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We study relations between the eigenvectors of rational matrix functions on the Riemann sphere. Our main
result is that for a subclass of functions that are products of two elementary blocks it is possible to represent
these relations in a combinatorial-geometric way using a diagram of a cube. In this representation, vertices
of the cube represent eigenvectors, edges are labeled by differences of locations of zeroes and poles of the
determinant of our matrix function, and each face corresponds to a particular choice of a coordinate system
on the space of such functions. Moreover, for each face this labeling encodes, in a neat and efficient way, a
generating function for the expressions of the remaining four eigenvectors that label the opposing face of the
cube in terms of the coordinates represented by the chosen face. The main motivation behind this work is that
when our matrix is a Lax matrix of a discrete integrable system, such generating functions can be interpreted
as Lagrangians of the system, and a choice of a particular face corresponds to a choice of the direction of the
motion.
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1. Introductions

Over the last 25 years a lot of research efforts have been directed towards the study of discrete
analogues of integrable systems and, in particular, on how to adapt the existing methods and tech-
niques from the classical theory of differential completely integrable systems to the discrete case.
The present paper is a small part of a larger project that aims to understand the Lagrangian structure
of discrete integrable systems directly in terms of their Lax matrices and is motivated by work of
Krichever and Phong [6], who obtained expressions for a universal symplectic form and elemen-
tary generating Hamiltonians on the space of Lax matrices for continuous completely integrable
systems. Note that a universal formula for a Lagrangian description of integrable systems in the
continuous case was obtained by Zakharov and Mikhailov [14].

For discrete completely integrable systems, the Lagrangian point of view has been developed
in the classical papers by Veselov [12, 13] and Moser and Veselov [8]. Recently a very promising
approach to the study of Lagrangian structure of integrable lattice equations in terms of Lagrangian
multiforms has been proposed by Nijhoff and Lobb [7]. This approach is related to the notion of
multidimensional consistency formulated by Bobenko and Suris [2] and independently by Nijhoff
[9]. Although our approach is much more elementary and is based on the notion of the refactor-
ization transformations, as in the original work of Veselov and Moser, the resulting combinato-
rial diagrams encoding such transformations are reminiscent of the multidimensional consistency
approach, and it will be very interesting to see if this is more than a pure coincidence.

The appearance of refactorization transformations in the theory of discrete integrable systems
is not very surprising. Indeed, a discrete analogue of the Lax Pair representation is the isospectral
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Anton Dzhamay

transformation I.(z) = R(z)L(z)R(z) !, where L(z) is the Lax matrix of the system and R(z) is the
evolution matrix that has to be chosen in a special way dependent on L(z). When L(z) is a rational
matrix function with the fixed singularity structure, one can specify elementary evolution matrices
R(z) using pairs of points p. on the spectral curve I" of L(z) and the eigenvectors of L(z) at those
points, and choosing those points to lie above the points of the determinantal divisor of detL(z)
corresponds to factoring L(z) = L; (z)B2(z) and mapping it to L(z) = B2(z)L(z), i.e., by choosing
R(z) =B (2).

In describing such refactorization transformations it is essential to choose a good coordinate
system on the space of Lax matrices. The natural candidates for the coordinates are the eigenvectors
of L(z) and L(z)~'. However, for the refactorization transformations another important class of
vectors consists of vectors defining elementary building blocks. The relationship between these two
sets of vectors is quite complicated, and in an attempt to understand it we noticed a very elegant way
to represent this relationship using geometric diagrams described in the present paper. Although
we restrict our attention to the quadratic case when L(z) is a product of two blocks and when
there is no essential difference between the vectors of the additive and multiplicative representation,
it is still quite interesting. Indeed, such refactorization transformations describe, for example, the
change of polarization in the interaction of soliton solutions of the matrix KdV equations [5] and
integrable discrete vector nonlinear Schrodinger equations [10]. Further, in [4] we showed that
for two-dimensional matrix functions the directional dynamics of the eigenvectors is described by
difference Painlevé-V equation.

We plan to use the tools developed in this paper to study the higher dimensional case which
considers products of three and more elementary blocks and, in particular, the relation to Yang-
Baxter maps, in a separate publication.

This paper is organized as follows. In the next section we briefly describe a particular class of
Lax matrices that we consider, their additive and multiplicative representations, and the notion of an
elementary divisor — a building block for a multiplicative representation. In Section 3 we explain a
visual representation of some linear equations involving elementary divisors and in Section 4 we use
this visual representation to describe the relations between eigenvectors of a quadratic Lax matrix.
We also show how to use the resulting cube diagram to generate the Lagrangian functions of the
refactorization transformations.

2. Preliminaries

The main goal of this section is to describe the space of Lax matrices, their additive and multiplica-
tive representations and related coordinate systems, and briefly review the relationship between
isomonodromic transformations and discrete Painlevé equations, see [4] for details.

2.1. The space of Lax Matrices

We consider the space . of rational m x m matrix functions L(z) satisfying the following con-
ditions. We assume that L(z) is regular, diagonalizable (and diagonalized) at some normalization
point zo that we take to be zg = oo,

Lo = lim L(z) = diag{p,.... pm}. 2.1)

We also assume that the singularity structure of L(z), i.e., points where L(z) has a pole or becomes
degenerate, is accurately represented by its determinant, and that the determinant is generic, i.e., it
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Combinatorics of Matrix Factorizations and Integrable Systems

has only simple zeroes and simple poles. This amounts to requiring that L(z) is holomorphic except
for simple poles at the points z1,...,zt, M(z) = L(z)~! is holomorphic except for simple poles at
the points (j, ..., §, all z; and {; are distinct, and

[le(z—Ca)
[Te(z—z)

These conditions mean that the residues L; = res;, L(z) and M; = —res;; M(z), where the neg-
ative sign here is just for convenience, are matrices of rank one. Using the T symbol to indicate a

detL(z) =p1--- pm 2.2)

row vector, we have:

=Lo+ Z 2 where Lo = diag{p,...,pn} and L; = a,-bj, (2.3)
i=1 1
[T (z— &)
detL(z) =p1- pm—p——"7, 2.4)
Hﬁ:l(z—zj)
k
M.
L(Z)_] :M(Z):MO—ZZ_E, WhereMozLa]7 Mj:cjdj_’ (2.5)
i=j J

The above representations of L(z) and M(z) are called additive representations and the vectors a;,
bj (resp. ¢;, dj) are called additive eigenvectors of L(z) (resp. M(z)). Note that these eigenvectors
are also characterized by L({y)cq = M(z;)a; = 0 and dyL({y) = b/M(z;) = 0.

Let 2 =Y,z — Y. §; be the divisor of the (determinant) of L(z) and denote the space of matrices
L(z) satisfying conditions (2.3)—(2.5) by .#7 . Then eigenvectors give coordinates on this space, as
described by the following lemma.

Lemma 2.1. Generically, the collection {ay, d};};’:l (or the collection {ck,b,i }e_ ) is a coordinate
system on the space M.

Proof. Consider the equations M(z;)a; = 0 and d/ L({;) = 0

u dTa " dfa
Ly ak—ch =0,  dLo+ ) b =0. (2.6)
- Cl k=1 Gi—u
)
Then if the matrix [;:"f 2} is invertible,
da - d'a -
— i 9k i i U f
—L'a , bl =|—% | diL. 2.7
0 Zk—Ci] k [Zk—Ci] i @7

2.2. Elementary Divisors and Multiplicative Representations

To define a multiplicative representation of L(z) we first define its building blocks. These are ratio-
nal matrix functions of the special form

G .
B(z) =1+ , where G = fg' is a matrix of rank 1. (2.8)
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We call such matrices elementary divisors [4]. If tr(G) = g'f # 0, we can consider instead of G a
rank-one projector P = f(g'f)~!'g’. Then we can write

— & fof — — 70 fot
20 Coi detB(z):Z C07 B(z)_1:I+CO 20 1g

B(z) =B(z20,&) =1 , .

(2.9)

If we now pair the zeroes and poles of detL(z) in some way as ({;,zs), then, for any such pair,
there is a multiplicative component of L(z) of the above form. There are two ways to think about
such components — we can look at factors or at divisors, see also [1].

Definition 2.1. We say that elementary divisors B} (z) (resp. B.(z)) corresponding to pairs (s, zs)
are right (resp. left) divisors of L(z) if L(z) = L%(z)B%(z) (resp. L(z) = B.(z)L.(z)) where L(z)
(resp. LL(z)) is regular at z;. Further, we say that elementary divisors B,(z) corresponding to pairs
(&,25) are the factors of L(z) if L(z) = LoB, (z) - - - Bi(2).

In [4] we showed that left and right divisors can be written explicitly in terms of the eigenvectors
of L(z),

Ts — Cs csbz
Z—2Z biey

Zs — Cs asdz
2—2 dla,

B/ (z) =1+ Bi(z) =1+ (2.10)

and so the coordinate systems described in Lemma 2.1 are just parameterizations of Lax matrices
by left (resp. right) divisors. When L(z) has only two factors, which is the quadratic case that we
focus on in this paper, there is no essential difference between divisors and factors.

2.3. Re-factorization transformations and d-Py

We now consider the refactorization transformation in the quadratic case. Let
L(z) = LoB1(2)B2(z) = B (z)LoBj (z) = B (z)LoB5(2) (2.11)
Then we can consider either isospectral transformation with R(z) = Bj(z),
L(z) = By(2)LoB] () L(z) = B} (2)B}(2)Lo = By (2)LoB/ (2), (2.12)

or isomonodromic transformations

L(z) = B5(z)LoB/ (z)— L(z) = B} (z+ 1)B}(z)Lo = B} (z)LoB/ (2). (2.13)

When m = 2, the resulting phase space is two-dimensional and it possible to introduce the so-
called spectral coordinates (7, ) on the space of Lax matrices. Then, in the isomonodromic case,
the spectral coordinates of L(z) and L(z) are related by the difference Painlevé V equation in the
Sakai’s classification [11], see [4]:

3 pilki —z21+ &) palko—z1+ G+ 1)
= 2.14
T+r=2+0+ o T —— : (2.14)
_ T-2)7-&)
AT=p1p2—— % - (2.15)
-4

In [3] we proved the following
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Theorem 2.1. The equations of both the isospectral and isomonodromic dynamic can be written in
the Lagrangian form with

L(X,Y,1) = (z2 — 21 () log(x[x2) + (21 () — &) log(y Ly 'x2) (2.16)
+(& = Gi(1)log(y{Lg 'y2) + (&1 (1) — 22) log(x]y2), (2.17)

where X = (x1,x}) and Y = (y1,y,), in the isomonodromic case z;(t) = z1 —1, {1 (t) = & —t, and
in the isospectral case z)(t) = z1, i (t) = {1 and £ (X,Y) is time-independent.

Here x|, X, y|, y; are some eigenvectors of L(z) and L(z).

The main goal of the present paper is to give a combinatorial-geometric representation of this
generating function.

3. Linear Equations given by Elementary Divisors and their Geometric Representation

In studying the relationship between various eigenvectors of L(z) we mainly work with linear equa-
tions of the form v ~ B(z*)w and v/ ~ wB(z*), where ~ means that the two vectors are proportional
and B(z*;z0, §o) is a matrix of the form (2.8) evaluated at some point z*. In this section we give a
diagrammatic representation of such equations using the language of elementary triples.

3.1. Basic Definitions

In what follows, let V be an n-dimensional complex vector space whose elements are column vec-
tors, V.~ C", and let V' be its dual-space. We think of elements of V' as row-vectors and denote its

T

elements as q" € V7 ~ (C")". Our main definition is the following.

Definition 3.1. Let 4; € PV, i = 1,...3, be one-dimensional linear subspaces of V and uf € PV'
be a one-dimensional linear subspace of V. We say that (A;,4,,43) form a u'-based triple with
parameters (o, 0, 03), a; € C\{0}, if the following conditions hold:

o A ¢ keru for all i;
o Ai#Ajfori# jbut A; C Aj+ A forall i, j, k.
SR 05 o3

* L T e M T Rt

A
i=1 ,I.L-WL,- 2+

A3 =0.

The last equation above adjusts the “slope” of A; w.r.t. A; and A4 and it should be interpreted in
terms of spanning vectors. To that end, let 4; = Span:{p;} and u* = Spanc-{q'}. Then we require
that the vectors pi, p2, and p3 are linearly dependent but pairwise independent, q'p; # 0 for all i,
and the last equation takes the form

3

(04] o (0] (07}
P = p1+ p2+ p; =0. 3.1
i; qpi qd'ps q'p> q'p3

Note that this equation is homogeneous and so is independent of the choice of basis vectors. We
represent such triples by diagrams of the form
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)\3 P3
[0 %} asg
Qg MT (&%) aq qT Q2
A1 A2 P1 P2,

where we use the black circles for subspaces of V (or their basis vectors) and white circles for
subspaces of V7. In what follows, we switch freely between subspace and vector formulations.

It is clear that o;s are defined up to a common multiplicative constant and satisfy
o+ o+ o3 =0. (3.2)
Moreover, given q', there is a unique vector [p;] = [p]+ € A; normalized by the condition ¢ [p] =1,
i.e.,
Pi

pil=—— €A, (3.3)
q'p:

where p; is any non-zero vector in A;. Then, in terms of the normalized vectors, the linear depen-
dence equation (3.1) becomes
0[] + o [pi]

o1[p1] + oo[p2] + oz[p3] =0 or pi] = T ot i, j,k all distinct, (3.4)
j

which explains the interpretation of this equation in terms of “slopes”.

Definition 3.2. We define the A-based dual triples (W, 1y, 13) with parameters (B, B2, B3), Bi €
C\{0}, where A € PV is a one-dimensional linear subspace of V and y € PV*,i=1,...3, are one-
dimensional linear subspaces of V' in exactly the same way, and represent them by the following
diagrams:

B A B2 B p B2
j : al a}

Finally, the behavior of the triples under the action of GL(V) is described by the following
obvious Lemma.

Lemma 3.1. Ler A € GL(V).

(i) If (M, A2,A3) is a u'-based triple with parameters (0, 0n,03), then (A1, Ady,AN3) is a
u' A~ -based triple with the same parameters (0,0, 03);

(ii) dually, if
(,uf,,u;,u;) be a A-based triple with parameters (B, B2, B3), then (,ulTA*I,,uZTA*l,u;A*I)
is an AA-based triple with the same parameters (B, B2, B3).
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3.2. Elementary Divisors and Triples

We now turn our attention to the study of the relationship between triples and elementary divisors.
The following Lemma is immediate.

Lemma 3.2. Let

w-6opa’ _, ZO_CO[p}q"‘:IJFZO_CO

B:I+ * T * *
Z7—20qQ'pP 77 =20 " —20

rla'], (3.5)

[p] = [ply+ and [q"] = [q']p. Note that we can normalize either p or q', but not both. The choice of
which one should be normalized depends on whether we think of B as acting on the elements of V
or V. Then

(i) Vectors p and q' are the eigenvectors of B,
=& ¥

qTB:*iq, szz*_&;op7 where detB:Z*_CO.
¥ =20 ¥ =20 ¥ =20

(3.6)

(ii) For any vector w such that q'w # 0, and for any row-vector w' such that w'p # 0, using
normalized vectors we get

+ 10— CO T
7 —go A (w'p(B—1I) = -2 [a']p- (3.7

B-Dwly = 2= D)

(iii) Ifv=Bw, then [v]y = (z* —20)/(z* — §o)B[Wly+, and so (W, p,v) form a q"-triple with param-
eters (z* — 20,20 — G0, §o — 2*). Similarly, if v = w'B, then [v'], = (z* —20)/(z* — {o)[w']pB
and (w',p",v") form a p-triple with parameters (z* — 29,20 — o, §o — 2*).

(iv) Conversely, for any q'-triple (p1,p2,p3) with parameters (o, 0, 0),

_ o (2T 10
p3] = PP (I+ a p2lq > p1] = P aqT (061 log(q pl)—l—(leog(q pz)), (3.8)

and for any p-triple (qf, q;, qg) with parameters (B, B2, B3),

laf] = B lil 5 [q1]< gzp[qzo BIJ]F ﬁsz(ﬁl log(qu)Jrﬁzlog(qip))- (3.9)

3.3. Gluing Properties

The following two Lemmas show that any two triples with matching parts can be “glued” together
and then completed into a cube in such a way that any vertex of the cube makes a triple. More
precisely, the Face Lemma shows how to glue two triples of the same type that share two vertices,
and the Edge Lemma shows how to glue two triples of different type if the center of one is the end
of the other and vise-versa, and the common edge parameters coincide.

Lemma 3.3 (The Face Lemma). Let the pairs pi,p2 € V and qT, qz € V7 be linearly independent
and not-orthogonal, q;p j # 0, and let o, 0, B1, B2 be any non-zero complex parameters. Then the
quad
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can be completed to a cube with

i=—(u+aw), B=—Bi+h) n=—(u+th) r=-(n+p), (3.10)

and some other parameters 04, 0, By, Bs,

so that at each vertex the corresponding triple condition is satisfied. Moreover, if the parameters
satisfy the additional cyclic condition

o +ox+ P +B=0, (3.11)

on the initial face, then the same condition is satisfied on the remaining five faces, and so

oy=—P, as=-Pi, Ps=—-0, PBs=-—0. (3.12)
Further, let
£ = oy log(qjp1) + axlog(q}p2) + Bi log(aip1) + B2 log(q]p2). (3.13)
Then
9.7 0. Y Y7
[Pl]qT = a387qr [P2]q§ = ﬁ387q;7 [Ql]m = YlTpla [Qz]pz = YZTP]- (3.14)

Proof. First, note that the normalized outside vertices are uniquely determined by the given data,

o [pil g + 0a[paly Bilp1]g; + Balpal

[P1]y; = o+ 0 [Pl = BB (3.15)
T T T T
[QHPI _ o [ql]ap; igi [95]p, [Q;]pz _ az[ql](zigz[(h]pz. (3.16)

Thus, to prove the theorem we need to show that it is possible to find the parameters o, ¢, B4, Bs
so that

utas=o+0, Pit+Ps=B+Ph, wutPi=o+pB, as+Bs=m+p, ((3.17)
Co-published by Atlantis Press and Taylor & Francis
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and that the following equations hold at the outside nodes:

Q: Py +AlPy +nlpilg =0 (3.18)
Q;: [P1]g; + Bs[P2; +12lp2lgy = 0 (3.19)
Pi: ouQllp, +05[Qllp, + a3lqllp, =0 (3.20)
Py Bi[Qlp, + Bs[Qile, + Bslajle, =0. 3.21)
Using the change of normalization rule
[mm—q?mu, (3.22)
qp

the first equation, when decomposed in the spanning basis p1,pz, becomes the following system:

T P T
( % ql >a1Qpl+<ﬁll_3:Bzg2TP22> ﬁlQTlpIZOCH-ﬁl

o+ QJ{PI q1P1 q;P1 (3.23)
o qP a a;p> N B 4P By =
a+mQP ) q Bi+BQip, )
11 q1p2 1 2 Q1 2
Solving it gives
Fo
¥ q,P19,P19,P2
o = Pa(an + aa)(an + B1)[Qilp, [P1] e e (3.24)
(09} ﬁzqulqlpz — 062,31(11131(12132
Foo e
+ —q;P19,P19;P2
B = (B +B2) (o + ) [Q]]p [P2] AR (3.25)
015295P14;P2 — %214, P14,P2
which, together with the expressions
op ~1 “au(a— K)aipigip2 — o Biq]pi1aip: 396
T (on+ ) (o0 +Br) q;P14,P19,P2
1 i B2qipiqip2 — (a —x)B
fop . o 2q2p1q1p2 2 1(11P1(l2P2 397
> (Bi+B2)(ou+Br) q/p1aipi1aip:
where Kk = o) + o + B1 + B, gives
fooo
o
oy =—Pr+x ! 1fzqulqlpz — (3.28)
a1 52q;P19,P2 — 02519, P19, P2
T
—o
B4 = —m I K : iﬁlqlplqui : , (329)
o1 Bq5p19;p2 — 02519, P19, P2
and so it is easy to see that a4 + B4 = K — 0 — B, = o + B, as required. Similarly, using
1 “a1fralpiaip2 — o (i — K)qip1gjpa
Q3 [P1]; = 5 (3.30)
(o1 +a)(on+pB) q,P1q;P29,P2
-1 a; —k)Bqpiq o
Qi [P2], = (a )BZ‘hPl‘hPZ 2B1Q1PIQQP2 (331)
> (Bi+B) o+ B) QP14 P2ap2
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and the equations at the node Q; gives

T T
—02P1q;P19q;P2
05 = =P+ K—— TB I (3.32)
(04} ﬁzqulqlpz — 062[31(11[)1(12132
T T
o

o1 Bqipiajp2 — o Bigpiaips

Similar computations show that equations at the nodes P and P, give the same values of the param-
eters, and the other constraints are easy to check. 0

Lemma 3.4 (The Edge Lemma). Let (p1,p2,p3) be a q;-triple with parameters (1, 00,03),
(qlr, q;, q;r) be a ps3-triple with parameters (i, B2, B3) with parameters (B1, B2, B3), and let oz = [33,

P3 qg

B3 = a3

B1 s B2

qal ab,

Then it is possible to glue the triples along the p3q;-edge and, by assigning parameters Y, and
Y, along the pqulr and png edges so that the sum of parameters in the new quads is zero (i.e.,

Y1 = 0 — B1 and » = o) — Br), complete the resulting “butterfly” configuration to a consistent
cube,

p1 P2

Mm=a—pB
Zg_Uo:Z,L

Proof. After choosing y; and 7 according to the above rule, this follows immediately from the
Face Lemma 3.3.

O]

4. Eigenvectors of Quadratic Lax Matrices and Refactorization

In this section we show that a cube diagram described in the previous section can be used to repre-
sent the relationship between eigenvectors of quadratic Lax matrices. Also, we show that the three
axes of symmetry of the cube connecting the centers of opposing sides can be given the following
interpretation. One of the axes corresponds to switching the coordinate system on the space from
left to right divisors. The other two axes correspond to two different directions of the refactorization
dynamics corresponding to two possible pairings between two zeroes and two poles of detL(z). For
each of this transformations we produce the explicit formula for the generating function using the
labeling of the cube.
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4.1. Relations Between Eigenvectors of Quadratic Lax Matrices

Consider a quadratic Lax matrix L(z) given in the additive form as

b’ bl T cpd!

L) =Lo+ 200 202ty SCa PO (.0
i—21 I1—22 Z—Ca Z—Cﬁ

detL(z) = et &~ o) E = 58) 4.2)

(z—21)(z—22)
Pairing z; with {y = {; and z5 with {g = {; we can write L(z) and L~!(z) in the multiplicative

B
. _ z—Gi Pi4;
form using factors B;(z) =1+ % ap’

L(z) =LoBi(2)B2(z),  L(z)' =B(z) 'Bi(2) 'Ly, (4.3)

—1 T _ 'l
and so By (z) = Ly 'BY (z)Lo = 1+ 2=be Lo @1dabo o4 g, (o) = By (z) = T+ 2= % This can also

=z dha =22 bleg
be seen directly by looking at the residues of L(z) at z; and z; and of L(z)~! at {, and Cp; in fact,
that is how the expressions for the right and left divisors are obtained. The same residues also give
the following collection of equations:

d;LoB>(z1) ~b], Bi(n)cg~Ly'ay, By(la)ea ~Lg'ay, dgLoBl(cﬁ) ~bl. (4.4
Representing these equations using elementary triples and gluing, we get the following result.

Theorem 4.1. The eigenvectors of L(z) are related by the following cube diagram:

72 — (g Lalag

Note that in this diagram, the fop (resp. bottom) faces of the cube correspond to parameterizing
the space of quadratic Lax matrices by left (resp. right) divisors, and so the vertical axis of the cube
correspond to the change of coordinates between these two different systems. Two horizontal axes
correspond to the refactorization dynamics.

4.2. Refactorization Dynamics

Consider now an isospectral dynamic L(z) — L(z) = R(z)L(z)R(z) "', the isomonodromic case is
similar. If we take R(z) =B (z) = Bj; ,(z), where the notation Bj; , (z) explicitly specifies the zero
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and the pole of the elementary divisor, this becomes a refactorization transformation
L(z) = LoBe;1(2)Bpa(2) — L(z) = B2 (2)LoBe:1 (z) = LoBe:1 (2)Bpa(2). 4.5)

Since we can think of the refactorization transformation as switching the roles of the left and
right divisors, Bp »(z) = Bj; ,(z) =Bj; ,(z) and B, (2) = Ly "B | (z)Lo =B}, | (), using (2.10) we
get the identifications a, = Cg» &E =by, & =L a,, and Bf = dZ,LO. Thus, on the diagram below
labels on the back face correspond to the coordinates of L(z), labels on the front face correspond
(after twisting ) by L Uand a}; by L) to the coordinates of L(z),

T
dﬁLO z2 = (g Lalag
[ 12
& 2= Ce
—1 ~ 1 o ~
LO al ~ C(Y dT LO Y b-{

Ca — Cﬂ
z
Z9 — 21
C/? - Coz

[o,
bgwdj’—j =2 CBNéQ

B

and the generating function encoded by the right face of the cube is, up to some minor change of
notation, exactly the Lagrangian from Theorem (2.1),

Z((az,b}), (a2,b])) = (z2 — z1) log(b; ) + (21 — ) log(b]ar) (4.6)
+(¢p — Ca)log(bILo’laz) + (o —22) log(BILglaz).

Note that using the generating function given by the left face of the cube corresponds to the back-
wards motion generated by R(z) = B, (z).

The remaining axis of the cube corresponds to pairing z; with {g and z> with {g. In other words,
taking R(z) = B, ,(z) (or R(z) = B | (z) for the backwards motion),

L(z) = LoBg;; (2)Ba:(2) — L(z) = Ban(2)LoBg;1 (2) = LoBp;1 (2)Bac(2), 4.7

we get the following map

diLo ~ bl _
pHo Lz —¢s LO 1&2
™ : _
Lalal ~ Cp ¢ ta -G & :
" doLo | 5
¥ :
o 7} N S
g '~ |
‘d C Nél 8
o1
= @ /Lo,. '''''''''' bT
) ," Cu_zl /(_,“ 1
- [
b]L ~ dl © (g — 22
2 a cg
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and its Lagrangian generating function

Z((a2,b]), (a2,b])) = (21 — 22) log(b}a2) + ({au — z1) log(b]ay) (4.8)
+(8p — Gu) log(b]Lg "a2) + (22 — {p) log(b{Ly 'a2).

5. Conclusions

We explained a neat and efficient way to encode the structure of refactorization transformations for
quadratic Lax matrices and their generating functions using cube diagrams. This approach also gives
different ways of choosing coordinate systems on the space of such matrices — each choice corre-
sponds to a face of the cube. It would be very interesting to see if this approach can be generalized
to Lax matrices with more than two factors. Since, in view of the gluing properties, cube diagrams
are rigid, we expect it to results in higher dimensional configurations relating such cubes, where
each cube represents a particular transposition of factors. In particular, the case of three factors is
related to the structure of Yang-Baxter maps and we plan to consider it in a separate publication.
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