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We develop a Nambu bracket formulation for a wide class of nonlinear biochemical reactions by
exploiting previous work that focused on elementary biochemical mass action reactions. To this
end, we consider general reaction mechanisms including for example enzyme kinetics. Furthermore,
we go beyond elementary reactions and account for reactions involving stoichiometric coefficients
different from unity. In particular, we show that the stoichiometric matrix of biochemical reactions
can be expressed in terms of Nambu brackets. Finally, we solve the sign problem that arises in the
context of coupled biochemical reactions.
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1. Introduction

Nambu mechanics generalizes Hamiltonian mechanics to N-dimensional dynamical systems
that involve N — 1 integrals of motion [18]. Let x = (z1,...,zy)? denote the (column)
state vector of a system of interest and Wi (x),...,Wn_1(x) correspond to the invariants
of motion. Then, Nambu mechanics describes dynamical systems that evolve like [18]

d g: oWy OWn_4

—iL’k;(t) = €k in,...in 837 NN
12

k=1,....N 1.1
dt ’ ’ ) ( )

12, N =1 8[61'1\,
where €, ;. is the N-dimensional epsilon tensor (Levi-Civita tensor) and ¢ denotes time.
In order to cast Eq. (1.1) into a concise form, the Nambu bracket {-} can be used that is
defined by

N
_ - 0fi9fs  Ofn
e vk = . Z . ity Oxiy Oviy  Oxiy (12)
L]yt N=
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for a set of functions f;(x) withi = 1,..., N. Note that the Nambu bracket (1.2) generalizes
the Poisson bracket to the N-dimensional case. Using Eq. (1.1), the Nambu dynamics (1.1)
can be equivalently expressed by

d

Emk(t) = {xg, W1i,...,Wn_1} (1.3)
for k =1,..., N, which can be written as vector-valued evolution equation like
d il o [ omn owne
ax(t) ={x,W,..., Wn_1} = . %—1 €i,yin Bz, : e D (1.4)
e N= TN

Nambu mechanics has found various applications in classical physics. Rigid body rotations
have been studied from a Nambu perspective equations [9, 18, 21, 23, 25, 27, 29]. Parti-
cles moving on two-spheres [2, 5, 6, 8, 33] can be described in terms of Eq. (1.1). Nambu
mechanics has been used to examine certain electrodynamic problems [4, 14, 22, 24, 27, 32].
Importantly, the Kepler problem is another benchmark Nambu system [3]. Chiral mod-
els [5] as well as the Calogero-Moser system [12, 30] have been investigated. Hydrodynamic
problems have been examined [13]. Oscillatory systems such as elliptic oscillators [15, 31],
multi-oscillators [3, 20], and other types of oscillators [4, 22] have been studied in the con-
text of Nambu mechanics. Likewise, the motion of a free particle from a Nambu perspective
has been examined [4, 22]. Perturbation theoretical calculations of energy levels exploit-
ing Nambu mechanics have been developed [27]. Finally, it has been shown that Nambu
mechanics just as Hamiltonian mechanics can be generalized to address so-called canonical-
dissipative systems [8, 9] (see also [7, 10, 26]).

Recently, a formulation of biochemical reactions satisfying mass action kinetics in terms
of Nambu brackets has been developed [11]. However, this study was rather limited in scope.
Therefore, we generalize the Nambu approach to biochemical reaction dynamics to account
for more general reaction mechanisms including for example enzyme kinetics. Second, while
in [11] only elementary reactions with stoichiometric coefficients equal to unity were consid-
ered, we will in what follows consider stoichiometric coefficients different from unity. Most
importantly, we will establish a link between Nambu brackets and the stoichiometric matrix
of biochemical reactions. This link has not been pointed out in previous works. Finally, we
will consider coupled biochemical reactions just as in [11]. By introducing a re-sorting oper-
ator we will solve the sign problem that arises in this context and has not been addressed
so far.

2. Nambu Bracket Formulation of General Nonlinear
Biochemical Reaction Models

We consider a reaction in which L reactants Ay, ..., Ay (molecules, macromolecules, com-
ponents, etc.) produce R products By, ..., Bg such that the reaction involves N = L + R
species. In general, we consider the reversible case that allows for both forward and backward

1250007-2
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reactions such that [28]

L R
> LA > 1By, (2.1)
i=1 k=1

where [;, 7, € {1,2,...} are stoichiometric coefficients different from zero. Let a;(t), by (t)
denote the time-dependent concentrations of the reactants and products, respectively. Let
x(t) = (a1,...,ar,b1,...,br)" denote the (column) state vector of the biochemical reac-
tion (2.1). The forward reaction (left to right) occurs with the forward rate v¢(x), while
the reverse reaction (right to left) can be observed with the backward rate v,(x). In gen-
eral, these rates are nonlinear functions in x. The reaction model (2.1) includes irreversible
reactions of the form ZiLzl l;A; — ZkR:1 r,. B, as special case. In this case, we have v, = 0.
The reaction rate v in general is defined by v(x) = v¢(x) — v4(x). The evolution equation
of the state vector x is given by the nonlinear first-order differential equation [28]

d
&x(t) =v(x)s, (2.2)
where s denotes the time-independent stoichiometric vector s = (—Iy,...,—lp,71,...,7r).

For biochemical reactions satisfying mass action kinetics the forward and backward rates
read

L R
vp(x) =ky [Jalf, won(x) =k J] b}, (2.3)
=1 k=1

with reaction coefficients k¢, k;, > 0. In [11] only elementary reactions with I; = 1,7, =
1 Vi, k were considered. Furthermore, [11] was restricted to address mass action kinetics
involving reactions rates of the form (2.3). In this context, it was shown that Eqs. (2.2) and
(2.3) can be expressed using Nambu brackets that involve the N — 1 invariants H; = b1 +a;
withe=1,...,L and Hy_14, = a1 + by with k = 2,..., R. More precisely, it was shown
that Egs. (2.2) and (2.3) can be written like

d
Eres
with w(x) = ky [Tr be — ky [T, s
Our objective is to generalize this result to reactions that involve stoichiometric coeffi-

(t) = (-1)F w(x) {x, Hy,...,Hy_1}, (2.4)

cients different from unity and to reaction models that do not necessarily satisfy mass action
kinetics. To this end, we first link the Nambu bracket with the stoichiometric vector s. From
Eq. (28) in [11] it follows that for elementary reactions (i.e., l; = 1,7, = 1 Vi, k) we have

s=(—Dx, Hy,...,Hy_1}. (2.5)
Note that alternatively we arrive at Eq. (2.5) by comparing Eq. (2.4) with Eq. (2.2) taking
into account that v = —w. Next, we consider the invariants hq,...,hy_1 defined by
b .
hi(x) = —<—1 + ‘;—) i=1,....L,
le : (2.6)
a
hL—1+k(X):_1+_k’ k=2.. R,
b
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which reduce to the previously proposed invariants H; in the case of elementary reactions
except for the minus sign for j =1,..., L. For [; = 1,r; = 1 Vi, k it follows that

{x,h1,....;hn_1} = (=1)F{x, Hy,...,Hy_1} =s. (2.7)

Consequently, the minus sign in the first L invariants hy,...,hz is used to eliminate the
factor (—1)” used in [11]. Next, let us consider the general case I;,7 € {1,2,...}.

Theorem 2.1. The stoichiometric vector s of the biochemical reaction (2.1) can be defined
in terms of the Nambu bracket (1.2) and the invariants (2.6) like

L R
S = (HZIHT]C> {X,hl,...,hN_l}. (28)
k=1

1=1 =

Proof. For l; = 1,r, = 1 Vi, k from Eq. (2.7) it follows that
{x,h1,...,hy_1} = (—1,...,—-1,1,..., )T, (2.9)
—_——— ——

L times Rtimes
Furthermore, the wth component of the Nambu bracket under consideration is explicitly
given by

N
Ohy Ohn_1
{xw,hl,...,hN_l} = Z Ew’iQ’“"iNWiQ“' (210)

8LUZ'N '

2, in=1

For elementary reactions (i.e., I; = 1,7, = 1 Vi,k) it has been shown that there is only
one term of the sum on the right-hand side of Eq. (2.10) that is different from zero. This
term is either plus or minus one. When we admit for coefficients [;, 7, € {1,2,...} then
this does not affect the first-mentioned property of the sum. There is again only one term
that is different from zero. Moreover, the integer values ;, 7, € {1,2,...} do not affect the
sign of the non-vanishing term, which implies {xy, h1,...,Any_1} < 0 for w € {1,...,L}
and {2y, h1,...,hn_1} >0 for w € {L+1,..., N}. By definition of the epsilon tensor, the
non-vanishing term involves partial derivatives 0/0x;, of all coordinates x1,...,xN except
for x,, and each partial derivative occurs in the non-vanishing term only once. By definition
of the invariants, see Eq. (2.6), each partial derivative 0/dz;, produces either a factor 1/1;,
if i, € {1,...,L} or a factor 1/r;, if i € {L+1,..., N}. In short, we conclude that

L R
N I w'IIm" forwedi,... L},
Z 8h1 o 8h]v_1 _ i=1i#w k=1 (2 11)

e’w,i27-~~7iN87i2 82UiN L -1 s —1
Hli H r, forwe{l+1,... N}

i=1  k=1k#w

i2,ein=1

From Eq. (2.11) it follows that

L R
(Hll H’I“k> {X, hl, e ,hN_l} = (—ll, e ,ZL,Tl, e ,’I“R)T = S. (2.12)
k=1

=1 =

1250007-4
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Nambu Bracket Formulation of Biochemical Reactions

Let us illustrate Theorem 2.1 for the chemical reaction
Ns + 3Hs — 2NH3, (213)

with stoichiometric coefficients I; = 1, Iy = 3, and r1 = 2. Let x = (a3, a2,b;) with the
concentrations a; = [Na|, ag = [Ha|, by = [NH3]. The invariants (2.6) read

ha (%) :—<%1+a1>, ha(x) :—<%+%2>. (2.14)

We calculate {x, hi, ho} by means of the identity {x, hq, ha} = Vhy X Vhg, where V denotes
the nabla operator V = (9/0a1,0/0az,d/0b1). We obtain

-1 0 -1/6
Vh = 0 , Vha=|-1/3|, Vhy xVhy=|-1/2]. (2.15)
-1/2 -1/2 1/3
We have
-1
s = lilori{x,h1,he} = | =3 |, (2.16)
2

which is the stoichiometric vector of the chemical reaction (2.13). For sake of completeness,
we note that the chemical reaction (2.13) is irreversible and satisfies mass action kinetics.
Consequently, we obtain

q aj —1
el = krarad | =3 |, (2.17)
b1 2

with ky > 0.

Corollary 2.1. The dynamical system (2.2) describing the biochemical reaction (2.1) can
be formulated in terms of a Nambu bracket like

d L R
—X(t) = (vs(%) = vp(x)) (Hzi 11 'rk> {x,h1(x),...,hn_1(x)}. (2.18)
k=1

=1 =

This formulation applies to general reaction models and is not restricted to reactions satis-
fying mass action kinetics.

The corollary follows directly from Theorem 2.1 and from the observation that the
Nambu bracket {x,h1,...,hn} is related to the stoichiometric vector of the reaction (2.1).
Consequently, the Nambu bracket {x, hi,...,hx} is not linked to reaction velocity as such.
That is, it is not related to forward and backward reaction rates. This point was not
adequately observed in [11].

Let us illustrate this issue by means of a reversible reaction between the passive A and
active B form of a biochemical transcription factor [1]. In sensory transcription networks,
so-called transcription factors exhibit two forms: an active and a passive form. Typically,

1250007-5 85



T. D. Frank

under baseline conditions, transcription factors are in their passive form. Input signals
result in a transformation of the passive form into the active form. The concentration of the
active form depends in a sigmoid function on the strength of the input signal [1]. Typically
this is due to the fact that the reaction A « B is an enzyme reaction. Consequently,
vy and vy exhibit a particular form predicted by the Michaelis-Menten theory of enzyme
reactions [19] and are not described by the law of mass action kinetics. For example, the
biochemical reaction between active and passive forms of the transcription factor CREB
can formally be described by

CREB < CREB", (2.19)

where the star indicates the active form. Let a and b denote the concentrations a = [CREB]
and b = [CREB”]. The forward rate vy depends on the time-dependent signal S(t) and
the concentration a of the passive form, whereas the backward rate depends only on the
concentration b of the active form. We have [17]

a b

0y, 5(0) = Va SO 000 = Vi

(2.20)

where V,,,V;, K4, K > 0 are constants and x = (a,b). Since we have N = 2, there is only
one invariant, which reads

hi=—(a+0b). (2.21)
Using the Nambu bracket approach, the stoichiometric vector is given by
a 0 1 Oh1/0 Oh1/0b -1
s= ") = {x, 1} = 1fa) [ Om/ob ) L (2.22)
Sp -1 0 8h1/8b —8}7,1/80, 1

From Corollary 2.1 and Eq. (2.20) it follows that the state vector x of the signal-dependent
enzyme reaction (2.19) satisfies the nonlinear evolution equation

%x = (0p(%, 5(t)) — s (x)){x, I (x)} =

dfa a b -1
&<b> = <VaS(t)Ka—|—a _%Kb—l—b> < 1). (2.23)

3. Coupled Biochemical Reaction Equations

We consider next j = 1,..., M coupled biochemical reactions that involve N reactants
Xi,...,Xn. Note that we do not require that all reactants participate in all reactions. The
state vector x is given by the concentrations x; = [X;] such that x = (z1,...,2x)7. Every
reaction j is described by a reaction scheme

N
S x - Y rx, (3.1)

i=1 =1

involving the stoichiometric coefficients ll(j),rl(j) € {0,1,2,...}. Note that if ll(j) = 'ri(j) =0
holds for a particular index ¢, then the species X; does not participate in the reaction j.
1250007-6
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Nambu Bracket Formulation of Biochemical Reactions

Each reaction step j exhibits a stoichiometric vector sU) defined by
S0 — (199D T (52)

and the reaction rate v;(x) = v}j)( ) — vé )( ). The change of the state vector due to the
jth reaction step is

d;x = vj(x)sV) dt. (3.3)

Accordingly, the total derivative is given by dx = ij\il d; x, which leads us to the evolution
equation

—x = (s, sM)y. : (3.4)

involving the stoichiometric matrix and the vector of reaction velocities as indicated. In [11]
a reformulation of Eq. (3.4) in terms of Nambu brackets has been proposed. In this context,
we need to distinguish for each reaction step j between the reactants on the left-hand
side, the products on the right-hand 51de and the non partlclpatlng or “silent” molecules.
Accordlngly, we define the index sets I] = {i \l > 0}, Ij = {2|7“ > 0} and I(J) =

{z\l l = 0}. Let || denote the size of a set. Then, L) = |I \ >1, RU |I | > 1,

and S( = |I G) | > 0 denote the number of reactants, products, and silent molecules,
respectively, for the reaction step j. We have L) + R(j) +80) =NVje{l,...,M}. In
[11] it has been shown that the invariants of reaction j are those L)+ RY) —1 invariants that
can be constructed from the participating species using the rules discussed in the previous
section. In addition, there are SU) invariants that correspond to the concentrations of the
silent species. In doing so, H G ) . ,H](\?)_l invariants can be identified for each reaction j.
Moreover, the reaction equatlon (3.4) can be cast into the form

M
d ) . .
&x:Z(—l)LJ wj(x){x,Hfj),...,H](\J,)_l}, (3.5)
j=1
with w; = £wv;. In order to determine whether w; = v; or w; = —wv; holds it has been

suggested to compare separately each term occurring in the sum of Eq. (3.5) with its
corresponding single reaction step equation (3.3). In other words, in order to determine
the proper sign we need to exploit a priori knowledge about the reaction equations under
consideration. This is the sign problem to which we referred in the introduction.

In what follows we will show that the sign problem can be solved by considering appropri-
ately defined coordinate systems and by constructing a re-sorting operator that transforms
these coordinate systems back into the reference coordinate system defined by the state
vector x. Let us define the “adjusted” state vector of the biochemical reaction step j by

. T
X = (Tig, - PTGy Tprs ey Lp Gy Ty - ,st(j)) (3.6)

L) entries R() entries S(7) entries
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with i € Ig), pr €1 G ), and wg € 1 éj ). The vector x;f defines a coordinate system that is
most appropriate for deriving a Nambu bracket for the reaction step j. Let

N;j =LY 4+ RY = N — S0, (3.7)

The first N; entries in x; denote the species participating in the reaction j. Using these

species, we define the invariants hgj), cee h%j_l, see Eq. (2.6). In addition, we define the
invariants of the silent molecules by

hY) = 3.8

Sk = Tw (3.8)

for k = 1,...,589 and wy, € I éj ). In other words, the latter type of invariants simply

correspond to the last SU) entries of the vector x}f:

(h;(s‘?,)l’ o 7hg],?s(3)) - (x’wla A 7‘Tws(j))' (39)

Theorem 3.1. In the adjusted coordinate system described by the vector X the stoichio-
metric vector s} of the reaction step j can be expressed like

si=| I1 & I1 7 ) o ohQ ) (3.10)

iEIL<j) iEIR(j)

Proof. If SU) = (0 then Theorem 3.1 reduces to Theorem 2.1. Let us consider the case

SU) > 0. Let 74,2} v denote the coordinates of the vector x7: x7 = (27 ,,... ,$;7N)T.
Then, Eq. (3.9) reads
(nd)...., hg}w) = @wrs 2 Tu ) = (W 410 - Thn). (3.11)
Consequently, for the wth component of the Nambu bracket in Eq. (3.10) we obtain
. (9) () ) (49)
125w by ,th_l, hgts-- hs,5<j>}
N j () ) (4)
- W,12,..., N *
i1 0x7s,  O%fin, OThin_ s OThiy
N j () #
B PR O X PRSI
- W,22,--IN * * * *
iorin=1 9z ;, 85”j,mj Tin_ss1  OTin
al 8h§j) ahg\%)-—l
= Z €wiz,oning Nyt 1o N = 0 s (3.12)
ig,.iN; =1 Jii2 TN

Consequently, for w € {N; +1,..., N} the bracket equals zero, whereas for w < N; the
bracket refers to the case discussed in Theorem 2.1 of a single biochemical reaction that

1250007-8
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involves N; species. In short, we obtain

H lf]) H TZ(J) {X;, hgj), e ,hS\JfJ)__lg hg)p s 7hg’?5‘(j)}

iEIL(j) iEIR(j)
T

(—lil, ceey —liL(j),’l“pl, . ’TpR(j) s 07 . ’0) = S;f. (313)

——

L(9) entries R() entries S(9) entries
O

Definition 3.1. The re-sorting operator

y' =y:y=TE —=x)(y") (3.14)
describes a mapping from the N-dimensional vector y* to y and involves the N-dimensional
“template” vectors x = (x1,...,zy)! and x*, where x* is composed of the same coordi-
nates x; as x but in general these coordinates are arranged in a different order. That is, we
have x* = (x;,,...,2iy), where the index vector (i1, ...,iy) is a permutation of the vector
(1,2,...,N). The re-sorting operator rearranges the coordinates of the vector y* accord-

ing to the coordinate mapping x* — x. For example: T((b,a,c) — (a,b,c))((5,2,4)7) =
(2,5,4)T.

Corollary 3.1. The stoichiometric vector sU) of the reaction step j is given by

sU) — T(x — x)(s%)

=70 —x) [ T &7 I1 7 ) 0, nQ) ) h )

€l i€l
_ H H T(x; — x)[{x] (3) . h@_l,h(g), h(jgm}]
i€l (5 i€l L3)

(3.15)

Proof. Corollary 3.1 follows immediately from Theorem 3.1 and the definition of the
re-sorting operator 7. ]

Our next objective is to replace the adjusted coordinate vector x; by the reference vec-
tor x. That is, the next goal is to apply the re-sorting operator within the Nambu bracket

to the adjusted state vector x; without changing the arguments of the invariants. In this

context, it is important to note that in the expression {x;, hgj), e ,h%g_l, hg,)p e hg)ﬁﬂ}
the vector x;f also determines the sequence in which the coordinates appear in the par-
tial derivatives of the bracket, see Eq. (1.4). Due to the nature of the epsilon tensor any
exchange of two coordinates results in a sign change. More precisely, if for the vector

Y =1, Yir- s Uk, yn)L and the functions fi(y),..., fxv_1(y) we obtain

{y, fl(y), Ce ,fN_l(y)} = (ul, ey Uy ey Uy ot ,U,N)T, (316)

1250007-9 89



T. D. Frank

then for y* = (Y1, Uky-- s ¥ir--,yn). = (y5,...,ys)T with y; exchanged by y; we
obtain
. o (") one) omva)
* . 1y N-1\Y
{y afl(Y)""afN—l(Y)}: Z €iy,oin ¥ : PR ¥
i1yein=1 Gyil . aylé ayiN
YN
(UL Uy U uN) L (3.17)

An illustration of this property is shown in the Appendix. We assume next that the re-
sorting operator T' re-arranges the coordinates by exchanging pairs of coordinates. Let |T|
denote the number of transpositions required to perform the mapping. Each transposition
induces a sign change.

Corollary 3.2. Alternatively, the stoichiometric vector sU) of the reaction step j is given by

0 = (s (L@ T ) feh@,ee @ @i 9,

iEIL(j) iEIR(j)

(3.18)

where |T'| denotes the number of transpositions involved in the coordinate mapping x; — X.

Proof. From Egs. (3.15)-(3.17) it follows that

sU) = H l(j H r x — X [{ (),...,h%_l,h(‘) h(jsm}]

’LEIL(]) i€l R
[T W II 2= reg - g ad, . hg)_ hd a0
lGIL(]) 'LEI () ’
= (-pTe=0l TT 1@ T r?){x,h?),...,h%j_l,hg{},...,hggm}. (3.19)
iEIL(j) iEIR(j)
O

Corollary 3.3. The nonlinear dynamical system (3.4) describing the coupled biochemical
reactions (3.1) can be formulated in terms of Nambu brackets like

d j ] X*—x
X = > (U}J)(X) — o (x)) (~ 1) 765 =)
j=1
< T1 1@ T1 "2 en?sn@nd h ) (3.20)
€l ) i€l p0)
Proof. This follows immediately from Egs. (3.4) and (3.18). H

Let us illustrate Corollary 3.3 by means of two examples.

1250007-10
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First, we revisit the example of a cyclic three-step reaction address in [11]. We consider
the coupled biochemical reactions

X—I—Cl—>Y, Y+CQ—>Z, Z—|-03—>X (321)

involving the substances X,Y, Z and the substrates C1,Cs, C3. We assume that the con-
centrations of the substrates are held constant. Consequently, we have N = 3. The state
vector is given by the concentrations x = (z,y, 2)7. The first reaction is characterized by
L1 = Ry = 51 = 1. In order to determine the invariants of the first reaction step, we do
not need to adjust (resort) the state vector. Rather, we put xi = x. The invariants are

hgl) = —(z +y) and h(l)1 = z. Using Eq. (3.10), we obtain

Sa
-1
s = st = {x,h{", 0§} = VA x V) = | 1. (3.22)
0

Assuming that the law of mass action kinetics applies, the reaction rate for the first reaction
corresponds to v (x) = v?)(x) = kijciz with k; > 0 such that

—1
dlx = klclx 1 |dt. (323)
0

For the second reaction step we observe that Ly = Ry = Sy = 1. As adjusted state vector
we use x5 = (y,2,2)T. Accordingly, the invariants are hgz) = —(y+z) and hgz)l = x. Let us

determine s explicitly by means of the two methods described by Corollaries 3.1 and 3.2.
From Eq. (3.10) it follows that

s5 = (x5, 0, 02} = VAP x v, (3.24)

with V* = (9/0y,0/0z,0/0z)T . Consequently, we have

—1 0 -1
vEP = | 1|, v = 0| =ss=viaP x v = | 1], (3.25)
0 1 0

Substituting this result and T'((y, z,z) — (z,y, z)) into Eq. (3.15), we obtain

-1 0
so =T((y,z,z) — (z,y,2)) 1{l=1]-1]1. (3.26)
0 1

Alternatively, we compute sy = (—1)/71{x, hgz),hg)l}, see Eq. (3.18). We have [T'((y,z,z) —
(z,y,2))| = 2 such that

0 1 0
s® = [x, hf),hg%} = vl x th,)l -1l x]ol=1|=1]. (3.27)
—1 0 1

1250007-11 91



T. D. Frank

From the law of mass action kinetics we obtain for the reaction step j = 2 the reaction rate
Vg = U}Z) = kocoy with ko > 0 such that

0
dQX:kQCQy —1 |dt. (328)
1

By analogy, we can discuss the reaction step j = 3. Eventually, we obtain

1
d3X = kgCgZ 0 dt, (3.29)
-1

with k3 > 0. In total we have dx = Z?:l djx. More explicitly, form Corollary 3.3 and
the intermediate results obtained above we conclude that the dynamics of the cyclic reac-
tion (3.21) exhibits the following Nambu bracket formulation:

j=1 j=1
(1)
vf (X) —1 0 1 klclx
= (sM,s@ M) | P | = 1 -1 0| kacay |- (3.30)
1 1 -1 kgCgZ
o (%)

In our second example we consider an enzyme reaction involving substrate molecules
S and enzyme molecules E. The enzymes convert the substrate molecules into product
molecules P. The enzyme mechanisms can be considered as a two step process.

S+E~C, C—E+P (3.31)

First, an enzyme molecule E binds to a substrate molecule and forms a complex C. This
reaction is assumed to be reversible. Second, the complex C' decays into the enzyme E
and the product P. This process is irreversible. Note that although the whole two-step
reaction (3.31) is an enzyme reaction, the two individual reaction steps satisfy mass action
kinetics. For more details see [16]. Let s, e, c,p denote the concentrations of the molecules
S, E, C, and P such that x = (s,e,c,p)’ corresponds to the state vector of the enzyme
reaction. For the first reaction we have L1 = 2 and Ry = S; = 1. We put x] = x.
Consequently, the invariants are hgl) = —(c+ s), hgl) = —(c+e), and hgl)l = p, see
Egs. (2.6) and (3.9). From Eq. (3.10) it follows that 7

—1
—1

s = st = {x,n{", h{" 0§} = N (3.32)
0

1250007-12
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According to the law of mass action kinetics, the forward and backward reaction rates for
the first reaction are v}l) (x) = kyse and vlgl) (x) = kac, respectively, with ki, ke > 0. Taken
together, we find that the state change due to the first reaction step is

dlx = (kl se — kg C) 1 dt. (333)
0

For the second reaction we find that Ly = 1, Re = 2, and S; = 1. We put x5 = (¢, e,p, s),
which implies that the invariants read h§2) =—(e+o), h§2) = ¢+ p, and hg)1 = 5. We can
use either Corollary 3.1 or 3.2 to calculate the stoichiometric vector s(2). For demonstration
purposes we will do both. Using Eq. (3.10), we obtain

-1
1
X « 12 L2 @2
s5 = {x3,h{" 0 hG) = | (3.34)
0
Subsequently, Eq. (3.15) yields
0
) ; !
s*“ =T ((c,e,p,s) = (s,e,c,p))(s3) = a1 (3.35)
1

Alternatively, we compute s from s(2 = (—1)|T‘{x, hgz),hgz), hg)l} Since we need two

transpositions to transform the sequence (¢, e, p, s) into (s, e, ¢, p) we have |T| = 2. A detailed
calculation yields

0
1

s = {x, b, h$? nG)} = e (3.36)
1

(2)

The forward rate reads vy = ksc with k3 > 0. In summary, the second reaction step
contributes to the change of the state vector like

dox = ks ¢ dt, (3.37)
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while the total change of the enzyme reaction is given by dx = dyx 4 dsx. More explicitly,
we have

Sx= 3 (000 — o 60) (<15 ) ), 1 (0, ) ()

j=1
-1 0
1
=(ki1se—kyc) + k3 c
1 —
0 1
-1 0
-1 1 kise—koc
- A 7. (3.38)
1 -1 kgC
0 1

4. Concluding Remarks

The objective of the present study was to develop a Nambu formalism for a broad class of
biochemical reactions. To this end, we resolved some limitations of an earlier study. In partic-
ular, we showed that irrespective of the reaction type (mass action kinetics, enzyme kinetics,
etc.) Nambu brackets are directly related to the stoichiometric vector of biochemical reac-
tions and to the stoichiometric matrix of coupled biochemical reactions. Consequently, the
formulation of biochemical reactions via Nambu brackets applies to all kinds of reaction
models. Moreover, we considered general reactions rather than elementary reactions. In the
former case stoichiometric coefficients may be different from unity, while in the latter case
they are restricted to being equal to one.

Let us dwell on an interpretation of the Nambu representation of the stoichiometric
vector of a given biochemical reaction, see Eq. (2.8) and Theorem 2.1. A biochemical reaction

involving N species exhibits N — 1 invariants hq(x), ..., hy_1(x). The gradient vectors
W1 22‘7h1(X),...,VVN;4 21‘7hAL_1(X) (4.1)
define particular directions in the state space spanned by the concentrations z1,...,Txy.

These directions are “forbidden” directions. Roughly speaking, the reaction dynamics can-
not evolve in any of these directions. More precisely, the reaction dynamics must evolve
orthogonal to all of the gradient vectors listed in Eq. (4.1). Otherwise, at least one of
the invariants hy would change. In other words, the vector s (stoichiometric vector) that
describes the direction in which the biochemical reaction evolves must satisfy

w-s=0 (4.2)

for k =1,...,N — 1. The Nambu bracket {x,hi,...,hy_1} yields a vector that exhibits
exactly the property (4.2). In order to realize that Eq. (4.2) holds, we first note that Nambu
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brackets in general possess the fundamental property

vfl'{x>f2a"'afN}:{flaf2>"'afN} (43)

for functions f;(x). Furthermore, we have {f1,..., fi,..., fi=i, ..., fn} = 0. Consequently,
Eq. (4.2) is satisfied because

WS — th : {X,hl,... ,hN_l} = {hj,hl,...,h]v_l} =0. (4.4)

We may conclude that the Nambu bracket {x, hi, ..., hxy_1} constructs out of the set of gra-
dient vectors wy, = Vhy(x) a vector that is orthogonal to all of these vectors. In other words,
a Nambu bracket can be regarded as an operator that constructs in a given N-dimensional
space out of a given set of N —1 forbidden directions the very direction that is not forbidden.

Appendix A. Illustration of Sign-Change Due to Coordinate Transposition

Let y = (a,b,¢)” and f1, fo denote functions of y. Then,
Oa 0a
{yafl(aabac)afZ(aabac)}: 8() fl>< 817 f2
0 0
O f10cf2 — Ocf10p f2 Uy
= | =0af10cf2 + Ocf1Ouaf2 | = | w2 |- (A1)
Oaf100f2 — Op f10u f2 u3

Likewise, let y* = (b,a,c)” and fi, f» denote the same functions as before. That is, we do
not change the arguments in f; and fo. Then,

Op Op
v, fila,b,c), fa(a,b,e)} = [ Oa | f1 X | Oa | fo
O O,
0af10cfa — Ocf10a f2 U
= | =0 10cf2+ Ocf1Opfa | = — | w1 |- (A.2)
Oy [10af2 — Oaf10 f2 u3

Finally, in this example, using the re-sorting operator 7', we obtain

T((b,a,c) = (a,b,)[{y", f1, fo}] = (=) OO~ @EDNYT((b, a,¢) — (a,b,0)y*], f1, f2)]
= (-)TCeo=eblfy 11, oy = ~{y, fi. o} (A3)
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