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In this paper we construct small amplitude periodic internal waves traveling at the boundary region
between two rotational and homogeneous fluids with different densities. Within a period, the waves
we obtain have the property that the gradient of the stream function associated to the fluid beneath
the interface vanishes, on the wave surface, at exactly two points. Furthermore, there exists a critical
layer which is bounded from above by the wave profile. Besides, we prove, without excluding the
presence of stagnation points, that if the vorticity function associated to each fluid in part is real-
analytic, bounded, and non-increasing, then capillary-gravity steady internal waves are a priori
real-analytic. Our new method provides the real-analyticity of capillary and capillary-gravity waves
with stagnation points traveling over a homogeneous rotational fluid under the same restrictions
on the vorticity function.
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1. Introduction

In this paper we consider two-dimensional internal periodic waves traveling at the inter-
face between two layers of immiscible fluids with different densities, under the rigid lid
assumption. In our context, the fluids have constant vorticity and we construct internal
traveling waves with a critical layer and stagnation points in both gravity and capillary-
gravity regimes.

A critical layer is a region of fluid consisting entirely of closed streamlines, and stagnation
points are fluid particles traveling horizontally with the same speed as the wave. Flows with
stagnation points are known [5] to be relevant for the description of background states for
tsunamis. Concerning waves traveling over a homogeneous fluid, it was observed in [3, 7] that
the strong elliptic maximum principle rules out the existence of smooth irrotational waves
with stagnation points or critical layers. On the other hand, it was shown in [31-34] that
there exist extreme Stokes waves which are Lipschitz continuous and have stagnation points
and a sharp corner at the crest. For the rotational case the picture is different. Existence of
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exact periodic traveling gravity waves with general vorticity has been established first in [6]
by means of bifurcation and degree theory, and in [8] in the case of waves with bounded
and discontinuous vorticity. By construction, the waves in [6, 8] do not possess stagnation
points and critical layers. Linear gravity water waves with stagnation points which travel
on currents with constant vorticity were studied in [15], and the exact picture of the waves
has been obtained first in [35], and later on in [9] by employing complex methods. These
waves possess at most a critical layer which is located within the fluid body.

One of the factors which can determine the presence of critical layers is the vertical
stratification of the fluid. It was recently shown in [19] that continuously stratified gravity
waves with constant vorticity may possess two critical layers and the qualitative picture of
the streamlines may be different than that for homogeneous flows [9, 35]. Another factor
is the presence of an affine vorticity distribution, situation analyzed in [13, 14], when the
waves may possess arbitrarily many critical layers. For a survey on traveling waves with
critical layers we refer to the article [16].

Internal waves are usually created by the presence of two different layers of water com-
bined with a certain configuration of relief and current. They form where the water above
and below the interface is either moving in opposite directions or in the same direction
at different speeds. A well-known example are the internal waves which move from the
Atlantic Ocean to the Mediterranean Sea, at the east of the Strait of Gibraltar. In this case
the two layers correspond to different salinities, whereas the current is caused by the tide
passing through the strait. The mathematical theory of waves at the interface between two
layers of immiscible fluid of different densities has attracted a lot of interest and we refer
to the survey article of Helfrich and Melville [20] which provides a good overview on steady
internal solitary waves in such systems.

In this paper we construct periodic steady internal waves between two layers of homo-
geneous fluids with different densities in the gravity and capillary-gravity regimes. Particu-
larly, we find solutions which possess exactly one critical layer which is bounded from above
by the wave profile. Moreover, the gradient of the stream function associated to the fluid
beneath the interface vanishes at exactly two points on the interface, meaning that, close to
these points, fluid particles located below the interface move almost horizontally with veloc-
ity approaching the wave speed. The fluid above the interface does not sense the presence
of these stagnation points. In contrast to the situation in [19], where waves with critical
layers were constructed in an unstable regime, the solutions we find are stably stratified.
While in [31, 33, 34] the wave surface is only Lipschitz continuous in a neighborhood of the
stagnation point, our solutions are real-analytic. In the pure gravity case this follows by
using a regularity result for free boundary value problems, cf. [26], whereas when capillary
plays a role we provide a new idea based on parabolic theory. It is worthwhile to mention
that our method may be applied to prove the a priori analyticity of water waves traveling
over an homogeneous fluid, when capillary effects are incorporated, provided the vorticity
function is bounded, analytic, and non-increasing even if stagnation points exist (situation
complementary to that analyzed in [21, 23]).

We determine, by using higher order expansions and elliptic maximum principles, a
precise picture of the streamlines in the fluids which could be used to describe the particle
trajectories. Due to the analyticity of the interface, one could choose also linear theory,
similarly as in [10, 15, 25, 29], to obtain an approximative picture of the exact particle paths.
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The outline of the paper is as follows: in Sec. 2 we present the mathematical model,
re-express the problem in terms of the stream functions and provide the main regularity
result Theorem 2.1. In Sec. 3 we write the problem as a nonlocal equation for the wave
profile, and use bifurcation theory to prove the existence statement Theorem 3.1 as well
as higher order expansion for the bifurcation curves. In the last section, based on Theo-
rem 2.1, we illustrate the precise picture of the streamlines for some of the waves obtained
in Theorem 2.1.

2. The Governing Equations and a Regularity Result

In this section we present the governing equations for two-dimensional internal water waves
traveling at the boundary region between two rotational fluids with different densities under
the rigid lid condition at the top. The bottom of the ocean is assumed to be flat and we
denote with S the unit circle, i.e. S stands for R/27Z. The fluid domain  := S x (—1,1)
contains two fluids layers separated by a sharp interface y = (¢, x), the wave profile, which
defines the two subsets

b ._ . t._ .
Qy={(z,y):x€Sand —1 <y <ntr)}, Q:={(y) : zeSandn(tz) <y<l}

The domain Qg contains a Newtonian fluid with constant density p, velocity field (u,v), and
pressure P, and we denote by p, (u,7), and P the density, velocity, and pressure of the fluid
located at the top. The line y = —1 is the impermeable bottom of the ocean and y = 1 is
the rigid top of the two-fluid system. Assuming that both fluids are inviscid, the dynamics
can be described by Euler’s equations (see [27] for a justification of the inviscid flow). Being
interested in traveling internal waves, we presuppose that there exists a positive constant
¢, the wave speed, such that n(t,x) = n(x — ct),

(u,v, P)(t,z,y) = (u,v, P)(x —ct,y), (u,v,P)(t,z,y) = (u,v, P)(x — ct,y),

and formulate the problem in a frame moving with the wave. The equations of motion are
the steady state two-dimensional Euler equations

(u—c)uy +vuy =—P,/p in Qg, (@ — )iy +0uy = —P,/p in QF,
(u—c)vy +vvy =—Py/p—g in Q%, (@ —c)v, +00, = —Py,/p—g in Qn, (2.1a)
Uy + vy, =0 in Qg, Uy + 7Ty =0 in Q)

subjected to the boundary conditions, see e.g. [2, 6],

P=P—on"/(1+17?p? ony=n(x),
v=0 ony=-1,
and v=(u—c) ony=mn(x), (2.1b)
v=0 ony=1, ,

T=(u—c)n on y = n(x),

with ¢ > 0 being the surface tension coefficient and g the constant of gravity. To be more
precise, we are interested in finding solutions of problem (2.1) within the class

neC™S), (uv,P)e(CT(Q))7°, (W, P)e (0 Q) (2.2)
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for some « € (0,1). Similarly as in [6], we reformulate the problem (2.1) by introducing the
stream functions v : QZ — R and ¢ : Qfl — R defined by the relations

Y Y

(u(z,s) —c)ds and Y(z,y) = / (u(x,s) — c)ds.

n()

U(x,y) ::m+/1
Here m is a positive constant fixed such that 1) = 0 on y = n(x). Indeed, taking into account
that Vi) = (—v,u — ¢) and Vi) = (—0,u — ¢) it follows, by using the chain rule and (2.1b),
that v is constant on y = n(x) and we can make this choice. Similarly, ¢ is constant on the
rigid lid y = 1, and we let m := (0, 1) be this constant. The above properties show that
the streamlines coincide with the level curves of the stream functions. Both fluids being
rotational, we introduce their vorticity by

Wwi=Uy — vy = Aty in Qg and ©:=7U, —U, =AY in Qf]
Next, we assume that
u—c<0 inQ_ﬁ’7 and uw—c<0 inQ_;f?, (2.3)

and exclude so the presence of stagnation points in the fluids. However, this assumption (2.3)
will be dropped later on, after expressing the problem (2.1) in terms of the stream functions.
This will allow us to find solutions of system (2.1) which do possess stagnation points.

Condition (2.3) guarantees [6, 30] that the vorticity is a single-valued function of the
stream function, that is, there exist v € C%([—m,0]) and ¥ € C%([0, —m]), the vorticity
functions, with

w(z,y) =v(=¢(z,y), (2,y)€ Q% and  W(z,y) = 7(_E(xa y), (w.y)€ Qg
Since, by Bernoulli’s principle, the quantities

w+;+gy_/o v(—s)ds and u+%

)
5 +gy—/ ¥(—s)ds
0

are constant in Qf] and Qf], respectively, we find, by restricting to y = n(z) that

V|2 P
VY| + gy + — = const. and

IVEIQJr +E
5 5 y Tt

To conclude, we observe that 1 and 1 are solutions of the semilinear Dirichlet problems

Atp =~(—1p) in Qb AP =75(—=¢) inQ,
=0 ony=n(x), and =0 on y = n(x), (2.4a)
Y=m ony=—1, E:m on y =1,

respectively, and they are coupled by the following equation

!

20m

o2 2 = _ ek A
pINVYI= = pIVY[* +29(p — p)y + 15 722

=@ ony=nx) (2.4b)
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for some constant @ € R. If we integrate this last Eq. (2.4b) over the unit circle, we obtain,
by taking into account that 7" /(1 +17/2)%2 = (1 /(1 +1'>)}/2)', that

Q= /S(ﬁ\vﬁlz(l‘, n(x)) = p| VY [*(z, () + 29(5 — p)n(x)) d. (2.4¢)

The integral over S is normalized such that fS 1dx = 1. It is not difficult to check that
given two vorticity functions v and 7 and a classical solution (n,,1) of (2.4), then we can
associate to this solution a unique solution of problem (2.1), even if the condition (2.3) is
not satisfied. This formulation of problem (2.1) is much more convenient because we deal
with two coupled semilinear elliptic problems. If v and 7 are such that we may solve (2.4a)
for given 7, which is definitely the case when the fluids have constant vorticity, then (2.4)
reduces to the problem of determining 7). As in [35], we remark that the solutions of (2.4) are
solutions of (2.1) for any value ¢ € (0,00) of the wave speed.

As a first result, we use in the pure gravity case ¢ = 0 a theorem on the regularity of
free interfaces from [26], which was employed in [4, 21, 22, 30] to establish analyticity of
traveling water waves without stagnation points on the profile in different wave regimes,
to prove that internal traveling waves with real-analytic vorticity functions are a priori
real-analytic. When we incorporate surface tension effects, we provide a new idea, which is
based on parabolic theory, and show the real-analyticity without excluding the existence of
stagnation points.

Theorem 2.1. Let 0 € [0,00) and assume that v and 5 are constant functions. Given a
solution (n,1,1) of (2.4) within the class (2.2), we assume, when o =0, that

Vo[> +VY]? >0 ony=n(z). (2.5)
Then, the wave profile n is real-analytic n € C¥(S).

Remark 2.1. It is clear from the proof of Theorem 2.1 that its assertion is true in the case
o = 0 for arbitrary analytic vorticity functions ~,7, provided (2.5) is fulfilled. When o > 0,
and 7,7 € C*(R) are bounded and satisfy additionally

7 <0 and ¥ <0, (2.6)

then the claim of Theorem 2.1 is still true. Relation (2.6) ensures the unique solvability
of the Dirichlet problems (2.4a), see [24, Theorem 3.3|, which permits us to express the
problem (2.4) by the Eq. (2.7). Our method may be used to prove analyticity of the profile for
traveling water waves with stagnation points in the capillary and capillary-gravity regime,
provided the vorticity function is non-increasing, cf. [22, 23].

Proof of Theorem 2.1. Assuming o = 0 first, we re-write the coupling Eq. (2.4b) in a
different way. Since the boundary conditions on y = n(z) of both problems (2.4a) imply
that the tangential component of Vi) and V¢ vanish at the wave profile, this implies

IVY[> = (9,%)* and [VY|]* = (0,9)° ony=n(=).

Here, v := (—1/,1)/(147%)!/2 is the unit normal at y = n(z). With this notation, Eq. (2.4b)
is equivalent to the following relation

F(@,y,00,0,0) = D(0,0)* — p(0,¥)> +29(P— p)y — Q=0 ony=n(z).
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Clearly, f is real-analytic in all its arguments. Furthermore, our assumption (2.5) implies
that

Fo, 5000 = Fa,6000 = 2(p(0,0)* + p(Os))?) # 0

on y = n(x), which shows that the assumptions of [26, Theorem 3.2] (see also the Remark
following it) are all satisfied and the claim follows at once.

The proof in the case when o # 0 is different. Indeed, we can reduce the problem (2.4)
(see e.g. Sec. 3) to an operator equation

/"

n
W + ¢(n) =0, (2.7)
where setting
U= {n e C¥os) Iyl < 1}, (2.8)

we have that ¢ : U — CT%(S) is a real-analytic operator with ¢(C>(S)) C C*(S).
Because we use parabolic theory later on in the proof, we introduce the small Hélder spaces
hET(S), k € N, as the closure of the smooth functions C*°(S) in C¥*(S). We define now
D :=U N h*(S), and observe that (2.7) may be written as

i
n = M?W + ¢(n), (2.9)
with ¢ € C¥(D,h'T%(S)) given by ¢(n) := 1’ + ¢(n), n € D. Indeed, one can easily see
from (2.9) that n € C°°(S), which implies n € D.
Let now & : R — h%?t%(S) be the function defined by (¢, ) = n(t+x). If we remark that
o(n(t+-)) = p(n)(t+-) for all t € R, which is a direct consequence of the unique solvability
of (2.4a) and of the fact that the variable x does not interfere into (2.4a), we find

093¢
8t§(tax) = 8x77(t+x) = 1/2 (tax) +90(77)(t+x)

(1+(0:6)%)
_ 02¢
(1 +(0,6)2)1/2

Whence, £ is a solution of the autonomous problem

S

a7 @ b +eE®)(@).

(t,2) + ot +-))(z) =

0§ = @(6), t>0, 5(0) =1, (210)

where ® € C¥(D, h*(S)) is the mapping

82
() = fad 7 T el), €€D.

(1+(9:6)%)

Given £ € D, we have 0®(€)[¢] = (1 + (0,€)%)~/202¢ + AC with A € L(R*T(S), h1T2(S)).
Using well known interpolation properties of the small Holder spaces:

(h7(8), 7 (S))g = W=7t (),

1250008-6
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if 0 € (0,1) and (1 — 0)og + 0oy € RT\N, where (-, )y denotes the continuous interpolation
method of DaPrato and Grisvard [12] (see also [1, 28]), we obtain from [28, Corollary 3.1.9,
Propositions 2.2.7 and 2.4.1] that the Fréchet derivative 0®(&) is the generator of an analytic
semigroup in £(h*(S)). In [28, Corollary 8.4.6] ensures that the unique solution of (2.10)
to the initial data £(0) = 7 is analytic, that is & € C¥((0,00), h27(S)), which implies the
desired assertion. O

3. Bifurcation Analysis and the Main Result

In the remainder of this paper we restrict our analysis to the stable regime when the fluid
in Qf] is more dense than that located above, that is p > p, and the fluids have constant
vorticity

w=yv€eR and w=75€eR (3.1)

Furthermore, the surface tension coefficient may take any value o € [0, 00).

As a first step, we introduce a constant A into the problem which will allow us to describe
the laminar flow solutions of (2.4), i.e. solutions with a flat wave profile, located at y = 0.
Later on, we use this constant as a bifurcation parameter to find non-flat solutions of (2.4).
To this end, when 1 = 0, we observe that the functions (v, 1) =: (1, ) solving (2.4a) are
given by

wy? 2

. — w .
dole,y) = - O and Y(ey) = -+ My in D, (3.2)

provided the constants m and m satisfy

(3.3)

2| gl

mz% and m= A+

Hence, given A € R, the tuple (,1,) := (0,0, 1,) is a solutions of (2.4) if the constants
m,m, and @ are given by (3.3) and (2.4c).

In order to determine non-flat solutions of (2.4) we re-write problem (2.4) as a nonlinear
and nonlocal operator equation having (), n) as unknowns. Because the domains where the
Dirichlet problems (2.4a) are posed depend upon 7, we need to transform these problems and
the Eq. (2.4b) on fixed reference manifolds. Therefore, we define the functions ¢, : Qb — Q%
and 577 : Q2 — Q) by the relations

on(z,y) == (z,y+ (L +y)n(z)) in QY and
b, y) = (z,y + (1 —y)n(x)) in Qf,

and observe that if 7 belongs to U (see relation (2.8)), then ¢, and 577 are diffeomorphisms.
We use these diffeomorphisms to transform the Laplace operator into a differential operator
on the fixed domains Qg and Qf, respectively. More precisely, setting

Almw = (A(wo ¢y1)) o ¢y, w € CPH(Q),

Amyw = (Awo g, ")) od,, e CH(Qh),
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we find the following expressions for the differential operators A(n) and A(n) :

e (LY (1+y)*n? 1 2 (1+n)y" — 212

~ 1y (1—y)*n? 1 (L—m)n" + 21"
PR Gk )L o2, — (1 — 0
AN =0 =2 O g T ) Y
for all n € U. From these explicit expressions we can easily see that the functions n —
A(n) and n +— A(n) are both real-analytic. Furthermore, corresponding to the coupling
condition (2.4b) we define the boundary operators B : U x C***(Q}) — C!**(S) and

B:U x C*T(Qf) — C1T2(S) by the relations

B(n,w) == tr(|V(wo ;)2 od,) and B(yw) :=tr(|V(@o g, )0 ,),

with tr being the trace operator with respect to the line S x {0} = S. For these operators

we find
2,,7/ 1 4 77/2 o
B(n,w) = tr(d,w)? — oo tr Opw tr Oyw + T tr(0,w)?, (n,w) €U x C*T(QY),
o o’ 1 12 -
B(n, ) := tx(0,)" - S 1777 1 8,70 tr O, + (1377)2 tr(0,W)%,  (n,W) €U x C*H(Q),

which shows that B and B also depend analytically on their variables.

To conclude, we observe that if ¢ and 1 are the solutions of the problems (2.4a) (for
some 1 € U) when w,w are constant and the constants m,m are given by (3.3), then
w:=1o¢, =T(n) and W:=1po 577 =: T (\,n) are the solutions of the Dirichlet problems

A(Mw =w in QY Amw=w  in Qf,
w=0 ony=0, and w =0 ony=0, (3.4)
w=w/2 ony=—1 wW=A+w/2 ony=1,

respectively. Since, A and A are real-analytic, and the right-hand side of the Egs. (3.4)
depends analytically on )\, we obtain that 7 and 7 are also real-analytic. For the proof we
refer to [17, Lemmas 2.2 and 2.3].

With this notation, finding the solutions (n,1,v) of the coupled problem (2.4) when
the fluids have constant vorticities and the constants m,m, Q) are given by relations (3.3)
and (2.4c), reduces to determining the solutions (A, 7) of the nonlocal and nonlinear equation

¥(A,n) =0, (3.5)
where U : R x U — C7T2(S) is given by
20.771/
(1+ 72)3/2

- /S B T(\m) — pB(1. T(n) + 207 — p)n(a)) dz, (Am) € R x U,

(X, n) =B, T(\n)) — pB(n,T(n)+29(p — p)n+

with o/ =0 if ¢ > 0 and ¢/ = 1 for ¢ = 0.
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We note that the laminar flow solutions found at the beginning of the section are in
correspondence with the trivial solutions (A, 7) = (A, 0) of (3.5). By applying the bifurcation
theorem from simple eigenvalues due to Crandall and Rabinowitz [11] to Eq. (3.5) we show in
Theorem 3.1 that infinitely many analytic branches consisting of non-flat solutions of (2.4)
intersect this trivial set of solutions of (3.5). To this end, we restrict first the domain and
range of U. This is done by introducing the subspaces C}/'i"% (S), k, m € N, of C™*%(S) which
contain only even, 27 /k periodic functions with integral mean zero. Choosing functions with
integral mean zero corresponds to a choice of equal volumes of both liquids beneath the
rigid lid, meaning that, at rest, the flat wave profile is located at y = 0. We use next the
intrinsic properties of (2.4) to prove the following lemma.

Lemma 3.1. Let o € [0,00) and Uy 0 ev :=U N C,fj(;?év(S). The operator ¥ is real-analytic
W e C% (R X Up g0, CLGTA(S) )

and

WO\1) = 7B T (1) = B0 T0) + 200 = P+ ks

_ /S(pg(n,7(/\,77)) —pBn,T(n)))dx

for all (A\,n) € R X Uk 0,c0-

Proof. The analyticity of ¥ is a consequence of the fact that the operators 7,7, B, B are
real-analytic in their variables.

Let now (A,1) € R x Uy e, be given. Since 7 is even, we may define the functions
w (z,y) = w(—2,y) for (z,y) € QY and w1 (r,y) := W(—z,y) for (z,y) € Qf, where w and
w denote the solutions of (3.4), respectively. Since the Dirichlet conditions are constant, it
may be easily checked that w; and w; are solutions of the problems (3.4), respectively, so
that, by the weak elliptic maximum principle, w = w; and W = w;. A similar argument
shows that w and w are both 27 /k periodic in x and we obtain, by using the explicit
relations for the boundary operators B and B, that W(\,n) is 27/k periodic and even. To
finish the proof, we note, with our choice of @ in (2.4c), that ¥ (A, n) has integral mean zero
if n has this property. O

An important step in our analysis is to determine the Fréchet derivative of ¥ at the
trivial branch of laminar solutions.

Lemma 3.2. Given A € R, the Fréchet derivative 0,¥(\,0) € E(C’Iz:giv(g), Cg:(;’rg)(S)) is a
Fourier multiplier

0,V (A,0) Zak cos(kx) = Z,uk()\)ak cos(kx), (3.6)
k=1 k=1
with symbol
k
AN =2g(p—p)— k> +TpA+p Ml k> :
pur(A) [g(p p) —ok” +wp P Canh(E) ] > (3.7)
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Proof. Taking into account that 7 (0) = 1o and 7 (\,0) = ¢, for all A\ € R, we obtain from

8778(07 7/}0) =0, 811)6(07 ¢0) =0, (3 8)
0, B(0.To)n] = 22, 9, B(0, ) ] = 2\ tr 0, |
and the chain rule that
Oy w (A, 0[] = 2\ <tr<ayaﬁ<A, 0)[n)) — /S (9,0, (1, 0) ) d:c) (3.9)
+[29(p — p) + 2X\°pln + 207" (3.10)

for all n € C75% (S). We determine now the Fréchet derivative @ := 0,7 (), 0)[n]. Therefore,

we differentiate the equations of the Dirichlet problem (3.4) solved by 7 (\,7n) with respect
to n at n =0, and find that w is the solution of the problem

AW = —0A0)[npy in ), wW=0 on I, (3.11)
where, by the explicit expressions found at the beginning of the section
9A0) v = 2wn — (1 — y) @y + M)

In order to determine relation (3.6) we use Fourier expansions for functions in C7 1% (S)

and make a similar ansatz for the solution w := 8,7 (X, 0)[n] of (3.11):

n= Z a cos(kr) and w = Z ar W (y) cos(kx).
k=1 k=1

The right-hand side of the first equation of (3.11) may be then expanded as follows
—0AO)ltpor = arbi(y) cos(kz)  with by(y) := —20 — (1 — y)@y + \)k?,
k=1

and, plugging all these expansions into (3.11) and matching the coefficients corresponding
to cos(kx), yields that wy solves

W — KWy = by, 0<y<1, and w(0)=1mw(1) = 0. (3.12)

The solution of (3.12) is given by

sinh(ky) — Acosh(ky) + T(y — y*) + M1 — y), (3.13)

_ A
Dr(y) = tanh(k)

and together with (3.9) we obtain the desired relations (3.6) and (3.7). O

We recall now a theorem which provides a sufficient condition for an operator in order
to be a Fourier multipliers between Holder spaces of periodic functions.
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Lemma 3.3 ([18, Theorem 3.4]). Let r,s be two positive non-integer constants and let
(Mp)pez C C be a sequence satisfying the following conditions

(1) suppez foy IpI" [ Mp| < o0,
(i) suppez goy [PI"* T Mpi1 — M| < oo,
(iii) suppez oy [P **2[Mps2 — 2Mpi1 + M| < 0.

Then, the Fourier multiplier satisfies

> ape’™ =Y Myape” € L(CO(S),C7(S)).

PEZ PEZ

Using Lemma 3.3 and the relations (3.6) and (3.7), it is not difficult to see that 9, ¥ (A, 0)
is an isomorphism if A is chosen such that pg(\) # 0 for all integers k& > 1. To find these
values of A we solve the quadratic equation p;(\) = 0 and find the solutions

, @ tanh(k , -7 k2 tanh(k) @2 tanh?(k
; wan()H_l)l\/g(p p)ok? tanh(k) | B tank®(k)

RTTO T 5 E 4 e

We consider the case o = 0 first. Since z +— tanh(x)/x is a strictly decreasing function
mapping [0,00) onto (0,1], and, for B > 0, t — t + V> + Bt is increasing (respectively,
t — t —\/t2 + Bt is decreasing) on [0,1], we conclude that (A}) are strictly monotone
sequences. If ¢ #£ 0, we choose g > 0 such that (A}c) are strictly monotone sequences for
all o > 0g. By Lemma 3.3, we see that in both cases 877\II(A§€,0),1' = 1,2, is a Fredholm
operator of index zero having a one-dimensional kernel.

This leads us to the existence result of this paper. Besides existence of analytic curves
consisting of traveling internal waves, we determine the second order Taylor expansions
for these curves in a neighborhood of the laminar flow solutions. These expansions give us
sufficient information to provide the precise picture of the streamlines (the level curves of
the stream functions) in the frame moving with wave speed ¢, see Theorem 4.1.

Theorem 3.1. Assume that p < p and if o # 0, then let ¢ > 0g. Given k € N, k > 1,
there exists €, > 0 and real-analytic curves

(Mo i) = (—ek,28) = Rx CRE%,(S), i=1,2,

consisting only of real-analytic solutions of (3.5) of minimal period 2w /k and having exactly
one crest and trough per period. These are the only solutions of (3.5) close to (AL,0), and
for s — 0 we have

Ae(s) = Aj + O(s%), _
i=1,2, (3.14)

ni(s) = —cos(kx)s + ol cos(2kx)s? + O(s®) in C,fjgf;v(S),

with constants o, given by (3.23) (with A replaced by A}).
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Proof. We verify first that the assumptions of the theorem on bifurcations from simple
eigenvalues due to Crandall and Rabinowitz [11, Theorem 1.7] are satisfied. We already
know that, when A = A% for some k € N and i = 1,2, the Fréchet 877\II(A§C, 0) is a Fredholm
operator with

Ker 0,¥(A},0) = span{cos(kz)} and Imd,¥(A},0)® span{cos(kz)} = CE’IJ;(S).

Furthermore, differentiating (3.6) with respect to A we obtain that

, _3 2 2
af\n\I/(A}C,O) [cos(kz)] = :|:4ﬁ\/g(p 2 ok i + 2 cos(kz),

tanh(k) = 4

which implies 8/2\77\11(/\2, 0)[cos(kx)] ¢ Im 8, ¥ (A%, 0). The existence of the analytic bifurca-
tion curves follows now from the above mentioned theorem and Lemma 3.1.

We pick now a solution (A(s),7n(s)) of (3.5) located on one of the curves (A%, ni),i = 1,2,
and denote by 1) := T(n(s))ogb;é) and 1) := T (), ?7(8))05;63) the stream functions associated
to it. In order to prove that 7(s) is real-analytic, we show that the assumption (2.5) is fulfilled
provided ey, is sufficiently small. Indeed, since 7' (0) = ¢ and 7 (A%, 0) = v, with ¥y and 1,
given by (3.2), we obtain from |Vig|? 4 [Vipy* = |AL|? > 0 on y = 0 that (2.5) is satisfied
by the laminar flows (A% (0),7%(0)),i = 1,2. Choosing &5 small enough, the real-analyticity
of n(s) follows now from Theorem 2.1, by making use of the continuity of the bifurcation
curves and of the solutions operators 7 and 7.

Further on, we prove the asymptotic expansions (3.14) and show that the internal trav-
eling waves we obtain have exactly one crest and trough per period. To this end, we fix
k € N, k > 1, and, to ease notation, we let in this final part of the proof A := A};, for
i € {1,2}, and denote by (\,n) the corresponding branch of solutions (Ai,#%). Since the
bifurcation curve (A,7n) is real-analytic, we obtain from [11, Theorem 1.7] that

A(s) = A+ Xs(0)s +O(s?) and

(3.15)

n(s) = —scos(kz) + 7(s) + O(s?) in CiBiU(S),
with 7(0) = 75(0) = 0 and where the index s denotes the derivative with respect to
the variable s. Additionally, the function 7 takes values in the closed complement X, of

span{cos(kx)} in Czjgf;U(S). Proceeding similarly as in [35], we find first from (3.15) that

n = sksin(kz) + O(s?) and 7" = sk?cos(kz) + O(s?) in C(S).

Therefore, n”(0) > 0, n”(r/k) < 0, and, since 1’ is odd, we also have n/(0) = n/(7/k) = 0.
We resume that 1’ is positive on (0,7 /k) provided ej is small, meaning that the wave has
its crest located at © = 7/k and the trough at x = 0.

The next step of the proof is to determine the derivatives A;(0) and 755(0). Differentiating
the relation W(A(s),n(s)) = 0 twice with respect to s we find, at s = 0, that A\s(0) and 755(0)
are related by

—2X,(0)03 , W (A, 0)[cos(kx)] + 92, W(A, 0)[cos (kx)]* + 8, W (A, 0)[rs5(0)] = 0. (3.16)
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Clearly, we need to find the second order derivative

02, W(X,0)[cos(kz)]* = p (T— /Sfdg;> — p<1 — /Sldx>, (3.17)

where, setting £ := cos(kz), we made the following notation

I := 05, B(0,%0)[€]* — 207, B(0,%0)[¢, 0T (0)[€]]
= 94 B(0,40)[OT (0)[¢]]* — 9uB(0,0)[0°T (0)[¢]7],
T:= 03,B(0,90) [€]* + 207, B(0, v0)[€, 0, T (A, 0)[¢]]
+055B(0, $0) [0y T (A, 0)[E]J* + 05B(0, o) (07, T (A, 0) [€]7].

(3.18)

In view of (3.2), we compute
05y B(0, o) [€]° = 24%(3€ +€7),
025B(0,1)[€, 7] = 4AE tr 9,0 — 26" A tr 0,7,
O5wB(n, w)[v]* = 2tr((8,9)* + (9,0)%),
B0, w)[v] = 2t2((950)* + (9yv)?),
02,B(0,4) = 92,,B(0,1) = 0,

and, recalling (3.8), we have 0,,3(0,19) = 0. Consequently, we need to determine only the
derivatives 97 (0)[¢] and 83,7 (A,0)[£]* to obtain an explicit expression for the right-hand
side of (3.17). Concerning 97 (0)[{], we have to study a linear Dirichlet problem similar
to (3.11), and one finds

AT (0)[cos(kx)] = w(y® + y) cos(kx). (3.19)

As for the second order derivative, we differentiate the Dirichlet problem (3.4) for w twice
with respect to n and obtain, at n = 0, that v := 6727777(/\,0) [€]? is the solution of the
problem

AT = —20A(0)[¢]0,T (A, 0)[€] — 0*A(0)[€, €]y in Q), T=0 ondQf, (3.20)
where
O°A0)[€]%g = D(2(1 — y)*€” +66%) — (1 — y) @y + A)(4€” + 2¢¢"),
OA(0)[€]0,T (A, 0)[€] = (—2(1 — y)&'D7, + 260, — (1 — y)€"0,)(8,T (A, 0)[€)).

By (3.13), we have 0,7 (A,0)[cos(kz)] = wy(y) cos(kz), so that we can express the right-
hand side of the first equation of (3.20) as follows

20.A(0)[€10,T (A, 0)[€] + D*A(0)[€]*W = Eo(y) + Eak(y) cos(2kz),
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whereby
Eo(y) == —w+ 2k2A(% - cosh(k;y)) —(1- y)k3A(% - sinh(k;y)),
Fop(y) == —w+2k°T(1 —y)* + 214:2/\(% - cosh(ky))

+3(1 - y)k3A(% - sinh(k:y)).

Due to the linearity of (3.20), we write 97,7 (A, 0)[cos(kx)]* = c(y) + di.(y) cos(2kx), with
¢i denoting the solution of (3.12) when (k,b;) = (0, —Ep) and dj, being the solution of (3.12)
with (k,by) are replaced by (2k, —Eay). Since all Fréchet derivatives of 7 and 7 with respect
to 1 have zero boundary values, of relevance for our purpose are only the first derivatives

¢h(0) == —k*A - =,

kA 2k? A _ ki
+ Y R R
tanh(k)  tanh(k)tanh(2k) tanh(2k)

d;.(0) := —k*A —

Summarizing, we have shown that

I = w? + w? cos(2kz),

- kA 2 2k
I=——+w @02 + Aw — A%E?
<tanh(k:) + w> + tanh(k) T A

cos(2kx).

N RA 2 N Ak2A2 LKA s
tanh(k) tanh(k) tanh(2k) = tanh(2k)
Recalling (3.17), we find that 07, W(A, 0)[cos(kx)]* = Ay cos(2kz), whereby

kA 2 4k2A2 2kwA
A= || —— 4+ @ —3K2A%| — pw?. (3.21
F [(tanh(k) + w) * tanh(k) tanh(2k) + tanh(2k) ] P (3:21)

To finish, we observe that 872777\II(A,O) [cos(kx)]? belongs to Im 8, ¥(A,0), meaning that
cos(kzx) is orthogonal on 872777\II(A,O) [cos(kz)]? in La(S). Whence, if we multiply the rela-
tion (3.16) by cos(kz) and integrate it then over the unit circle, we get that \s(0) = 0.
Moreover, since the restriction 0,¥(A,0) : Xo — Im9,¥(A,0) is an isomorphism and
7ss(0) € Xo, (3.16) yields

Tss(0) = —(OH\I/(A,O))_IG%\II(A, 0)[cos(kz)]?. (3.22)
Setting
Ay
Qg = — , 3.23
g 2p2k(A) (3.23)
we conclude from (3.6) that 755(0) = 24 cos(2kz), and together with (3.15) we find the
desired expansion for n. This completes the proof. ]
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4. Streamlines for Internal Waves with Stagnation Points on the Profile

In the remainder of this paper we restrict our considerations to the curve ()\}f,n,i) and
denote by (A, n) a solution of (2.4) which lies on this curve. As in the proof of Theorem 3.1,
we write ¢ and 1 for the stream functions associated to this solution. The next theorem
shows that the traveling wave solutions found in Theorem 3.1 possess points which are
stagnation points when considering the wave profile as a part of the fluid located below,
but loose this feature when considering the interface as being a part of the fluid located
above. Particularly, as we approach these points, the velocity (u,v) of the fluid particles
located below the wave profile satisfies (u,v) — (¢, 0).

We shall exemplify this in Theorem 4.1 in the particular case when @ > 0 and w > 0.
We may choose also w < 0, and only the orientation along the streamlines beneath the wave
profile has to be changed in Fig. 1. Allowing @ to be negative, we may obtain stagnation
points within the fluid located above. However, the picture of the additional critical layer
we could obtain in Qf has been studied in detail in [9, 19, 35].

Theorem 4.1 (The streamlines in the moving frame). Additionally to Theorem 3.1,
assume that W > 0 and w > 0. Then, within a period, the streamlines corresponding to a
solution (A, n) on the curve (A}, n}.) are qualitatively described in Fig. 1. Particularly, there
exists a critical layer consisting of closed streamlines which is delimited from above by the
wave profile and from below by a separatriz which connects two stagnation points (solutions
of Vi = 0) which are located on the wave profile. Furthermore, there exists exactly one
more stagnation point which is situated in the center of the critical layer.

In order to prove Theorem 4.1, we rely on the expansions (3.14). Compared to [19, 35]
the situation we consider is more degenerate, because, by our choice (3.3) of the constants,
bifurcation occurs when g, = 0 on y = 0, and we need second order expansions for the
bifurcation curves, cf. (3.14), to be able to analyze the streamlines within the fluid domains.
First, we prove the following proposition.

Proposition 4.2. Let (A\,n) be located on the bifurcation curve (A, ni), and define

Q= {(z,y) € QZ 10 <z <7/k}.

0 w/k 27 [k

Fig. 1. This figure illustrates the streamlines in the moving frame in the case when w > 0, @ > 0, and
A= A,lc. The dashed blue curve is the critical level where 1y vanishes and the dashed red curves consist
only of points where 1), vanishes. The critical layer of closed streamlines is located between the wave profile
and the separatrix (the thick line below the wave surface) which connects the two stagnation points on the
wave profile. A further stagnation point is located below the wave profile on the line x = 7/k (color online).
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If €1 is small and w # 0, we have the following properties:

(a) If w >0, then_ay >0 in Qf] and 1, (x,y) < 0 for all x € (0,7/k) and n(z) <y < 1;
(b) wibyy >0 in QF;
(¢) There exists a unique point ¢ € (0,7/k) with {( = w/(2k) + O(s), and a continuous
curve ye : [0,2m/k] — R which satisfies
(i) ye(z) =n(z) for x ¢ (¢,2n/k—C) and —1 < yc(x) < n(x) for allx € (¢, 2m/k—();

(i) wiy > 0 for o € (C,2n/k — ¢) and y € (ye(a),n(a)], by (z,9c(x)) = O for all
x € [¢,27/k — (], and wip, <0 elsewhere in QF;

(d) There exists a curve x = £(y) : [—1,y5] — (0,7/k) such that (£(yp),yp) is a point on
the wave profile and

wihgy(z,y) >0, ify <yp and z <E(y);
wihgy(2,y) =0, if v =&(y); (4.1)
wWhgy(x,y) <0, ifyy <y or [y<uy and{(y) <z < m/k].

Moreover, £ = w/(2k) + O(s) uniformly iny € [—1,yp).

(e) There exists a curve x = £(y) : [=1,7) — (0,7/k) such that (£(7,),7,) is a point on
the wave profile and

wipg(z,y) >0, ify <7, and x < E(y);
wibg(z,y) =0, if z=E(y); (4.2)
wipp(z,y) <0, ify>7, or [y<y, and {(Y) <z < /k].

Moreover, (¢, yc(C)) = (£(s),Tb) and € = m/(2k) + O(s) uniformly in y € [~1,7].

Proof. To prove the claim (a), we recall that Eﬂ,y = 2wy + A}, > 0 in ﬁg. Using the
continuity of the operator 7 and of the bifurcation curve (A,lc, 77,1) it follows that Ey > 0 in
Q; Furth(irmore, we notice that Ex(f,n(fc)) = —n’(:c)ay(fc,n(x)) < 0 for all z € (0,7/k),
and since 1) is even in = we find that ¢, < 0 on the boundary 0€, whereby ; := {(x,y) €
QL : 2 € (0,7/k)}. Recalling the second equation of (2.4a), we find that A, = 0 in €; and
the claim (a) follows from the strong elliptic maximum principle.

We consider in the remainder of the proof only the fluid located below the interface 7.
The functions n and ¢ being both even functions, it suffices to restrict our considerations
to the domain 4. In order to prove (b) and (c), we use the first order Taylor expansion

w2 _
w:=T(n) =T(0)+ 97T (0)[n] +O0(s?) = Ty — 507 (0)[cos(kx)] + O(s?) in C*T(QY).

Recalling (3.19), we get

w = % — sw(y? +y) cos(kz) + O(s?) in CHQ(Q_g). (4.3)

Since Y(z,y) = w(z,(y — n(x))/(1 + n(z))) for all (z,y) € N y» We immediately obtain
the assertion (b). Furthermore, at y = —1, we have that d,w(-,—1) = —w + O(s), while
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differentiating (4.3) at y = 0, yields
dyw(x,0) = —swcos(kz) + O(s?).

Repeating the arguments in the proof of Theorem 3.1, we find that wd,w is strictly
increasing on [0, 7/k]. Since wdyw(0,0) < 0 and wdyw(w/k,0) > 0, we deduce that there
exists a unique ¢ € (0,7/k) such that 9,w(¢,0) = 0. By virtue of (b), we find for each
z € (¢, m/k| a point y¢(x) € (—1,0) with the property that wd,w(z,y) < 0 for y < y¢(x)
and wdyw(zx,y) > 0 for y > y¢(x). The mean value theorem shows that ¢ is close to 7/2k
in the sense that ( = 7/(2k) + O(s). We appeal now to the fact that J,w is even to obtain
the desired conclusion (c).
In order to prove (d) and (e), we are obliged, to use a better approximation for 7 (n)

w="T() = T(0) + TO)l5) + 5P TO) i) + O(s")

9 o7 (0)eos(ka)] + 2<8T(O)[ 2h)] + 262 2 3
=— =5 cos(kx)] + s a, cos( a:)]+28 7T (0)[cos(kz)]* | +O(s”)

(4.4)

in C%te (Q_g), cf. (3.14). To determine 9%7 (0)[cos(kz)]? we differentiate the Dirichlet prob-
lem (3.4) corresponding to Qf] twice with respect to 7, and find that 927 (0)[cos(kz)]? is the
solution of the Dirichlet problem

Av = —20.A(0)[cos(2)]0T (0)[cos(z)] — 2A(0)[cos(kz)]*1o in ), v=0 on IR

Similarly as in the proof of Theorem 3.1, we find that

2
O*T (0)[cos(kx)]* = w + wpik(y) cos(2kx), (4.5)
whereby
1 [ sinh(2ky) 9

For the clarity of the exposition we leave the proof of (4.5) to the interested reader.
We sum now the relations (4.4)—(4.6) and use (3.19) to conclude that

2

% = % — s(y® +y) cos(kz)
2
+5? [y Iy + (Oék(y2 +y)+ ﬂkT@)>COS(2kx)] +0(s”) (4.7)

in C2+Q(Q_8). The next goal is to find the expansion corresponding to ¢,. Recalling (3.14),
we have

a Z E =1'(1—2n) +O(s%) = sksin(kz) + s%k(1 — 204) sin(2kz) + O(s?),
n
y—n

S— =yl -n) —n+0(s*) =y + (y + 1)scos(kx) + O(s?),
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and taking into account that ¢ (x,y) = w(z, (y —n)/(1 +n)) we find from

e (. 18) R 59)

w w

that

w 2

vy k <sinh(2ky)

_ tanh(Qk) + COSh(Qk@/)) SiD(Qkx)s2 + 0(83) in CQ+Q(Q_%), (48)

This is the key point in the proof of (d) and (e).
To keep the notation short we introduce the auxiliary function f : [-1,0] — R defined by

k ( sinh(2ky) _ ksinh(2k(1 +y))

Tre(y) == B <m + cosh(2k:y)> = Ssinh(2h) y € [—1,0].

Since v, = s*wfi(y)sin(2kz) + O(s®) and f, is strictly positive in [—1,0], we immedi-
ately obtain the assertion (d). Additionally, for arbitrary § € (0,7/(8k)), the derivative
Wgay(z,y) < 0 for all (z,y) € Q, with z € [7/(4k) + &,37/(4k) — ], provided e, is suf-
ficiently small. Recalling that ¢ = w/2 on y = —1, we get 1,.(z,—1) = 0 and therefore
W (x,y) < 0 for all x € [w/(4k) + 6,37/(4k) — ] and y > —1. On the other hand, the
mixed derivative wipg, (7/(4k) +6,y) > 0 and wipy,(37/(4k) —§,y) < 0 for all y, and taking
into account that ¢, (x, —1) = 0, we conclude that there exists a point 7, € (minn, maxn)
and a curve z = £(y) : [-1,7,] — (0, 7/k) such that (£(7,),7,) is a point on the wave profile
and

wm(g(y)>y) = 07 for all y e [_Lyb]' (49)

In fact yp, = ye(€), and €(y) = 7/(2k) + O(s) uniformly in y € [—1, 7). This curve [z = £(y)]
splits the domain €2, into two subdomains Q,\[z = £(y)] = QL U QF, QL being the domain
which has = 0 as boundary component. Since Ay, = 0 in Qé and, since by (¢), wip, > 0 on
GQé, the strong elliptic maximum principle ensures that wip, > 0 in Qé. The same argument
shows that wi, < 0 in €2}.

Finally, in order to show that (¢,yc(¢)) = (£(¥),7p), we differentiate the relation
Y(z,n(z)) = 0 with respect to z and obtain, by virtue of ' > 0 in (0,7 /k), that, if
x € (0,7/k), then ¢, (z,y) = 0 if and only if ¢, (z,y) = 0. We infer from (c) that the
desired equality holds and the proof is completed. O

We come now to the proof of Theorem 4.1. It is based on Proposition 4.2 and the fact
that the curves obtained in Proposition 4.2(c) and (d) never intersect.

Proof of Theorem 4.1. In order to precisely determine the streamlines within the fluid
located below we need to relate the two points (¢,y¢(¢)) and (£(ys), yp). Therefore, we
differentiate the equation ¥ (x,n(z)) = 0 twice with respect to x and find, at = (, that

U ClO) [ e

T
w w

211'(¢)

)]st

_ _wmx(CZuyC(C)) . 77,2(C) + 0(84).

1250008-18

115



Internal Water Waves with o Critical Layer

This relation is obtained by also using the relation v,((,y¢({)) = 0 together with the
equation Ay = w in Q¥ cf. (2.4a). Moreover, by (3.15) and (4.8), we find the following

777
expansions
n? = k*(1 — cos(2kz))s® + O(s?), (4.10)
wxx 2 Slnh(Zky) 2 3
— = —_— h(2 2 4.11
" tanh(2k) + cosh(2ky) ) cos(2kx)s” + O(s”), (4.11)

which yield, in the end,

2,,7/(<) %y(C:uyc(C))

= —k? {1 + K% + cosh(2k:y)> — 1] cos(2k§)}s2 +0(s®).

Taking into account that (¢, y¢(¢)) ~ (7/(2k),0) and 7'({) > 0, we conclude that

w¢xy(<a?/((€)) <0,
and, by (4.1),

Yo < y¢(C)- (4.12)

This implies that the curve [y = y¢] is located entirely in the region [wi,, < 0] and that y,
is strictly increasing. Indeed, from the relation ¢, (z,y¢(z)) = 0 we find that

Yy (2, yC(x)) + yé(£)¢yy(% yg(:c)) =0

for all € [¢,27/k]. Since 14y ((,y¢(¢)) < 0 and 1, > 0, we conclude that yc is a
strictly increasing function on [(,27/k]. Whence, for « € (¢,n/k), the point (z,yc(x))
is located in the region where v, < 0, cf. (4.2). This means that the function [n, 7/k] > z
wi(x, ye(x)) attains its minimum in « = 7/k and, by (c), this value is also the minimum
of w:

minwy = wip(r/k, y¢ (7/k)).

We resume that there exist exactly three stagnation points for one period: two on the
wave surface (¢,y¢(¢)) and (27/k — (,yc(2n/k — ()), and one (7 /k,yc(7/k)) beneath the
wave crest. Since by Proposition 4.2(c) and (e) we know the sign of ¢, and ¢, in the whole
domain Q%, we conclude that the streamlines of the flow are as in Fig. 1. O
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