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Boundary value problems for integrable nonlinear evolution PDEs, like the modified KdV equation, formulated
on the half-line can be analyzed by the so-called unified transform method. For the modified KdV equation, this
method yields the solution in terms of the solution of a matrix Riemann-Hilbert problem uniquely determined in
terms of the initial datum g(x,0), as well as of the boundary values {¢(0,7),¢x(0,7),gxx(0,¢) }. For the Dirichlet
problem, it is necessary to characterize the unknown boundary values g, (0,7) and ¢x(0,7) in terms of the given
data g(x,0) and ¢(0,¢). It is shown here that in the particular case of a vanishing initial datum and of a sine wave
as Dirichlet datum, g, (0,#) and g.(0,#) can be computed explicitly at least up to third order in a perturbative
expansion and that at least up to this order, these functions are asymptotically periodic for large 7.

Keywords: Initial-boundary value problem; Generalized Dirichlet to Neumann map; modified Korteweg-de
Vries equation.
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1. Introduction

A unified method for analyzing boundary value problems for linear and integrable nonlinear PDEs
was introduced in [9] and used extensively in the literature (reviews for the implementation of this
method can be found in [10,13,17]). For integrable nonlinear evolution PDEs, the unified transform
method yields novel integral representations formulated in the complex k-plane (the Fourier plane).
These integrals, in addition to the exponentials which appear in the integrals of the linearized ver-
sion of these nonlinear PDEs, also contain the entries of a matrix-valued function M(x,¢,k), which
is the solution of a matrix Riemann-Hilbert (RH) problem. This RH problem involves a jump matrix
with explicit exponential (x,7) dependence. In addition to explicit exponentials, the entries of the
above jump matrix involve functions -called spectral functions- which depend only on k and which
can be computed in terms of the initial condition and the associated boundary values. For example,
for the modified KdV equation on the half-line, the spectral functions can be computed in terms
of ¢(x,0), q(0,1), gx(0,7) and g.(0,¢); however for the Dirichlet problem ¢,(0,7) and ¢,.(0,7) are
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unknown. The most difficult step of the new method is the characterization of the unknown bound-
ary values in terms of the given initial and boundary conditions. In a recent important development,
this characterization was achieved via the analysis of the so-called global relation using two dif-
ferent approaches [15, 18]. Both these approaches involve the analysis of a system of quadratically
non-linear equations; the formulation in [15] is based on the direct analysis of the eigenfunctions
characterizing the relevant spectral functions, while the formulation in [18] is based on an extension
of the approach of [1]. However, it should be noted that: (a) For a particular class of boundary con-
ditions called linearizable, the global relation yields the spectral functions directly in terms of the
given initial and boundary conditions bypassing the need to solve the above nonlinear equations.
Thus, for this class of problems the new method is as effective as the classical inverse scattering
transform method. (b) For the case that the boundary conditions vanish for large z, it is possible to
obtain effective asymptotic results using the Deift-Zhou and the Deift-Zhou-Venakides techniques
for the asymptotic analysis of these RH problems [5-8].

In contrast to the case that the boundary conditions vanish as ¢ — oo, the analysis of the phys-
ically significant case of boundary conditions which are periodic in #, require the explicit charac-
terization of the unknown boundary values in terms of the given data. Important results for such
boundary value problems have been obtained in [2—4].

Here we concentrate on the simple example

g(x,0)=0, 0<x<oo; ¢(0,1)=esint+0(e*), £€—=0, >0. 1.1

Following the technique developed in [18] we compute explicitly the perturbation expansion in
€ of both ¢,(0,) and ¢,,(0,¢). These explicit formulae show that at least up to the third order in &,
both ¢,(0,7) and g, (0,7) are asymptotically periodic as t — co.

In a recent breakthrough [14,16], it has been shown that in the case of the nonlinear Schrodinger
equation, if

g(x,0)=0, 0<x<oo, ¢q(0,1)=ae® +o(l), t— oo, (1.2)
with a, @ real constants, then it is possible to solve the global relation exactly as t — oo and to obtain

an explicit formula for ¢,(0,7) as t — oo. The generalization of this result to the more complicated
case of

q(0,t) =asinwt +o(t), t— oo, (1.3)

for both the nonlinear Schrodinger and the modified KdV equations is an open problem.

2. The spectral functions of the mKdV equation
We study the mKdV equation on the half-line
G+ e —6Ag%q. =0, 0<x<oo, 0<t<T, 2.1

where A = £1, T < e and ¢(x,7) decays rapidly for all 7 as x — co. We assume that the given initial
condition go(x) = g(x,0) vanishes sufficiently fast for all # as x — c. We denote the boundary values
as

gO(t)ZCI(Oat)> gl(t):CIx(Ovt)v gZ(I):qxx(Ovt)v (2.2)

which are assumed to be sufficiently smooth.
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The mKdV equation on the half-line with a sine-wave as Dirichlet datum

It is well-known that (2.1) admits the following Lax pair formulation:

W +if1 (k)63 = Q(x, 1, k), (2.3a)
u; +ifa (k)83 = O(x,1,k)u, (2.3b)

where k € C is a spectral parameter,  is a 2 X 2 matrix-valued eigenfunction, 63A = [03,A] with
o3 = diag(1,—1), and

A=k folk) =4k, O(x.r) = <fq g) 7 @4)
O(x,t) =20 — Qu — 2ik(Q* + Q) 03 + 4K°Q. (2.5)
Let the domains {D;}} be given by (cf. figure 1)
Dy ={Imf; >0and Imf, >0}, D, ={Imf; >0and Imf, <0}, (2.6)
D;={Imf; <0and Imf>, >0},  Dy={Imf; <0and Imf, <0}. (2.7)

We introduce the complex-valued functions W(x, k) and ®(x, k) as the following solutions of the
x-part and the z-part of the Lax pair (2.3) evaluated at t = 0 and x = 0, respectively:

¥, +ifi(k)63¥ = Qo lim ¥ =/, (2.8a)
&, +if>(k)63P = Qp'P, ®(0,¢) =1, (2.8b)

where Qg (x) = Q(x,0) and Qo(t,k) = Q(0,t,k). Equations (2.8) imply that the functions ¥ and &
satisfy the following system of linear Volterra integral equations:

Wi k) =1 [ e MOO5(Qup)(E kg, ke (€T, 29
1 . p N ~
D (x, k) =1+ / ¢ =06 (5 ®)(1,k)dT, keC, (2.10)
0
where the notation k € (C~,C™) in (2.9) denotes that the first and second column vectors of ¥(x, k)

are defined for Imk < 0 and Imk > O respectively. Due to the symmetry of Q, the functions ¥ and
& can be written in the form

_ lPZ(x7_) ‘Pl(xak) -

¥(x,k) = (Mll(x’]_c) le(x,k))’ ke (C,CT), (2.11a)
[ Da(t,k) DPi(t,k)

D(t,k) = (MDIW_C) th,k)) , keC. (2.11b)

The spectral functions {a(k),b(k),A(k),B(k)} can be expressed in terms of the initial datum
and of the boundary values. Given go(x), the spectral functions {a(k),b(k)} are defined by

a(k> - lP2<O7k>7 b(k) =Y (ka)a ke (C+7 (2.12)

while the spectral functions {A(k),B(k)} are defined by

A(k) = dy(T,k),  B(k) = —*WT%d (T k), keC, (2.13)
in terms of {go,g1,82}-
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The spectral functions satisfy the global relation

D (t,k) + bg’;;%(z,%)e”ﬁ(k” =c(t,k),  Imk>0, (2.14)
a

where ¢(,k) is analytic and bounded in Imk > 0 and is of O(1/k) as k — oo.
It has been shown in [12, 15] that the functions ®; and &, satisfy the following system of
nonlinear integral equations:

t ) ,
@ (t,k) = /0 e SR _2ik A 21 + (2Ag) + 4k g0 + 2ikg) — g2) o] (¢, k)de',  (2.152)

t
Dy (t,k) =1+ 1 / [(22g7 +4k*go — 2ikg1 — g2) D1 + 2ikgg P (¢ k)dr'. (2.15b)
0

Furthermore, for the Dirichlet problem, the unknown boundary values g (¢) and g,(¢) satisfy the
following relations:

a) =200 [ a2 [ lonen - 00

T 1

L2 sk [(az P e a4 (- o) 22N g | ak

i Jop, a(oak) a(o?k)
—|—4{(1—a2) Y +(1-a) ) }k,-e‘g""??fResb(k)qh(z,/}) (2.16a)
kjED/I ijD/l/ kj a(k)

and

02(t) =Ag}(1) /am [kle (t,k) — 3%‘;@}&
k

T
dgo(t
n go(.)/
Tt JoD;

) 2e1(t
i (t, k) dk + 2a1(1) / 1o (1, k) dk
T dDs

4 il b(ok) ———=— b(a’k) — ==
— [ K (1— D, (1r,0k) + (1 — o? @ (1, 02k) | dk
w2 e o 2l + (1 o) A 1020
.73 b k D ————
—Si{(l—a) Y +(1-0) ) }kﬁe—&"?’Res()@z(z,k), (2.16b)
kjED/l kjED/l/ kj a(k)

where o = ¢?®/3, {k;}¥ is the set of the possible zeros of a(k) (assumed to be a finite set of
simple zeros), D} = D; N{Rek > 0} and D] = D; N{Rek < 0}, and for j = 1,2, the symmetric
combinations ;, ¥; and ¥; are defined by

xj(t,k) =P;(t,k) + ad;(t, ak) + a*®;(t, a*k), (2.17)
Ri(t,k) =®;(t,k) + > D;(t, k) + a®;(t, a*k), (2.18)
Xi(t,k) =D@j(t,k) +Pj(t,ak) +P;(t, 2k). (2.19)
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The mKdV equation on the half-line with a sine-wave as Dirichlet datum

D,
D, D,
/3
Rek
Dy Dy
D;

Fig. 1. The domains {D;}?.

3. A perturbation expansion of the unknown boundary values

We expand the functions @, go and go as

Dj=Djo+edj+EPp+---, =12, (3.1)
g0 = €801 + %802+, 3.1¢)

where € is a small perturbation parameter. Substituting (3.1a) into (2.15a) and (2.15b), we find
(I)l() = 0, ‘1320 =1and (1321 =0.

We next derive the first few terms of the above expansions. We assume a vanishing initial datum,
that is, go(x) = 0. In this case, a(k) = 1 and b(k) =0

Proposition 3.1. Assume that g(x,0) =0, x > 0, and
q(0,1) = ego1 +€7gm + €803+, (3.2)

where € > 0 is a small perturbation parameter and gon, n > 1, are sufficiently smooth and compat-
ible with the zero initial datum. (a) The unknown boundary value q.(0,t) can be expressed in the
Sform

4x(0,1) = eg11 (t) + €212 (t) + €13 (t) + -+, (3.3)

where

3 t 5 ! , 3 t /
() = c1/0 (,gflt(/t)l)/adt’ ennlt) = Cl/ (goz(/t)mdt (3.4)

T t
and
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g1i3(t) = —}L;I Otg(z)z(t/)/ot/ (;g_llt(,f;lmdt”dt + 3;1 /()fmdt,
- k; {/ goi (t )[/Ot/gm (l”)/otﬂ g1;4(/t3m)dfmdf"—/Otlgn(f")/ot” g0;4(/t3/”)d’mdt”
_ /O I/gzl(t”) A g2;4(/t;//)dt”’dt”] dr' + /0 tgu(t’) [ /0 ‘ o1 (") /0 ’ g0;4(/t3”/)dt”'dt"
+ /0 tlgn(t”) /0 : g2t~14(/t3m)dt”’dt”— /0 ' 221 (t") /O : gl;f/t:/)dt”’dt”} dr’
—/tgzl(f') [/Ot/ go1 (") Ot” g2~14(/t3m)dt'”dt”—/Ot,gn(f”)/otﬂ g1;4(/t3m)dfmdf”

¢! t
+/ g (1" / 14(/3 )dt”’dt”] dr' }4—7%’01(1)/0 (811 —2g01821] (£)dt, (3.5)

withf=t—t'+t"—+¢" and

o[3)

o1 =—L2T(1/3). (3.6)

(b) The unknown boundary value q.(0,t) can be expressed in the form

4 (0,1) = €821 (1) + €780 (1) + Eg23(1) + -+, 3.7)
where
6c2 (1 go(t') 6¢2 /’ goo(t) .,
H)=— [ =2——~_dt H)=— [ 2=~ _dr 3.8
g21(1) in/o (t—t’)2/3 ) 822(?) ir Jo (t—t’)2/3 (3.8)
and
34 3 416’2 t2 / v gll(t//) " og,0 6cy (! g'03(t') /
823(1) = 2 -8 (1) — 7/0 goz(t)/o mdr dt +E/0 mdt
416‘2 4 " o gll( ) " g s " v gOl(t”/) " g 1
R e
. t///
/ g2 // / g ~5/3 dt///dt//:| d[ +/ g]] |:/ g // go;§(/3 )dt///dt//
" g1 (") " e (t")
_|_/ // / ~5/3 dt”/dt,/ / g21(t//)/0 f5/3 dt///dt” dt/
/// £ "
/g21 [/ 01 // / g~5/3 dtwdl‘” / 11@//)/) glt~15(/3 )dt///dt//
" o 801( ) o g ! 2 N
+ A g21(t) TE dr"dt" |dt' v+ Agi (1) A (871 —2g01821] ()dr', (3.9)
with
cz_lig r(2/3). (3.10)

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
140



The mKdV equation on the half-line with a sine-wave as Dirichlet datum

Proof. (a) Equations (2.16a) and (3.1) imply

gu(t) = 3/ {km(tk) 38010)) 4y G.11)

i Jop 2i

The function @ (¢,k) is given by

! . ’
@, (t,k) :/0 e SR (412 g0 + 2ikg 11 — g1 ) (1')dr, (3.12)

and hence,
t ) ,
x11 (1, k) = 124> /0 e SR g0 (F)dt . (3.13)

Substituting (3.13) into (3.11) and then integrating by parts with respect to dt’, (3.11) can be written
in the form

gt / / 8K (=) 50 (') dt dk. (3.14)
dDs
In order to integrate with respect dk, we will use the identity
~8ik’ g €1 — _é
/ame dk= 1 a=—"2T(1/3), (3.15)

In order to derive (3.15) we let dD3 = C; UC,, where C; = dD3;NCry and C; = dD3 N Cyyp (see
figure 2). Cauchy’s theorem implies

/ oS g1 _/ o8Ik gp — _ —i/6 /me*gl)%dp7 (3.16)
C1 Cl 0

where C; = {argk = —im/6} (cf. figure 2). Hence, evaluating the rhs of the above equation, we
obtain

—8ik3t __efm/6 1
/Cle dk =~ —T(1/3) . (3.17)

For the integral along C,, we change variables, k — k. Then the contour C, is deformed into
[0,00), and in analogy with (3.15) we now find

/ s Z €y L (3.18)
cze 6 t1/3 ’

Hence (3.17) and (3.18) imply (3.15). Using (3.15) in (3.14), we obtain

3er [1 goj(t!
gn(r) = cl/ (go’f,)l)ﬂ ‘. (3.19)

In a similar way we find that g;,(¢) is given by (3.4).
Co-published by Atlantis Press and Taylor & Francis
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Fig. 2. The oriented contours Cy, C; and q.

In order to derive (3.5), we note that

20 T

gi3(t) = 2/1)3 [k)m(t,k)— 3g°3(’)]dk+2g‘“([)/mxzz(r,k)dk.

i Jo
Using (2.15b) and (3.1), we find that the function ®,; is given by
t
Dy (1,k) =2 /O [(4k>go1 — 2ikg11 — ga1) P11 + 2ikgg, |dt’.
Thus,
t
X22(t,k) :A/o (4k*gor 11 — 2ikgni 21 — g xn )dr’,
t
X22(t,k) :A/o (4k>go1 x11 — 2ikgni X1t — g21 211 + 6ikggy ) dt’
3
22 (t,k) :k/o (4k>go1 211 — 2ikgni 11 — g21%11)dr’
where the symmetric combinations 1 and ;| are given by
! . /
11 (t,k) = 6ik/0 8781k3(t7t )gn(t’)dt’,
t ) ,
7211 (t,k) _ _3/0 678zk3(z—t )g21(t,)dt/.

Furthermore, using (2.15a) we find

¢ . ’
Dy3(t,k) Z/ o S =T) [ —2ikAgh P11 + (24870, + 4k>gos + 2ikg13 — g23)

0
+ (4K go1 + 2ikg11 — g21) Pt

which implies

4 a3 (e ol . N “ . ~
X13(I,k)=/0 e Sk D] —2ikAgd A + 12k gos + 4k go1 X2 + 2ikg11 200 — 821222 .
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The mKdV equation on the half-line with a sine-wave as Dirichlet datum

We next evaluate the second integral of (3.20); using (3.22) and (3.23) we obtain

! tl . ! "
/aD sz(t,k)dk:A/aD 12k2{/0 [—g()l(t’)/o oSt ) g1 (¢")dt"
3 3

t N ' 7 . 1
—i—g]](tl)/o o Skt )g11(t”)dl” . (t/)/o o Sk ('t )g01 (t”)dt”} dt/}dk. (3.26)

Using the identity

t/ * ’ "
/ k* / e SR (arak = T p(rh, (3.27)
oD;  Jo 24

we can integrate the rhs of (3.26) with respect to dk:

/8D3122(t k)d D /gll dl‘ ATL'/ gm( )g21< )d t. (3.28)

Thus, the second integral of (3.20) yields

go1(7) t,k)dk = \goi (¢ "2 dr' 3.29
— 303122(’ Ydk = Agoi (1) A (871 — go1g21] (f')ar’. (3.29)

Next we evaluate the first integral of (3.20); using (3.25) we find
! . ’
/ ks (1, k) dk = / / e MU 220k gh a1 + 12k 03 + 4K go1 o2
aDS aDg
20K g1 7 — kg | (' K) . (3.30)

We will evaluate each integral of (3.30). For the first term of the rhs of (3.30), integrating by parts
with respect to dr’, we find

t
/ / gO |: —8ik3(t— t)gll(t/) _/ —8ik3(t—t' ) ( H)dt”:| dt'dk. (3.31)
daD; 0

Using (3.15), (3.31) becomes

3161 ! 2 gll(t/) / 3ACl ! 2 0 v gll(tﬁ) " og,0
5 /Ogoz(t)(tt/)mdt_ 2 Ogoz(f)/o mdt dr’, (3.32)

and then integrating by parts with respect to dr”, we obtain

_ Acy *ogn(t”)
—2/1/ k2/ ik (1) K)dt'dk = ~€1 / 2 ’/ 8ull) e (333
o, ()2 (¢ k)t 2 Jo £ | (—pypdtdt. 333

Similarly, the second term of rhs of (3.30) yields
/ 1263 / SR g0 (Vi dk = / gos(t)dk — 25! / _dnl) (3.34)
0D3 21 0 (t_t/)1/3 :
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For the third term of the rhs of (3.30) we find

ot . ,
/a N 463 / e S g0 () T (¢ K)dt dke
3

t . ~
_ﬂ,l/aD 96k6/ g01 /0 801( )/0 6_81k3tg11(l‘/”)dl‘///dt//dt/
3

[I/ ) 5
i . 96/{6/0 01 (t/)/o 811(f//)/0 eiglk}tg()](t///)dt”/dt//dt/

t t 3
+2 . 1263 /O go1 (1) /O g1 (1" /O e SR g0 ("Vdt" dt" dt (3.35)
3

where 7 =t —1t' 41" —t". Integrating by parts with respect to dt””, the first integral of (3.35) becomes
A 12]{")/ —8ik? t l 801 / 801 gll( ”)dt”dt dk

dD3
3)1,1 3 )
/ / —8ik>(t—t") g01 )/ 801( “)gll(t")(l‘”)dt”dl‘/dk
dDs 0

3}» 1
l /a . / goi(t / go1(t") / 875 (¢")de" dt' dk. (3.36)
3

Integrating by parts the first term of the above expression with respect to dt’ and then employing
(3.15), we find

n

1 2
Al/aD 96/{6/ gOI / 801( )/O ef&k}tgll(l‘”/)dl‘/”dt”dt/
3

3161 ! g01 t/

/ // ’/ /
Z 8D3801 /801 )eni (t')dr' — % b t)1/3/ go1(t")gn (t")dt

37L'C1 gOl( )gll / A‘Cl / gl ) "
- /0 (t—t)1/3 /g(n / 801 t)/ 743 di"dr’. (3.37)

The other two terms of the rhs of (3.35) can be computed in a similar way; hence (3.35) becomes

t . ,
/ 413 / e S g0 (1) ¥ (¢, K)dt dk
0D3
. lcl 4 / tﬂgll(t”/) "3,
= /801 {/O gm(t)/o /3 dt" dt
! gOl(tm) Mg 1 g0 a / tﬂg21(t/”) " g, g0
_/o g“(t)/o w3 dt"'dt" dt —/0 g21(t)/0 w3 dt’'de"dt’ ;. (3.38)

Similarly, the fourth term of (3.30) yields

! 7 /
21/81) kz/ e*&k—*(l*l‘ )gll(t/)ZZZ(t/7k)dtldk
3

A ¢ W "
_ C1 / (1 {/ gm(l/)/ 80~14(/3 )dtmdt”dt/

t/ t//
+ / i / 34(/3 D aemaar — /O ) /O g1}4(/3 )dt’”dt”dt}, (3.39)
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The mKdV equation on the half-line with a sine-wave as Dirichlet datum

and the last integral of (3.30) becomes
t ) ,
—/ k/ e—81k3(t—t )821 (l‘,)sz (t/,k)dt/dk
dD;

_Ac ! t"
= 2ll / g21( ){/ gm(l/)/o 82~14(/3 )dl‘”/dl‘lldt

"
/ g1 / 811 = )dt///dt//dt +/ i g 14(/% )dtmdl‘”dt,}.

Combining (3.39) with (3.40), (3.33), (3.34) and (3.38), as well as (3.29), we obtain (3.5).

(b) Recall that g,,(0,7) = g>(¢) is given by

(1) :ﬂ,gg(t)—4/D [kle(t,k) 325'0}11(

TJo
480( )

. gl()/
ki (t, k) dk + =222 t,k)dk.
i /m a(t.K) 2, ok

Hence, the first term of the expansion of g, is

3k801

g (t) = —% /a o, [klel(t,k) }dk

Substituting (3.13) into (3.42) and integrating by parts with respect to dt’ we find

g1(t) = 6/ k/ S8 g0 (¢)df dk.
aD;

/4

Following steps similar to those used in (a), we find

—8ilk3s l\/>
aDSke “ldk = 2/3, 2= I'2/3).

Hence, employing (3.44) we obtain

) =52 [ A ar

in t—1)2/3

The function g;,(¢) can be obtained in a similar manner.
Next, we derive the third order term of the expansion, which satisfies

4 3k
g3(1) =Agh; — */D [kZXB(t,k) ;Ol}dk

T Jop,
2811(t)/
t,k)dk.
- 903)&2( )

4 t .
+ g(.)il() / kxon(t,k)dk +
i Jop,
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In order to evaluate the second integral of the rhs of (3.46), we use (3.22b) together with (3.13) and
(3.23):

l t/ . ! "
/a Ktk = A /a 4k /0 o1 (') /O SR g0 (1M dr"di dk
3 3

t tl . ! "
+Ai /a N 6k> /0 g (t) /O e SR o0 (#")dt" dt dk
3
4 tl : ! n 4
—Ai / 6k* / g1 (1) / e SR g (¢")dt" dt dk + Ai / 6k> / g3, (dr'dk. (3.47)
dDs 0 0 dDs 0

Using (3.27), we find that the second and third integrals of the rhs of (3.47) vanish. For the first
integral of the rhs of (3.47), integrating by parts with respect to dt’ we find

! 1 t . I
—6Ai /a N k* /O g5, (t)dr' dk +6Ai /a N K /0 go1(t') /0 e SR g0 (¢t dl dk.  (3.48)
3 3

The first term of (3.48) cancels with the last term of the rhs of (3.47). Also, using (3.27), the second
term of (3.48) yields

Aim [t AiT
== go1(t)gor (t)dr' = = =g5, (1) (3.49)
4 Jo 8
Thus, we find
4g01(t)/ N A 3
= — . 3.50
po- 8D3k)c22(t,k)dk 2801(5) (3.50)

The first and third integrals of (3.46) can be evaluated in a similar way as in (a) and hence (3.9)
follows. H

4. Periodic boundary condition

We next concentrate in the particular case that the Dirichlet datum is a sine wave.
Proposition 4.1. Let
q(0,1) =esintr+0(e*), €—0, r>0; ¢(x,00=0, xeR". 4.1

Then, q.(0,t) and q,(0,t) are given by (3.3) and (3.7), where

g12(t) = gn(t) =0, 4.2)
1 . ) .

gll(t) — *(066114—(1267”) + 6781](3[F(k3)dk’ (43)
2 oDs

g (1) = 5 (o2e" — ae™™) ~2i / e SEIRE () dk, 4.4)
2 aDs

with o0 = €%%/3, 9Dj is depicted in figure 3 and

12 K IS
F(i) == - . 45
(k) iﬂ(8k3+1 8k3—1) -5
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Re k

Fig. 3. The deformed contour D3, where o = e*7/3.

Proof. Equation (3.13) implies that
Ky (2,k) = _6il3e Skt /t (eif(8k3+l) _ eir(8k371))d7' (4.6)
0

Integrating the above equation with respect dt and substituting the resulting expression into (3.11),
we obtain

2 6k’ it —8ik3t 6k’ —it —8ik3t 3. —it
_ = _ it i it i R i k. 4.7
gi(t) in'/am[ 8k3+1(e e )+8k3—1(e e )+4(e e )d 4.7

Note that the integrand in (4.7) has removable singularities at k = —a/2 and at k = «?/2. Hence,
before splitting, the integral we deform the contour dDj5 to the contour dDs depicted in figure 3.
Thus, (4.7) yields

3 et et 12 3 K K
)=-— dk+ — —8ikt - dk. (4.8
gult) 2i7t/91§3<8k3+1+8k3—1> +m/313f <8k3+1 8k3—1> “-8)

The first integral in (4.8) can be evaluated by the residue theorem, and hence we find g;;(¢) as in
4.3).
In order to derive (4.4) we use the representation

3 ke' ke~ 24 3 K K
f)=—= dk— = —8ik°t — dk. 4.9
ga(t) 7r/3[)3<8k3+1+8k3—1) n/;mf <8k3+1 8k3—1> “9)

O]

Proposition 4.2. Let q(x,0) and q(0,t) be given by (4.1). Then the function ®(t,k) defined by
(2.15a) satisfies @1 (t,k) = e®y(t,k) + O(&?), € — 0, where

Cbll(l‘,k):

efSik% et - 6785k3z it e OC(2k o Ol) N 062(2k—l— aZ)
22k+ ) 2(2k— 062) 2(8k3 +1) 2(8k3 —1)

4k*(6* + o) 1 (k+k)F (k) _gue,
- S BT sy 4.10
(8K3 + 1)(8K° — 1)} 4/3ng B ¢ b (+-10)
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Rek Rek

Fig. 4. The deformed contours dD$ (left) and dDS* (right), where o = e2m/3,

with a[)_gk depicted in figure 4, and © is given by

1 ifkeaDs,
c=< o if akedDs, 4.11)
o? if o’k € dD;.

Proof. Substituting (4.3) and (4.4) into (3.12) and then integrating the resulting expression with
respect to d7, we find

—8ik3t et —8ik3r _ —it
Dy (t,k) = T (4K — 20k + o*) — TEE ) (4K +20%k + 1)
L
Employing the identities
42 =20k + o = (2k+1)(2k+ o?), 4k*+20%k+ o = (2k—1)(2k — ), (4.13)

we obtain the first two terms in (4.10). On the other hand, the integrand in the second line in (4.12)
has removable singularities at k| = k, atk, o>k. Hence, before splitting the integrals we deform the
contours dDj3 to the contour 8[)3‘,’ k which are depicted in figure 4.

Then, the residue theorem implies

k+ki)F (k3 ak—a) a*(2k+a? 8k?(o?
gk k> —k3 8k’ +1 8k° —1 (8k3+1)(8k*—1)
where o is given in (4.11). Using the above equation in (4.12), we find (4.10). ]
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Proposition 4.3. Let g(x,0) and q(0,1) be given by (4.1). Then, ®,(t,k) defined by (2.15b) satisfies
D, (t,k) = 1+ 2Py (t,k) + O(&3), € — 0, where

a1 (ke 1B =1) o (k)e—it(BF+1) oot e 2t
pom(r b = e Tl T, ae %
2(2k— o) 202k+02) | 8(2k+a) 8(2k—oa?)
+ | ek k)e "R Dgg, + / sk kp)e R gy
DSk aDgk

| calhoky)e SR ar, 4 [ sk ky e BHDag,
DSk DSk

+ colk,kr)e "R gy + / ) ( / C7(k,k1,kz)e—si’(8k?+k3>dk2>dkl, (4.15)
8D§’k Bng BDg’k

with the contour éka depicted in figure 4, and the constant 6 is given by

1 if —k€aD;,
6=<a if —akecaD;, (4.16)
a? if —a’k€dD;.
The functions oy (k) and {c;}] are defined by
4% (62 + o +1) (1) 2) (3)
k) = — k) =tV (k k k 4.17
(2k—1)(2k— o®)(k+k2) ., 5
k,ky) = F(k 4.18
(2k+1)(2k+ o) (k+k2) .. 5
kky) = — F(k3), 4.19
esk k) SE-B)EEr k) (4:19)
(k) (k—ki) 5 k—ki 3
kky) = —————2F (k}), k,ky) = — F(ky), 4.20
calkokr) A3 +13) (), eslhk) (8K3 — 1) (2k + cx) (k) (+20)
k—ky 3 (k_kl)(k+k2) 3 3
kky) = F(k3), kkiky) = ~—— A2 F(k))F(k3), (421
C6( 1) (Sk:l%_'_l)(Zk_aZ) ( 1) C7( 1 2) 16(k:1),+k%) ( l) ( 2) ( )
where
(k) = 2k2oc+1)—1 3k —k N a(8k*+5)
! 8(4k2+2k(2a+1)—1)  2(a—1)(8k>—1) = 24(8k> —1)(2k— )
B a’(8k* —5) o 8k -1 N ak(8 =7)  a(k+o’) 1
24(8K3 +1)(2k+a2) 4 \208K3+1) 38k —1)2k—a) 62k+a) 2
o a8k +1) k(8K +17)  2%-a o«
4\28k3—1) 383+ 1)(2k+0a?) 62k—a?) 2
64K+ 8k + 20k + 7k a(3K*+k) | 112> — 24k* — 26k> + 9k
12(8k3 +1)2 6(8k3+1) 12(8k3 —1)2
N 64iv/3k7 +48i\/3k5 + 16k* +20iv/3k> + 16k> + 1 4ik*(3log(k?) — 6log(k))
6(16k* +4k2 +1)2 m(64k6 —1)2 ’

(4.22a)
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ng)(k): 2k* (6% +0) A (kK (62 +6+1)
(64k6 —1)(2k+a2)(2k— )  (8K3+1)(8k% —1)
2P (0®+o)(16k* + 8K —2k+1) 8ak’ (62 + o) 4220)
(8k3 —1)2(8k3 +1)2 (64k6 — 1)(16k* +4k2+1)’ ‘
and
(k) = a(8k* —5) @ 2k —1 3 4220)

24(8K3—1)2 8(8K3+1)  3(8K3—1)2 8(a—1)(8K3—1)

Proof. Equation (3.21) implies that ®,, satisfies

ADy (t,k) = /Ot [4K7g01 (1) — 2ikg11(T) — g21(T) | P11 (T, k)dT + 2ik/0t g5 (7)dr. (4.23)
The second integral in (4.23) can be evaluated exactly,
2ik /0 t g, (1)dt = § (e — &™) +ikt. (4.24)
We also note that

4k2go1 (t) — 2ikg11(T) — g21(T) = — é(Zk —1)(2k— o)™ + (2k+ 1)(2k+a)e "

—2i / ) (k—kl)F(ﬁ)e—&k?fdkl. (4.25)
dD;
We denote @y (z,k) by

. . 1 k+k)F(k3) _gi2
®y1(7,k) = a1 (k)e %7+ ap(k)e'™ + as(k)e 7 + 1 / . (“)kfﬁe&’*dkz, (4.26)
DSk — K5

where a; (k) is given in (4.17) and o (k), a3 (k) are defined by

1 1

Oﬂz(k):—m, a3(k):m~

(4.27)

Substituting (4.25) and (4.26) into (4.23) and integrating the resulting expression with respect d7,
we find

/Ot [4k2g01(7:) —2ikgy1(7) —gm(r)]cbll(q;,k)df _ (‘;]i(k)a)(e—n(sm_n _ 1)
s (e - 20 e ek o) (- 1)
- aﬁk) (2k+1)(2k+a)(e > —1) ML k (2k+1)(2k + )t
o (k) (2k— 1)(2k — &)t +1(t,K), ws)
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where

[

(ko) e %70 — 1)
(2k—1)(2k — o) /a[,gk (kB —k3)(8k3 — 1)

(k+k2)(e—iz(8k%+1) —1)
2h+1)(2k + o /
( ) ) apgs (K —k3)(8k3+1)
(k_kl)(efit(%Sk%fl) _
aDs 8k3 — 1
(k_k1)<efit(8kf+l) _
D5 8k3 + 1
o (k) / (k=ky) (e Bk 1)
n F(k})dk
aD; K+ k3 (ki)dky

1 (k— ki) (k+ ko) (e SrkiHR) ) o >
+— / F(I3)F (k3)dky | dk;. 4.29
16 aD3< oDgk (k3 —13) (k3 +K3) (kDF (kz)dkz ) dky (429

1(t,k) = F(k3)dk,

F(k3)dk,

1)F(kf)dk1

D ()i,

Using the definitions for a, (k) and o (k) in (4.27), we find

iop (k) 03 (k)

(2k —1)(2k — o)t = —ikt; (4.30)

(2k+1)(2k+ o)t —

thus, the term in (4.24) involving ¢ cancels and then employing (4.24), equation (4.23) becomes

. ou(k) —it(8K3—1) _ 1\ _ ou (k) —it(8K3+1) _
A2(tk) = 3t~ g (¢ S rralC !

a’e?t ae 2t 2k2a+1)—1

TB2kra) 8k o) s@erakCarn-1) 0 @30

In what follows we evaluate each integral appearing in I(z,k). Using the residue theorem we
find

CRER-D TR 1 3B 12 3(8E 1)
16k*(0* + o)

/ (k+k2)F(k3) " Cak—a)  20%k(8K—T7) a(8kP+5)
opgk (k

B —1)2(8K3+1) =P, (4.32)
/ (k+k2)F(k3) " _ @P(2k+0a?) 20k(8K+7) a’(8k —5)
bt (K — k) (B3 +1) 8k — 1 383 +1)2  3(8K3+1)2
16k*(c*+0)
(k—k)F(k) a2k+a)  o?(2k+a?)
/a b, 8K —1 ="t (4.34)
(k—k)F(k3) ~  o?(2k—0a?) ak—a)
/a T 2 ik =— 5 - (4.35)
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We note that the integrand in the fifth line in (4.29) has removable singularities at k; =
—k, —ak,—o*k and hence before splitting the integral we deform 9D; to 8E§’k depicted in fig-
ure 4. Using the residue theorem we find

B 3 297 _ 2 2042 1 A
/ab Mdh :_Za(2k+a) _20°(2k— o) 16k*(6°+ 6) — By(k), (4.36)

K +k3 8k3 —1 8k3+1 (8k3+1)(8k*—1)
where the constant & is defined in (4.16). )
Regarding the double integral, we deform dDj3 to 8D‘37 k2 where & is defined by

1 if —ky € 8D3,
6=<a if —oky € dDs, 4.37)
o? if — ok, € dD;5.

Then, using a residue calculation we find

(k—k\)F (k) 2(2k+ )  202(2k—a?) 166k (k+ ko)
/~6k2 a3 dh=— 3_ - 3 3 3_1\" (4.38)
DS K+ k3 8k3 — 1 8k3 + 1 (8k3 +1)(8k3 — 1)
Thus, the double integral denoted by fB4(k) can be written as
1 (k—ki)(k+ka) 3003 >
k)= —— / F(I3)F (k3)dk, | dk
Palk) = —1¢ ang< apd2 (k3 —13) (k3 +k3) (kDE (ky)dk ) iz
=B (k) + B (k) + B (k), (4.39)
with
ky (k + k) (k + otk ) F (k3
plw = [ delr ks a) M), (4.40)
et (K —k3) (8k; +1)(8k; — 1)
2 2 3
2) B / o k2(k—|—k2)(k—|—06 kz)F(kz)
k) = — dky, 4.41
Ak cgt (kK3 —k3)(8k3 +1)(8k3 — 1) : @41
and
3) 1 (k+k)F(B) [a(2k+a)  o?(2k—a?)
B =g [ ; =) ko, (4.42)
8 Janpgk k3 —k; 8k — 1 8k + 1
where Cf”‘ and CY k are depicted in figure 4. A residue calculation implies
5O () = — 128k + 16k* — 8k +40k> + 14k +5  a(12k* +4k +3)
4 B 24(8k3 +1)2 24(8k3+1)2
112k5724k4+8k3—26k2+9k—4+ 12k? — 4k —3
12(8k3 —1)?2 8(a—1)(8k3—1)
_2*(c*+o)(16k* + 8K —2k+1) 8atk*(0? +0) 443)
(64k6 —1)2 (64k6 — 1)(16k* +4k2+1)" '

In order to compute ﬁil) by Cauchy’s theorem, we first deform Cj to C; (cf. figure 2). Using k» = rv
with v = e~7/0, ﬁil) (k) can be written in the form

_ 12/% ar*v3 (k+rv)(k+arv) 1 1
o (&

M (k) = - d 4.44
By (k) in —r3v3)(8r3Vv3+1)(8r3v3 —1) \ 8r3Vv3 + 1 8r3v3—1) " (4.44)
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For ﬁiz) (k), letting ky — a®k,, in analogy with ﬁil)(k), we obtain

B(z)(k)— 12 1= ar*vd(k+arv)(k+a’rv) < 1 1
! __ 14

i o (IB=rv)BRVI+1)BRVI—1)\83v3i+1 83vi—1

Evaluating (4.44) and (4.45) directly, we find

)dr. (4.45)

() 2) 64iv/3k” +48iv/3k> + 16k* +20i+/3k> + 16k + 1
ﬁ4 (k)+ﬁ4 (k): 2 N2 — 2 —2\2
6(2k + 0)2(2k + 02)2(2k — )2 (2k — ?)
4ik* (3log(k*) — 6log(k))

4.46
m(64k6 —1)2 (4.46)
Combining the above results, we find (4.15), where c; (k) is given by
o (k) 2k(2o0+1)—1 a?2k+a?)  aRk—oa) 1
ci(k) = 5 + + + I
22k+ a?)(2k—a) 8(4k2—|—2k(2a+1)— 1) 24(2k+a) 242k—o?) 8

o (k)
4

Sk Dk B (K) + 2k 1k o)~ D s+ ). @)

Simplifying (4.47), we find that ¢ (k) is given by the second equation in (4.17), where {cgj )}? are
defined in (4.22). ]

Proposition 4.4. Let g(x,0) and q(0,1) be given by (4.1). Then, q.(0,t) and q,.(0,t) are given by
(3.3) and (3.7), where g11, g12, 21, 822 are given in proposition 4.1 and g3, gr3 are given by the
following formulas:

a? a? p a « Y
1813(0:(16—32(31/3—1)>e3[+(16_32(31/3_1)>€ o

+dye" +dye " +0(1), t — oo, (4.48)
and
i i . i i .
l t) = 7_732/3_1 31[_ 7_732/3_1 —3it
+dse" +dye" +0(1), t — oo, (4.49)
with dy,...,d4 constants.

Proof. We will derive equation (4.48); equation (4.49) can be derived in a similar way. Recalling
(3.20), we denote Ag;3(t) by

Agia(e) = Agly (1) +Ag13 (), (4.50)
where
2
Agll () :E/aD KA [@13(1,k) + adys (1, k) + 02 Dy3 (1, a2k) | dk, (4.51)
3
it ,—it
230 =* 7: /a A[ @ (t,k) + 0@ (1, k) + > Pos (¢, k) | dk. (4.52)
D3

We next compute the coefficients of the terms involving e and e 3",
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Regarding A g%) (t), we use (4.15). Note that the term involving ¢*" arises from the third term in
(4.15),

o2e2it
— 4.53
82k + ) (4.53)
the relevant contribution for A g%) (1) is given by

2 2 2 2 2

o 1 o o 3 k o
e ak=> | k=2, 454
Sin/aljs<2k+a+2ak+a+2(x2k+a> 2iT Job, 8k3 +1 16 (454)

where we have used the fact that the integrand has poles at k = —ot/2 and at k = . Also, noting

that the term involving e~ arises from the fourth term in (4.15),
—2it
e
7 4.55
8(2k— o) (4.53)
the relevant contribution for A g%) (1) is given by
o 1 o o? 302 k? o
el dk = dk=— 4.56
8im /,9[)3 (2k—a2+2ak—a2+2a2k—a2> 2irm /,933 8k3 —1 16 (4.56)

where we have used the fact that the integrand has poles at k = «?/2 and at k = oo.

Regarding lggg) (t), we use (3.24). According to the symmetric combination for A®3(z,k)
in (4.51), we first need to evaluate the integrals

. t .
72ike—81k3z/0 681k31g%1(7)¢11(73k)d7
. 1 73
+e*8tk3t/0 eSzk*r [4k2g01 (T) + 2ikg11(f) — 821 (’L')] @22(17k)d7, 4.57)

For the first integral (involving ®;;(7,k)), we substitute (4.26) into (4.57) and then integrate the
resulting expression with respect d7; in this way we find the following explicit expressions:

2 i3 ) o (k) (eZit . 1) ay (k) (672# . 1) eit(8k3+1) -1
2o [_ L : + (o)~ 200(0) g
Q8 =1) _q o (k) (eit(8k3+3) _ 1) o3 (k) (eit(8k3f3) _ 1)
k) —20;(k 4.58
+(062( ) os( )) R0 — 1 + 8153 13 + R 3 ( )
Hence, the term involving &3 arises from the term
k
k) _ _ k (4.59)

28K +3)  4(2k+a)(8K3 +3)

The relevant contribution for A g%) (1) is given by

1 k k o2k ok 3a K
—f/ + + dk = — dk.
2im Jop, 8K3+3\2k+a  2ak+a  202k+a in Jop, (8k3 +3)(8k3 +1)
(4.60)
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Note that the above integrand has poles at k = — /2 and k = —%a ; thus,
3a K o?
— dk=—(3'3-1). 4.61
in /,9133 (8k3+3)(8k3+1) 16( ) (4.61)
The term involving e 3" arises from the term
k
(4.62)

k(Xy,(k) .
2(8k3 —3) 42k — a?)(8k3 —3)’

and the relevant contribution for A g%) (1) is given by

s / k k N o’k N ak "
2im Jop, 8k3 —3\2k—a?  20k—o? 202k — o2

3t K

=— dk. 4.63
B /alas (80— 3) (88 — 1) (4.63)
The above integrand has poles at k = @?/2 and k = %az, thus
K LAY
dk=—3'"-1). (4.64)

)
in Job, (8k3 +3)(8k+1) 16

For the second integral in (4.57) (involving ®5,(7,k)), we substitute (4.15) into (4.57). We need

to evaluate the integral

. t . -
6_81k3t/0 |:_;elf(4k2_2ak+a2) +;e—tr(4k2+2a2k+a):|
[ a (k)e'™ oy (k)e™® Qe TR+ g pit(8K=2)

- 8ik3T
2k—a) 22ktod) | 8@kta)  8@k—a?) e }dr- (4.65)

Letting
u (k) = 4k> =20k +a®,  up(k) = 4k> +20%k + o, (4.66)

and integrating the above expression with respect dt, equation (4.65) can be written in the form

) (k)€ —1) o (kpux(k)(e 2 1)

—8ik3t @ uy (k) uz (k)
4 \2k+0? 2k—a 8(2k— o) 8(2k + a2)
S8 +1) azuz(k) P18 =1) _q o (k)
- k)uy (k) — Kuy (k) + ———
28K +1) (Cl( Jir (k) 8(2k+a)> Y (Cl( Jua )+8(2ka2)>
a2u1 (k) (eit(8k3+3) _ 1) Omz(k) (eit(8k3_3) _ 1) @67)
16(8k3 +3)(2k+ ) 16(8k3 —3)(2k—a?) | )
Thus, the term involving > arises from the term
2
o1 (k) (4.68)

16(8K3+3)(2%k+ )
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The relevant contribution for A g%) (t) is given by

_ocz/ k uy (k) N auy (ak) N o?uy (o*k) ”
8im Jop, 8K3+3\2k+a  20k+oa  20%k+o
9a K 302

- dk=—-—""-
2im /3133 (8k3+3)(8k3+1) 32

(33 -1), (4.69)

33
2

where we have used the fact that the integrand has poles at k = —a /2 and k = — =5 o. Similarly, we

find that the term involving e 3 arises from the term
T 16(8K3 gusz)((kz)k —a?)’ (4.70)
The relevant contribution for A g%) (t) is given by
2 2
5ot oy T3 (B Tt e )
2 3
——92‘; /353 (8k33])<(8k3l)dk:_zz(3l/3_l)’ 4.71)

1
where we have used the fact that the integrand has poles at k = «*/2 and k = %az.
Combining (4.54), (4.61) and (4.69) for the terms involving €3, as well as (4.56), (4.64) and

(4.71) for the terms involving e 3", we find the following expressions for ¢ and e~3¥:
az a2 (31/3 1) ’ﬁt_i_ a x (31/3 1) —3it (4 72)
— —— —1) |e - —— —1) |e . .
16 32 16 32

O
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