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Isomonodromic deformation of linear differential equations onP1 with regular and irregular singular points is
considered from the view point of twistor theory. We give explicit form of isomonodromic deformation using
the maximal abelian subgroupH of G= GLN+1(C) which appeared in the theory of general hypergeometric
functions on a Grassmannian manifold. This formulation enables us to obtain a group of symmetry for the
nonlinear system which is an Weyl group analogueNG(H)/H.
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1. Introduction

The Schlesinger system is a completely integrable system

∂A j

∂ ti
=

[Ai ,A j ]

ti − t j
(i ̸= j),

∂Ai

∂ ti
=−∑

j ̸=i

[Ai ,A j ]

ti − t j
(1.1)

for ther × r matrix unknownsA0,A1, . . . ,AN satisfying

A0+A1+ · · ·+AN = 0,

where[Ai ,A j ] =AiA j −A jAi . This system was obtained by L. Schlesinger [12] as the system describ-
ing the isomonodromic deformation of a Fuchsian system

dy
dζ

=

(
N

∑
j=0

A j(t)

ζ − t j

)
y. (1.2)

In the caseN = 3,r = 2 andt0 = ∞, t1 = 0, t2 = 1,t3 = t, the Schlesinger system is written as

dA1

dt
=

[A3,A1]

t
,

dA2

dt
=

[A3,A2]

t −1
,

dA3

dt
=− [A3,A1]

t
− [A3,A2]

t −1
, (1.3)
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and is known to be intimately related with the second order differential equation called the
sixth Painlev́e equationPVI. In fact, it is explained in [3] that if we defineq from a solution
(A1(t),A2(t),A3(t)) of (1.3) by

q=
t(A1)12

(t +1)(A1)12+ t(A2)12+(A3)12

where(A j)12 is the(1,2)-entry ofA j , thenq satisfiesPVI. Recall that the Painlevé equationsPJ (J=
I , . . . ,VI) are the second order nonlinear differential equations of the form

q′′ = R(t,q,q′), R∈ C(t,q,q′), ′ =
d
dt
, (1.4)

which form representatives of classification, by birational transformations, of Eq. (1.4) enjoying
the Painlev́e property, namely, any solution, considered as a function oft and initial conditions,
has no branch point which changes its position according as the variation of initial conditions [1,
11]. The Painlev́e equations appear and play important roles in many fields of mathematics and
mathematical physics, and now recognized as nonlinear differential equations defining new special
functions [2,9,13]. Among the Painlevé equations, the master one isPVI and the others are derived
by “degeneration” according to the diagram:

PIII

↗ ↘
PVI −→PV PII (−→PI ). (1.5)

↘ ↗
PIV

Here the arrowPVI → PV means, for example, that we can getPV from PVI by the change
(t,q) 7→ (t̃, q̃) : t = 1+ ε t̃,q = q̃, a suitable change of parameters inPVI and by taking a limit
ε → 0, see [3], p143. AsPVI is related with the Schlesinger system (1.3), we know that the other
Painlev́e equations are also related with the systems analogous to (1.3), which are obtained by
isomonodromic deformation of non Fuchsian systems onP1.

The aim ofthis paper is to describe nonlinear systems obtained from the Schlesinger system
by degeneration (or the corresponding isomonodromic deformations) in explicit manner, which we
call the general Schlesinger systems (Def. 3.1) in this paper. We follow the idea of Mason and
Woodhouse [6]. Their idea is to derive the general Schlesinger systems as the systems describing
particular solutions of generalized anti-self-dual Yang-Mills equation (GASDYM) on the complex
Grassmannian manifoldG2,N+1 of 2-dimensional subspaces ofCN+1.

Let us explain further our motivation and what we want to achieve. Originally, the partitions of 4
are associated with the Painlevé equations (or with the corresponding general Schlesinger systems):

(2,2)

↗ ↘
(1,1,1,1)−→(2,1,1) (4) . (1.6)

↘ ↗
(3,1)
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For example, the partition(1,1,1,1) for PVI means that the linear system of differential equations,
whose isomonodromic deformation providesPVI, has 4 regular singular pointsx = 0,1,t,∞ (see
the explanation just above (1.3)). Likewise, the partition(2,1,1) for PV means that this equation is
obtained from the isomonodromic deformation of a linear system with one irregular singular point
of Poincaŕe rank 1 and two regular singular points.

It is to be noted that each Painlevé equation has particular solutions expressed in terms of hyper-
geometric type function ([3]):

Bessel

↗ ↘
Gauss−→Kummer Airy

↘ ↗
Hermite

and that the partitions of 4 in (1.6) are already attached to these hypergeometric type functions in
the context of general hypergeometric functions (GHF) on the Grassmannian manifold [4]. In this
theory, a partitionλ specifies a type of regular elements of GL4(C) and the GHF is constructed
using the maximal abelian subgroupHλ of GL4(C) obtained as the centralizer of a regular element
of type λ , see Sec. 2 aboutHλ . It was surprising that the same maximal abelian subgroups were
used in the work of Mason and Woodhouse [5] to derive the the general Schlesinger systems, corre-
sponding to Painlev́e equations, as the subsystems ofsl2(C) anti-self-dual Yang-Mills equation on
G2,4 invariant by the action of the groupHλ . Moreover they also showed in [6] that the Schlesinger
system (1.1) can be obtained from GASDYM on the Grassmannian manifoldG2,N+1 by considering
the holomorphic vector bundle on an open subset of the twistor spacePN, coming from a solution of
GASDYM by Ward correspondence, equivariant under the action ofH(1,...,1). They also mentioned
that the degenerated systems can be obtained in a similar way usingHλ . Unfortunately, they did not
give an explicit form of isomonodromic deformations and the corresponding general Schlesinger
systems.

In this paperwe make more explicit the construction of [6] for general Schlesinger systems for
an arbitrary partitionλ of N+1 and discuss their group of symmetry as an analogue of Weyl group.

2. Regular elements and Maximal abelian subgroups

Let G = GLN+1(C) be the complex general linear group of matrices of sizeN+1. Forg ∈ G, let
Adg : G → G be defined bya 7→ Adg(a) = gag−1, which gives the adjoint action ofG on itself.
Denote the orbit ofa ∈ G by O(a) = {Adg(a) | g ∈ G} and the centralizer ofa ∈ G by ZG(a) =
{g ∈ G | Adg(a) = a}. We know that bothO(a) andZG(a) are complex manifolds and dimCG =

dimCO(a)+dimCZG(a) holds.

Definition 2.1. An elementa∈ G is said to be a regular element if dimO(a) is maximum, in other
word, dimZG(a) is minimum.

It is seen that dimZG(a) =N+1 if a is a regular element (see below). It is known and is easy to
see thata∈ G is a regular element iff the Jordan cells of the Jordan normal form ofa have distinct
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eigenvalues, i.e., for some partitionλ = (n1, . . . ,nℓ) of N+1, a is conjugate to


A1

A2
...

Aℓ

 , Ak =


ak 1

... ...
... 1

ak

 (2.1)

with distincta1, . . . ,aℓ, whereAk ∈ GLnk(C).
What we concern is the groups obtained as centralizers of regular elements, which are given

explicitly as follows. Whena∈ G itself is the Jordan normal form as in (2.1), then

ZG(a) =


h(1)

...
h(ℓ)

 ∣∣∣ h(k) ∈ J(nk)

 , (2.2)

whereJ(n) is the abelian subgroup of GLn(C) of the form

J(n) =

h=


h0 h1 . . . hn−1

... ...
...

... h1

h0


∣∣∣ h0 ̸= 0

 (2.3)

calledn-dimensionalJordan group. We also writeh as

h= h0I +h1Λ+ · · ·+hn−1Λn−1

using the shift matrixΛ = (δi+1, j)0≤i, j<n of sizen. The groupZG(a), which is isomorphic to the
product groupJ(n1)×·· ·×J(nℓ), and is irrelevant to the eigenvalues, will be denoted asHλ so as
to emphasize that the group is determined by the partitionλ .

Let j(n) andhλ be the Lie algebras ofJ(n) andHλ , respectively:

j(n) = {ξ = ξ0I +ξ1Λ+ · · ·+ξn−1Λn−1 | ξi ∈ C} ≃ Cn

and

hλ =


ξ (1)

...
ξ (ℓ)

 ∣∣∣ ξ (k) ∈ j(nk)

≃ j(n1)⊕·· ·⊕ j(nℓ).

In order tomake explicit the relation betweenHλ and its Lie algebrahλ , we introduce the following
functions.
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Definition 2.2. Let T be an indeterminate. Define the functionsθm(x) of x= (x0,x1, . . .) by

log(x0+x1T +x2T2+ · · ·) =
∞

∑
m=0

θm(x)T
m. (2.4)

Since

log(x0+x1T +x2T2+ · · ·)

= logx0+
∞

∑
m=1

(−1)m+1

m

(
x1

x0
T +

x2

x0
T2+ · · ·

)m

,

wesee thatθ0(x) = logx0 and, form≥ 1,

θm(x) = ∑(−1)k1+···+km−1(k1+ · · ·+km−1)!
k1! · · ·km!

(
x1

x0

)k1

· · ·
(

xm

x0

)km

, (2.5)

where the sumis taken over all(k1, . . . ,km)∈Zm
≥0 satisfyingk1+2k2+ · · ·+mkm= m.For example

first few of them are

θ0(x) = logx0,

θ1(x) =
x1

x0
,

θ2(x) =
x2

x0
− 1

2

(
x1

x0

)2

,

θ3(x) =
x3

x0
−
(

x1

x0

)(
x2

x0

)
+

1
3

(
x1

x0

)3

,

θ4(x) =
x4

x0
− 1

2

{(
x2

x0

)2

+2

(
x1

x0

)(
x3

x0

)}
+

(
x1

x0

)2(x2

x0

)
− 1

4

(
x1

x0

)4

.

From these explicit form we see thatθm(x),m≥ 1, has a pole alongx0 = 0 of orderm and is a
weighted homogeneous polynomial ofx1/x0, . . . ,xm/x0 of weightm when the weight ofxi is set to
be i.

Let J̃(n) be the universal covering group ofJ(n). Then we see that log :̃J(n)→ j(n) defined by

h 7→ logh=


θ0(h) θ1(h) . . . θn−1(h)

... ...
...

... θ1(h)
θ0(h)


givesa biholomorphic map. To invert the map

x= (x0,x1, . . .) 7→ ξ = (ξ0,ξ1, . . .) = (θ0(x),θ1(x), . . .),

we takethe exponential of (2.4) and define the polynomialspm(ξ ) by

exp(ξ0+ξ1T + · · ·) = eξ0

∞

∑
m=0

pm(ξ )Tm, (2.6)
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wherepm(ξ ) is them-th Schur polynomial of(ξ1,ξ2, . . .) corresponding to the partition(m):

pm(ξ ) = ∑
k1+2k2+···+mkm=m

ξ k1
1 · · ·ξ km

m

k1! · · ·km!
. (2.7)

Themap

j(n)∋ ξ 7→ expξ = eξ0

n−1

∑
m=0

pm(ξ )Λm,

defines exp: j(n)→ J(n).

3. Main Results

We state the main results of this paper, which give the explicit expression for the results in [5,6]
concerning the isomonodromic deformation of linear ordinary differential equations onP1 treated
from the twistor theoretic point of view. The basic geometric picture is the double fibration

P1×W

Ψ ↙ ↘ Φ (3.1)

W PN

whereW is a certain open subset of Grassmannian manifold Gr2,N+1, which is represented as the
quotient space GL2(C)\Z of the setZ of 2×(N+1) complex matrices of rank 2 by the right action
of GL2(C). Here the mapΨ is the projection to the second factor andΦ is defined by([t], [z]) 7→
[tz], [t] ∈ P1 being a point with its homogeneous coordinatest = (t0, t1) and[z]∈ W being a point
determined by a matrixz. Note that any element[z]∈W determines a projective lineΦ(P1×{[z]})
in the twistor spacePN. The space Gr2,N+1 is called thespace-timeon which solutions ofglr(C)-
GASDYM are defined, andPN is called thetwistor spaceon which the corresponding holomorphic
vector bundles of rankr, trivial on the projective lines, are defined by Ward transform.

To state the main theorem, we shall define the action ofHλ onPN. Let x= (x0,x1, . . . ,xN) be the
homogeneous coordinates ofPN and[x] denote the point ofPN with the homogeneous coordinates
x. Define the right action ofHλ onPN by

PN ×Hλ → PN, ([x],h) 7→ [xh]. (3.2)

If we write the homogeneous coordinatex in blocks as

x= (x(1), . . . ,x(ℓ)), x(k) = (x(k)0 , . . . ,x(k)nk−1) (3.3)

according as the partitionλ = (n1, . . . ,nℓ), then the action ofh= (h(1), . . . ,h(ℓ)) ∈ Hλ is written as

[xh] = [x(1)h(1), . . . ,x(ℓ)h(ℓ)].

Theorem 3.1. (Masonand Woodhouse [6]) Let U⊂ PN be an open set andπ : E →U be a rank r
holomorphic vector bundle. Assume that the following conditions are fulfilled.

1. U is invariant by the action of Hλ , namely, for[x] ∈U and h∈ Hλ , we have[xh] ∈U,
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2. the action of Hλ on U can be analytically lifted to E.

Then the infinitesimalaction of Hλ to E defines a flat connection∇λ on E.

The explicitform of the connection∇λ is given as follows.

Proposition 3.1. The flat connection∇λ in Theorem 3.1 can be written locally as

∇λ = d−

(
ℓ

∑
k=1

nk−1

∑
α=0

A(k)
α (x)dθα(x

(k))

)
∧ , (3.4)

where A(k)j (x) ∈ glr(C) are holomorphic in an open subset V⊂U on which the bundle E is trivial.

In order to relate this flat connection to the isomonodromic deformation of an ordinary differen-
tial equation onP1, we use the picture (3.1) replacing the subsetW ⊂ Gr2,N+1 with the open subset
Zλ ⊂ Z, defined below, whose image isW by the mapZ → Gr2,N+1 = GL2(C)\Z. The coordinates
of Zλ will play an analogous role forW to the homogeneous coordinates for a projective space and
will be convenient for describing the systems we are going to treat in a symmetric manner.

Givena matrixz∈ Z, we writez as

z= (z(1), . . . ,z(ℓ)), z(k) = (z(k)0 , . . . ,z(k)nk−1) ∈ Mat2,nk(C),

wherez(k)i is a two dimensional column vector. Define an open subsetZλ of Mat2,N+1(C) by

Zλ =

{
z∈ Z

∣∣∣ det(z(k)0 ,z(k)1 ) ̸= 0 (nk ≥ 2),

det(z(k)0 ,z(l)0 ) ̸= 0 (k ̸= l)

}
.

It is seenthat the mapZ×Hλ ∋ (z,h) 7→ zh∈ Z defines an action ofHλ on Zλ . Now the map
Φ : P1×Zλ → PN is the holomorphic map defined by

([⃗ζ ],z) 7→ [⃗ζz] = [⃗ζz(1), . . . , ζ⃗z(ℓ)], (3.5)

whereζ⃗ = (1,ζ ) andζ denotes the affine coordinate ofP1. Then we can relate the connection∇λ
to the isomonodromic deformation in explicit manner.

Theorem 3.2. Let U ⊂ PN be an open set containing a projective line and letπ : E → U be a
holomorphic vector bundle on U of rank r. Assume that

1. U is invariant by the action of Hλ onPN defined by (3.2),
2. E is trivial on projective lines contained in U,
3. the action of Hλ on U can be lifted to E.

Then the flatconnection∇̃λ = Φ∗∇λ on Φ∗E obtained from∇λ in Theorem 3.1 gives the isomon-
odromic deformation of a system of linear differential equation

dy
dζ

=

(
ℓ

∑
k=1

nk−1

∑
α=0

Ã(k)
α (z)

dθα (⃗ζz(k))
dζ

)
y (3.6)

with an unknownvector y∈ Cr .

Remark 3.1.
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1. This result is already announced in [5] without explicit form of connections∇̃λ .
2. Ã(k)

α (z) depends onz but not onζ as is explained in the proof.

3. dθ j (⃗ζz(k))/dζ , as a function ofζ , has a poleζ =−z(k)00/z(k)10 of order j +1.
4. By the action(3.2) ofHλ , PN is expressed as a union of orbits. There is an open dense orbit

O(a) passing through[a] ∈ PN, where

a= (a(1), . . . ,a(ℓ)) ∈ CN+1, a(k) = (1,0, . . . ,0)∈ Cnk (3.7)

and there arecodimension 1 orbitsO(b j),( j = 1, . . . , ℓ), whereb j = (b(1)j , . . . ,b(ℓ)j ) with

b(k)j = (1,0, . . . ,0), (k ̸= j), b( j)
j = (0,1,0, . . . ,0).

WhenU = O(a)∪O(b1)∪ ·· · ∪O(bℓ), the setZλ is the space which parametrizes all the
projective lines contained inU.

Proposition 3.2. Theflat connection∇̃λ in Theorem 3.2 is locally written as

∇̃λ = d−

(
ℓ

∑
k=1

nk−1

∑
α=0

Ã(k)
α (z)dθα (⃗ζz)

)
∧ . (3.8)

Definition 3.1. The nonlinearsystem of differential equations for̃A(k)
α obtained as the complete

integrability condition of (3.8) is called the general Schlesinger system (GSS) of typeλ .

4. Proof of Main Results

4.1. Proof of Proposition 3.1

We fix a partitionλ of N+1 and denoteHλ andhλ by H andh, respectively. Let[a] ∈ PN be the
point defined bya∈ CN+1 given in (3.7). Define the mapϕ : h→ PN by

ϕ(ξ ) = [a·eξ ].

The imageϕ(h) coincides with an open dense orbitO(a) in PN by the action (3.2). Letξ ∈ h and
put

ξ = (ξ (1), . . . ,ξ (ℓ)), ξ (k) = [ξ (k)
0 ,ξ (k)

1 , . . . ,ξ (k)
nk−1] ∈ j(nk).

Takethe commuting vector fields∂/∂ξ (k)
α (1≤ k≤ ℓ; 0≤ α < nk) onh and let

X(k)
α = ϕ∗

∂
∂ξ (k)

α
. (4.1)

be the vector fields onO(a) obtained byϕ∗ : Th→ TPN|O(a). Note thatX(k)
α ’s span the tangent space

T[x]PN at any point[x] ∈ O(a).

Lemma 4.1. The vectorfield X(k)
α has the form

X(k)
α = x(k)0

∂
∂x(k)α

+x(k)1
∂

∂x(k)α+1

+ · · ·+x(k)nk−α−1
∂

∂x(k)nk−1

. (4.2)
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Proof. The mapϕ is induced from the map

h ∋ ξ = (ξ (1), . . . ,ξ (ℓ)) 7→ x(ξ ) = (a(1)eξ (1)
, . . . ,a(ℓ)eξ (ℓ)

) ∈ CN+1.

Sincex(k) depends only onξ (k), the vector fieldX(k)
α is written in terms ofx(k). To compute explicitly

X(k)
α from (4.1), it is sufficient to consider onlyξ (k),x(k). To simplify notations, we writen instead

of nk andx= (x0, . . . ,xn−1),ξ = (ξ0, . . . ,ξn−1),Xα , instead ofx(k),ξ (k),X(k)
α , respectively, removing

the suffix(k). Then

(x0,x1, . . . ,xn−1) =
(
eξ0 p0(ξ ),eξ0 p1(ξ ), . . . ,eξ0 pn−1(ξ )

)
and we have

Xα =
∂x0

∂ξα

∂
∂x0

+
∂x1

∂ξα

∂
∂x1

+ · · ·+ ∂xn−1

∂ξα

∂
∂xn−1

= eξ0 p0(ξ )
∂

∂xα
+eξ0 p1(ξ )

∂
∂xα+1

+ · · ·+eξ0 pn−1−α(ξ )
∂

∂xn−1

= x0
∂

∂xα
+x1

∂
∂xα+1

+ · · ·+xn−1−α
∂

∂xn−1
.

Here we usedthe the identity

∂ p j

∂ξα
= p j−α ( j ≥ α), (4.3)

which can beobtained by differentiating the identity (2.6).

For ageneral partitionλ = (n1, . . . ,nℓ) of N+1, we thus obtained the commuting vector fields
onPN

X(1)
0 , . . . ,X(1)

n1−1, . . . ,X
(ℓ)
0 , . . . ,X(ℓ)

nℓ−1.

Remark 4.1. The vector fieldX(1)
0 + · · ·+X(ℓ)

0 on CN+1 is an Euler vector field and reduces to a
zero vector field onPN.

By the second assumption of Theorem 3.1, we can liftX(k)
α to a vector fieldX̃(k)

α on E. Since
π∗X̃

(k)
α = X(k)

α , we can put

X̃(k)
α = X(k)

α +Y(k)
α ,

whereY(k)
α is a vector field tangent to the fibers ofE. If we take a trivialization ofπ−1(V)≃V ×Cr

with coordinates(x,y)∈V ×Cr for someV ⊂U , the vector fieldY(k)
α is expressed as

Y(k)
α = ∑

i, j

y jA
(k)
α i j (x)

∂
∂yi

, A(k)
α i j (x) ∈ O(V). (4.4)

SinceX̃(k)
α are commuting vector fields by definition, they determine a completely integrable distri-

butionD which corresponds to a flat connection on the bundleE. Put

A(k)
α (x) = (A(k)

α i j (x))0≤i, j<r ∈ glr(C).
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Remark 4.2. The integrability of the distributionD is written locally as

X(k)
α A(k′)

β −X(k′)
β A(k)

α − [A(k)
α ,A(k′)

β ] = 0.

Let ∇ be the flatconnection corresponding toD whose locally constant sections are the leaves
of the foliation determined byD . Write the connection∇ as

∇ = d−ω∧,

where the connectionform ω is expressed in a local trivializationV ×Cr as

ω =
ℓ

∑
k=1

ω(k), ω(k) =
nk−1

∑
α=0

B(k)
α (x)dx(k)α , B(k)

α ∈ glr(C).

Let us expressB(k)
α in terms ofA(k)

α ’s.

Lemma 4.2. For 0≤ α < nk, we have

x(k)0 B(k)
α +x(k)1 B(k)

α+1+ · · ·+x(k)nk−1−αB(k)
nk−1 = A(k)

α . (4.5)

Proof. Let x 7→ (x,y(x)) be alocally constant section of∇ in the local trivialization. We compute
the tangent vector to this section. Since the orbit passing through[x] ∈ PN is expressed as

ξ 7→ x(ξ ) = xeξ ,

and the tangentvectorX(k)
α is the directional derivation corresponding to∂/∂ξ (k)

α , we have

X(k)
α y=

∂
∂ξ (k)

α
y(xeξ )

∣∣∣
ξ=0

= ∑
β

∂x(k)β (ξ )

∂ξ (k)
α

∂
∂x(k)β

y
∣∣∣
ξ=0

= ∑
β

x(k)β−α
∂

∂x(k)β

y=

(
∑

β≥α
x(k)β−αB(k)

β

)
y.

Here we usedthe fact thaty(x) is a locally constant section of∇, namely∇y = 0. Thus we must

haveA(k)
α = ∑β x(k)β−αB(k)

β , which gives (4.5).

Definition 4.1. The rationalfunctionsφm(x) of x= (x0,x1, . . .) are defined by the generating func-
tion

(x0+x1T +x2T2+ · · ·)−1 =
∞

∑
m=0

φm(x)T
m. (4.6)
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A few of φm(x) are written as follows.

φ0(x) =
1
x0
,

φ1(x) =
1
x0

(
−x1

x0

)
,

φ2(x) =
1
x0

{
−x2

x0
+

(
x1

x0

)2
}
,

φ3(x) =
1
x0

{
−x3

x0
+2

(
x1

x0

)(
x2

x0

)
−
(

x1

x0

)3
}
,

φ4(x) =
1
x0

{
−x4

x0
+

(
x2

x0

)2

+2

(
x1

x0

)(
x3

x0

)
−3

(
x1

x0

)2(x2

x0

)
+

(
x1

x0

)4
}
.

The relation betweenthe functionsθm andφm is given by the following lemma, which can be
shown by differentiating the both side of (2.4) with respect toxα .

Lemma 4.3.

∂θm

∂xα
= φm−α .

Now weshall complete the proof of Proposition 3.1. As in the proof of Lemma 4.1, we omit a
superfix(k) and a suffixk from the relation (4.5) for the sake of simplicity of notation. The relation
(4.5) can be written symbolically as

A0
...

An−2

An−1

=


x0 x1 . . . xn−1

... ...
...

... x1

x0




B0
...

Bn−2

Bn−1

 (4.7)

Solving it with respect toBi ’s we have


B0
...

Bn−2

Bn−1

=


x0 x1 . . . xn−1

... ...
...

... x1

x0


−1

A0
...

An−2

An−1



=


φ0 φ1 . . . φn−1

... ...
...

... φ1

φ0




A0
...

An−2

An−1

 .

Here we usedthe rational functionsφm(x) introduced in Def. 4.1.
To completethe proof of Pro. 3.1, it is sufficient to show the following.
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Lemma 4.4. We have

ω(k) = ∑
0≤α<nk

A(k)
α dθα(x

(k)).

Proof. Adopting the above notation we have

ω(k) = ∑
α

Bαdxα

= (dx0, . . . ,dxn−1)


B0
...

Bn−2

Bn−1



= (dx0, . . . ,dxn−1)


φ0 φ1 . . . φn−1

... ...
...

... φ1

φ0




A0
...

An−2

An−1



= (φ0dx0,φ1dx0+φ0dx1, . . . ,φn−1dx0+ · · ·+φ0dxn−1)


A0
...

An−2

An−1



= (dθ0,dθ1, . . . ,dθn−1)


A0
...

An−2

An−1

 .

Here we usedthe relation

φmdx0+φm−1dx1+ · · ·+φ0dxm = dθm, (4.8)

which can bederived by taking the exterior derivative ofθm and using Lemma 4.3. This proves the
lemma.

4.2. Proof of Theorem3.2

Let ∇λ be that given by (3.4). LetL be a projective line contained inU ⊂ PN determined byz∈
Mat2,N+1(C) as

P1 ∋ [⃗ζ ] 7→ [⃗ζz]∈ PN.

Since the bundleE is trivial onL by the assumption, the connectionΦ∗∇λ is globally written as

Φ∗∇λ = d−

(
ℓ

∑
k=1

nk−1

∑
α=0

A(k)
α (⃗ζz)dθα (⃗ζz)

)
∧
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whereA(k)
α (⃗ζz) is holomorphic onL (≃ P1). By Liouville Theorem, we see thatA(k)

α (⃗ζz) does not

depend onζ , which we denote as̃A(k)
α (z).

5. Examples

5.1. Schlesinger system

We show that the Schlesinger system, which describes the isomonodromic deformation of the Fuch-
sian system

dy
dx

=

(
N

∑
j=0

Ã j(t)

x− t j

)
y.

N

∑
j=0

Ã j(t) = 0

with additionalcondition on the eigenvalues of̃A j(t), can be derived from Theorem 3.2. Take a
partitionλ = (1, . . . ,1) of N+1 and take the subset

Xλ =

{
z=

(
−t0 −t1 . . . −tN
1 1 . . . 1

)
| ti ̸= t j (i ̸= j)

}
⊂ Zλ .

The groupHλ in this case is the Cartan subgroup of GLN+1(C) consisting of diagonal matrices.
Then Xλ is a realization of the quotient space(Zλ ∩ {z10· · ·z1N ̸= 0})/Hλ . Define the mapΦ :
P1×Xλ → PN by

([⃗ζ ],z) 7→ [⃗ζz] = [ζ − t0, . . . ,ζ − tN]. (5.1)

The pull backΦ∗∇ = d−Φ∗ω∧ of the flat connection∇ in Theorem 3.2 is written locally as

Φ∗ω =
N

∑
j=0

Ã j(t)d log(ζ − t j), ∑
j

Ã j(t) = 0,

whereÃ j(t) arer × r matrix functions dependingon t. Then the flatness conditionΦ∗(dω −ω ∧
ω) = 0 of Φ∗∇ is the Schlesinger system

dÃ j +∑
i ̸= j

[Ã j , Ãi ]
dti −dt j

ti − t j
= 0, (0≤ j ≤ N). (5.2)

5.2. Painlev́e equations

The Painlev́e equations can be obtained in the context of Theorem 3.2, where the bundleE is of
rank 2 and the partitionλ is of weight 4.We list up, for each Painlevé equation, the following data:

1. a partitionλ and the abelian groupHλ ,
2. the subspaceXλ of Zλ which is a realization of GL2(C)\Zλ/Hλ and parametrizes lines in

an invariant open subsetU of P3,

3. the mapΦ : P1×Xλ → P3,

4. the form offlat connection∇,
5. the connection formΦ∗ω of Φ∗∇ obtained by the pull back,
6. the system oflinear differential equations describing the isomonodromic deformation,
7. the system of nonlinear equations equivalent to the Painlevé equation (see [7,8] for the

equivalence).
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We use the convention to writeAα for Ãα in the connection formΦ∗ω. Note that in each of the
following cases, the invariant open subsetU ⊂ P3 in Theorem 3.2 is a union of the open dense orbit
and the codimension 1 orbits.

5.2.1. Painlev́e PVI

1. λ = (1,1,1,1), Hλ =




h0

h1

h2

h3


 .

2. Xλ =

{
z=

(
1 0−1 −t
0 1 1 1

)
| t ̸= 0,1,∞

}
: a realization of the configuration space of 4 points

of P1 in general position.
3. Φ : P1×Xλ → P3, (ζ ,z) 7→ [1,ζ ,ζ −1,ζ − t].
4. ∇ = d− (A0d logx0+A1d logx1+A2d logx2+A3d logx3)∧ , with A0+A1+A2+A3 = 0.

5. Φ∗ω = A1
dζ
ζ

+A2
dζ

ζ −1
+A3

dζ −dt
ζ − t

.

6. Φ∗∇y= 0⇔ 
∂y
∂ζ

=

(
A1

ζ
+

A2

ζ −1
+

A3

ζ − t

)
y,

∂y
∂ t

=− A3

ζ − t
y.

7. Φ∗∇2 = 0⇔ the system equivalent toPVI(see (1.3)):

dA1

dt
=

[A3,A1]

t
,

dA2

dt
=

[A3,A2]

t −1
,

dA3

dt
=− [A3,A1]

t
− [A3,A2]

t −1
.

5.2.2. Painlev́ePV

1. λ = (2,1,1), Hλ =




h0 h1

h0

h2

h3


 .

2. Xλ =

{
z=

(
1 0 0−t
0 1 1 1

)
| t ̸= 0,∞

}
.

3. Φ : P1×Xλ → P3 : (ζ ,z) 7→ [1,ζ ,ζ ,ζ − t].
4. ∇ = d− (A0d logx0+A1dθ1+A2d logx2+A3d logx3)∧ , with A0+A2+A3 = 0.

5. Φ∗ω = A1dζ +A2
dζ
ζ

+A3
dζ −dt

ζ − t
.

6. Φ∗∇y= 0⇔ 
∂y
∂ζ

=

(
A1+

A2

ζ
+

A3

ζ − t

)
y

∂y
∂ t

=− A3

ζ − t
y
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7. Φ∗∇2 = 0⇔ the system equivalent toPV :

dA1

dt
= 0,

dA2

dt
=

[A3,A2]

t
,

dA3

dt
= [A1,A3]−

[A3,A2]

t
.

5.2.3. Painlev́ePIV

1. λ = (3,1), Hλ =




h0 h1 h2

h0 h1

h0

h3


 .

2. Xλ =

{
z=

(
1 0 0−t
0 1 0 1

)
| t ̸= ∞

}
.

3. Φ : P1×Xλ → P3, (ζ ,z) 7→ [1,ζ ,0,ζ − t].
4. ∇ = d− (A0d logx0+A1dθ1+A2dθ2+A3d logx3)∧ , with A0+A3 = 0.

5. Φ∗ω = A1dζ −A2ζdζ +A3
dζ −dt

ζ − t
.

6. Φ∗∇y= 0⇔ 
∂y
∂ζ

=

(
A1−ζA2+

A3

ζ − t

)
y

∂y
∂ t

=− A3

ζ − t
y

7. Φ∗∇2 = 0 ⇔ the system equivalent toPIV :

dA1

dt
= [A3,A2],

dA2

dt
= 0,

dA3

dt
= [A1− tA2,A3].

5.2.4. Painlev́e PIII

1. λ = (2,2), Hλ =




h0 h1

h0

h2 h3

h2


 .

2. Xλ =

{
z=

(
1 0 0 t
0 1 0 0

)
| t ̸= 0,∞

}
.

3. Φ : P1×Xλ → P3, (ζ ,z) 7→ [1,ζ ,ζ , t].
4. ∇ = d− (A0d logx0+A1dθ1+A2d logx2+A3dθ1(x2,x3))∧ , with A0+A2 = 0.

5. Φ∗ω = A1dζ +A2
dζ
ζ

+A3d

(
t
ζ

)
6. Φ∗∇y= 0⇔ 

∂y
∂ζ

=

(
A1+

A2

ζ
− tA3

ζ 2

)
y

∂y
∂ t

=
A3

ζ
y
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7. Φ∗∇2 = 0 ⇔ the system equivalent toPIII :

dA1

dt
= 0,

dA2

dt
= [A3,A1],

dA3

dt
=

[A2,A3]

t
.

5.2.5. Painlev́ePII

1. λ = (4), Hλ =




h0 h1 h2 h3

h0 h1 h2

h0 h1

h0


 .

2. Xλ =

{
z=

(
1 0 t 0
0 1 0 0

)
| t ̸= ∞

}
.

3. Φ : P1×Xλ → P3, (ζ ,z) 7→ [1,ζ , t,0].
4. ∇ = d− (A0d logx0+A1dθ1+A2dθ2+A3dθ3)∧, with A0 = 0.
5. Φ∗ω = A1dζ +A2(dt−ζdζ )+A3(−d(ζ t)+ζ 2dζ ).
6. Φ∗∇y= 0⇔ 

∂y
∂ζ

=
(
A1−ζA2+(−t +ζ 2)A3

)
y

∂y
∂ t

= (A2−ζA3)y

7. Φ∗∇2 = 0⇔ the system equivalent toPII :

dA1

dt
= [A2,A1− tA3],

dA2

dt
= [A3,A1],

dA3

dt
= 0.

6. Symmetry

WhenH is a Cartan subgroup ofG= GLN+1(C), we have the Weyl groupW = NG(H)/H, where
NG(H) is the normalizer ofH, which is isomorphic to the symmetric groupSN+1. Here we consider
an analogue of the Weyl group replacingH with the abelian groupHλ . In the theory of hyperge-
ometric function, the action of the Weyl group produces, in particular, transformation formulas
for the Gauss hypergeometric function and its confluent type functions, which we called the sym-
metry of the hypergeometric functions [4]. Here we establish the analogous fact for the general
Schlesinger systems. It will explain, for example, why the number of parameters contained in the
Painlev́e equations decreases after degeneration.

6.1. Weyl groupWλ

Definition 6.1. For a partitionλ of N+1, Wλ = NG(Hλ )/Hλ is called the Weyl group associated
with Hλ .

Note that, whenλ = (1, . . . ,1), the Weyl groupWλ for Hλ is nothing but the usual Weyl group
of G.For the structure ofWλ with general partitionλ of N+1,we recall necessary results from [4].
We use a different notation for partitions ofN+1 from that used in the preceding sections. Letλ
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be written as

λ = (

p1︷ ︸︸ ︷
n1, . . . ,n1, . . . ,

ps︷ ︸︸ ︷
ns, . . . ,ns) (6.1)

with nk ̸= nl (k ̸= l). Then

Hλ =
s

∏
k=1

J(nk)
pk.

We seethat the Weyl group is a semi-direct product of its continuous subgroup and its finite
subgroup. To describe the continuous part ofWλ , we first define the continuous subgroupW(n) of
GLn(C) as follows. Put

f (T) = c1T +c2T2+ · · ·+cn−1Tn−1, c1 ̸= 0

and

f (T)i ≡ wi,0T +wi,1T2+ · · ·+wi,n−1Tn−1 modTn. (6.2)

Thenwi, j = wi, j(c) are determined as polynomials ofc = (c1, . . . ,cn−1). Notice thatwi, j = 0 for
i ≥ j andwi,i = ci

1 ̸= 0. Set

w(c) = (wi, j(c)) =


1 0 0 . . . 0

w1,1 w1,2 . . . w1,n−1

w2,2 . . . w2,n−1
...

...
wn−1,n−1

 ∈ GLn(C).

Lemma 6.1. ([4]) The set

W(n) = {w(c) | c∈ Cn−1,c1 ̸= 0}

is a subgroup ofGLn(C) which is isomorphic to the group of ring automorphismsAut(C[T]/(Tn)).

In order to describe the finite group part ofWλ , we introduce the following notation. LetPk be
the subgroup of GLpknk(C) consisting of permutation matricesX which, when it is written block-
wise asX =(Xi j ),Xi j ∈Matnk(C), each block column and each block row contains only one nonzero
block and the nonzero block is the identity matrix. Then the groupPk is isomorphic to the sym-
metric groupSpk by the correspondence

Spk ∋ σ 7→ (δiσ( j)Ink) ∈ Pk.

Example 6.1. In thecasenk = 2, pk = 3, the groupPk consists of the following permutation matri-
ces. I2

I2
I2

 ,

 I2
I2

I2

 ,

I2
I2

I2


 I2

I2
I2

 ,

 I2
I2

I2

 ,

 I2
I2

I2

 ,

whereI2 is the 2×2 identity matrix.
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The direct productW(nk)
pk is considered as the subgroup of GLpknk(C) consisting of elements

of the form diag(X1, . . . ,Xpk),Xi ∈W(nk). Then an element ofPk acts onW(nk)
pk as a block per-

mutation of diagonal blocks.

Proposition 6.1. ([4])

NG(Hλ ) = Hλ ⋊
( s

∏
k=1

W(nk)
pk ⋊Pk

)
,

where∏s
k=1W(nk)

pk ⋊Pk is the subgroup ofGLN+1(C) consisting of block diagonal matrices of s
blocks whose k-th block diagonal component belongs to W(nk)

pk ⋊Pk.

Corollary 6.1.

Wλ ≃
s

∏
k=1

W(nk)
pk ⋊Pk.

6.2. Action of Wλ on the general Schlesinger systems

Let Wλ act onZλ by the right multiplication of matrices:Zλ ×Wλ ∋ (z,w) 7→ zw∈ Zλ . It is easy
to see that the action is well defined. According to the expression (6.1) ofλ , we expressz∈ Zλ as
z= (z(1), . . . ,z(s)) with

z(k) = (z(k,1), . . . ,z(k,pk)), z(k,m) = (z(k,m)
0 , . . . ,z(k,m)

nk−1) ∈ Mat2,nk(C). (6.3)

Then the connectionin Theorem 3.2 is locally expressed as

∇λ (A) =d−
s

∑
k=1

ω(k), ω(k) =
pk

∑
m=1

nk−1

∑
α=0

A(k,m)
α (z)dθα (⃗ζz(k,m)), (6.4)

which is determinedby the connection matricesA(k,m)
α ∈ glr(C) (here we changed the notation for

the connection by omitting tilde). We array the matricesA(k,m)
α according to the expression (6.3) as

A= (A(1), . . . ,A(s)) with

A(k) = (A(k,1), . . . ,A(k,pk)), A(k,m) = (A(k,m)
0 , . . . ,A(k,m)

nk−1).

HereA is considered asa row vector withN+1 entriesA(k,m)
α . We study the effect of the action of

Wλ on the setA of connection matricesA.

Definition 6.2. The actionof w∈Wλ onA is defined by

A(z) 7→ w(A) =A(zw−1) · tw−1.

Here the multiplicationof A andtw−1 is considered as that of anN+1 dimensional row vector and
a matrix of orderN+1.

Co-published by Atlantis Press and Taylor & Francis 
Copyright: the authors 

147



General Schlesinger System and Twistor

Example 6.2. Whenλ = (1,1,1,1), Wλ ≃ S4 consists of permutation matrices of size 4 and the
connection matricesA is a row vector with four entries belonging toglr(C):

A= (A(1), . . . ,A(4)), A(k) ∈ glr(C).

Let w correspond toσ ∈S4, then noting thatw= tw−1,

w(A) = (A(1), . . . ,A(4)) ·w= (A(σ(1)), . . . ,A(σ(4))).

Theorem 6.1. By the change of variable z7→ z̃= z·w, defined by w∈ Wλ , the connection∇λ (A)
for (z,A) is transformed to the connection∇λ (w(A)) for (z̃,w(A)).

Proof. At first, we prove the theorem forw∈ Pk. Assume thatw corresponds to a permutation
σ ∈Spk. Thenz̃= z·w reads

z̃(l) =

{
z(l), l ̸= k,

(z(k,σ(1)), . . . ,z(k,σ(pk))), l = k.

Hence∇λ (A) =d−∑l ω(l) with

ω(l) =
pl

∑
m=1

nl−1

∑
α=0

A(l ,m)
α (z)dθα (⃗ζz)

is written, forl ̸= k, as

ω(l) = ∑
m

∑
α

A(l ,m)
α (z̃w−1)dθα (⃗ζ z̃(l ,m))

and, forl = k, as

ω(k) = ∑
m

∑
α

A(k,m)
α (z̃w−1)dθα (⃗ζ z̃(l ,σ

−1(m)))

= ∑
m

∑
α

A(k,σ(m))
α (z̃w−1)dθα (⃗ζz(l ,m)).

Thus∇λ (A) is taken to∇λ (w(A)) by the change of variablesz 7→ z̃= zw.
Next weprove the theorem in the case wherew is an element of the continuous part∏kW(nk)

pk.

Since its each(k,m)-th factorW(nk) acts only on(k,m)-th factorz(k,m) of z, we can concentrate
our consideration on each(k,m)-th factor. Hence we can omit the suffix(k,m) indexing the block
structure and we are led to the situation whereλ = (n),Hλ = J(n) andWλ = W(n). Then the
connection formω is locally written as

ω =
n−1

∑
α=0

Aα(z)dθα (⃗ζz) (6.5)

= ∑
α

Aα(z̃w−1)dθα (⃗ζ z̃w−1)

= (dθ0(⃗ζ z̃w−1), . . . ,dθn−1(⃗ζ z̃w−1))

 A0(z̃w−1)
...

An−1(z̃w−1)

 ,

where the multiplicationof the last line is understood as a matrix multiplication in a similar sense
as in Def. 6.2.
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Lemma 6.2. ([4], p31) For w∈W(n) and h∈ J(n),we have

(θ0(hw), . . . ,θn−1(hw)) = (θ0(h), . . . ,θn−1(h)) ·w.

By virtue of the above lemma, we see thatω in (6.5) is taken to

ω = (dθ0(⃗ζ z̃), . . . ,dθn−1(⃗ζ z̃))w−1

 A0(z̃w−1)
...

An−1(z̃w−1)

 .

This implies thatthe connection matrixA= (A0, . . . ,An−1) is taken to

w(A) = (A0(z̃w−1), . . . ,An−1(z̃w−1))tw−1.

This completes the proof of Th. 6.1.□

Corollary 6.2. If the connection∇λ (A) is flat, so is∇λ (w(A)) for any w∈Wλ .

Proof. The assertion isevident since∇λ (w(A)) is obtained from∇λ (A) by the change of indepen-
dent variablesz→ z̃= z·w.

Remark 6.1.

1. Cor. 6.2 implies that∇λ (w(A)) describes an isomonodromic deformation if does∇λ (A).
2. Let Xλ be a realization of the quotient space GL2(C)\Zλ/Hλ as in the examples of Painlevé

equations. Then the action ofWλ on Zλ induces that onXλ . Using Th. 6.1, this action on
Xλ gives a symmetry of Painlevé equations, for example.

6.3. Effect of the continuous part ofWλ

The effect of the action of finite part ofWλ on the connection matricesA of ∇λ (A) is already
illustrated in Example 6.2 and evident. Namely, forw∈ Pk corresponding toσ ∈Spk, then

w(A)(l ,m) =

{
A(l ,m), if l ̸= k,

A(k,σ(m)), if l = k.
(6.6)

Next we consider the effect of the continuous partWc = ∏s
k=1W(nk)

pk on the general
Schlesinger systems.

Proposition 6.2. By the action of Wc ⊂Wλ , we can reduce N+1− ℓ(λ ) parameters in the connec-
tion form of∇λ (A), whereℓ(λ ) is the number of parts ofλ .

Proof. In the actionA 7→ w(A) of w ∈ Wc, the (k,m)-th factorW(nk) acts only on the(k,m)-th

factor A(k,m) = (A(k,m)
0 , . . . ,A(k,m)

nk−1) of A, so we can restrict our discussion to the situation where
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λ = (n),Wλ =W(n) and the connection form is locally written as

ω = ∑
0≤α<n

Aα(z)dθα (⃗ζz).

and henceA= (A0, . . . ,An−1). Let A∈ A is given and consider the action ofv∈W(n). Put

v−1 = w(c) = (wi, j(c)) =


1 0 0 . . . 0

w1,1 w1,2 . . . w1,n−1

w2,2 . . . w2,n−1
...

...
wn−1,n−1

 .

Then the transformed connection matrixB= w(A) is given by

B := A· tv−1 = (A0, . . . ,An−1)


1 0 . . . 0
0 w1,1
...

...
...

0 w1,n−1 . . . wn−1,n−1

 .

It follows that

Bn−1 = An−1wn−1,n−1,

Bn−2 = An−2wn−2,n−2+An−1wn−2,n−1,

...

B1 = A1w1,1+A2w1,2+ · · ·+An−1w1,n−1,

B0 = A0.

(6.7)

On the other hand, we see from (6.2) that

wk,n−1 =

{
kck−1

1 cn−k+(a polynomial ofc1, . . . ,cn−1−k), 1≤ k< n−1

cn−1
1 , k= n−1

(6.8)

andwk,m (k ≤ m< n−1) are polynomials ofc1, . . . ,cn−1−k. It follows that we can decreases the
number of parameters ofA by n−1 by determiningc appropriately.

We shallillustrate the effect of action ofWc by considering, as an example, the Painlevé V case,
which is treated in Sec. 5.

In this case the Weyl group isW ≃W(2)×S2 whose elements are
1

c
1

1

 ,


1

c
1

1

 (c∈ C×).

HenceWc =W(2) and dimWc = 1. We assert that we can decrease the number of constants in GSS
corresponding toPV . As is seen in Section 5, GSS is obtained as an integrability condition of the
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connection

Φ∗∇ = d− (A1(t)dζ +A2(t)d logζ +A3(t)d log(ζ + t)) , (6.9)

which gives an isomonodromic deformation of the linear equation onP1

dy
dζ

=

(
A1+

A2

ζ
+

A3

ζ + t

)
y. (6.10)

It has 2regular singular pointsζ = 0,−t and an irregular singular pointζ = ∞. Let us look atζ = ∞
in (6.10) using a local coordinates= 1/ζ . Eq. (6.10) can be written as

dy
ds

=

(
−A1

s2 +
A0

s
+(holomorphicats= 0)

)
y, (6.11)

whereA0 = −A2 −A3. If we assumeA1 has two distinct eigenvaluesα1,α2, then (6.11) can be
reduced, by local gauge transformationy 7→ z, to

dz
ds

=

(
− Ã1

s2 +
Ã0

s
+(holomorphicats= 0)

)
z, (6.12)

with diagonal matrices

Ã1 =

(
α1

α2

)
, Ã0 =

(
α ′

1
α ′

2

)
. (6.13)

Then we know that Ã1, Ã0 are constants of integration of GSS obtained fromΦ∗∇. As is seen in
(6.7) in the proof of Prop. 6.2, the effect of diag(1,c)∈W(2) is

A1 7→ B1 = A1c.

This induces the change of constants of integration(α1,α2) 7→ (α1c,α2c). Since one ofα1,α2 is
not zero at least, sayα1, then we can normalizeα1 to any desired nonzero value, say 1. Thus the
number of constants of integration of GSS is decreased by 1.
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