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In this paper we consider a semi-classical variation of the weight related to the g-Laguerre polynomials and
study their recurrence coefficients. In particular, we obtain a second degree second order discrete equation
which in particular cases can be reduced to either the gPy or the gPy; equation.
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1. Introduction
1.1. Orthogonal polynomials

One of the most important properties of orthogonal polynomials is the three-term recurrence relation
[6, 13]. For a sequence (P,),>0 of monic polynomials (of degree n in x) orthogonal with respect to
a positive measure y with support on the real line

/Pn(x)Pm(X)d,U(X) :Cnsn,mv Cn>07 n,m:0,1,2,..., (L.1)
where 6, , is the Kronecker delta, this relation takes the following form:
xPn(x) :Pn+1(x)+anpn(x)+ﬁnpn71(x) (L.2)
with the recurrence coefficients given by the following integrals
1
n

1
a= g [, B g [P 0 du() (13

The initial conditions are taken to be ByP-; = 0 and Py = 1. In this paper we use the following
expression for monic polynomials:

P(x) =x"+ 7y . (1.4)
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In this paper we will work with a weight function w on the positive half line, so that the orthogonality
conditions can be written as

/0 " P P2 W(x)dx = Cam. (1.5)

The recurrence coefficients can be expressed in terms of determinants containing the moments of
the orthogonality measure [6]. For classical orthogonal polynomials (Hermite, Laguerre, Jacobi) one
knows these recurrence coefficients explicitly in contrast to non-classical weights. The recurrence
coefficients of semi-classical weights obey nonlinear recurrence relations, which, in many cases,
can be identified as discrete Painlevé equations; see [4] and the references therein. The Painlevé
equations (both discrete and continuous) have many important applications in mathematics and
mathematical physics; cf. [7, 12, 16]. Relations between the semi-classical orthogonal polynomials
and the continuous Painlevé equations can be found in, for instance, [2,9,11,15]. Relations between
the semi-classical orthogonal polynomials and the discrete Painlevé equations can be found in, for
instance, [1,4, 14, 17] and the references therein.

In this paper we consider the recurrence coefficients of the generalized g-Laguerre polynomials
for the weight function

(1) = 2P /%)== P2 /%5 4)

) (1.6)
(—x%¢%)eo(—4* /3% 4%)
where x € (0, +), |g| < 1, p1 >0, p» >0, p1p2 < ¢*~%, o > 0. Here
(a:9)e = [T(1 —aq").
k=0
The case p; + p2 =0, p1 p» = —p was considered in Section 7.2 [1]. It was shown that the recurrence

coefficients are related to the g-discrete Painlevé equation gPy. A particular case when p = ¢* was
considered in [4]. The proof was based on the compatibility of the ladder operators for orthogonal
polynomials [5].

1.2. Ladder operators

In the case of continuous g-orthogonal polynomials on the positive half line, the ladder opera-
tors were first considered in [S]. We repeat the main statements which we use later on to be self-
contained following [5] and Section 1.3 [1].

The g-difference operator is given by

)
(Dgf)(x) = { o

Let us define the function u, called the potential, by the following formula:

_7Dq71w(x)
u(x) = o) (1.7)

Then the polynomials satisfy the following lowering equation:

DyPy(x) = Ap(x)Pi—1(x) — B (x)Py(x),
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where the functions A, (x) and B, (x) are given by

anla) = 7 [T 8, 0w 18)
By(x) = Cnl_l /0 i u(q;i:;l(y)Pn(y)Pn—l(y/Q)W(y)dy- (1.9)

Furthermore, the following relations (compatibility conditions) hold:

n

Byi1(x) +By(x) = (x— ay)An(x) +x(g— 1) ZAj(x) —u(gx), (1.10)
=0
1+ (x— oty)Byur1(x) — (gx — ay) Bp(x) = Busr1Ans1(x) — BrAn—1(x). (1.11)

In addition, we have the following identities:

| B0 apwr)dy =0

and

1) 1 _ qn+1
/ ) Bt 0)Fa(y/q)w(y)dy = ————a&.
0 q

They are due to orthogonality and the integration by parts formula

| renusis == [ gD, s

where the good behaviour of the weight near zero and infinity guarantees that this formula can be
applied.

2. Main Result

In this section we prove the main result for the recurrence coefficients of monic orthogonal polyno-
mials with respect to the weight (1.6).

Theorem 2.1. The recurrence coefficients ., and B, in the three-term recurrence relation for monic
polynomials

XPy () = Poy1(x) + 0P (x) + BuPu—1(x)
for the weight

wix) = 2P/ ) —p2/x: )
(=x%G%)eo (=% /%% G%) oo

with x € (0,+), |g| < 1, p1 >0, p2 >0, p1p2 < ¢> %, o > 0, can be expressed in terms of the
function y,, which satisfies the second order second degree discrete equation

(cﬁ — bnb,,,l)2 — anan,lcn(cﬁ +bubp—1) — ci(aﬁbn,l —i—aﬁflbn) =0,
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with

an=q""" (p1+p2),

by = " (yus1yn—p1p2g %),

_ qnfl (yn + q_a)(yn + p1p2q_2)
! Yt q e ’
where
Bi=q""(atqg "%

and

P (Y = P1P2) 0 + (14 p2)g* TN G+ 4% (P12 + @ (n+Yni1)))

+(g* +q%(P1p2+ G +yus1)))? =0.

q

Proof. The method applied in the proof is based on the method used in Th. 5.3.2 [1] and earlier
in [4].
Using the definition of the weight function, it is easy to find the following relation:

el
w(x/q) = ———— w(x).
(x/4) (x+p1)(x+p2) ®
The potential (1.7) is given by
1 3—o
u(x) q q

T l—gx 1—gx(x+p)x+p2)
Next one can compute
u(gx) —u(y) _iu(y)Jrqz‘“ 1 < q Pit+p2aty >
qx—y qx L—q (y+p1)(y+p2) \(gx+p1)(gx+p2)  x(gx+p1)(gx+p2)

The functions A, (x) and B,(x) in, respectively, Eq. (1.8) and Eq. (1.9) can be found as follows. We
have
1—gx(gx+p1)(gx+p2)  1—q(gx+pi)(gx+p2)’

Ap (x)
where

T=q""(pr+p2+%—q¥%i1) (2.1)

since P, (qu)u = q"Byy1(u) +¢" (% — q¥ns1)Pu(u) +lower order terms. Thus,

n n+1
1+p2)1—
y 1= Pitr) . 2.2)
=0 q q
Similarly,
1—g" ¢ 2 :
By()=—-— L 41 o 1 -

+
x1—q 1—q(gx+p1)(gx+p2) 1—qgx(gx+p1)(gx+p2)
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with

Fp = Cnl—l /Ow P, (qu)Py—1 (u)w(u)du,

1
Cn—l

Clearly, ro = to = 0. One can further calculate r,. Indeed, since PB,(qu) = ¢"PB,(u) + (1 —
q)%q" ' P,_1 (u) + lower order terms, and using orthogonality we have

_ P +p2
qcrz—l

n /an(qu)Pn_l(u)w(u)du—i— /w uP,(qu)Py—1 (u)w(u)du.
0 0

r=1—q)nmg"". (2.3)

The compatibility conditions (1.10) and (1.11) give the following relations:

i+t pip2g (" +q = 1) =g % — T, 24)
n
Tmiitrn=—0q"+T,—(1-q) Y Tj—(¢"+4"' —q ) (p1+p2), (2.5)
j=0
Fn1 —qrn+q'(1—q)oy, =0, (2.6)
Bn+lTn+l - BnTn—l = _an(tn-‘rl _tn) + anqn(l - q)Plpszz, (27)
tht1 — qty — Oty + anrn = ﬁnJrlanrl - Bnqnil - qnil(l - LI) (Pl +p2)aﬂ' (2.8)

Using Eq. (2.1) and the fact that o, = 7, — ¥%,+1 which can be easily seen from the three-term
recurrence relation comparing the coefficients at x”*, Eq. (2.6) is trivial (i.e., the equation is automat-
ically satisfied). Similarly, using Eq. (2.1), Eq. (2.3) and Eq. (2.2), Eq. (2.5) is also trivial. Further,
using Eq. (2.1) and Eq. (2.3) we have

i —ra=1=q)(hnd" —mgd"") = (1=q)((p1+p2)g" " = T).
Inserting this into Eq. (2.8) we obtain
st = qta+ (1= q) 06Ty = Bus1g" = Pug" ™" 2.9)

Using Eq. (2.4) for replacement of o, T, in the last expression and multiplying both sides by g" we
obtain

(1 =q) +q" a1 = ¢t + (1= @)g *p1p2(d" = 47" (14+q) = Bar1g™ ' = Bag™ .
Taking a telescopic sum (i.e., summing the last expression from O to n — 1), we get
Bug™ " = (1=q") (g *+pip2g ) — (1= )p1p2g > +q"tn. (2.10)
Thus, B, is expressed in terms of ,,.
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Next, we multiply Eq. (2.7) by T,. The expression «,7, is replaced by using Eq. (2.4) for the
term ¢, —t, and by using Eq. (2.9) in another case. We also use Eq. (2.10) on the right hand side
to replace f3,. As a result we have

Bus1Tnir Ty — BaTn Tyt =ty —ty — (tasr1 —1a) (@ + P1P2g ) +2p192g" tuia
—2p1p2d" Pt +q" 21— q)(q 4 p1p2g H)pip2— ¢ (1= ) pips.
Taking the telescopic sum and taking into account that zy = p = 0, we get
BuTuTuo1 =ty —ta(q~* + p1p2g %) +2p1p2q" " *tn 2.11)
+(1=¢") g *+pip2g 2)pip2g > — (1—¢"")pipag .
Replacing ¢, and #,41 in Eq. (2.7) using Eq. (2.10) yields
Br1(Tus1 +q" ) — Bu(Tu—1 +qn_1an) = 0 (1 — Q)q_n_a_l-

Replacing oy, = 7, — ¥,+1 and T, by Eq. (2.1) on the left hand side, we get

Bui1(P1+ P2+ Y — qYur2)g™ !
—Ba(p1+ P2+ Y1 — qhr))T" ' = (1 —q)g~

a.
Taking a telescopic sum, we obtain

q2"+a_1ﬁn(p1+p2+}’n71 —CIYnH) = (q_l)?’n- (2.12)
Using Eq. (2.1) and replacing ¥,+1 = %, — O, we get

" =T,—q" ' (p1+p2+(1—q)n).

Next we replace ¥, using Eq. (2.12) and again use ¥,+1 = ¥, — ¢&,. We also express ¥, in terms of
T,—1 and ¥, from Eq. (2.1). Finally we get

0g" (1 ="' By) = T+ ¢" *BuTu1 — 4"~ (p1 + p2).- (2.13)
Next we multiply Eq. (2.13) by 7, and substitute «, 7}, into Eq. (2.4). As a result we get

(1= B g —tur1 —ta— (" +¢" = 1)p1p2g %) =
T2+ ¢ BT Tt — 4" (1 + p2) T

In the last expression we use Eq. (2.11) to replace 8,7, 7,—1 and Eq. (2.10) to replace f3,. We also
introduce a new variable

Yn=ta—q *—=(1=¢")p1p2g "
Finally, we get
T(T— 4" (p1+p2) = " Ons1yn— P1p2g *72). (2.14)
Eq. (2.11) can be written in new variables as
q""Ontqg LT = (g ) n+ P1p2g ) (2.15)
Co-published by Atlantis Press and Taylor & Francis
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since from Eq. (2.10) we have

Bx :q]_n(yn"‘q_n_a)- (2.16)

Eq. (2.14) and Eq. (2.15) can be used to eliminate 7;, and 7;,_ to get a second order second degree
nonlinear discrete equation for y, (here we mean that the equation involves y,_1, yn, ¥u+1 and is of
second degree in y,+) as follows: to eliminate 7,, one can compute the resultant for Eq. (2.14) and
Eq. (2.15). If we first rewrite these two equations as

77 —a,T, — b, = 0, (2.17)
Ty 1Ty —cn =0, (2.18)

with

an =q"" ' (p1+p2),
by =" (yur1yn— P1p2g” %),
_ ! n+q %)+ P1P2g2)

n — Y

Yntq "

this leads to
buT? | +ancyTy1 — > =0. (2.19)

Next, using this expression and Eq. (2.17) with n — 1, one eliminates 7,,_;, again by computing the
resultant. This gives

(¢2 = buby1)* — anay_1ca(c2 4 bub, 1) — c2(a2by 1 +a>_,b,) = 0. (2.20)

Substituting the expression of B, in terms of y, into Eq. (2.13) and replacing 7,,—; from
Eq. (2.15), we get an expression for o, y, and 7. Eliminating 7,, between this expression and
Eq. (2.14), we get a quadratic expression for @, in terms of y, and y, 4 :

2022 (GO T2y vt — p1pa) o+ (p1+ p2)g® T (@ + g% (p1p2 + @ On+Yni1))) O

q
+@ +4%(P1p2+ @ G+ ynr1))* =0. (221)
This completes the proof of the theorem.
]
In particular, formally if p; +p> =0and p = — p%, all a; are zero and we obtain c,21 =b,b,_1, or

in terms of y,:

On+q *)*(n+pg?)*
(qa+nyn + 1)2 :

This case was considered in Section 7.2 [1] and was shown to be a particular case of gPy after
some change of variables. If we take p; = p» =0, i.e. a special case of the previous one, we get the
equation

(ynyn—l _pqiaiz)(ynyn—&-l —PCI*O‘*Z) =

 ntq%)?
eI = (g, )

This is the g-discrete Painlevé equation gPy;;, obtained in Section 7.1 [1].
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The initial conditions for this recurrence relation can be expressed in terms of the moments of
the weight. With

o= [ o

we have from Eq. (2.16) and By = 0 that yo = —¢~ %, and from Eq. (2.21) and o = % we deduce
that

Uy pit+p2t pip2
NE 2T o T 2
Ko q Ho q

However, it should be noted that the recurrence relation (2.20) is quadratic in y,1, so when one
tries to find y, out of y,_; and y,, one still has a sign choice to make. It is clear that 3, > 0 for
n > 0, but this additional information does not seem to allow one to pick the right sign. This is a
complication that was not present in [1]. A similar remark holds when one tries to find ¢, from
yn, using Eq. (2.21). Moreover, the method of using a Painlevé equation to calculate recurrence
coefficients is usually an unstable one, see e.g. Sections 3.3 and 6.5 in [1], or [3].

Remark 2.1. ? Eq. (2.20) can be further simplified and written as follows:
(Cyzz —bubp_1 )2 =Cp (anflcn +anb,—1 ) (ancn + anflbn) .
By setting

n+q )+ P1P2g %)

a=pi+p2, Bi=q""Gni1yn—pir2g * %), Co= — ,  (2.22)
Yatqg™"
Eq. (2.20) simplifies further to
(C2—gB,B,_1)* = a*¢">C,(Cy + qBy_1)(Cu + By). (2.23)

However, the expressions of &, and 3, in terms of B, and C,, are cumbersome.

3. Discussions

There are a lot of examples which show a connection between the recurrence coefficients of the
orthogonal polynomials and the Painlevé equations, both discrete and continuous. A natural ques-
tion arises what happens if one modifies further such weights by introducing more parameters. In
this paper we studied the case of weight (1.6) and show that the recurrence coefficients satisfy a
complicated second order second degree discrete equation, which in particular cases can be reduced
to gPy or gPyy;. In a recent preprint [8] we showed that one can simultaneously consider a large class
of weights giving potential (1.7) of a certain form and derive second order second degree discrete
equations for the recurrence coefficients.

A lot of other instances of orthogonal polynomials giving rise to discrete or g-discrete Painlevé
equations are known. We give a few examples of the weight, the corresponding Painlevé equation
and a reference.

o wx) = |x|”e*x4 on R is related to dP; [10,11, 14];

4The authors are grateful to the referee for suggesting the expressions in this remark.
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k) = % on N is related to dPy; [18];

(k)
o w(x)= x% on R* is related to dPpy [4];
(x) = (g*x*;¢*)e on {q¥|k € N} is related to gPy [17];
(x) = |x|%(¢°%*; ¢%)oo(cq?x?; ¢%) e on {£4*|k € N} is related to agPy [1].
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