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The first part of this work is a review of the point classification of second order ODEs done by Ruslan Sharipov.
His works were published in 1997-1998 in the Electronic Archive at LANL. The second part is an application of
this classification to Painlevé equations. In particular, it allows us to solve the equivalence problem for Painlevé
equations in an algorithmic form.
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1. Introduction

It is a well-known fact that the following class of the second order ODEs

y' = P(xY) +3Q(x, Y)Y + 3R(x%Y)Y? + S(x,y)y* (1.1)

is closed under the generic point transformations

X=X(xy), ¥=¥(xy). 1.2)

It means that the transformed equation is again given by (1.1) but with some other coefficients:
§' =P(x.9) +3Q(%9)¥ +3RE 972+ & 9. (1.3)

Suppose we are given two arbitrary equations (1.1) and (1.3). The problem of existence of the
change of variables (1.2) that transforms equations (1.1) and (1.3) one into the other ishealled
Equivalence Problemif we apply transformation (1.2) for equation (1.1), we get the explicit formu-
las for the coefficient®(X(x,y), §(x.y)), QX(x.),9(x.y)), RE(x.y),¥(x.y)), andS(X(x,y),§(xy))
in terms of P(x,y), Q(X,y), R(X,y), S(x,y) and the partial derivations of the unknown functions
X(x,y) andy(x,y) on x andy up to the third order. These formulas are rather complicated, and in
general situation the equivalence problem can not be solved explicitly.

The main approach usually employed is to find invariants of equations (hvBriant is a
function that is preserved by transformations (1.2), ifey) = (X(x,y),¥(X,y)). Invariants Theory
of equations (1.1) was initiated in the works of R.Liouville [16], S.Lie [15], A.Tresse [19, 20],
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E.Cartan [4, 18] (Late 19th- and Early 20th-Century) and continued in the Late 20th-Century in
works [1,3,7,8,11] and others. Background is described in papers of L. Bordag [1, 2].

However, only advanced computer software for symbolic calculations gave an opportunity to
make a substantial progress. In the series of papers [6, 21, 22] Ruslan Sharipov succeeded to con-
struct the system of (pseudo)invariants which he calculated explicitly in the terms of the coeffi-
cients of equations (1.1). On the basis of this system he classified equations (1.1). This classifi-
cation is more general than all previous ones. The relation between the (pseudo)invariants from
works [21,22] and the semiinvariants from works [4, 16] (as they were presented in [2]) was shown
in paper [13] and here in Section 7. Moreover, in all possible cases the set of the invariants can be
broadened. By employing this technique, in [12], [13] and [14] the equivalence problem for some
equations was solved.

The first part of the present paper is a survey of [6, 21, 22]. We also add additional subcases
(see Subsection 5.8) not mentioned in the cited works. The second part is an application of this
classification for studying Painlevé equations.

2. Classification

Pseudoinvariant of weight 1is a function transformed under transformations (1.2) with the factor
detT (the Jacobi determinant) in the power

0%/9x 6)?/0y> |

J(xy) = (detT)™ J(K(x,y),9(xy)), T= (ay/ax ay/dy

Pseudotensorial field of weight m and valerics) is an indexed set transformed under change
of variables (1.2) by the rule

Fii.j, = (detT)™ > 2 S-Sy TR TERP-P . where S=T°%.
P1...Prd1...0s

Given the coefficient®, Q, R, andS of equation (1.1), we introduce a three-dimensional array
by the rule

©111=P, O121= 0211 = 0112=Q, O120 = 0210 =021 =R, O20=S

As “Gramian matrices” we take the following two,

, d is a pseudotensorial field of weight 1 d;; is of weight -1.

-10

We raise the first index

2
of = S dey;. (2.1)
r=1

Under the change of variables (1.2) the quanti@ﬁare transformed “almost” as an affine connec-
tion (for transformation rule see [6]).
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Point classification of the second order ODEs and its applicat@mPainlevé equations
Using G)}‘j as the affine connection, we construct the “curvature tensor”

00K  pok 2 2
Qk Jr k k 2
T Tau a—ulir + Zleiqe?r - Zleiqei?7 hereu' = x, u* =,
q= q=

and the “Ricci tensorQy; = yi_; Qf;. Both these objects are not tensors. On the contrary, the
three-dimensional array

Wik = LiQjk — U Qi

is a tensor. Here we empl@‘fj in covariant differentiation instead of the affine connection.
Using the tensowk, we introduce two extra pseudocovectorial fields,

1 2 2 B ) ) ) )
ax = > Zl z Wi d' is a pseudocovectorial field of weight 1
i=1j=1

B =30 d¥a; + Oy o d< o is @ pseudocovectorial field of weight 3

The pseudovectorial fields asg = dkay of weight 2 and3! = dii 3 of weight 4.
There are only three possible cases:

1. Maximal degeneration casa which a=0.

2. Intermediate degeneration cas@ which F° = a'3 = 0, i.e. the fieldsa and 8 are
collinear.

3. General casgin which F5 = a'B; # 0, i.e. the fieldsr and are non-collinear.

3. Maximal degeneration case

The coordinates of the pseudovectorial figldrea® = B, a2 = —A, where

A=Py2—-2Q11+Ro0+2PS 0+ SRo—3PRy1—3RR1—3QR10+6QQ 1,

(3.1)
B=%0-2R11+Qo2—2SR1—PS1+35Q 0+ 3QS 0+ 3RQ1—6RRy 0.

Hereinafter symbok; ; denotes the partial differentiatiof; j = 0' /K /dx'dyl. In this case both
the conditionsA = 0 andB = 0 hold.

Theorem 3.1. (Lie). All equations (1.1) with A= 0 and B= 0, where A and B given by (3.1), are
equivalent toy’ = 0 by point transformation (1.2). They have an 8-dimension point symmetries
algebra.

For the details see papers [16], [7], and others.
Example. For equations No. 6.113, 6.134, 6.169 in the handbook by E.Kamke [10] we have

6.113  yy' —y?—y’Iny=0, dim(Z)=8,
6.134 (y—x)y'-2y(Y+1)=0, dim(Z)=8,
6.169  xyy +xy?—yy=0 dim(Z)=8.
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4. General case
The pseudovectorial fields = (B, —A) and3 = (G, H) are non-collinear, so their scalar product
is non-zero. The pseudoinvaridatof weight 5 is defined as
3F°=AG+BH,  where A and B are from (3.1),
G = —BB1o— 3ABy1 + 4BAg 1 + 3SA — 6RBA+ 3QB, (4.1)
H = —AAy1 — 3BA1 o+ 4AB; g — 3PB? + 6QAB— 3RA.

SinceF # 0, the functionsp; = —dInF /dx and¢, = —dInF /dy are well-defined. Employing
G)ikj from (2.1), we construct an affine connectib}fp and two non-collinear vectorial fields andY

$Of + prd N v_B
3 T FZ T F%

Ther covariant derivatives are linear combinations of the basis fiéldadY,

M=ok -

OxX =1 X412y, OxY=[1LX+2y,
OyX =3 XT3y, OyY =T3X+15Y.

Heref}j- are scalar invariants of equation (1.1). In paper [21] they were denoted by
|3: ﬁ%z, IGZ ﬁ%l? |7: ﬁ%z, |8: ﬁ%z
Differentiating these invariants along vector fiekKilgandY produces more invariants
Xl = lkss, Yk = lkt 16

Repeating the procedure of differentiation alofigndY, we can construct an infinite sequence of
invariants. The explicit formulas for the basic four invariants read as

|3: B(HG]_.O—GH]_.O) _ A(HGO.]_—GHO.]_) HF0,1+GF1.0

3F9 3F9 3F5
BG’P (AG?*—2HBG)Q (BH?2-2HAG)R AHZ?S
3F0 3F9 3F9 ~ 3F9
g — H(ABo1—BAo1) | G(ABLo—BAo) (ARi—BFRo)
3F7 4F7 3F3
GB’P (HB?-2GBA)Q (GA?>-2HBA)R HA’S
A 3F7 a 3F7 - 3F7
- GHGyg— G?Hy o+ H?Ggp1 — HGHy1 + G3P+3G’°HQ+ 3GH?R+ H3S
3F11 ,
lg = G(AGl,O—I— BHl.O) n H(AGO.1—|— BHO.l) _ 10(H F0,1+GF1_0) _
3F9 3F9 3F5
BG’P (AG*—2HBG)Q (BH2-2HAG)R AHZ%S
- 3F9 3F° a 3F° T 3FT

Thecase of general position splits into three subcases:

1. In the infinite sequence of invariartisthere exist two functionally independent ones; in
this case the dimension of the point symmetries algebdaig2") = 0.
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Point classification of the second order ODEs and its applicat@mPainlevé equations

2. Invariantsly are functionally dependent, but not all of them are constants; in this case
dim(Z) = 1.
3. Allinvarians in the sequendg are constants; hedim(%) = 2.

Example. For equation 6.54 and 6.109 in the handbook by E. Kamke [10] we have
6.54 Y =y Hayy+yWY?  dim(Z) =1,

6109 ' = y 3:/2, dim(Z) = 2.

5. Intermediate degeneration case

In this case- = 0, butA # 0 or B # 0, and the pseudovectorial fieldsand are collinear.
In the caseéA # 0 by ¢, and ¢, we redenote the functions

_ BP+A BP+Aio Bl.o+Ao.1+3BQ 6
$1= —3T _Q7 ¢.=3B EAZ EA + ER’ (5.1)
and in the cas8 # 0 we let
. AS—Bp1 Ap1+B1o—3AR 6 . AS—Bp: 3
$1=-3A =52 3 ) Q, $>=3 B 5R. (5.2)

Employing the introduced functions a@; from (2.1), we construct the affine connectith and
a pseudoinvarian® of weight 1,

$KOf + P ap1 99,
rk —ok - 250 T Q=2(22_=12). 5.3
" " 3 ’ ay  ox (5.3)
As A = 0, the explicit formula for the pseudoinvaria@treads as
0— ZBA]_AQ(BP—F Al.O) (28140 + 3BQ)A1_0 (Ao]_ — ZBlio)BP
- A3 o A2 + A2 B (54)
BAoo+B?Pro  Bao  3B10Q+3BQuo—BoiP—BR: '
B VIR + A + A + Qo1 —2Ry0.
And in the casd # 0 the similar formula is
0- 2ABy1(AS—Bo1) (2A01—3AR)Bo1 (Bl 0—2A01)AS
B B3 a B2 B2 (55)
ABg, — A? 3A01R+3ARy; — A1 0S— A '
. Bo.2 - So1 % n Ao.1 F\’o.lB 1.0 So +Rio— 200..

The rule of covariant differentiation of the pseudotensorial field was given in [6],

I;|_ Ir

D FI]_ Ir _ aFJl Js i 2 I]_...Vn...lr _ r I]_ Ir +m¢ FI]_ Ir
jids — ZZ_ Fiiie ZZ Kin i1, Wi kFjp s

Iwp=1

If a pseudotensorial field has valencér, s) and weighim, the pseudotensorial fieldF has valence
(r,s+ 1) and weightm.

The pseudovectorial fields and 3 are collinear, hence there exists a coefficidnguch that
B =3Na. N is a pseudoinvariant of weight 2.
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We let
& =dIOjN, M=—a;&, y=—&—2Qa, (5.6)

Hereé is a pseudovectorial field of weight Bl is a pseudoinvariant of weight #,is a pseudovec-
torial field of weight 3.
In the case®\ # 0 andB # 0 the pseudoinvariant is given by the formulas

N:—%, N:3—GB, (5.7)
respectively. The pseudoinvariatin the caseA # 0 reads as
M= — 128N(?3:+A1~°) + BNy o+ 24BNQ+ oNByo+ NA01 — ANp — 1—2ANR (5.8)
and in the casB # 0 it is given by the formula
M=— lZAN(gg_ Boa) — ANoy %AN R— —NA01 - gNBlo+ BNpo— %ZBNQ (5.9)

In the caseéA £ 0 the fieldy is

6BN(BP-+ A 18N 6N(B 12
Vo +A10) BQ ( 1'0+A0‘1)—N041——NR—ZQB,
5A2 5A 5A 5 (5.10)

6N(BP+ A 6
Y= Tl'o)Jer.oJrgNQJrZQA.

In the caseB £ 0 the fieldy is
I 6N(AN—Bp1)

6
—No1+ EN R—2QB,

6AN(A52 Bo1) , 18NAR  6N(Ao1 +Bio) 12 (5.11)
— D0.1 1 1.0

—_ Nio— —=NO+ 20A.

v 5B2 5B 5B +NLo— 5 NQ+

5.1. First case of intermediate degeneratioi # O

Ifin (5.8), (5.9)M =£ 0, the pseudovectorial fieldsin (3.1) andy in (5.10), (5 11) are non-collinear.
Moreover, it means thall # 0 in (5.7). Consider the expansidn,y = 1 200 + F22y The basic
invariants are the following ones,

M@

1= N27 2= N ) - M .
HereM, N, andQ are from (5.8), (5.9), (5.7), (5.4), (5.5). The explicit formula f% is

a1 YYo= ¥a) - ()81 — (VDo | POD)® +3Q0rM%V2 + 3Ry (v?)? + S(v?)°
ri,= + +

22 M M M
f%z is pseudoinvariant of the weight 4. By differentiating the invaridat$, andl; along fieldsa

andy we get new invariants

(5.12)

Oalk (Oyle)?
hets = = o =3 (513)

The first case of intermediate degeneration splits into three subcases
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Point classification of the second order ODEs and its applicat@mPainlevé equations

1. In the infinite sequence of invariartisthere exist two functionally independent ones; in
this case the dimension of the point symmetries algebd@isZ’) = 0.

2. Invariantsly are functionally dependent but not all of them are constants; here we have
dim(Z) = 1.

3. Allinvariants in the sequendg are constants; hedim(.2") = 2.

Example. For equations 6.45, 6.174 in the handbook by E. Kamke [10] we have
645 y' =ay?’+by, ab=const ab#0, dim(Z)=1,
6.174  xyy —2xy?+(y+1)y =0, dim(Z)=2

5.2. Second case of intermediate degeneration

If in (5.8), (5.9)M = 0, the pseudovectorial fields in (3.1) andy in (5.10), (5.11) are collinear.
Hence, there exists a coefficiehisuch thaty = Aa. HereA\ is a pseudoinvariant of weight 1, in the
casesA # 0 andB # 0 being respectively

y2

yl
N=——, A#0 0 N=—, B#0.
. A£O. or =, B

Theexplicit formulas forA are

N ——— — = —— —2Q. 5.14
5B2 B + 5B (5-14)
. 6N(BP—|— Bl.O) Nl.O 6NQ
= A2 A EA 2Q. (5.15)
Let us calculate the curvature tensor using the connections (5.3):

ork —ork 2 2
K jk iq krs k s 1_ 2
Rij = du  aul +Serisrjq - Serjsrim u=x,u =Yy,

and the pseudotensorial field of the weight 1.:
1 2 2

Ry= EizljleLlijdij’

whereA1 andA; are its eigenvalues. Now we construct the pseudocovectorial field of the weight -1.
If A0, we let

R MR

w=-"7 2 (5.16)
where
_12PR 54Q° PRy1 , 6Qio PAo1+BPLo+Axg
" BA 25A A  5A 5A2 B
2B1oP  3QA0—12PBQ 6B?P?+ 12A; oBP+ 6AZ
Y 25A2 25A3 ’
_ B6A+3Q —5BRy;+6BQio+12RBP 54BQ? 12B?PQ  3BQAo
@W=—gn T 5A? 25 A7 253 ' 25A3
2BB; 0P+ BA 1P+ B?Pio+BAyg  6BAZ -+ 6B3P? + 12B2A oP
B 5A3 * 25A4 '
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Andif B0,
Rl— A, R}
=—5 wp = B and (5.17)

_ BA+3Q  5AS—6ARy1+12QAS 54ARE 12A2SR 3ARBy;
=~ "m ' 5B2 2587 2583 | 2588

2AA) 1S+ AB; oS+ A’y 1 — ABg,  BABR, +6ASS? — 12A%B, ;S
+ 5B3 + 2584 ’
_ 12SQ 54R? S0 6Ry1  SBio+AS1—Bo>
~ 5B 25B B 5B 5B2
, 2P01S_ 3RBo1+12AR | 6A%S — 12By1AS+6B3 '

5B2 25B2 2583

We introduce one more pseudocovectorial field of weighw & Nw+ OA + 0Q/3. It is collinear
to the pseudocovectorial fietld in (3.1), and thus there exists a coefficighsuch thawv = Ka,

Nio+ A Q10+ Q N
_ Mo ¢71+ 10 4’1+ Wy

K A 3A A

A+ 0. (5.18)

_ No1t+A92 n Qo1+ Q> n N,
B 3B B’
K is a scalar field of the weight 0.

_ Byewe denote a pseudocovectorial field of weight & Nw+ OA. Raising indices by matrix
d", we get the pseudovectorial fieddbf weight 2,

K

B+£0. (5.19)

el =Nw+Ao1+ A, €= —Nan—Ao— 1A, (5.20)
The fieldse in (5.20) anda in (3.1) are non-collinear, and we can write

Dgg - réza + r%zS,

FL_ Sele?(efy—&81) | 5(e%)%eg, —5(1)%e2, | 5P(e1)3+15Q(et)2e? + 15Re? (£2)2 4 55(¢2)3
22 3NQ 3NQ 3NQ ‘

f%z is pseudoinvariant of the weight 2. We introduce pseudoscalar fiebdishe weight 2 andk of
the weight 2

L=KN+ gN +3AQ + 592+2/\2. (5.21)
g_fr Db MDA 1700 1212 53LAQ  48LA%
227N N 6N 5N 5N 5N
6202 8L N 480\* N 1067A3Q N 16A2 N (522)
15N 3 ' 5N 5N 3
1163A2Q2 137AQ% 50AQ 203Q2 77Q4 20N
TTeNn 1y T 9 108 13N 27
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Point classification of the second order ODEs and its applicat@mPainlevé equations

Employing the above objects, we can define invariants

/\12 L4 E6N4
“one PTRee BT omo

Here A is from (5.14), (5.15)Q is from (5.4), (5.5), N is from (5.7), L is from (5.21), E is from
(5.22).

In the second case of intermediate degeneration the algebra of the point symmetries of equation
(1.1) is 1-dimensional if and only if all invariantg, |I», I3 are identically constant. In other cases it
is trivial.

Example. For the following equation one has

l1

V’zM—y%ﬁ, ab=comst, a#0, dim(2Z)=L1

5.3. Third case of intermediate degeneration

In this caseN # 0 in (5.7),M =0 in (5.8), (5.9),Q =0 in (5.4), (5.5),A # 0 in (5.14), (5.15).
Consider again the pseudocovectorial fielf the weight -1 from (5.16), (5.17). Raising indices
by the matrixd, we get the vector fieldv, w! = wp, w? = —w,. SinceA # 0, w, anda are
non-collinear, we obtain the following relation

wa = r%za + rgzw,

6/ * 6/

N 5P(w?)3 + 15Q(w!)2w? + 15Rw! (w?)? + 55(w?)3
6/\ '

~1 50310)2(‘*’110—‘*’51) 5(032)2‘*’&1—5(091)2‘*’120
3= \ ' ' =+

f%z has weight -2. In this case we define new fieldsf the weight 0 andE of the weight -2,

2

5 2A :
L= K+§+W’ with K from (5.18), (5.19)
(5.23)

E_Fl DwL+9L2 2L 12L/\2+7/\2+5+63/\4
~® N "BN N 5NZ "3N2 ' ON ' 20N3

Let us construct the invariants:

LENG EN3
|1:—’ |2:—
INE: A

HerelL, E are from (5.23)N is from (5.7),A is from (5.14), (5.15).

In the third case of intermediate degeneration the algebra of the point symmetries of equation
(1.1) is 1-dimensional if and only if both the invarianisl, are identically constant. In other cases
it is trivial.

Example. For Emden-Fowler equation 6.11 with= —3 in the handbook by E. Kamke [10]

ax” .
6.11 y’:—?, a=const£0, m#0, onehas dim(Z)=1
Co-published by Atlantis Press and Taylor & Francis
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5.4. Fourth case of intermediate degeneration

In this caseN £ 0 in (5.7),M =0 in (5.8), (5.9),Q =0 in (5.4), (5.5),A =0 in (5.14), (5.15),
K +# —5/9in (5.18), (5.19). Consider again the vectorial fielgw® = w, w? = —wy, from (5.16),
(5.17). Since\ = 0, w, anda are collinear, we can define a new scalar fi@lthy the relationship
w = Oa, field © has weight -2,

“
A Y

w

# Y B?

B#£0. (5.24)
The covariant differentiab = (0O is a pseudocovectorial field of weight -2,
61 = O10—2¢10, 62 = ©p1 — 2¢20. (5.25)

The corresponding pseudovectorial field of weight -Bls= 6,, 62 = —6,. Let us calculate its
convolution witha from (3.1),

5

52 . 52 .
L=—5Y0a6 ==Y 6a'. Notethat L=K+ —, (5.26)
92,7 " 92, :

whereK is from (5.18), (5.19). Field. has weight 0. Sincée # 0, fields8 (5.25) anda (3.1) are
non-collinear,

DQQ - f%za + Iﬁgze,

22 oL o
~ 5P(8%)3 +15Q(61)26% + 15R0(6%)% + 55(6%)°
oL :

f%z has weight -4. We introduce one more pseudoscalar &etd the weight -4,

., 2N 5\% 3 5\?
_FL _° =
E=TI5+ 5 <O+9N> 4<G+9N> (5.27)
that gives rise to the invariant

E6N12
g =~
L20

whereE is from (5.27),N is from (5.7),L is from (5.26).
In the fourth case of intermediate degeneration the algebra of the point symmetries of equation
(1.1) is 1-dimensional if and only if the invariahtis identically constant. Otherwise it is trivial.
Example. For the following equation one has

2
y”:54_y_|_y§,_|_ay27 a=const# 0, dim(Z) =1
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Point classification of the second order ODEs and its applicat@mPainlevé equations

5.5. Fifth case of intermediate degeneration

In this caseN # 0 in (5.7),M =0 in (5.8), (5.9),Q =0 in (5.4), (5.5),A =0 in (5.14), (5.15),
K =-5/9in (5.18), (5.19). All equations (1.1) are equivalent to

1 5 4
r_ I T2 /3
y = v or another form y’ —4X)/+ X y°.

Thealgebra of point symmetries is 3-dimensional, see also [17].
Example. For equations 6.81, 6.138 in the handbook by E. Kamke [10] we have

6.81 XYV +y3+y =0, dim(Z)=3,
6.138 2y —y?+a=0, a=const dim(%)=3.

5.6. Sixth case of intermediate degeneration

In this caseN = 0 in (5.7),Q # 0 in (5.4), (5.5). The pseudovectorial fields w' = wp, W? = —w,
from (5.16), (5.17) andr from (3.1) are non-collinear,

Opw = 3,0 + 3,0,

F1_ 5wl w?(wiy— why)  5(w?)%ap; — 5(w')2wi,
2= To) - To) B
5P(w?)3 + 15Q(w?!)2w? + 15Rw! (w?)? + 55 w)*

9Q

1, has weight -2. We introduce a new scalar figldf the weight 0

21
L = 0K — ==K?—K. 5.28
oK -3¢ (5.28)
Then the corresponding invariants are
Iy =L,
. 72 63 12
lp = Q21 3, — Ol — —o=K3 4+ — K%+ —“KL - K —L.

625 50 25

whereK is from (5.18), (5.19)Q is from (5.4), (5.5)w is from (5.16), (5.17)L is from (5.28).

In the sixth case of intermediate degeneration the algebra of point symmetries of equation (1.1)
is 1-dimensional if and only if both invariants, |, are identically constant. In other cases it is
trivial.

Example. For the following equation one has

2
y’ =3y>/—y3+y§+ay+b, ab=const  dim(Z)=1
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5.7. Seventh case of intermediate degeneration
In this caseN = 0 in (5.7),Q = 0in (5.4), (5.5). The pseudovectorial fiel@sfrom (5.25) anda
from (3.1) are non-collinear,

F32=616%(610 — 631) — (6°)651 + (6%)267, — P(6")> — 3Q(6")?6% — 3R6*(6%)* — 5(6)°.
f%z has weight -4. We define the pseudoscalar fieldé the weight -4 and., of the weight -5

A 1
L=F3— §@2> L1 =OgL = L1060 + L0167 — AL (16" + 267). (5.29)

Then the invariants are

L? 0?2

h=rs =T, (5.30)

where we have employed (5.29), (5.24) and (5.1), (5.2).
The seventh case of intermediate degeneration splits into three subcases:

1. L =0 from (5.29), therdim(Z") = 2.
2. L#0from (5.29) and; from (5.30) is identically constant; here we halien( %) = 1.
3. In other casedim(Z’) = 0.

Example. For equations 6.2 and 6.5 in the handbook by E. Kamke [10] one has

6.2 Yy =6y dim(Z) =2,
65 y' =ay+bx+c, a#0 dim(Z)=2 if b®’=ac otherwise dim(Z)=1.

5.8. Additional subcases of intermediate degeneration

We define a new pseudocovectorial figid= OM. Let Z is a convolutionn with the fieldé from
(5.6).Z is a pseudoinvariant of weight 7,

Z =&l (5.31)

Then the first case of the intermediate degeneration splits into four subcases.

Case 1.1M#0,Q+#0,Z#0.

Case 1.2M #0,Q+#0,Z=0.

Case 1.3M #£0,Q=0,Z+#0.

Case1.4M #£0,Q=0,Z=0.

Subject to the pseudoinvaria@tfrom (5.24), the seventh case of the intermediate degeneration

splits into the two subcases.
Case 7.1IN=0,Q=0,0#0.
Case 7.2N=0,Q=0,0=0.

5.9. Tree of intermediate degeneration cases

The following diagram illustrates the cases of the intermediate degeneration.
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Fig. 1. Tree of intermediate degeneration cases.

6. Classification of Painlee equations

Let us show how Painlevé equations are included into the proposed classification scheme.

1. Equation Painlevé | is in Case 7.1 of intermediate degeneration.

2. Equations Painlevé IlI-VI (except special cases!) are in Case 1.3 of intermediate degenera-
tion.

3. Special cases.

(a) Equation Painleveé Il is in Case 1.4 of intermediate degeneration.

(b) Equation Painlevé Ill with 3 zero parameters is in Case 1.4 of intermediate degenera-
tion.

(c) Equation Painlevé 11(0,b,0,d) or (a,0,c,0) (they are equivalent) is in Case 1.4 of
intermediate degeneration.

(d) Equation Painlevé Va,b,0,0) is in Case 1.4 of intermediate degeneration.

(e) Equation Painlevé 11{0,0,0,0) is in Case of maximal degeneration.

(f) Equation Painlevé \(0,0,0,0) is in Case of maximal degeneration.

(9) Equation Painlevé V(0,0,0,1/2) is in Case of maximal degeneration.

7. Relation between the semiinvariants

In work of E. Cartan [4] the notatiorB = —ay, Q= —a3, R=—a, S= —a1, A= —L1,B=—L;
were adopted, whellg andL, are the components of the projective curvature tensor. In the work of
R.Liouville [16] there were provided the semiinvariamtsw, i», andR; (see review [2]). Relations
between them and the pseudoinvarigni€2, N and the componert are as follows,

(L1)xRe i2

, N=2.

_V5€714_4 :

L3 L3

FP=vs, H=Li(Lo)x—Lao(L1)x+3R;, Q=-wy

Other pseudovectorial fields and pseudoinvariants appeared firstly in [6, 21, 22].
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8. Solution of equivalence problem for some Painle& equations
8.1. Painle\e | equation

The equivalence problem for this equation was effectively solved in paper [12].
Theorem 8.1. Equation (1.1) is equivalent to PainkeV equation
§' =6y +x

under the point transformations (1.2) if and only if the following conditions hold: 8in (4.1),
A#00rB+#0in(3.1),Q=0in (5.4), (5.5), N=0in (5.7), W=0in (8.1),V=0in (8.2),0 #0

in (5.24), Ly # 0in (5.29). Invariants {1 and b in (5.30) are functionally independent. The point
transformation ist = 1/5/1207, § = ++/12(V123 9T7).

Here the pseudoinvariaW is introduced by (5.29), (5.24) and (5.1), (5.2),
W = gLy = (L1)106 + (L1)0.16° — 5L1 (910" + $26), (8.1)
and the pseudoinvariakt is introduced by (5.29), (3.1) and (5.1), (5.2),
V =0qLl1=(L1)1.0B—(L1)o1A—5L1(Bo1 — Ad2). (8.2)

Example. The equation

y' = —sin’y(6xcogy + siny) + )—l((—18><3 cos’ysirty — 3x2sin’ycosy — 2)y —
— (183 codtysiny+ 3¢sirfycogy)y? — (6x* cos’y + X sinycos’ y + x)y’®
is equivalent to Painlevé | equation. The corresponding invariants and the change of variables are

— i _1 = 712xc032y y = XCO X =xsin
1= 12X53in5y’ 2 — Siny , Y= SY, — Y.

Example. The equation

y' =6y*+ f(x)
is equivalent to Painlevé | equation if and onlyf {fx) = mx+ n, wherem, n are the constantsy £ 0.

Let us check the conditions of Theorem 8.1:

f// (X)
W= 248832 V=6

A=12 B=0, F=0, Q=0 N=0,

y f'(x) f4(x) 12y?
O=-2, Li=—por h=ro =70
12 20736 12f5(x) F(x)

Example. Only these equations in the handbook by E. Kamke [10]
63 V' =6y°+x Painlevel
65 y' =-ay—bx—c, ab=const ab#0
are equivalent to Painlevé | equation.
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8.2. Painle\g Il equation
The equivalence problem for this equation was effectively solved in papers [12] and [13].

Theorem 8.2. Equation (1.1) is equivalent to PainkeVl equation

V' = 2P + %y + &
with the parameteé = +J with J= (4+ 10l — 6013) /(50,/19) if and only if the following conditions
hdd: F =0in (4.1), A200rB#0in (3.1),Q =0in (5.4), (5.5), M#£0in (5.8), (5.9),1 = 18/5

in (5.12), b #0in (5.13), invariant J is a constant. Among the invarianisld, and b from (5.12),
(5.13, k= 3) one can find two functionally independent. The point transformatige-i4//25009,

X = 5lg/7/25009 — 3J\/25009,/2.
Example. The equation

y' = (=23 —xy+a)y® a=const

is equivalent to Painlevé Il equation witgh="+a. Let us check the conditions of Theorem 8.2,

288 18
—7|1:€7‘J:ia7

A=0,B=-12F=0Q=0M="¢

Lo 2%txy—a,  2y-3a 1 .
3= 7308 67 108 ' 9 25006 Y

Example. The equation

=Y+ f(x)y+9(x)

is equivalent to Painlevé Il equation if and onlyifx) = ¢ = const f(x) = mx+n, wherem, n are
the constantan=# 0. Let us check the conditions of Theorem 8.2,

_ CO0F—00_0M=T'2, _18 . gy
A=B,B=0F=00=0M= 7 h=7J=—0r s,
Lo Y EIy+a) | 2f(9y+30) | AT (y+g(x)?
3= 153 »eT 5y3 reT 6258 '

Example. Only these equations in the handbook by E. Kamke [10]
6.6 Yy =2 +xy+a a=const Painlevell,
6.8 y' =2a’y®—2abxy+b, ab=const ab#0, where a= i%,

dva
6.9 "= _—ay’—bxy—cy—d, ab,c,d=const ab#0, where d=+ ,
y y’ —bxy—cy ¢ # b3
6.142 ' = —+4y2—|—2xy, where &=0,
6.145 Yy =7 — g — %/, a,b=corst, ab#0, where a&=0,

6.27 Yy = —ay —bx™", a,b=const n=3 mb#0, where a=0.

are equivalent to Painleve Il equation.
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8.3 Painlee lll equation with 3 zero parameters

A general form of the Painlevé equations Ill reads as

y,:y_z_x+ay2+b
y X X

d
+ey+—.
Y y

Itis a 4-parameter family of equations, which we denot®hy(a,b,c,d). If three of four param-
eters vanish, all these equations are equivalent one to another. Referring to work [8], we write the
change of variables: 1), 3x=X,y =1/, 2):x=%/2,y = {.

PII1(0,b,0,0) 3 PIII (~b,0,0,0) 2 PI11(0,0,—b,0) 3 PI11(0,0,0,b),

The equivalence problem for this equation was effectively solved in paper [13].

Theorem 8.3. Equation (1.1) is equivalent to Painkevll equation with 3 zero parameters if and
only if the following conditions hold: =0in (4.1), A20Q0orB+#0in (3.1),Q =0in (5.4), (5.5),
M #0in (5.8), (5.9),1 = 3/5, I3=1/15from (5.12).

Example. The equation 6.75 in the handbook by E. Kamke [10]
675 Y=y ¢

is not equivalent to Painlevé Ill equation with 3 zero parameters, in that

e 3 1 4
A——ey, B—O, F—O, Q—O, M—E, Il—g, |3—1—5—m
Example. The following equation
y'=f(xy —¢

is equivalent to Painlevé Il equation with 3 zero parameters if and only if fundtie is the
solution of equationf?(x) — f/(x) = 0. Hence f(x) = 1/(c — x), wherec is the constant. Let us
check the conditions of Theorem 8.3,

e 3 1 2(f%(x)— f'(x))

A=-¢, B=0 F=0 Q=0 M_E’ |1_§, I3_E_T'
Example. Only these equations in the handbook by E. Kamke [10]

6.14 y=¢,

6.28 y'=—ay —be’+2a, b=-const#£0, a=0 or a=-1,

6.76 )/’:—;)/—bé’, b= const+# 0, a=0 or a=1,

6.77 Y = ;y b2 b—const£0, a=1,

ae@—-1
6.83 y':_%, az 2

6.110(111) y' = y* L1

6.118 y’:V—a)/—by2+2ay, b=const£0, a=0 or a=-—1,
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2
6.127 y' = %—bf, b = const+£ 0,

y> Y
6.172 )/’:V—a;—byz, b=const£0, a=0 or a=1

are equivalent to to Painlevé Il equation with 3 zero parameters.

8.4. Equations PI11(0,0,0,0), PV(0,0,0,0), PVI(0,0,0,1/2)

For the equation®ll1 (0,0,0,0), PV(0,0,0,0), PV1(0,0,0,1/2) the conditionsA =0 andB =0
from (3.1) hold then according to Theorem 3.1 (Lie) they are equivaleyit t00.

PI11(0,0,0,0) : y/ = y—z—g, V(0,0,0,0) : y' = <2y+yil>y2_¥
1, (1 1 y2 /1 1 1 yy—1)
PVI0.0.0.5): Y= <y+y 17y x x) <§+x—1+y—x>y+2x(x—1)(y—x)'

8.5. Algorithm for Painlee IlI-VI equations

Equations Painlevé IlI-VI are 4-parameter families, they depend on pararagtgrs, andd. As
they are in the first case of intermediate degeneration, we should use formulas (5.12), (5.13) to
calculate the invariants. It is a well-known fact that= 0 for all Painlevé equations, and therefore
only two sequences generatedlbyndls are nontrivial.

The next useful fact is that all invariants are rational functions of the variakleant “y”. Let
us take the invariant (its formula is the simplest). First we regard the symhas a parameter in
order to convert rational function into polynomial. This polynomial depend on variakilesd “y”,
parameters, b, ¢, d (they are parameters of the equation), and the new paramekar example,
invariantl, for the Painlevé Ill equation is

_ 364(c%y® — 220y"d + d2)x® — 4(cyPa+ db+ 49(cy*b+ day?) lyx-+ a?y® — 22ay*b + by
5 (8cy*x — 8dx— yb+ ay?)?

The associated polynomial is the following one,

Pi(x.y;a b,c,d,l1) =51 (8cy*x— 8dx— yb+ay®)? — 3 (64(c?y? — 22cy*d + d?)x?
4(cyPa+db+49(cy*b+ day?))yx+a?y? — 22ay*h + b?y?) =

We shall call %" a “higher” variable. In the same way we construct a polynorRigk,y; a, b, c,d, l,)
from the formula for invariants. Using Buchberger's algorithm (see [5]), we reduce polynomials
Pi(x,y;a,b,c,d,11) andPy(x,y; a,b,c,d, 14) with respect to "higher” variabley”. Aa a result we get
a polynomialQ1(x;a,b,c,d,l1,14) and a formula for variablg = Ry (x;a,b, c,d, l1,14), whereRy is
a rational function. In the same way we construct a polynoiigl,y; a, b, c,d, l7) by the invariant
I7. Then we reduce it together with the polynomia(x,y;a,b,c,d,l;) and get a new polynomial
Qa(x;a,b,c,d,l1,17).

Now we reduce polynomial®:(x;a,b,c,d,l1,ls4) and Qa(x;a,b,c,d,l1,l7) with respect to
the variable X". We get a quantityK(a,b,c,d,l1,14,17) and a formula for variablex =
Ro(a,b,c,d,l1,14,17), whereR; is also a rational function.
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Repeating this procedure as many times as necessary, we obtain a relation between the invariants
K(l1,ls,...) = 0 that is anecessary conditionf the equivalence as well as the formulas for the
parameters, b, ¢, andd and for the variablex andy via invariants. These formulas form the
sufficient conditiongaind complete the solution.

The main difficulty of this method is a bulky form of these polynomials, and this is why at
present the equivalence problem is successfully solved only for Painlevé IV equation, see [14]. But
the final formulas are too complicated, so here we present only the necessary conditions of the
equivalence.

8.5.1. Necessary conditions for PainieW equation
Equation Painlevé IV depends on two parameteasdb,
2
PIV(ab): y'= . 33y ax? + 202 —a)y + b
2y 2 y
We introduce additional invariants using formulas (5.12), (5.13),

_9h g l10 1o Hala _ (1a)xB— (la)yA

Jh=— - _ v
1= 72 47~ 2160 107 72960 077N N

Theorem 8.4. If equation (1.1) is equivalent to PainkeMV equation under the transformations
(1.2), then the following necessary conditions hold=® in (4.1), A20orB=#0in (3.1),Q=0

in (5.4), (5.5), M£0in (5.8), (5.9), Z# 0in (5.31), a) k = 0in (8.3) for PIV(a,0) equation; b)
Knh=0in (8.4) for PIV(a,b) equation, & 0.

Ko =4608)7 — 324833 + 80817 + 48000, J7 —

8.3
— 1650Q13J; — 83J; + 1125), + 1250002 + 3, (8:3)

Kn =2223%7 — 21834722918 1 2143%(20412 10°J, + 7953773{ +
+210.3.5(11664000,0 — 293875200, — 317004335+
+29.3.5(47628 10°JZ 4 347502500, — 33816 10°J9+ 157479930+
+28(55014875010 + 1701 107J10J4 — 15275925 10*J2 — 31879206254
— 72178387 + 25(5312667+ 437746 10*J, + 405- 10732, + 46305 1085+
+ 479194 10PJZ — 1168733750,0 — 129705 10PJ;04) I3 + 22(—2157057
— 3377467004 + 12948575 10719+ 6615- 10°J10J7 + 33184 10 J0ds—
— 697457 10PJ2 — 219765 10PJ; — 23075 10°02) 32 + 22 5(9675 10°IZ,+
— 17852625, + 33823650, — 847425 10*J10J; — 615125 10°3;032+
+ 8080625 10°J3 + 11864525 10°J5 + 9261+ 7875 10'32,04) 1 +
+ 52(15435)9 — 21609, — 120274007 — 16033 10°J; + 11606 10°Jy0ds+
+5-1033)+ 343 10°37 + 20875 10°J10JZ — 58- 1073%,J4 — 175- 10°3%).

(8.4)
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Example. The equation No. 34 from the book [9] named "Painlevé 34" equation

2
1
XXXIV. Y '=Z—+4ay —xy— —,
2y 2y
is not equivalent to Painlevé IV equation, although= 0 from (8.4). Let us check the conditions
of Theorem 8.4,
3 9a(35+ 4ay’)

A:6a__> B:O, onv Q:07 M:—>
2y3 10y°

a=comst#0

Z:O, Kn:O

9. Cases of Painle& equation with non-trivial algebra of point symmetries

In a general situation Painlevé equations have the trivial algebra of point symmetries. But in some
special cases the dimension of the point symmetries algebra is 8, 2, or 1.

1. For equation®ll1(0,0,0,0), PV(0,0,0,0), PVI(0,0,0,1/2) we havedim(2") = 8.
2. For equatiorPlll with 3 zero parameters we hagén(2’) = 2, and the operators are
2
., Yy b g 17} B 17} 17}
y' = y <+ Xl_x0x+yay’ XZ_XInde+y(InX+2)dy'
3. For equatiorPlIll (0,b,0,d) or Plll (—b,0,—d,0) (they are equivalent under the transfor-
mationsx =X, y = 1/, see [8]) and equation PV(a,b,0,0) we hawe(2") = 1.
2 b d
y'= y- ¥y, b.d

X =
y X Xy 6x+y0y

PV(a,b,0,0) : y' = (21y - 1)3/2—% - )<ay+s> X:x%.

PII1(0,b,0,0) :

PII1(0,b,0,d) :
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