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1. Introduction

The main object in this article is the higher order Painlevé system of type Dg}lr2 [13]; we call it a
Sasano sysytem. It is expressed as a Hamiltonian system on P!(C)

dql' JH dpi . oH

S(S—l)azaipi, S(S—l) ds ——aiql

(i=1,...,n),

) (1.1)

H=Y Hi+ Y 2(q-9s)pigi{lqj—1)p;+ o},
i=1

1<i<j<n

where H; = H;[qi, pi; Ki s, Ki,1, Ki 0, Ki.o; ] is the Hamiltonian for Pyy defined by

H; = qi(gi — 1)(qi — 5)pi — (kis — Dgi(gi — Dp
—K:.19i(qi — 5)pi — Kio(qi — 1)(qi — 5) pi + 02i (02 + Ki 0 ) g,
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and

i—1 n—1 n
Ki,sZOt1+Zazj+1, Ki1 = Za2j+l+ Z 200+ Oon+1,
j=1 j=i j=i+1
(1.2)

n—1 i—1

i~1
Kio = Z 0Qj+1+ 0nt2, Ko = 0+ Z 2o+ Z ®jt1-
j=1

j=i j=1
The fixed parameters Q, .. ., 0,42 satisfy a relation o + ot + Z?iz 200 + 0p 1 + 02p 2 = 1.

The system (1.1) was proposed as an extension of Py for the affine Weyl group symmetry with
the aid of algebraic geometry for Okamoto initial value space. It was also given as the compatibility
condition of the Lax pair associated with a loop algebra 504,,14[z,z '] [1]. But the relationship with
the monodromy preserving deformation of a Fuchsian system has not been clarified. The aim of this
article is to investigate it.

Recently, higher order generalizations of Py has been studied from a viewpoint of the mon-
odromy preserving deformations of Fuchsian systems. It is shown in [8, 10] that any irreducible
Fuchsian system can be reduced to finite types of systems by using Katz’s two operations, addition
and middle convolution [7]. It is also shown in [4] that the isomonodromy deformation equation is
invariant under Katz’s two operations. Those fact allows us to construct a classification theory of
the isomonodromy deformation equation.

The Fuchsian systems with two accessary parameters are classified by Kostov [8]. According to
it, they are reduced to the systems with the following spectral types:

4 singularities‘ll, 11,11,11
3 singularities‘lll,lll,lll 22,1111,1111 33,222, 111111

The system with the spectral type {11,11,11, 11} gives Pyy as the monodromy preserving deforma-
tion. Note that the other three systems have no deformation parameters.

In general, the Fuchsian systems can be classified with the aid of algorithm proposed by Oshima
[10]. The systems with four accessary parameters are reduced as follows:

5 singularities|11,11,11,11,11

4 singularities|21,21, 111,111 31,22,22, 1111 22,22,22 211

3 singularities|211,1111,1111 221,221, 11111 32, 11111,111111
222,222.2211 33,2211, 111111 44,2222,22211

44,332, 11111111 55,3331,22222 66,444,2222211

The system with {11,11,11,11,11} corresponds to the Garnier system in two variables [3]. And
the systems with four singularities correspond to four-dimensional Painlevé equations, which are
investigated by Sakai [12]. Among them, the system with {31,22,22 1111} corresponds to the
system (1.1) of the case n = 2. In this article, we consider its natural extension. Namely, we con-
sider the Fuchsian system with the spectral type {(n,n), (n,n),(2n—1,1),(1?")} and show that its
monodromy preserving deformation gives the system (1.1).

Remark 1.1. The choice of a spectral type {(n,n),(n,n),(2n— 1,1),(12")} is suggested by the
recent work of Oshima [10]. According to it, a Fuchsian system with this spectral type corresponds
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to a Kac-Moody root system with the following Dynkin diagram:

A dotted circle represents a simple root which is not orthogonal to the othet roots.

Remark 1.2. The Fuchsian system with the spectral type {21,21,111,111} corresponds to
the fourth order Painlevé system given in [2]. Furthermore the system with the spectral type
{(n,1),(n,1),(1"*1),(1"1)} is systematically investigated by Tsuda. It corresponds to the
Schlesinger system .7, 111 given in [14], or equivalently, the higher order Painlevé system given
in [11].

The other aim of this article is to investigate a relationship between two origins of the Sasano
system, the Lax pair associated with s04,14[z,z'] and the Fuchsian system with the spectral type
{(n,n), (n,n),(2n — 1,1),(1?")}. Tt is suggested that those two linear systems are related via a
Laplace transformation. In this article, we show it for the case n = 2.

This article is organized as follows. In Section 2, we introduce a Fuchsian system with the spec-
tral type {(n,n), (n,n),(2n—1,1),(1**)} and its monodromy preserving deformation. In Section 3,
the system (1.1) is derived from the Schlesinger system given in Section 2. In Section 4, we clarify
a relation between two linear systems for the fourth order Sasano system with the aid of a Laplace
transformation.

2. Schlesinger system

In this section, following [6, 12], we introduce a Fuchsian system with the spectral type
{(n,n),(n,n),(2n—1,1),(1>")} and its monodromy preserving deformation.
Consider a system of linear differential equations on P!(C)

. . (A A A _
aY(x) = <x—t +x—1 —}—7 Y(x), A;A1L,Ao € Mat(2n;C), (2.1)

with regular singularities x = ¢, 1,0, 0. Here we assume

(1) The data of eigenvalues of residue matrices is given by

Gt, 9[,...,6;, O, 70 atx:t,
0,61,....0,0, .0 atx=1,
60,0, ....0, 0, .0 atx=0,
K1, K2, ..., Kn, Knt1y -, Ko @t X = 00,

(2) Each residue matrix can be diagonalized.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
59



K. Fuji, K. Inoue, K. Shinomiya, T. Suzuki

Note that the Fuchsian relation n6; +n6; + 6y + 21221 K; = 0 is satisfied. The monodromy preserving
deformation of the system (2.1) is described as the Schlesinger system

JdA;  [ALAl] [ALA] 0 dAr [AL Al dAg  [A;,Af]

_— —_ = = . 2.2
ot t t—1 "7 ot t—1 "7 ot t 2.2)
Note that the residue matrix A. = —A; —A| —Ap at x = oo is a constant matrix. The system (2.2)
can be expressed as a Hamiltonian system
0A trA,A;  trAA
TE (KA} (E=1,1,0), K=-—0l TR0 (23)

ot r—1 r

with the Poisson bracket
{(Ae)ii, (Agr)rs} = O e 0r1(Ag ks — Ok s(Ag) i}

where §; ; stands for the Kronecker delta.
We consider a gauge transformation Ag = G*IAé:G (§ =1,1,0,0) such that

6o a(20> ...agg) 7(21(}) 0
~ 0 0 ...0 ~ ay, ’ K
Ao=| . . . . y Aw= .
00 ..0 =)
ay, (0] Kon

Here the matrix G is decomposed into a product of two matrices as G = GG,, where Gl’lAmGl is
a diagonal matrix and G is a lower triangle matrix of which all entries on the diagonals are one.
Then the system (2.3) is transformed into

&Zé B trA,A, N trA,Ag

Tt:{K,Avg} (E=110), K=-"2 ) (2.4)
with the Poisson bracket
{(Xz;)k,l, (gg/)r,s} = 55,5/{5r,l(g§)k,s — (Sk,s(g&)r,l}' (2.5)
Note that the following relation is satisfied:
A +A1+Ag+Al = 0. (2.6)

In order to derive the canonical Hamiltonian system from (2.4), we use the method established
in [5]. Consider a decomposition of matrices A¢ (§ =1,1) as

- I,
Ag = {BJ [0¢1, — CeBe, Ce],

where Bz = [bl(éj)] and C¢ = [cl(é])] are n X n matrices. Then we can regard bgi-) and csél) as canonical
variables. In fact, the Poisson bracket
&) (&) _ L B el
{67,y =~1 (i,j=1,....m;§ =t,1), {otherwise} = 0. 2.7

implies the one (2.5).
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The number of accessary parameters of the system (2.1) is equal to 2n. Therefore the system
(2.4) with (2.6) can be rewritten into the Hamiltonian system of order 2n, which is just equivalent
to (1.1) as we prove below.

3. Sasano system

Under the system (1.1), we define independent and dependent variables by

1 .
t=1——, L=1-2 = —sp; (i=1,....n). G.1)
S S

Then they satisfy a Hamiltonian system

l‘(t—l)z—ai‘ul, t(t— )d[ __8)Ll (l—l,...,n),

H =Y Hi[Ai, i1 Ki,1, K0, Kis, Kioi1] (3.2)
=1
+ Y 24m(A = D{(A —0)uj+ o,
1<i<j<n

where K;, K 1, Ki 0, Ki . are the parameters defined by (1.2). In this section, we derive the system
(3.2) from thf; one (2.4) with (2.6).

.....

Then we arrive at

Theorem 3.1. Under the system (2.4) with (2.6) and (2.7), we set

Li+1,..., i Li+1,...,
Wi = (_l)nfitflAi,iiH,...,nn(Cl) i Ak,ll”rl,‘..j;l(ct)b(t)
o e k10
ARG S ATTG)
—i ii+1,...n \-1
A’l = ( 1)71 l+1tAi7l+l77n C (l = 1’ ’n)
i,i+17...7n( 1)

Then those variables are found out to be canonical coordinates of a 2n-dimensional system with the
Poisson bracket

{.LLHA']}:SL]v {.ulauj}:{a'nlj}zo (l7j:177n)

Furthermore they satisfy the system (3.2) with the parameters

o =—06, 0=—Kpp1, Opi1=06+061+K+Kpi1,
a2i:_9z_91_Ki_Kn+i (i:2,...,n), (34)
00ni1 =6+ 01 + K1 +Kopy, Oppio=—Ki1+ Ky + 1.

3.1. Canonical coordinates

In this subsection, we prove the first half of Theorem 3.1.
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L. JHLn
We can show {4, 4} = & ; as follows. Denoting A7" 7~ o 11,0 DY AL =, we have

i+1....n
Al t+11 i ;{1—&-11 ..... n(Ct) n AJ+ ,?7 (Ct)
{wi, A} = —= Z s Y (-1 ety (3.5)
A,L:::::n PR (O ey AT (C)

If i < j, the right-hand side of (3.5) turns to be zero. If i = j, the right-hand side of (3.5) turns to be
one. If j < i, then we have

1,i+1,....,n Al i.—H,.... (C )A1+1 (C)

i c ! k,i+1,..., t t
(RS o1 (3.5) = "o O 9 (s S

At ZalG) i ALA(CAIC)

On the other hand, we obtain

Z( 1)/{ jAl l-‘r],u.,n (Ct)Ai+l.k\7n (C[)

kl+l ........
=/ Hyenns
i,i+1,..., i,i+1,...,n Iyl
AT 7(CI)A].+171.+1"”7”(C,) o AT(G) 0 0
0 0 RORN0 0
o Jj+1,j Jj+1,j+1 Jj+1,i J+Li+1 o T j+1n
1) (1) (@) () 1)
Cn,j Cn,j+1 Cni Cnitl Cnn
n
_ [—iAlylyn Lj+1,...n
_Z<_1) Ai+1,...,n (Ct)Aj,j+1,...,n(Ct)
I=i
=0.

Hence the right-hand side of (3.5) turns to be zero.
We can show {u;, 1;} =0 and {4;,A;} = 0 immediately because rational expressions y; and A;

defined by (3.3) do not contain the canonical variables c% and b,(:)l, respectively.

3.2. Derivation of the Sasano system

In this subsection, we prove the second half of Theorem 3.1.
Under the system (2.4) with (2.6), the dependent variables u;, A; given by (3.3) satisfy

i = oA = :
=Ry S (RAY (=)

~ trg,Al trA,Ao Z /.L, i
IK pr—
t—1 t

Hence it is enough to verify that the Hamiltonian K is transformed into the one H given by (3.2) via
the transformation (3.3) and (3.4).
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First we consider a partition of residue matrix
(&) 4(8) 4(8)
_ Al AR AR

© 40 40
A3l Ay A3

where each block AS?:) is an n; X nj matrix with (n1,n2,n3) = (1,n—1,n). With this block form, the
relation (2.6) is described as

Ag') +A§}> +A§?) +A§;°) (i, =1,2,3). (3.6)
The Hamiltonian X is given by

trAv,A] ZZtrAU ﬂ ,

i=1j= (37)
A Ag = A\ —ral) (4 + a0y — Al (A1) + ALy,

Note that AY) =AY) =0and A} = A7 =A%) =47 =0.
Next we rewrite the Hamiltonian given by (3.7) into the one expressed in terms of the matrices
B;,C;,B;,C). Let E; = diag|[1,0,...,0] and E;, = diag|0, 1,..., 1]. Then the relation (3.6) implies

E{(CB; +C1B1)E| — (6, + 61+ 6y + x1)E1 =0,
for (i,j) = (1,1);
E>n(CiB; 4 C\By)E, — diag[0,6, 4+ 6, + K»,...,6,+ 6, + k,| = 0,
for (i,j) = (3,3);
Ep(Ci+C1) =0,
for (i, ) = (2,3);
B,C,; + B|C; +diag[K,;+1,..., K] =0,
for (i, ) = (3,3). We obtain from them

trtA;A; = (ttE\C,B,)(ttE|C,B,) — (trE\C;B;)(ttE|C, B,) — 2(ttE|C, B, )?
— tI‘E1C1 (Bt — B )EQnC,Bt — trEIC, (Bt —B; )Ean,Bl
+ (36, + 6, +260 + 2K )trE 1 C;B; — (6, + 6y + k1 )trE1C, By

n

1
+O/E\C1 B, + 6,61 — 5} (6,461 — k) (6, + 61 + )
i=2

Z Ko — 6,+91+60+K1) —0'(6,4 6, + 60+ K1),

and
tl‘gtgo = (trElCtB,)(trElclBt) + (trEIC,B,)z +trE Cy (B[ - Bl)Ean,B,
- (9[ + GO)trElctB[ - 9;trE1C]B[ + 9[90.

In order to derive the Hamiltonian H given by (3.2), we introduce the following lemma.
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Lemma 3.1. We have relations

n n
trE G By = — Z)Li.uia trEC1 By :tZ.uia

i=1 i=1
1

o Z)“l )L.ut“‘ﬁt

o i—1

trECy (B, —Bl)Ean[B[

i—1 n
—tZul{ Y Ajui+Bj) = Bi—Kuri+ Y, /Ij.uj},

i j=1 j=i+1

trECG:B| =

trk G (B, — B )EQ,,C,B]

i—1 n
Ai(Aiti + B;) { Y A= Bi—sui— Y, A+ Bj)} ,

j=1 j=i+1

n
i=1
where

Bi=—Kit1, Bi=—6-0—K—K1 (=2,...,n).

Proof. We only prove the first relation here. The other ones can be proved in a similar way.
We take an n X n matrix

Jia o it .
fa1 fo2 i AN (G
P= . .. ) fl}k = (_1) ? F T iyt :
: [ AH—IL..“ (Ct)Aiw-v"(Ct)
fn71 fn,2 e fn,n
Its inverse matrix of is given by
g1 o -
) i+1,...,n
1 82,1 82,2 n—k Ai ok ..n(CI)
P=1 . 8k = (=) T
oo T Ai,i+1,,..,n (C1)
8n1 8n2 --- 8nn

Note that we derive an explicit formula of P~! by using the Pliicker relations for matrices. Then we
can rewrite (3.3) into

251 bgt,)l

3 B T W e P e (3.8)
0

o b

b(l)
1,1
wEGB =P | 1| [l [P (3.9)
!
by}
Combining (3.8) and (3.9), we derive the first relation. ]
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4. Laplace transformation

As is seen in the previous section, the system (1.1) is derived from the Fuchsian system. On the
other hand, in the previous work [1], it was also derived from the Lax pair associated with the loop
algebra §04,14[z,z7!]. In this section, we clarify a relation between those two linear systems with
the aid of a Laplace transformation for the case n = 2.

We recall the definition of the loop algebra sooy for N > 3. Let E; ; be a 2N x 2N matrix with
1 on the (i, j)-th entry and zeros elsewhere. We also set X; j=Eij—Exi1—jan+1-i- Then the loop
algebra sosy[z,z~ '] is generated by

eo=2Xon-11, ei=Xiip1 (i=1,....N—1), ey=Xy_1n41,

1 .
f0:2X1,2N71> fi=Xi (i=1,...,N=1), fv=Xntin-1,

and h; =X;; (i=1,...,N). In the following, we use a notation
Cilrin_15in — adel-l .. .ade,-n_l (ein), adei(ej) = [ei,ej}.
Note that the algebra soyy is defined by
N
S0oN = {X S Mat(Zn;(C) ‘ JX+'XJ = 0}, J= ZEi72N+1_i'

i=1

The system (1.1) of the case n = 2 is given as the compatibility condition of the Lax pair

0 0
zafz‘l’lz(z) =Mi2(2)%P12(2), alPlZ(Z) = B12(2)¥12(2). 4.1)

The matrix M, (z) € s012[z,z7 1] is described as
6 6

Mia(2) = ) &hi—eo+ ) gei—ern—ers—esa—ess—ess,
i=1 i=1

where
1 1 1
a=5(l+tam—o), a= (-l+amta) &=;(-1+a+a+2mn),
1 1 1
&= (204 —0s— ), &=(—05—0), € = (05— ),
2 2 2
and

Pr=5—q1, Q@=p1, B3=q1—q, @G=p, @G=q@—1, @=q.
The matrix By2(z) € 5012[z,z7 "] is described as

6

6
Bia(z) = Z uh; + Z viei+ep2+v7er3+vge3 s +voess+viges s+ viies
i=1 i=0

where the coefficients u;, v; are polynomials in (g1, 42, p1, p2); we do not give their explicit formulas
here. In this section, we reduce it to a Fuchsian system with a spectral type {31,22,22,1111}.
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4.1. From so2[z,z7 '] to s010[z,27!]

Under the system (4.1), we consider a gauge transformation

Yi2(2) — T12(2) P12 (2),

where a function 7j2(z) satisfies
logTi2(z) = €1 + 1 J log 712(z)
Z 9z g112(2 1 e g112(2 1
We also consider a Laplace transformation

SHRE) (@), Hpla) — —gponll )

and a Mobius transformation { — z~!. Then we obtain

zgzq’lz(z) = N (2)P12(2), i‘blz(z) =C12(2)P12(2), 4.2)
with

Ni2(z) = (Iiz — 2My21) " (Mi20 — &1112),

C12(z) = Bioo — urha +2B121 (I — tMia1 )~ (My20 — €1112),
where M12(z) = M2+ zM2,1 and B12(z) = B2, + zB12,1- Note that (M121)? = O, namely, (112 —

zMu’l)*l = I12 +zMj2,;. The first columns of Nj,(z) and Cj2(z) are both equivalent to the zero
vectors. Hence we can reduce the system (4.2) to the one with 11 x 11 matrices

d d
zafz‘l’n(z) =M1 (2)¥11(2), a\{‘ll(Z) =B11(2)¥11(2),
or equivalently
8 1 -1 a —1 —1
Zalepu (z) = ¥ (z2)M1(z), %‘PU (z) = ¥ (2)B11(2)- (4.3)

Under the system (4.3), we consider a gauge transformation

d
log’m(z) = -2& — 1, —log’m(z) = —21/!1,

¥ (2) = ()W (2), ds

7—
dz
a Laplace transformation

SHE e, (@) =~ gpou(E )

and a Mobius transformation ¢ — z~!. Then we obtain

0 d
25-P11(2) = —P11(DN11(2), 5Pi1(z) = —P11(2)Ci1(z), (4.4)
dz ds
with
Ni1(z) = (My10+2¢e101y) (I +2Myp )"

C11(z) = Bi1o+2uilyy +z(Myy o+ 211 ) (I +zMy1 1) ' Bii g,

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
66



Higher order Painlevé system and monodromy preserving deformation

where M1, (Z) = M11,0 +ZM1171 and B (Z) = 81170 +ZBU71. Note that (MU’])Z = 0, namely, (111 +
ZMy1 1)~ =11 —zM\; 1. The 11-th rows of Ny (z) and Cy (z) are both equivalent to the zero vectors.
Hence we can reduce the system (4.4) to the one associated with 509z, Zil].

Furthermore, we consider a Dynkin diagram automorphism

e —e hi —h (i=0,...,5) J J + ! Zslh
| — es5_; ; — hs_; =0,... — —Z—+= i
i 5—i» i 5—i ) 39 ) ZaZ Z&z D) ~
We finally obtain
0 0
Zafz‘l’lo(z) = Mio(2)P10(2), a*s‘l’lo(z) = B10(2)P10(2). 4.5)

The matrix Myo(z) € s010[z,z" '] is described as

5 4
1
Myo(z) =Y (—&r-i— E)hi +) 0siei+{(gi—s)p1 — au}es
i=1 i=0
+eppteipterztess+(qr—s)ess—es3qa.

The matrix Bio(z) € s010[z,z” ] is described as

5 5
/ / / / / /
Bio(z) = Z u;h; + Z viei +Vvgeo o +Vv7e12+vger s +vges 4
i=1 i=0

/ / / / /
+Vipe3s V€234t Vipe23s+vizess3a+Vvigesssa,

where the coefficients u}, v} are polynomials in (g1, g2, p1, p2); we do not give their explicit formulas
here.

4.2. From s019[z,7" ] to s0g]z,7 7!

Similarly as in the previous section, the system (4.5) can be reduced to the one associated with
s50g[z,z~!]. Furthermore, we consider a gauge transformation

1
Ws(z) — eXP(—@el)eXP(—%)eXP(}ll log ¢5)¥s(z),

the Bicklund transformation for the Sasano system

p2— p2+ Oy — 04+ 05, 05— —0s, 0Op— 0+ 0s,

11— q> ’
and a Dynkin diagram automorphism e < e4, h| < ha. We finally obtain

d d

Zafz‘l‘s (z) = Ms(2)¥s(2), 5, Fs (z) = Bs(2)¥s(2). (4.6)
The matrix Mg(z) € sog[z,z '] is described as
4 4
Mg(z) =Y &' 1hi+ Y ¢lei+qieop+(s—qr)ern+eas
i=1 i=0

+(1—qgi1)eza+sep12+e023+ (1 —5)e124+e324,
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where
, 1 n_ 1
& =5 (e +203 30+ a5 +206-2), & = (~0p—205 — a4 — o),
1 1
eé’zi(—az—om—og), 84/25(052_0‘4_055)7
and

0 =qp2tas, @ =(q1—s)p1+0ao+ 0y,
Vi 1! 1!
0 =q1—q2, @©5=p1, @ =(—-1)p2+o.
The matrix Bg(z) € s0s(z,z~!] is described as
4 4
Bs(z) = Z ! h; + Z Viei+viegs+viern+1V5ers

i=1 i=0
+vgeratvgeont +vigeoas+vierna Ve na,

where the coefficients v} are polynomials in (g1,¢2, p1, p2); we do not give their explicit formu-
las here.

4.3. From sog[z,z" ] to sy
Similarly as in the previous section, the system (4.6) can be reduced to a Fuchsian system
d d
Za*Z‘IH(Z) = M;(2)¥7(2), a‘%(z) = B7(2)¥7(2), 4.7

with 7 x 7 matrices M7(z) = M7 0+ 2zM7,1 and B7(z) = B70+2zB7,1. Then we have det(l; +zM7 ) =
(z—s)(z—s+1). It follows that the system (4.7) can be reduced to a Fuchsian one with 6 x 6
matrices. It is described as

J P
7=—W6(z) = Ms(2)¥6(2), = Wo(z) =Bs(2)¥e(2), (4.8)
dz ds
with
M 2M B B, 2B
Me(z) = 6,0 +2Me1+2 6,2’ Be(2) = 60 +2B61+2 6,27

(z=9)(z=s+1) (z=8)(z=s+1)

where Mg ;,Bg,; € 506 (i =0, 1,2); we do not give their explicit formulas here.

Recall that the algebra sog is isomorphic to the one sl4. With the aid of this fact, we can reduce
the system (4.8) to a Fuchsian system of fourth order. Furthermore, we consider a transformation of
independent and dependent variables

1 .
x=2 t=1-2, K=1-T = —sp (i=1,2).
N N S

Note that it arises from the transformation (3.1) of the case n = 2. We finally obtain

;X‘PA,()C)  Ma(x) ¥4 (), aat‘h(x) — By()¥s(), 4.9)
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with

Higher order Painlevé system and monodromy preserving deformation

My, My1 M M
 Mar Mot Moy Mty

M
4() x—t x—1 X x—t

Its compatibility condition implies the system (3.2). We do not give explicit formulas of residue
matrices here.

By a direct computation, we arrive at

Theorem 4.1. The system (4.9) is a Fuchsian system with a spectral type {31,22,22,1111}.

Remark 4.1. The system (4.9) can be transformed into the one (2.1) of the case n = 2 via certain
gauge transformation and Bicklund transformation.
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