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Isomonodromic deformation of linear differential equationgPdrwith regular and irregular singular points is
considered from the view point of twistor theory. We give explicit form of isomonodromic deformation using
the maximal abelian subgrowp of G = GLy.1(C) which appeared in the theory of general hypergeometric
functions on a Grassmannian manifold. This formulation enables us to obtain a group of symmetry for the
nonlinear system which is an Weyl group analodjggH ) /H.
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1. Introduction

The Schlesinger system is a completely integrable system

oA WAL L 0N CIAA]
ot; - G —1; (1#1), ot; - j;lti_tj

for ther x r matrix unknownsdg, A, . .., Ay satisfying

(1.1)

Ao+Ar+-+Ay=0,

where[A;, Aj] = AiA; —AjAi. This system was obtained by L. Schlesinger [12] as the system describ-
ing the isomonodromic deformation of a Fuchsian system

dy (& Al
a - <J;Z_tj)y. 1.2)

In the caseN = 3,r = 2 andty = ,t; = 0,t, = 1,t3 =1t, the Schlesinger system is written as

dAL  [As A dA [Ag Ayl dAs L (AR A [AsAY
dgd t 7 dt t—1’ dt t t—1 "’

(1.3)
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and is known to be intimately related with the second order differential equation called the
sixth Painle@ equationR,,. In fact, it is explained in [3] that if we defing from a solution
(Aq(t),Aa(t),As(t)) of (1.3) by

t(A1)12
t+ l)(A1)12+t(A2)12+ (A3)12

where(A;)12 is the(1,2)-entry ofA;, theng satisfiesR,|. Recall that the Painléequation®; (J =
l,...,V1) are the second order nonlinear differential equations of the form

=T

q'=R({,0,9), ReC(t,q,q), '= gt, (1.4)

which form representatives of classification, by birational transformations, of Eq. (1.4) enjoying
the Painle@ property, namely, any solution, considered as a functionaofd initial conditions,

has no branch point which changes its position according as the variation of initial conditions [1,
11]. The Painleg equations appear and play important roles in many fields of mathematics and
mathematical physics, and now recognized as nonlinear differential equations defining new special
functions [2,9,13]. Among the Painlevequations, the master oneéqg and the others are derived

by “degeneration” according to the diagram:

R
7N
Ri —R R (—R). (1.5)
N
Rv

Here the arrowR,; — R, means, for example, that we can dg&t from R, by the change
(t,q) — (,§) : t = 1+ &f,q = g, a suitable change of parametersApn and by taking a limit
€ — 0, see [3], p143. A, is related with the Schlesinger system (1.3), we know that the other
Painlee equations are also related with the systems analogous to (1.3), which are obtained by
isomonodromic deformation of non Fuchsian systemBbn

The aim ofthis paper is to describe nonlinear systems obtained from the Schlesinger system
by degeneration (or the corresponding isomonodromic deformations) in explicit manner, which we
call the general Schlesinger systems (Def. 3.1) in this paper. We follow the idea of Mason and
Woodhouse [6]. Their idea is to derive the general Schlesinger systems as the systems describing
particular solutions of generalized anti-self-dual Yang-Mills equation (GASDYM) on the complex
Grassmannian manifol@; n 1 of 2-dimensional subspaces@i+2.

Let us explain further our motivation and what we want to achieve. Originally, the partitions of 4
are associated with the Painéegquations (or with the corresponding general Schlesinger systems):

(2,2)

(1,1,1,1) —(2,1,1) 4) . (1.6)
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For example, the partitiofiL,1,1,1) for R, means that the linear system of differential equations,
whose isomonodromic deformation providgs, has 4 regular singular points= 0,1,t, (see
the explanation just above (1.3)). Likewise, the partitirl, 1) for R, means that this equation is
obtained from the isomonodromic deformation of a linear system with one irregular singular point
of Poincaé rank 1 and two regular singular points.

It is to be noted that each Painkeequation has particular solutions expressed in terms of hyper-
geometric type function ([3]):

Bessel

/ N\

Gauss—Kummer Airy

p e

Hermite

and that the partitions of 4 in (1.6) are already attached to these hypergeometric type functions in
the context of general hypergeometric functions (GHF) on the Grassmannian manifold [4]. In this
theory, a partitiom specifies a type of regular elements of [/8C) and the GHF is constructed
using the maximal abelian subgrohip of GL4(C) obtained as the centralizer of a regular element
of type A, see Sec. 2 aboud, . It was surprising that the same maximal abelian subgroups were
used in the work of Mason and Woodhouse [5] to derive the the general Schlesinger systems, corre-
sponding to Painleéy equations, as the subsystemslpfC) anti-self-dual Yang-Mills equation on
Gy 4 invariant by the action of the groug, . Moreover they also showed in [6] that the Schlesinger
system (1.1) can be obtained from GASDYM on the Grassmannian ma@$@|d; by considering
the holomorphic vector bundle on an open subset of the twistor §d8a@@ming from a solution of
GASDYM by Ward correspondence, equivariant under the actidtof ;). They also mentioned
that the degenerated systems can be obtained in a similar wayHsitinfortunately, they did not
give an explicit form of isomonodromic deformations and the corresponding general Schlesinger
systems.

In this papemwe make more explicit the construction of [6] for general Schlesinger systems for
an arbitrary partitiotA of N+ 1 and discuss their group of symmetry as an analogue of Weyl group.

2. Regular elements and Maximal abelian subgroups

Let G = GLn+1(C) be the compbe general linear group of matrices of siket 1. Forg € G, let
Adg : G — G be defined bya— Adg(a) = gag 1, which gives the adjoint action @& on itself.
Denote the orbit oh € G by O(a) = {Adg(a) | g € G} and the centralizer i € G by Zg(a) =
{g € G| Ady(a) = a}. We know that botlD(a) andZg(a) are complex manifolds and dinG =
dimg O(a) +dimc Zg(a) holds.

Definition 2.1. An elementa € G is said to be a regular element if dta) is maximum, in other
word, dimZg(a) is minimum.

It is seen that dinZg(a) =N+ 1 if ais a regular element (see below). It is known and is easy to
see that € G is a regular element iff the Jordan cells of the Jordan normal foranhafve distinct
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eigenvalues, i.e., for some partitidn= (ng,...,ny;) of N+ 1, ais conjugate to

A1 a 1

CAa=| @.1)

with distinctay, ..., a,, whereA, € GLp, (C).
What we concern is the groups obtained as centralizers of regular elements, which are given
explicitly as follows. Whera € G itself is the Jordan normal form as in (2.1), then

h(D

Zs(a) = - h® e J(ng) ¢, (2.2)
h(®

whereJ(n) is the abelian subgroup of GLC) of the form

ho h1 ... hp—1

Jn)={h= : ho 0 (2.3)

calledn-dimensionallordan group We also writeh as
h=hol + A +---+ hnfl/\n_1

using the shift matrix\ = (&.1,j)o<i,j<n Of sizen. The groupZg(a), which is isomorphic to the
product groupl(ny) x --- x J(ny), and is irrelevant to the eigenvalues, will be denotetiaso as
to emphasize that the group is determined by the partition

Letj(n) andh, be the Lie algebras df(n) andH, , respectively:

j(n)={& =&l + &N+ + & A" §eC~C"

and

g(l)
br = EM i) » ~i(m) @ dj(ny).
g(f)

In order tomake explicit the relation betwedt), and its Lie algebrg, , we introduce the following
functions.
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Definition 2.2. Let T be an indeterminate. Define the functidhgx) of X = (Xp,Xa,...) by

00

log(%0 +X1T +XT?+---) = Y Om(x)T™ (2.4)

m=0

Since

log(xo+X1T 4+ XT?+--)

> (=)™ /x X m
:Iogxo_|_z<)<lT_|_2T2_|_...> ,
me1 M X X

we see thabp(x) = logxp and, form> 1,

kg4 -+ km—1)! <x1>k1.

kn
Xm
e o) <XO> , (2.5)

where the sunis taken over al(ky, ..., kyn) € Z”Z‘O satisfyingk; + 2ko + - - - + mky, = m. For example
first few of them are

n(x) = Y (-~

8o(x) = logo,
B(x) = %,

X 10\
0n(x) = 2 z(m),

3
X3 X1 Xo 1 <x1>
X=——(=)(=+=(—],
%) X0 <Xo) <X0> 3\ X
1 %\ 2 X X x1\ 2 [ x 1/x\*
=3 (2 22) () () (2) 3"
Xo 2| \X X0/ \ %o X0 X0/ 4\X
From these xplicit form we see thaBy(x),m > 1, has a pole alongo = O of orderm and is a
weighted homogeneous polynomiabaf/xo, .. ., Xm/Xo of weightm when the weight ok; is set to

bei.
Let J(n) be the uniersal covering group af(n). Then we see that logi(n) — j(n) defined by

6o(h) 61(h) ... B, 1(h)

h+— logh =
61(h)
Bo(h)

givesa biholomorphic map. To invert the map
X= (Xo,Xl,...) — E = (fo,fl,...) = (eo(X),el(X),...),
we takethe exponential of (2.4) and define the polynomiaigé ) by

exp(&o+&T +---) =g S Pm(E)T™, (2.6)
m=0

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
134



H. Kimuraand D. Tseveenamijil

wherepm(€) is them-th Schur polynomial ofés, &, ...) corresponding to the partitiam):

B fl...grlgm
(&)=Y R (27)

... k.~
k1+2ko+---+mkn=m kl' km

Themap
n-1
i(n)> & expé =€ S pm(&)A™,
m=0
defines expj(n) — J(n).

3. Main Results

We state the main results of this paper, which give the explicit expression for the results in [5,6]
concerning the isomonodromic deformation of linear ordinary differential equatioffd teated
from the twistor theoretic point of view. The basic geometric picture is the double fibration

Plxw
W N P (3.1)
W PN

whereW is a certain open subset of Grassmannian manifoldyGt, which is represented as the
quotient space GL(C) \ Z of the seZ of 2 x (N + 1) complex matrices of rank 2 by the right action
of GL,(C). Here the map¥ is the projection to the second factor adds defined by([t], [Z]) —
tZ], [t] € P! being a point with its homogeneous coordindtes(to,t;) and|z] € W being a point
determined by a matrix. Note that any elemef#] € W determines a projective liné(PP! x {[z]})
in the twistor spac@®N. The space Glv+1 is called thespace-timeon which solutions ofjl, (C)-
GASDYM are defined, an@N is called thetwistor spaceon which the corresponding holomorphic
vector bundles of rank, trivial on the projective lines, are defined by Ward transform.

To state the main theorem, we shall define the actidtobnPN. Letx = (Xo, X1, ..., %y) be the
homogeneous coordinates®f and[x] denote the point oPN with the homogeneous coordinates
x. Define the right action dfl, onPN by

PN xHy — PN, ([x],h) — [xh. (3.2)

If we write the homogeneous coordinatén blocks as

x= (.. x0), xM= (xék),...,xgtll) (3.3)
according as the partitioh = (ny,...,n,), then the action of = (h®, ... h()) € H, is written as
Ixh] = XPhM . xOh0)],

Theorem 3.1. (Masonand Woodhouse [6]) Let & PN be an open set and: E — U be arankr
holomorphic vector bundle. Assume that the following conditions are fulfilled.

1. U is invariant by the action of i, namely, forx] € U and he H,, we havexh € U,
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2. the action of i} on U can be analytically lifted to E.
Then the infinitesimaction of H, to E defines a flat connectidm, on E.

The explicitform of the connectionl, is given as follows.

Proposition 3.1. The flat connectiofily in Theorem 3.1 can be written locally as

n—1
Oy =d-— (f > A&”(x)deo,(x(k))) A, (3.4)
k=1 a=0

where 4'0 (x) € gl (C) are holomorphic in an open subset®vVU on which the bundle E is trivial.

In order to relate this flat connection to the isomonodromic deformation of an ordinary differen-
tial equation orP!, we use the picture (3.1) replacing the subset Gry .1 with the open subset
Z, C Z, defined below, whose imageW¢ by the mapZ — Gron.1 = GL2(C) \ Z. The coordinates
of Z, will play an analogous role fa to the homogeneous coordinates for a projective space and
will be convenient for describing the systems we are going to treat in a symmetric manner.
Givena matrixz € Z, we writezas

z=(29,...,29), 2= (zék)j...,zg':ll) € Matyn, (C),
where;(k) is a two dimensional column vector. Define an open suBgetf Maty y1(C) by
det@’,2¥) #0 (> 2»}
dety’,2))) #0  (k#D))

It is seenthat the mapZ x H, > (z h) — zhe Z defines an action ofly on Z,. Now the map
®: P! x Z, — PN is the holomorphic map defined by

Z,\ :{ZEZ

-

([2),2) [{2) = 2Y,...,{2Y), (3.5)

wherez = (1,¢) and{ denotes the affine coordinate BY. Then we can relate the connectiap
to the isomonodromic deformation in explicit manner.

Theorem 3.2. LetU c PN be an open set containing a projective line and ietE — U be a
holomorphic vector bundle on U of rankAssume that

1. U is invariant by the action of ki on PN defined by (3.2),
2. E is trivial on projective lines contained in U,
3. the action of i on U can be lifted to E.

Then the fIatonnectiorﬁA = ®*[J, on ®*E obtained fronT], in Theorem 3.1 gives the isomon-
odromic deformation of a system of linear differential equation

¢ nel 779
o= (33 e )y .

with an unknowrvector ye C'.

Remark 3.1.
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This result is already announced in [5] without explicit form of connectib,ns

Aka)(z) depends oz but not on{ as is explained in the proof.

d6;({z¥)/dZ, as a function of , has a pole = —z) /2! of orderj + 1.

By the actior(3.2) ofH,, PN is expressed as a union of orbits. There is an open dense orbit
O(a) passing througfe] € PN, where

El A

a=(a¥Y,...,a” ecN? ak=(10,...,0)eC™ (3.7)
and there areodimension 1 orbit®(b;),(j = 1,...,¢), whereb; = (bgl), ey bgé)) with

(k) _ i () _
b] _(17077O>7 (k#J)’ b] _(07170770)

WhenU = O(a)UO(by) U---UO(by), the setZ, is the space which parametrizes all the
projective lines contained id.

Proposition 3.2. Theflat connectiorﬁA in Theorem 3.2 is locally written as

ng—1 5
) =d— (f > Ag">(z)dea(zz)> A (3.8)
k=1 a=0

Definition 3.1. The nonlinearsystem of differential equations fcirgk) obtained as the complete
integrability condition of (3.8) is called the general Schlesinger system (GSS) oAtype

4. Proof of Main Results
4.1. Proof of Proposition 3.1
We fix a partitionA of N+ 1 and denotéd, andh, by H andb, respectively. Lefa) € PN be the
point defined bya € CN*1 given in (3.7). Define the mag : h — PN by
9(¢) =[a-€].

The imageg (h) coincides with an open dense orfita) in PN by the action (3.2). Lef € h and
put

E=(EW,..&0), gW=1g el gl Teino.

Takethe commuting vector fieldé/afék) (1<k</{,0<a<n) onhand let

0

X' =9

be the \ector fields orD(a) obtained byp, : Th — TPN lo(a)- Note thatXé,k) 's span the tangent space
Ty PN at any poinfx] € O(a).

Lemma 4.1. The vectoffield Xg(,k) has the form

7}

0 (K) 7]
X§ = x50 4 o . (4.2)
o T G T e

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
137



General Shlesinger System and Twistor
Proof. The map¢ is induced from the map
ho&=(EW, . E0y s x(E) = (@Vef”, ... alef") e CNtL

Sincex depends only 0§, the vector field& ¥ is written in terms ok, To compute explicitly
Xa from (4.1), it is sufficient to consider onl§®,x. To simplify notations, we write instead
of g andx = (Xo,...,%n-1),& = (&o,...,&n-1), Xa, mstead ok, M0 x ¥ respectively, removing
the suffix(k). Then

(X0>X17 cee ,anl) = (e&) po(f)v efo pl(f)v ceey eEO pnfl(f))

and we hge
O% d 0x 0 0% 1 0
=5t + -+
K= 08, 0% 08, 0% 3¢ s
17} 7}
_ o s o o
e po(E)aXa +€ |01(<$)dxa+1 +--+e pn_l_a(E)an_l
2 ix 4+ o
0% T oxars T ok
Here we usedhe the identity
(3pj .
=pi_ >a), 4.3
9%, Pi-a (j=0a) (4.3)
which can beobtained by differentiating the identity (2.6). O

For ageneral partitiomA = (ny,...,n;) of N+ 1, we thus obtained the commuting vector fields
onPN

1 1 ¢ l
XV xS )X
Remark 4.1. The \ector fieIdXél) +~--+X(§£) on CN*1 is an Euler vector field and reduces to a
zero vector field ofPN.

By the second assumption of Theorem 3.1, we car)(ﬁlﬂ to a vector field>~<(§,k) on E. Since
mXa Xa , we can put

R X vp,

whereY. is a vector field tangent to the fibers®f If we take a trivialization oft (V) ~V x C'
with coordinategx,y) € V x C" for someV C U, the vector field{o(,k) is expressed as

d
Ye =S yiAG (X ) oy AR () € O(V). (4.4)
1]

Sincef(é,k) are commuting vector fields by definition, they determine a completely integrable distri-
bution 2 which corresponds to a flat connection on the bukd|Put

AY (x) = (A% (X))osi j<r € a1 (C).
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Remark 4.2. The integrability of the distributior is written locally as

Let [ be the flatconnection corresponding t8 whose locally constant sections are the leaves
of the foliation determined by . Write the connectiofl as

O=d-— wA,

where the connectioform w is expressed in a local trivializatioh x C" as

l
k
w:k; ZB XY, BY e gl ().

Let us apresng,k) in terms ong,k) 's.

Lemma 4.2. For 0 < a < ng, we have
xo()B(O,)er(l)B(:)1—1—-~-+xﬁlk>l ng)l—_Af]). (4.5)

Proof. Letx— (X,y(x)) be alocally constant section dfl in the local trivialization. We compute
the tangent vector to this section. Since the orbit passing thrplighPN is expressed as

& X(&) =xe,

and the tangemectorxék) is the directional derivation correspondingd;bdfék), we have

P oxy)(&) g
Xy =—gyé)| =5 Loy

Here we usedlhe fact thaty(x) is a locally constant section @f, namelyy = 0. Thus we must
haveAEJr =38 x a 13)’ which gives (4.5). O

Definition 4.1. The rationafunctionsg@y(X) of X = (xo, X1, ...) are defined by the generating func-
tion

Xo+XT+xT24+. ) 1=F g,(x)T™ (4.6)
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A few of @n(x) are written as follows.

@0 =

o= (-3):

w3 {5 G

e (@) ()G
1

oo () 2 () () () () (2)')

The relation betweethe functionsé, and @y, is given by the following lemma, which can be
shown by differentiating the both side of (2.4) with respect4o

Lemma 4.3.

06nm

Oxg O

Now we shall complete the proof of Proposition 3.1. As in the proof of Lemma 4.1, we omit a
superfix(k) and a suffixk from the relation (4.5) for the sake of simplicity of notation. The relation
(4.5) can be written symbolically as

Ao Xo X1 ... Xp-1 Bo

= : 4.7)
An 2 X Bn 2
An-1 Xo Bn1

Solving it with respect t@;’s we have

BO Xo X1 ... Xpn—1 AO
Bn-2 X1 An-2
Bn-1 Xo An-1

Here we usedhe rational functiongin(x) introduced in Def. 4.1.
To completethe proof of Pro. 3.1, it is sufficient to show the following.
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Lemma 4.4. We have

=2 Adldaa(x

<a<

Proof. Adopting the abwe notation we have

a
Bo
= (dxg,...,d% 1) :
anz
Bn—l
@@ Gt Ao
= (dxo,...,d% 1) ' :
» An 2
® An1
Ao
= (@dxo, @LdX+ @dxa, ..., gh-1dX0 + - + @dX-1) An:
2
An_1
Ao
— (d60,d61,...,d6n 1) |
An 2
An_
Here we usedhe relation
@ndXo + @n—1dX + - - - + @AXn = dOm, (4.8)

which can bealerived by taking the exterior derivative 8f, and using Lemma 4.3. This proves the
lemma. O

4.2. Proof of Theorem3.2

Let 0, be that given by (3.4). Ldt be a projective line contained lh ¢ PN determined by ¢
Mat27N+1((C) as

P3 (]~ [{z]€ PV,

Since the bndleE is trivial on L by the assumption, the connectidril], is globally written as

¢ =1
&0, =d (z T AY((2) dea<5z>>

1a=0
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WhereA (Zz) is holomorphic orL (~ P!). By Liouville Theorem, we see thatgk)(Zz) does not
depend or{, which we denote aAE,)( 2).

5. Examples
5.1. Schlesinger system

We shav that the Schlesinger system, which describes the isomonodromic deformation of the Fuch-
sian system

with additionalcondition on the eigenvalues &j(t), can be derived from Theorem 3.2. Take a
partitionA = (1,...,1) of N+ 1 and take the subset

—to —t1 ... —t .
X)\:{Z:(l 11 1N>‘t|7étj (|#J)}CZ)\
The groupH, in this case is the Cartan subgroup of gk(C) consisting of diagonal matrices.

Then X, is a realization of the quotient spa¢g, N {zo---zin # 0})/H,. Define the mapd :
P x X, — PN by

([2).2)~ [{2) = [ —to....,{ —tn]. (5.1)

The pull back®* [0 = d — ®*wA of the flat connectiofl in Theorem 3.2 is written locally as
P'w= %AJ (t)dlog({ —t;) ZAJ

Where,&j (t) arer x r matrix functions dependingnt. Then the flatness conditioR*(dw — w A
w) = 0 of @*[J is the Schlesinger system

i+ 3 A.A df_f:t' —0, (0<j<N). (5.2)

5.2. Painle\e equations

The Painle\e equations can be obtained in the context of Theorem 3.2, where the itmltef
rank 2 and the partition is of weight 4.We list up, for each Painlé&equation, the following data:

1. a partitionA and the abelian groud, ,

2. the subspack, of Z, which is a realization of G&(C)\Z, /H, and parametrizes lines in
an invariant open subset of P3,

the mapd : P! x X, — P3,

the form offlat connectior],

the connection fornd*w of ®*[1 obtained by the pull back,

the system dlinear differential equations describing the isomonodromic deformation,
the system of nonlinear equations equivalent to the Pa&rdepation (see [7,8] for the
equivalence).

No ok~®

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
142



H. Kimuraand D. Tseveenamijil

We use the convention to writé, for A, in the connection forn®*w. Note that in each of the
following cases, the invariant open subset P2 in Theorem 3.2 is a union of the open dense orbit
and the codimension 1 orbits.

5.2.1. Painlee Ry,

2

ho
hy
A=(1,1,11), H,=
hy
hs
10-1-t o , . ,
Xy=<2= 011 1 |t +#0,1,0 ;: arealization of the configuration space of 4 points
of P in general position.

®:PLx Xy, — P2, ({,2)— [1,0,{~ 1,0 ~t].
0 =d— (Aodlogxo+ Asdlogx; + Axdlogxe + Asdlogxs) A , with Ag+As + Ay + Az = 0.
dc d¢ d —dt
D w=A;— + A + .
17 271 Ag 7t
P y=0<
ay <A1 Az A3>
=5+ +5— |V
07\ 7 -1 7)Y
dy Ag
- -tV

. ®*[0%2 = 0 & the system equalent toR,,(see (1.3)):

dA;  [Ag,Al]  dA [A3,Ar]  dAs [A3Aq]  [As A

5.2.2. Painle\e R,

o O ~AWDN

dt t  dt  t—1 dt t t—1 -
ho hy
1. A =(2,1,1), Hy= o
hy
hs
100—t
e
LD P x Xy, = P2 (,2) — [1,,,7 ).
0=d— (Aodlogxo + A1dB; + Axdlogxz + Azdlogxz) A, with Ag+ A+ Az = 0.
. P = Ad +A2dZZ+A3d§:?t.
P y=0<
oy < Az A3>
Z =A==+
ot \"T 7T =)
ady  Ag
- -tV
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7. ®*[0? = 0 < the system equivalent f®y:

dA; _ dA, _ [Az, A2] dAz _ [Az, A2]
e e e e e R e
5.2.3. Painleve By
ho hy h
1.A=(31), H,= fo Ty
ho
hs
100t
2. Xy —{Z— <010 l) |t7500}
3. ®:PLx Xy — P83 (,2) — [1,4,0, —t].
4. 0=d— (Aodlogxo+ A1d6; + Axd6, + Azdlogxs) A, with Ag+ Az = 0.
5. @ = Add — Al dl +A3d§:f't.
6. *Oy=0«
oy Az
= (Al Az + Z—t>y
0y_ As
- -t
7. ®*[02 = 0 « the system equalent toRy :
dA; _ dA _ dAs _
ar [As, A2, T 0, ot (A1 —tA2, Ag].
5.2.4. Painle\é Ry,
hg hy
1.A=(22), H,= fo
. - ) 1 A= h2 h3
hy
100t
2%~ e (399 v
3. P x Xy —P3,(L,2)— [1,Z,¢,1].
4. 0=d— (Aodlogxo+ A1d6: + Axdlogxs + AgdBy (X2, Xa)) A, With Ag+ Ag = 0.
5 ®*w= A]_dz —I—AzdzZ + Agzd <2>
6. P*ly=0«
ay < Ay tA3>
— = A + = — —
o \*"7 )Y
dy_ As
a7
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7. ®*[02 =0 « the system equivalent @ :

dA_ o A dh _ (Ao A
dt _07 dt _{A37Al]7 dt - t
5.2.5. Painle\e B,
ho hy hy hg
_ _ ho hy h
1LA=(4), Hy= ho b
ho
10t0
2 XA_{Z_ (0100> |t¢m}.
3. @: P x Xy —P3, (0,2 — [1,Z,t,0].
4. 0=d— (Apdlogxp+A1d6; + Axd6s + AzdB3) A, with Ag = 0.
5. ®*w = Ad{ + Ax(dt — dq) + Ag(—d({t) + {2dQ).
6. P*y=0«<
ﬂ—(A—ZA —t+ %A
a7~ o+ (—t+{)Ag)y
ay
E—(AZ—Z%)Y

7. ®*[0? = 0 < the system equéalent toR; :

dA d
ditl = [Ag, A1 —tAg], i Az3,A1], ——=0.

6. Symmetry

WhenH is a Cartan subgroup @& = GLy.1(C), we have the Weyl grou/ = Ng(H)/H, where

Ng(H) is the normalizer oH, which is isomorphic to the symmetric gro@ 1. Here we consider

an analogue of the Weyl group replacikigwith the abelian group, . In the theory of hyperge-
ometric function, the action of the Weyl group produces, in particular, transformation formulas
for the Gauss hypergeometric function and its confluent type functions, which we called the sym-
metry of the hypergeometric functions [4]. Here we establish the analogous fact for the general
Schlesinger systems. It will explain, for example, why the number of parameters contained in the
Painle\e equations decreases after degeneration.

6.1. Weyl groupW,

Definition 6.1. For a partitionA of N+ 1, W, = Ng(H,)/H, is called the Weyl group associated

Note that, whem\ = (1,...,1), the Weyl grouph,, for H, is nothing but the usual Weyl group
of G. For the structure diV, with general partitioA of N+ 1, we recall necessary results from [4].
We use a different notation for partitions Nf+ 1 from that used in the preceding sections. Aet
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be written as

A=from,.. . e om) (6.1)

with ng #n; (k#1). Then
S
H,\ = J(nk)pk.
1

We seethat the Weyl group is a semi-direct product of its continuous subgroup and its finite
subgroup. To describe the continuous pat\@f we first define the continuous subgrotgn) of
GL(C) as follows. Put

f(T)=c1T4+cT? 4+ +c 1T ¢ #0
and
f(T) =wioT +Wit1T24 - +Win 1T" T modT". (6.2)

Thenw; ; = w; j(c) are determined as polynomials ©f= (c1,...,Cn—1). Notice thatw; ; = O for
i > jandw;; = c; # 0. Set

1 0 0 ... 0
WiiWi2... Wipn_1
w(c) = (w j(0)) = Wez... Wan-1 | €GLy(C).
Wh-1n-1

Lemma 6.1. ([4]) The set
W(n) = {w(c) | c€ C"%,cy # 0}
is a subgroup o6L,(C) which is isomorphic to the group of ring automorphistag(C[T]/(T")).

In order to describe the finite group partwf, we introduce the following notation. Le®y be
the subgroup of Gk, (C) consisting of permutation matricéswhich, when it is written block-
wise asX = (Xij ), X; € Maty, (C), each block column and each block row contains only one nonzero
block and the nonzero block is the identity matrix. Then the gré@pis isomorphic to the sym-
metric groupSp, by the correspondence

Sp 30— (ao(j)lnk) € Y.

Example 6.1. In thecasen, = 2, px = 3, the groupZ?, consists of the following permutation matri-
ces.

I I I

I I I

wherel; is the 2x 2 identity matrix.
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The direct productV(ny) P is considered as the subgroup of g (C) consisting of elements
of the form diag(X, ..., Xy, ), X € W(ny). Then an element of?, acts onW (ny)P as a block per-
mutation of diagonal blocks.

Proposition 6.1. ([4])

S

N (Hx) = Hy = ([TW(ng)™ x Z),
k=1

where[i_; W(nk) P x P is the subgroup o6Ly41(C) consisting of block diagonal matrices of s
blocks whose k-th block diagonal component belongs iy x .
Corollary 6.1.
S
WA ~ |_|W(nk)pk X Py.
k=1
6.2. Action of Wy on the general Schlesinger systems
Let W, act onZ, by the right multiplication of matricesZy x W, > (z,w) — zwe Z,. It is easy
to see that the action is well defined. According to the expression (6A) wé expresz € Z, as
z=(2Y,...,2%) with

29 = (21D, ZkP0), Zkm) = (M M) € Maty, (C). (6.3)

Then the connectioim Theorem 3.2 is locally expressed as

S P ng—1 .
A =d-F o, =3 T AF™(@des (), (6.4)
k=1 m=1a=0

which is determinedby the connection matricefsgk’m) € gl (C) (here we changed the notation for
the connection by omitting tilde). We array the matri@é%m) according to the expression (6.3) as
A= (AD .. A®) with

(k,m)

AR = (AkD Ay alkm) — allem) o Akm)y
) ) ) M ) K—

HereA is considered aa row vector withN 4 1 entriesAka’m). We study the effect of the action of

W, on the setwr’ of connection matriceA.
Definition 6.2. The actionof w € W, on < is defined by
A@Z)— w(A) =Azw 1) tw L
Here the multiplicatiorof A and'w—! is considered as that of &+ 1 dimensional row vector and

a matrix of ordemN + 1.
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Example 6.2. WhenA = (1,1,1,1), W) ~ &4 consists of permutation matrices of size 4 and the
connection matriceA is a row vector with four entries belonging g (C):

A=AY . ADY AR g1 (C).
Letw correspond t@ € G4, then noting thatv = tw1,
WA) = (AY . ADY.w=(ACWD)  Al@))
Theorem 6.1. By the change of variablez> Z= z-w, defined by v& W, , the connectioril) (A)

for (z,A) is transformed to the connectiaty (W(A)) for (Z,w(A)).

Proof. At first, we prove the theorem fav € &7. Assume thatv corresponds to a permutation
0 € Gp,. ThenZ=z-wreads

) _ 0, | #K,
(2o, . Zkaled)) | =k

is written, forl £k, as

and, forl =k, as

Thus, (A) is taken toJ, (w(A)) by the change of variables— Z = zw

Next weprove the theorem in the case wheres an element of the continuous pgptW (ny) <.
Since its eactik, m)-th factorW(ny) acts only on(k,m)-th factorzZ*™ of z, we can concentrate
our consideration on eadlk, m)-th factor. Hence we can omit the suffik, m) indexing the block
structure and we are led to the situation whare- (n),H, = J(n) andW, = W(n). Then the
connection formw is locally written as

n—-1 5
w= Y Aq(2)d6s({2) (6.5)
a=0
= Aa (2w )da ({2w )
Ao(Zwt)
= (d6p(Z2wY),...,d6 1 ({2W L)) : ,
Aml(ZW’l)

where the multiplicatiorof the last line is understood as a matrix multiplication in a similar sense
as in Def. 6.2.
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Lemma 6.2. ([4], p31) For we W(n) and he J(n), we have

(Bo(hw),...,0,_1(hw)) = (6p(h),...,6n_1(h)) - W.
By virtue ofthe above lemma, we see thatn (6.5) is taken to

Ag(Zw 1)

w=(d6o(Z2),...,d6n_1({Z)W L :

A 1(2w )

This implies thathe connection matrid = (Ao, ...,An_1) is taken to

W(A) = (Ao(2w ), .. An 1 (Zw h)tw L
This completes the proof of Th. 6.0l

Corollary 6.2. If the connectiori]y (A) is flat, so isl, (w(A)) for any we W, .

Proof. The assertion isvident sincel, (w(A)) is obtained froniJ, (A) by the change of indepen-
dent variablez — Z=z-w. O

Remark 6.1.

1. Cor 6.2 implies thatd, (w(A)) describes an isomonodromic deformation if daggA).

2. LetX, be arealization of the quotient spaceBLC)\Z, /H, as in the examples of Painkev
equations. Then the action @f, on Z, induces that orX, . Using Th. 6.1, this action on
X, gives a symmetry of Painléwequations, for example.

6.3. Effect of the continuous part of\,

The effect of the action of finite part &), on the connection matrices of [, (A) is already
illustrated in Example 6.2 and evident. Namely, foe & corresponding t@ € &y, , then

Alm) if | £k
(Lm) _ ’ ’
W(A) { Akom) | =k oo

Next we consider the effect of the continuous pak = [i_;W(nk)™ on the general
Schlesinger systems.

Proposition 6.2. By the action of WC W, , we can reduce N-1— ¢(A) parameters in the connec-
tion form ofd, (A), wherel(A) is the number of parts of.

Proof. In the actionA — w(A) of w € W, the (k,m)-th factorW(ng) acts only on thgk, m)-th

factor Ak™ — (Aék’m),...,AE]':‘T%) of A, so we can restrict our discussion to the situation where
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A = (n),W, =W(n) and the connection form is locally written as

w=Y Ad(2)d6s(2).

0<a<n

and hencéA = (Ag,...,An_1). LetA € &7 is given and consider the actionw& W(n). Put

1 0 O ... 0
Wi1Wi2... Wip-1
vi=w(c)=w(c)) = W22 ... Wzn-1
Wn—1,n-1

Then the transformed connection matiix= w(A) is given by

10 ... 0
0 wy1

B:=A-'v1=(Ay...,A1)
OW1n-1... Wn_1n-1
It follows that

Bn-1=An1Wh-1n-1,
Bh2 =An_2Wn_2n-2+An_1Wnh-2n-1,

: (6.7)
Br =AW 1 +AowWy o+ +An1Win-1,
Bo = Ag.
On the other hand, we see from (6.2) that
k&~1c, «+ (a polynomial ofcy,...,ch 1 k), 1<k<n—1
Wk.,nfl = n—1 (68)
c k=n-1

andwim (k< m< n—1) are polynomials ot,...,ch_1_«. It follows that we can decreases the
number of parameters éfby n— 1 by determiningc appropriately. O

We shallillustrate the effect of action &l by considering, as an example, the Paigl®case,
which is treated in Sec. 5.
In this case the Weyl group W ~ W (2) x G, whose elements are

1 1
c Cc
1| 1
1 1

(ceCX).

HenceW: = W(2) and dim\\; = 1. We assert that we can decrease the number of constants in GSS
corresponding t@&,. As is seen in Section 5, GSS is obtained as an integrability condition of the
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connection

&0 =d— (Ay(1)d + Ao (t)dlog + Ag(t)dlog( +1)), (6.9)
which gives an isomonodromic deformation of the linear equatiofon
dy A A
— =At+—=+-—")Y. 6.10
dg ( PTTe +t> y (6.10)

It has 2regular singular pointg§ = 0, —t and an irregular singular poigt= co. Let us look at{ = oo
in (6.10) using a local coordinate= 1/¢. Eq. (6.10) can be written as

dy (A A et
g <_ 2t + (holomorphicats = O)) Y, (6.11)

whereAg = —Az — Az. If we assumeA; has two distinct eigenvalues;, a», then (6.11) can be
reduced, by local gauge transformatipn: z, to

dz . A]_ /&0 . B
= < z + < + (holomorphicats = O)) z, (6.12)
with diagonal matrices
~ f(og ~ (o
A= < or2> , Ap= ( oré) . (6.13)

Then we knav that A1, Ag are constants of integration of GSS obtained frofil. As is seen in
(6.7) in the proof of Prop. 6.2, the effect of diag€lc W(2) is

A1 — By = AqC.

This induces the change of constants of integratimn az) — (a1, a2c). Since one oy, az is
not zero at least, say;, then we can normalize; to any desired nonzero value, say 1. Thus the
number of constants of integration of GSS is decreased by 1.
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