequence of this is that, while the main equation of the new family is just g-Pyy itself written in
a different way, the remaining equations of the family may be new (and it turns out that some are).
In what follows we are going to construct carefully the various limits and degeneracies of g-Pyp
in the form (6). We shall obtain their nonautonomous form, using the standard deautonomisation
procedure based on the singularity confinement approach. Along the way we are going also to
present systems not of the discrete Painlevé kind but which are linearisable (no such systems having
been found in the form (6) of g-Pvy).

2. The limits

In order to present the limits of (6) we start from its nonautonomous form. As already noticed in [2]
the proper desautonomisation of (6) necessitates the introduction of z* in lieu of z. We have thus

(Cnzn1%n1 +Yn) (Y + EnznXn) 1 ayf; + anyﬁ + Canyrzl + dCr?)’n + eCZ‘
— 2 4 3 2 (8)
(xn+1 + ann+lyn)(énznyn +xn) Cn ay, — fy,+ 8y —hyn+e

(Gnznyn+Xn) (@nGn-1¥n-1+%,) _ 1 axt 4 fzux) + g22x2 + hzpx, + ezl
Un+ Caznxn) Gnot F208o1%0) 22 axt —bx3 +ex2 —dx, +e

where z, = zoA" and moreover we have z,z,,1 = {2 i.e. {, = 2,4 /2- In order to proceed to the
various limits it is interesting to rewrite the rhs of (8) as a product

(Cnzn1%n1 +Yn) (Vn + CnznXn) (Vn+ 08a) (Yn + BEn) Y+ ¥ECn) Vn + 8 8n) (9)

(xn-H + Caznt1Yn) (CnZnn +xn) (Cn)’n - £>(Cn)’n - n)(Cn)’n —0)(Cuyn —K)

(annyn +xn)(ZnCn71yn71 +xn) (xn +Zn8)(xn +Znn)(xn +Zn9)(xn +2n K)

(yn + anﬂxn> (ynfl + 2 Cnflxn) (ann - Ot) (ann - B)(ann — '}’) (ann — 6)

where the «, f3, ...,k are defined in terms of the a,b, ..., h and are satisfy the constraint
ofyd =enbk (10)

Thus the number of effective parameters is just 6, since an overall scaling of x and y is allowed. A
symmetric form of the mapping can also be obtained if we take e = a, 1 =3, 6 = y and Kk = 0.
We obtain thus

(ann+1xn+1 +xn)(xn +Zn—lznxn—1) _ (xn+azn)(xn+ﬁzn)(xn+YZH)(XH+SZH> (11)

(-xn—H + ann+1xn) (Zn—lznxn +xn—1) (ann - a) (ann - ﬁ)(znxn - Y) (ann - 5)

Here we have just three parameters (a scaling of x being always possible).
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The limits of (9) and (11) can be obtained by taking the parameters to 0 or to co. Let us start
from (9) and take o« — 0, € — 0. We find

(Cnznt1%n1 +Yn) Vn + EnznXn) _ l (Vn +BEx) v+ 180) (Y +068)
(xn—H + ann+1y;1)(CnZnYn +xn) Cn (Cnyn - n)(Cnyn - 9)(Cnyn - K)

(12)

(Goznyn +2x0) (2nCim1Yn—1+%n) 1 (X0 +2a1M) (X0 +220) (X0 + 20 K)

()’n + Cnann) ()’nfl + Zn Cnflxn) N Zn (ann - ﬁ) (ann - }/) (ann - 6)

where the remaining parameters are not constrained anymore. An analogous expression holds in the
symmetric case. Next we take o0 — oo, € — oo. We find

(Cnzns1Xn41 +Yn) Vn + CnZnXn) __n OKCy (yn+ BG) n+¥8) n+68)
(Xnt1 4 Caznt1Yn) (Enznyn +Xn) Bys (Guyn—1)(Guyn— 0)(Cuyn — &)

(13)

(8nznyn +Xn) (2nGn—1Yn—1+Xn) _ﬁ752n (Xn +20M) (%n +220) (X + 20 K)
(O + annxn)(yn—l +ann—1xn) B nox (ann - ﬁ)(znxn - 7’) (ann - 5)

where, again, the 6 remaining parameters are not constrained anymore. Clearly, in the symmetric
case, the prefactor is simply —z,. When two pairs of parameters, say o, € and 8,1 go to zero we
obtain simply

(Gnznt1%n11 +Yn) Vn + CnZnXn) _ 1 (Yn =+ ¥8n) n + 880)
(Xnt1 + Cazns1Yn) (Enznyn +Xn) Cr% (Guyn —0)(Cuyn — )

(14)

(CnZnYn +xn)(ZnCn71ynfl +xn) _ i (Xn +Zn9)(xn +ZnK)
(yn + annxn)())nfl +Zn€n71xn) Z% (ann - Y) (ann - 5)

Combining the case o0 — o0, € — oo with § — 0, n — 0 we find

(ann+1xn+l +yn)()’n + annxn) —p (yn + '}/Cn)(yn + SCH) (15)
(Xnt1 + Cazns1Yn) (Enznyn +Xn) (Gnyn — 0)(Cuyn — K)

(annyn +xn)(ZnCn71yn71 +xn) _ l (xn +Zn6)(xn +Z11K)
(yn + annxn)(ynfl +ZnCn71xn) pP (ann - 'Y) (ann - 8)

where p is a free parameter. Finally we consider the case where two pairs of parameters go to e and
find

(ann+1xn+1 +yn)(yn + annxn) _ GK‘C,% (yn + ’)/Cn)(yn + 6Cn>
(xn+1 + ann-l-lyn)(gnznyn +xn) 7’5 (Cnyn - 0)(Cnyn - K)

(16)

(annyn +xn) (Zn Cnflynfl +xn) . }/52,21 (xn + Zne) (xn +2n K)

(yn + annxn)(ynfl +ZnCn71xn) 0k (ann - ’}/) (ann - 5)

In the symmetric limit of (15) the prefactor is just p = —1, while for (16) we find simply z2. The
last cases to study are the limits when three pairs of parameters take special values. In the case of
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three pairs of zeros we find

(ann—&-]xn—i-l +yn)(yn+ annxn) o i Y+ 5(;1
(Xn41 +ann+1yrl)(CnZn)’n +x,) B Cr? <Cnyn_ K) (17)

(Cnznyn +Xn) (znGn1yn—1+%a) _ 1 (xn+ZnK>

(yn + annxn)(ynfl +ZnCn71xn) B 2 ZnXpn — 0

When two pairs of zeros are combined with one pair of infinities we obtain the equation

(ann+1xn+l +yn)(yn+gnznxn) P (Yn+5§n>

(anrl + gnZnJrlyn)(CnZnyn +xn) B a Cnyn —K

(annyn +xn)(zngn—1yn—1 +xn) _ 1 (xn +Zn’<>
(yn + annxn)(yn—] +ZnCn—1xn) PZn \ ZnXn — 0

where p is a free parameter. Similarly when two pairs of infinities are combined with one pair of
zeros we obtain the equation

(Cnzn1Xn+1 4 Yn) (V0 + GaznXn) —p&, <)’n + 6Cn> (19)

(xn+l + ann+lyn)(CnZnyn +xn) B Cayn — K

(Gnznyn + Xn) (2nGn-1¥n-1+Xn) _ 20 (xn+zn1<>
(yn + annxn>(yn—l +Zn Cn—lxn) P nXn — 6

where p is again a free parameter. Finally we have the case where three pairs of parameters go to
infinity. In this case we find the equation

(ann-&-lxn-i-l "‘yn)()’n + annxn) _ KCr? (yn + 6Cn> (20)

(xn+1 + ann-i-lyn)(cnzn)’n +xn) B 0 Cnyn —K

(annyn +xn)(ZnCn—1yn—l +xn) _ 5Z,31 <Xn +ZnK)
(yn + annxn)(yn—l +Zn€n—1xn) K nXn — 0

In the symmetric limit of (18) we find that the prefactor is p = —1 while for (19) we obtain p = 1.

While there appears to exist a profusion of different limits of (9) some simple relations between
them allow, in a sense, to reduce the number of cases on has to consider. We remark that (11)
is invariant under the transformation x — 1/x (and, obviously, y — 1/y in the asymmetric case),
z — 1/z provided we invert also all the parameters. In that case the limit where a pair of parameters
goes to 0 is dual to the case where a pair goes to oo. In that sense (12) is dual to (13), (14) dual to (16),
(17) dual to (20), (18) dual to (19) while (15) is a self-dual equation. Equation (12) appears to be
new, at least to the authors’ knowledge, while the case of (15) will be examined in the discussion.
On the other hand (14), (17) and (18) were identified [2], in their autonomous forms, as being
linearisable. While the first and last belong to the variety of what we have dubbed linearisable
systems of the third kind, (17) is a mapping of the Gambier type. In all of the above systems
the variable z, is of the form z, = zpA” as in the initial equation. However for the Gambier-type
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mapping (17) we have shown in [7] that it can be written in a form involving a free function of the
independent variable. We found thus, in the symmetric case the equation

<ann+1xn+1 +xn> (xn +ann1xn1) _ 1 < Xn+2n > (21)
Xp+1+ ZnZn+1Xn ZnZn—1Xn + Xn—1 Zn412nZn—1 \ZnXn — 1

where z,, is now a free function of n. (An analogous expression holds for the asymmetric case).

3. The degeneracies

The term “degeneracy” was introduced in [8] in order to designate equations obtained from the
initial one under the assumption that some condition holds allowing to introduce a simplification
from numerator and denominator of one or more factors. In this case the integrability conditions
are not the same as for the initial system. They must be obtained afresh and in general lead to
dependence on the independent variable not present in the initial system. In what follows we shall
obtain the integrability constraints for the degeneracies of (9) by appling the singularity confinement
[9] criterion.

The first case is when one factorisation occurs allowing us to write the system under considera-
tion as

(ann—i-lxn-‘rl +yn)(yn+gnznxn) _ (Yn—¢’n)(yn+3’§n)()’n+5€n) (22)

(Xnt1+ Cazns190) (Guznyn +Xu)  (Wndn — Pu) (Gayn — 0)(Euyn — K)

(annyn +xn)(ZnCn71yn71 +xn) . (xn_Xn)(xn +Zn6)(xn+ZnK)

(yn + Cnann) ()’nfl + 2 Cnflxn) (a)nxn - Gn) (ann - Y) (ann - 6)

where ¢, = Xu11/2, Yn = Wyy1/2 and p, = O, ». First we remark that using a gauge on z,, &,
we may put Y8 = 6k and using a scaling on x,, ¥, we may still reduce the number of these four
parameters to just two. However, keeping an asymmetric form, in view of the higher periodicities
usually obtained, does not present any advantage. Thus we introduce a symmetric form of (22) and
work with it in what follows. We rewrite (22) (redefining the various parameters lest we run out of
greek letters) as

<ann+1xn+1 +xn> (xn + ZnZn—1Xn—1 > _ (xn - (Pn)(xn + wnzn)(xn + %nzn) (23)
(

Xnt1 + ZnZnt1Xn ZnZn—1Xn + Xn—1 YnXn — pn) (ann - Tn) (ann - Gn)

where we have w, X, = 7,0,. The use of the singularity confinement criterion leads to the following
dependence of the various parameters on n. We find logz, = an+ b+ ¢j* + dj*"* where j3 = 1.
We also find that p, is a parity dependent constant i.e. logp, = h+k(—1)", and ¥, = z,— 12441,
®n = PnZn—12n+1. Moreover we have log x, = e+g(—1)",logo, =e—g(—1)",logw, = f —g(—1)",
logt, = f+g(—1)", corresponding to the alternating constants (y,0) and (J,k). By a scaling of x
we can set f = —e. Thus the total number of degrees of freedom is 7 and we expect the geometry of
the transformations of(23) to be described [10] by the affine Weyl group E7(1) . Once the form of (23)
is established we can consider its various limits. Taking the limit @ — 0 and T — 0, or @ — o and
T — oo, leads to the disappearance of a parameter from the equation and thus we expect its geometry
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to be described by the affine Weyl group Eél). The case @ — 0, T — 0, for instance, has the form

<ann+1xn+1 +xn> (xn +ann—lxn—1 ) 1 (xn - pnzn—lzn+1)(xn + ann)

1 (24)
Xnt1+ ZnZn+1Xn ZnZn—1Xn + Xn—1 Zn (Zn—lzn—HXn - pn)(ann - Gn)

where z,, Pu, Xn,» On are given just above. We remark that (24) could also have been obtained
from(12) by a degeneracy procedure involving the first two terms. Taking both pairs (®,7) and
(x,0) to 0 or to oo leads to a linearisable mapping. Taking ¥ — 0, 6 — 0 in (24) we obtain

<ann+1xn+1 +xn> (xn + ZnZn—1Xn—1 ) _ l (xn — Pnn—1Zn+1 ) (25)

Xnt1+ ZnZnt1Xn ZnZn—1Xn + Xn—1 Z% Zn—1Zn+1Xn — Pn

However when one pair, say (®,7) is taken to 0 while the other (),0) is taken to c we obtain a
discrete Painlevé equation involving 5 degrees of freedom the geometry of which is expected to be

described by the affine Weyl group Dgl)

<ann+1xn+1 +xn> <xn + ZnZn—1Xn—1 > _ _@ <xn — Pnin—1Zn+1 > (26)

Xn+1 + Znin+1Xn ZnZn—1Xn + Xn—1 On \ Zn—1Zn+1Xn — Pn

where the prefactor is just —exp(2g(—1)"). This mapping could also have been obtained from (15)
by a degeneracy procedure. Finally taking the limit p — 0, respectively p — oo, we find a linearisable
mapping of the form(14), respectively (16), where now z,, has a ternary freedom.

The next case we are going to examine is one where two factorisations occur. This can be done
in two different ways. We first assume that the common factor exists between the last two factors of
the rhs of (23). In this case we can as well work with the symmetric form of the mapping. With a
little bit of hindsight we introduce the form

(ZanH—lxn—H +xn> (xn + ZnZn—1Xn—1 > 1 (xn - (pn)(xn - Xn)

= (27)
Xn+1 + ZnZn+1Xn ZnZn—1Xn + Xn—1

B Zn—s—lZ%Zn—l (xn - pn)(-xn - Gn)

where ¢y = z,% 4 zﬁtzﬁ_l po. We remark that, the way the equation is written, only the quantity z, 11z,
(and its downshift) has a meaning. Applying the singularity confinement criterion we find thus that
logzpt1zn =a(2n+1)+2b+c(—1)" and log ¢, =2an+2b+d(—1)" +ei" + f(—i)" + g, log xn =
2an+2b+h(—1)" —ei" — f(—i)" +k, logp, = —2an —2b+d(—1)" —ei" — f(—i)" + g, logo, =
—2an—2b+h(—1)"+ei" + f(—i)" + k. Moreover, using the overall scaling of x we can put k = —g.
The total number of degrees of freedom is 7 and thus the geometry of the transformations of this
discrete Painlevé equation should be described by the affine Weyl group Egl). Having established
the form of (27) we can now proceed to derive its limits. Since the pairs (¢, p) and (x, o) play the
same role it suffices to consider the limits of one of those, say (), o). Taking y — 0 and ¢ — 0
(respectively y — o0 and 0 — o) we obtain a linearisable equation, similar to (25) but where z,, has
a different n-dependence. We should point out here that, in order to proceed to these limits, we must
take k — —oo (respectively k — +o0). Thus the scaling of x can be introduced only after the limit,
allowing, for instance, to put g = 0.

The second case of double degeneracy corresponds to appearance of a common factor in the
first two terms of the rhs of (22). The fully asymmetric equation has the form

(Cnznt1%ns1 +Yn) (Y + CnznXn) (Vn = On) 00+ 68n)

Conr 1 + G 9) Coton )~ (W —po) Gorm— K (28)
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(annyn +xn)(ZnCnfl))n71 +xn) _ (xn_Xn)(xn +ZnK)

(yn + annxn)())nfl +2n Cnflxn) (wnxn - Gn)(ann - 6)

where, as in the case of(22), ¢, = X, 41/2, Yn = Opy1/2 and p, = 0,41 /2. However, as for(24), it is
more convenient to work with the symmetric form, which, again with hindsight, we write as

<ann+1xn+l +xn) <xn + ZnZn—1Xn—1 ) _ (xn + ¢nzn+lznzn71 ) (-xn + ann) (29)

Xpt1 + ZnZnt-1Xn ZnZn—1Xn + Xn—1 (Zn+lznzn—1xn - pn) (ann - Gn)

Applying the singularity confinement criterion, and using, as an auxiliary for the final verification,
the criterion of algebraic entropy [11] we obtain the following: logz, = an+ b+ cj" +dj*", (with
P =1,logx, = f+g(=1)",logo, = f —g(—1)", log ¢, = h+kj" +1j*" — g(—1)" and log p,, =
h+kj" 412"+ g(—1)". Moreover, using the overall scaling of x we can put 4 = — f. Just as in the
case of (24) the total number of degrees of freedom is 7. Thus the geometry of the transformations
of this discrete Painlevé equation should be described by the affine Weyl group Egl). Two limits
are possible here. Taking ¢ — 0 and p — 0 (respectively ¢ — oo and p — o) leads to a linearisable
equation of the Gambier type, (21). On the other hand taking y — 0 and 6 — 0O (respectively y — oo
and 0 — o) leads to a mapping with 6 degrees of freedom the geometry of which, we expect, should

be described by the affine Weyl group Eél).

(ann-‘rlxn-‘rl +xn> <xn + ZnZn—1Xn—1 ) _ l <xn + PnZn12n2n—1 ) (30)

Xn+1+ ZnZn+1%n ZnZn—1Xn + Xn—1 Zn \Zn+1ZnZn—1%Xn — Pn

This mapping could also have been obtained from (24) by a degeneracy procedure. Here again the
limit is obtained by putting f — —oo or f — +oo and thus the scaling of x can only be performed
after the limit (allowing to put 2 = 0).

The final degeneracy leads to a rhs which is just homographic in x. In this case we have, again
with a dose of hindsight,

2
<ann+1xn+l +xn> <xn + ZnZn—1Xn—1 > Xn — PnZn+1Z;,2n—1

= (31)
Xpt1 + ZnZnt-1Xn ZnZn—1Xn + Xn—1 ZnJrlZ;%anlxn — Pn

We remark again that only the quantity z,.1z, (and its downshift) has a meaning. Applying the
singularity confinement criterion we find that logz,: 1z, = an + b+ c(—1)" + dj" + ej*", where
7> =1, and logp, = f+ g(—1)" + hi" + k(—i)". Using the scaling of x we can take f = 0 and
thus (31) has precisely 7 degrees of freedom. As a consequence we expect the geometry of the
transformations of(31) to be described by the affine Weyl group E7(1).

4. Discussion

In this paper we have set out to derive new forms for discrete Painlevé equations (and linearisable
systems) related to the form (6) of g-Pyy. The rationale behind our approach is that the Pyy family,
as studied in [6] under the form(5), does not encompass all possible forms of g-discrete Painlevé
equations associated to the Eél) affine Weyl group (and their degenerations). In order to make this
argument (already presented in the introduction) more explicit, some examples and a clarification

of terminology are necessary at this point.
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In [8] the discrete Painlevé equation

aqnxy + 6]5
Xn(xp — 1)

with g, = goA", was identified as a limit of the g-Py; equation. Equation (32) is cast in what,
in the QRT [3] terminology, is a symmetric form. An extension of (32) to an (again in the QRT
terminology) asymmetric form was obtained in [12]. It has the form

Xp+1Xpn—1 = (32)

bznyn + ZnZn+1

Xn+1Xn =

Yn(yn—1)
_ AZpXp +22 (33)
YnYn—-1= Xn(xﬂ — 1)

with z,, = qol"/ 2 An inspection of (33) shows that both the lhs and the rhs of the two halves have a
similar stucture, their difference lying only in the appearance of different coefficients. We shall call
this situation a weakly asymmetric one: equation (33) can be brought to symmetric form by taking
Xn = Xon, Yn — Xop+1 and b = avA.

The opposite situation is that of equations obtained by deautonomising mappings corresponding
to an asymmetric A; QRT matrix. They are systems where already the lhs of the two halves of the
system have different forms. An example of such a discrete Painlevé equation is the system derived
in [13]

Yo ZYn_Zn
n+14n %_az
1 z,+b
Yn+Yn1=—+T (34)

X, 1—x,

In this case we are in the presence of a by construction strongly asymmetric equation.

However the weak and the “by construction strong” asymmetries do not exhaust all possibilities.
While studying the discrete analogues of the various Py equations [14] we obtained the following
form for the one-parameter g-Pryy

X1 = 1+ gnyn
Xy = ——
e yn(yn_l)
agp,x, + 1
YnYn—1= anréi (35)

n

Equation (35) can be obtained from (33) with the appropriate scaling of the variable x and a limiting
procedure. (The parameters a, b must also be scaled while ¢ must be inverted). Once the limit is
taken, and(35) is obtained, there is no way to reduce the latter to a symmetric form. While this is
not an asymmetry as strong as that of (34), since the lhs of (35) have similar forms, we are not in
presence of a weak asymmetry. For lack of a better terminology we describe this asymmetry as a
strong one.

How does all this apply to the case at hand? Already in the introduction we have hinted at the
fact that some asymmetric situations were not considered in our study of limits and degeneracies
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of g-Pyi. They are typically cases which belong to the strong asymmetric class. Having derived the
limits and degeneracies of the second form of the g-Pyy family it is now interesting to compare the
results to those obtained in [6] and establish the possible parallels. Let us start from equation (9)
and take the limit o« — 0 and € — 0 i.e. equation (22). Next we introduce the change of variables
Xn = —2Zn/Xns Yn = Yn/&,. We obtain thus the system

(Xn1Yn — CrzzZ;21+1)(XnYn - Cr%Z:%) _ (Ya +ﬁ§3)(Yn + YCr%)(Yﬂ + 6an)
(Xnt1Yn = 1) (Xn¥y — 1) (G- —-0)(Ya—x)

(36)

(XnYn_ C,%Z%)(Xnynfl _Z,21 3,1) _ 2[3’)/6 (Xn +Z£/B)(Xn +Z%/}’)(Xn +Z55)

KoYy — DXy —1)  "nox Xy—1/7)(Xs—1/6)(X, — 1/5)

We remark that the two left-hand sides of (36) have different prefactors. This is a strong asymmetry
and thus (36) is absent from our classification presented in [6]. The same holds true for all the other
cases of section 2 with the exception of equation (15). The latter is indeed present in [6], where it
was identified as equation (2.3). Next we turn to the equations obtained in section 3. Performing
the same transformation as for (36) we can establish the equivalence between the present results
and those of [6]. We find thus that (23), (26), (27) and (31) correspond to the equations (2.10),
(2.20), (2.16) and (2.29) of [6], while for (24) and (30) no analogue appears (since it is of strongly
asymmetric form). The case of equation(29) is special. This equation should have had an analogue
form among the results of [6]. For unfathomable reasons this case does not appear there. We remedy
this omission by presenting its form here. By applying the singularity confinement criterion we
obtain the equation

(Xn 1% — Ziﬂzﬁ)(xnxnfl ~ 2% 1) e (% — Zn12020—19n) (60 — XnZa)
(xn+1xn - 1)(xnxn—l - 1) e (Zn+lzn—1xn - pn)<xn - Gn)

(37)

where logo, = f(—1)", logx, = g(—1)", logz, = an+ b+ cj" +d** (with j3 = 1), logp, =
h(—=1)"+k(—j)"+1(—j*)" and log ¢, = (h+g — f)(—1)" +k(—j)" +1(—j*)". A degree of free-
dom of the form e(—1)" does also exist in z, but it disappears in the lhs of (37) and can be absorbed
into the remaining coefficients in the rhs. Thus we can simply neglect this term. Moreover, since
the lhs of the equation involves only the product of two consecutive x;,, an overall parity-dependent
scaling can be introduced allowing, for instance to take h = f.

Reciprocally there exist cases, identified in our study on g-Py; which were not obtained in the
present paper. In particular the limit of g-Py; obtained by putting a = b =d = e = 0 in (5) leads to
a an equation, of the form studied here, which is

(an-‘rl +yn)(yn +an) _ Cyn
(xn-i-l +Zyn)(zyn +xn) fy%+gyn+h

(38)

(Zyn ern)(zynfl ern) _ *fx% + 87X, — hZ2

(yn TLan)(ynfl TLan) CTXp

The asymmetry of the latter is clearly a strong one and thus it was not captured in our analysis. In
a similar way all equations obtained by degeneracy of ¢-Pyy in [6], with the exception of the ones
mentioned in the previous paragraph, are not present in the present paper, corresponding to strongly
asymmetric systems (but of the type of (36) where a coefficient has a fixed value of 1, rather than
that of (38) where some coefficients are 0).
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The analysis we just presented raises an important question concerning the derivation of discrete
Painlevé equations. The usual procedure is to start from a QRT mapping and deautonomise it using
an integrability criterion (singularity confinement, algebraic entropy or a combination of the two).
However if one starts from an asymmetric QRT mapping one is tacitly looking only for systems
which are weakly asymmetric, eschewing thus possible strong cases. The results of the present paper
show that systems of the latter type abound. In some cases, like that of (38), one can obtain a strongly
asymmetric result starting from an asymmetric QRT with just the proviso that certain coefficients be
allowed to take a special value every other time. However there exist cases where the initial system
cannot be of asymmetric QRT type but rather a QRT-type mapping with coefficients of periodicity
higher than two, like the ones we introduced in [15]. This open a new field of investigation for the
construction of discrete Painlevé equations (and associated linearisable mappings) which we intend
to explore in some future work of ours.

Appendix A. A refresher on QRT mappings

In order to contruct the QRT mappings one starts by introducing two 3 x 3 matrices, Ag and Ay, of
the form

o Bi %
A= 5,' &; C,' (A])
K5 A Wi

Next, one introduces the vector X = (ic2,x, 1) f£om which one constructs the vectors F = (f1,/2,/3)
and G = (g1,82,3) through F = (XAp) x (XA;) and G = (XAg) x (XA;), where the tilde denotes
the transpose of the matrix. The QRT mapping is then given by:

_ fi (yn) _xan(yn)
e = fZ(yn) _xnf3(yn) (A.z)

gl(an) —yngz(an)
gz(xn+1) —Yn83 (xn+1)

Ynt+1 =

This is the form of what is called the asymmetric QRT mapping. It possesses an invariant

K= otox?y? + Box?y + Yox* + Soxy? + €oxy + Lox + Koy* + Aoy -+ Ho

= A3
o x2y? + Bix2y + y1x2 + S1xy2 + g1xy + §ix+ Ky + A1y + Wy (4.3)

When both Ag and A; matrices are symmetric the mapping is called symmetric. In this case we have
gi = fi and (A.2) reduces to a single equation

Xyt = fl (xm) _xmfle(xm)
m+ f

(o) — St f3 (o) (44)

with the identification x,, — X2,1, Y — X2u+1-

In [4] we have classified the canonical forms of the A; QRT matrices. Nine such forms were
obtained, eight of which correspond to a symmetric A; while in the ninth case the A; is asymmetric
and leads to mappings of the form (34) presented in section 4.
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