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We study the nonlinear self-adjointness of a class of quasilinear 2D second order evolution equations by apply-
ing the method of Ibragimov. Which enables one to establish the conservation laws for any differential equation.
We first obtain conditions determining the self-adjointness for a sub-class in the general case. Then, we estab-
lish the conservation laws for hyperbolic geometric flow equation on Riemman surfaces.
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1. Introduction

Ibragimov recently introduced the concept of nonlinear self-adjointness and developed a tech-
nique for the determination of conservation laws for differential equations, [5—11]. Motivated by
such work we propose to the study of self-adjointness and conservation laws for the following
quasilinear 2D generalized second evolution equation

Uy = Aty + Buuty + Cuty + Duyy + Euy + Fu, +Pu§ + Qu§ + G+ Hu, —I—Iutz, (1.1)

where the coefficients A, B, C, D, E, F, P, Q, G, H, I are functions of the independent variables
t, x, y and the dependent variable u = u(¢,x,y). Among such equations we consider the hyperbolic
geometric flow equation in isothermic coordinates x, y on a Riemann surfaces, which has been intro-
duced by Kong and Liu [12] to study the wave character of the Riemannian metric and curvature,
the Ricci and the scalar curvatures, as singularities, existence and regularities of the flow solutions.
In particular, this equation can be seen as the Einstein’s hyperbolic geometric flow in vacuo. Here
we consider an equation that generalizes the 2D hyperbolic flow equation. There are lot of nonlinear
equations of type (1.1) arising in physics, chemistry and biology, [11].
In a recent paper we apply the method the Ibragimov to a class of evolution equations of type

Ru, :Auxy+Buxuy+Cuxx+Duyy+Euy+Fux—|—Pu§+Qu§+G,

where the coefficients A, B,C, D, E, F, P, Q, G and R # 0 are functions of the independent variables
t, x, y and the dependent variable u = u(t,x,y). We have established conditions determining the self-
adjointness and the conservation laws for important Ricci flow equation, the modified Ricci flow
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equation and the nonlinear heat equation 2D, [1]. So the present paper is a natural generalization of
that.

Firstly we investigate the nonlinear self-adjointness of the general evolution equation (1.1)
which is the most important point of applying the Ibragimov’s method. Secondly we establish the
conservation laws for the nonlinear self-adjoint (modified) hyperbolic geometric flow equation.

This paper is organized as follows. In Section 2 we present the Ibragimov’s method, the impor-
tant concept of nonlinear self-adjointness and conservation laws for a scalar equation of second
order. In Section 3 we state the main result in this work. In Section 4 we establish the conservation
laws for (modified) hyperbolic geometric flow equation. Finally, the proof of the main theorem is
presented in Appendix.

2. The Ibragimov’s Method

In this section we develop the Ibragimov’s theory for a single second order partial differential
equation in the independent variables f, x and y, dependent variable u = u(t,x,y). For a general
equation the basic literature recommended are the papers [4-11].

We define a differential function as [5,6,8,11].

Definition 2.1. Letz, x, y be the independent variables, u = u(t,x,y) the dependent variable, u, uy,
Uy, Uy, Uyy, Uyy, €IC., its partial derivatives. A function % in the variable ¢, x, y, u, u;, iy, Uy, Uy, Uy,
Uyy, etc., is called a differential function if it is locally analytic, i.e., if it admit locally a Taylor series
expansion.

The concept of formal Lagrangian is introduced according to [5, 10, 11].

Definition 2.2. Let .% be a differential function in the variable ¢, x, y, u, u;, Uy, Uy, Uy, Uyy, Uyy,
etc., and v = v(z,x,y) is the new dependent variable, known as the adjoint variable or nonlocal
variable [5], the formal Lagrangian function for the .# is the differential function in the variable 7,
X, Y, Uy V, Up, Uy, Uy, Uy, Uyy, Uy, €IC., defined by

L =vF. 2.1)
Definition 2.3. Let .# be a differential function and the differential equation
y(t,xa}’aua”h”xa”ya”xm”xya”yya"'):Oa (22)

denoted by .Z [u] = 0, we define the adjoint differential function to .%# by

07
Fr = — 2.3
50 (2.3)
and the adjoint differential equation by
Lga*(t’xvyvuvvv ut7Vtaux7VX7uy7Vy7uxmvxmuxyavxyvuyyavyyv e ) = 07 (24)
denoted by .Z*[u,v] = 0, where
0 d d d d d d d d
=D Dr D5+ DDy + D+ D+ D — - (25
ou Jdu "ou, *u, yauy t 7 yauxy 7 uy + * ity 7 Jityy (2.5)
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is the Euler-Lagrange operator, and

7 :i—i-ui—i-vi—i-u i—i—v i—i—u i—|—v i—i—u i—i—
VR R R TR R TR I tyauy ’

7 :i—i-ui—i-vi—i—u i—i—v i—i—u i—i—v i—i—u i—i—
T ox | ou ! Tov Mo, T Mov, | TY0u, | o, ouy ’

d d d d d d d d

7 Uy=—+Vy=—+lUy=—+Vy=—Ftlly=s— +Vy=— U=+,
Y 8y+ y8u+y8v+ty(?u,+ly8v,+xyaux+xy8vx+yy8uy+
are the total derivative operator with respect to #, x and y, respectively.

Definition 2.4. The differential equation (2.2) is said to be nonlinearly self-adjoint if there exists a
function

v=0(t,x,yu) #0 (2.6)
such that it satisfy
T v—ptoyu) = A F 2.7)
for some undetermined coefficient A = A (¢,x,y,u,---). If v = ¢(u) in (2.6) and (2.7), the equation
(2.1) is called quasi self-adjoint. If v = u, we say that the equation (2.1) is strictly self-adjoint.
Definition 2.5. A conservation law for equation .%# [u] = 0 is the total divergence
Div(C) = 2,C" + 2,C* + 9,C°,

for some vectorial differential function C[u] = (C',C?,C?), so-called conserved vector, such that
the divergence vanishes for all solutions u = f(¢,x,y) for equation .%[u] = 0. A conservation law
is said to be nonlocal conservation law if the conserved vector depends on the solutions v of the
adjoint equation (2.4).

Now we state the New Conservation Theorem (or Theorem on nonlocal conservation laws, [8])
for the differential equation (2.4).

Theorem 2.1. Every Lie point and Lie-Bdcklund symmetry

) d d d
X= T(t)xayaua’”)a+(S(t’xayaua"')$+n(tax’y’u"")a_y-'—q)(tax)y)u’”')%’

as well as nonlocal symmetry, of the differential equation % [u] = 0, provides a nonlocal conserva-
tion law
Div(C)=0 for Flu=0 and F*[u,v]=0.

Let W = ¢ — tu, — Eu, — Nuy, be the Lie characteristic, then the components of the conserved vector,
Clu] = (C',C?,C?), are given by

Cl-t2=w aﬁ—.@,aﬁ +.@,Wa£,
8ut autt aMtt
0¥ 0L 0¥ 0.7 0¥
2 — — — i - -
C--Et¥=w <8ux .@xauxx D, auxy> + @xWauxx + W T
C—ng=w 902 _%ag —@yag +.@xwai“ﬂ+.@ywaﬁ.
duy Aty ity Oty ity
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We note that . vanishes on the solutions of the equation (2.4), then the term 7.¥, {.%, and
n-Z may be omitted in the conserved vector.

3. The Main 2D Generalized Quasilinear Equation
In this section we apply to the equation (1.1) the Ibragimov’s method. For this purpose we write this
equation in the form (2.1), where
F 1= uy — Autyy — Buyity — Cutyy — Dutyy — Euty — Fu, — Pu)% — Qui —G—Hu; — Iu,z. (3.1
Then the corresponding formal Lagrangian (2.2) is given by
L = v(uy — Autyy — Buyuty — Cityy — Dty — Euty — Fu, — Pu)% — Qu)z, —G—Hu, — Iu,z) (3.2)

and the Euler-Lagrange operator (2.5) assumes the following form:

8 i_@ti_@xi_@ J +@t21 QZL

0 , 0
Su  Ju u; du, ya—uy duy Y Uy Dt Dy G T B3

ity Y duyy
Now we apply the Euler-Lagrange operator (3.3) to .Z determined by (3.2) and after some work we
obtain that the adjoint equation (2.4) to (1.1) (see Proposition 5.2 in Appendix) reads:
F* =y —Avy —Cvye—Dvyy+ (H+21u) vy

+ [(B—Ay)uy+2(P—Cy)uc+F —Ay—2C]v,

+ [(B—Au)ux+2(Q—Dy)uy+E —A,—2Dyv,

+ 21wy +2(B—Ay) by + (By — Ay ttx tty +2 (P — Cy) ey (3.4)

+2(Q —Dy) ttyy + (Bx — A +2(Qy — Dyu) ) tty

+ (By = A+ 2 (Pi—Cu)) s+ (P — Cu) 17

+ (Qu — Duu) ”5 —Axy—Cu—Dyy

+ Ey+Fo+ H — G+ 2L uy + Lu?]v = 0.

Therefore we get the main result in the present paper, which can be stated as follows.

Theorem 3.1. The eq. (1.1) is nonlinearly self-adjoint if and only if there exists a two time differ-
entiable function @ = @(t,x,y,u) # 0 such that its coefficients satisfies the following relations:

Pu+@I=0, (3.5)

if at least the function Ay, By, C1, D1, E|, Fy, defined below, is nonzero,

O+ (@1 +H (@, +@I) =0, (3.6)
(9A)y—@B)y+2((¢C)y— @P), —2F (¢ +@I) =0, (3.7)
(pA)y—@B)+2((¢D),— @ Q)y—2E (9, + @I) =0, (3.8)

G — (QA)xy — (@C)xx — (@D)yy + (PE)y + (@ F )+ (9H): + ¢, G =
¢ (Gu—2GI), (3.9)
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where A, B,C,D,E,F, P,Q, G, H and I are function of t,x,y,u, and the functions A|, By, Ci, Dy,
E\, F are given by

A=Ay, B :=DC,—CD,,C:=Cy,

D, :=D,,E; :=AC,—CA,, F, := AD, — DA,.

Further, the coefficient functions satisfy the following condictions:

A =AI+B, (3.10)
B =DP-CQ, (3.11)
C,=CI+P, (3.12)
Dy =DI+Q, (3.13)
E,=AP—-CB, (3.14)
Fi=AQ—-DB. (3.15)

The quasi-self-adjointness and the strict self-adjointness of the studied equations are direct con-
sequence of Theorem 3.1. Here we will apply the Theorem 3.1 to modified hyperbolic geometric
flow equation, in particular, to hyperbolic geometric flow equation.

4. The modified hyperbolic geometric flow equation

In this section we apply the Theorem 3.1 to the equation
Uy = €M (e + tyy) + A ui?, 4.1)

where A is a nonzero constant, and establish the corresponding conservation laws.

This equation is a natural generalization of the hyperbolic geometric flow equation, where A =
—1, and was suggested by professors Yuri Bozhkov and Igor Freire in [2].

The eq. (4.1) is of type (1.1) with

C=D=é¢", I=A, A=B=E=F=G=P=Q=H=0.
A first corollary of the Theorem 3.1 is the following:
Corollary 4.1. The equation
wy = f(u) (ex + ”yy) + 2 MIZ’

where f = f(u) and A do not vanish, is nonlinearly self-adjoint if and only if f(u) = ae** where a
is nonzero constant.
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Proof. According the Theorem 3.1 we have
A :=RA,—AR, =0,
By :=DC,—-CD, =0,
Ci:=RC,—CR, = f'(u),
Dy:=RD,—DR,=Cy,

E :=AC,—CA, =0,
F,:=AD,— DA, =0.

Further, the coefficient functions must satisfy the following relations:

AI+RB=0=A,, DP—-CQ=0=B;, CI+RP=Af(u)=C,

AP-CB=0=E;, AQ—-DB=0=F,.

So we have f'(u) = A f(u), i.e., f(u) = ae*" where a is a constant.
As C) # 0 from eq. (3.5) we obtain

ou=-Ap, ie, o=¢'e

where @' = ¢'(t,x,y) is any nonvanishing function.
The eqgs. (3.6, 3.7, 3.8) are satisfied trivially by ¢. From eq. (3.9) we have

0= @ — Qo f(u) — @y f(u) = Qe > —a(@l +0}),

this is,
0=, = Qi+ 0y,

Thus, ¢ = (at+ B)e ** where a = a(x,y) and B = B(x,y) are any harmonic functions both
nonvanishing.

Therefore, the eq. uy = f(u) (uyx + ttyy) + A u? is nonlinearly self-adjoint if and only if f(u) =
ae** where a is nonzero constant. U

Then we calculate some conservation laws for eq. (4.1). Its Lie symmetry are computed in
Proposition 5.3 of Appendix, in terms of two functions satisfying the Cauchy-Riemann equations
and the general infinitesimal generator of symmetries is given by

d d Jd 2 d
X = (a1 +C4f)E+§(x,y)$+ﬂ(%y)a—y+z(§x—c4)$a

where ¢y, ¢4 are arbitrary constants, &, = 1, and 1, = —¢,.
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We consider the following sub-algebra with infinitesimal generators of symmetries given by:

J J J 2 29
VI_E’ Vz—a, V3_8_y’ V4—’g—1$,
Vel 4,929 , 9 9
STy T Ao T T ey

Let be the general generator

d d Jd 2 d
V= (e tet) 5o+ (et esxtesy) 5+ (e —06x+05y)a—y+z(cs —ca) 5

where ¢y, ¢3, €3, ¢4, ¢5 and cg are arbitrary constants.
Consider the adjoint variable v = (az + ) e **, where o = a(x,y) and B = B(x,y) are any
harmonic functions both nonvanishing, the formal Lagrangian is given by

K= (OCZ‘-I—B)@_)LM (utys — M (”xx+”yy) _7“412)’
that is,
Y= (at—f—ﬁ)(e*l”(u,, —lutz) — Uy — Uy ).

Now we apply to the conserved vectors given by New Conservation Theorem (Theorem 2.1),
C = (C',C?,C?), the simplifying operation described on pp. 50-51 of [11], and we obtain the fol-
lowing components:

cl — [_(C4a+ax(cz+05x+06y))—[Oﬂx(‘72+c5x+cﬁy)+ay(03_C6x+csy)]u} <

+ e M 2oesu+[(ont 4 Bi) (c2+esx+cgy) + (oyt+ By) (c3 —cox+c5Y)
+o(crtcat)+(at+B)eau+(Au—2) o (ca+ csx+cey) uy
+Auc(c3—cex+csy)uyt,

= (% —u> a(oyyt+ PByy) (c2+csx+cey) +a(ont + By) (% (cs—ca) + (cs —|—C4)u>

+al(cr +cat) o+ (gt + Byy) (c3 —cox+cs5y) — (ayt + By) co) u
— (@t + B) (e -+ esxcoy) + (G + By) (e3 — cox+esy) +at(er +eat)
+ (at+B) caluy— (Au—2) a(cr+esx+cey)e

Cc = <u—%) a(Oyt + Byy) (c2+csx+cey) +a(oyt + By) (—%C4+(C5+C4)u>
- (u+%> a(ont+Bi)ce +al(cr +cat) oy — (Ot + Bec) (c3 — cox+csy)u
— (Gt + o) (e2  e5 v+ coy) + (@ 1+ By) (e3 — cox -+ esy) + a1 +cat)
+ (at—i—ﬁ)a;]uy—lu(x(c_g—c6x—|—C5y)e*’l”u,.

Therefore we prove the first corollary of Theorem 2.1:
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Corollary 4.2. LetV be an infinitesimal generator of Lie symmetry for the eq.(4.1), give by

0 0 J 2 0
V={(a +C4I)E+(02+Csx+06y)$+(63—Cex+65y)a—y+z(65—c4) P

where ¢y, ¢, €3, 4, Cs, Co are arbitrary constants, A is a nonzero constant, and let o« = o/(x,y) and

B = B(x,y) be harmonic functions both nonvanishing, then the corresponding nonlocal conserved
vectors are the following:

e For generator Vi, the components of the conserved vector C = (C',C?,C?), are given by
Cc' = eil”aut, C?=au—ou, C = Oy U — Clity.

e For generator Vs, the components of the conserved vector C = (C',C?,C?), are given by

2
c! = [Iax—axu+(axt+[3x)ut+(lu—2)o¢ux e M

C? = (%—u) (Ot + Byy) — (0t + Bty — (Au—2) ate ™ u,,
c = (u—%) (Ot 4+ By) — (Ot + By) 1ty

e For generator Vs, the components of the conserved vector C = (C',C?,C?), are given by

C' = [~oyu+ (ot +By)u + Auou]e ",
C* = (Gt + By u— (0t + By) iy,
C = — (Ot 4 Brc) ut — (ayt—i—ﬁy)uy—?tuae_)“”u,.

e For generator Vy, the components of the conserved vector C = (C',C?,C?), are given by

c'= [%au +(2at+ﬁ)u,} et

= <u—%> (Ot + Bo) 1 0t — (20t + B) s,
2
= (u—z) (ot +By)+toyu— (2ot +B)uy.
e For generator Vs, the components of the conserved vector C = (C',C?,C?), are given by
2
c! = [Iaxx—(chx—l—ocyy+206)u+[(axt+ﬁx)x+(ayt+[3y)y]ut
+ (7Lu—2)ocxux+ﬂ,uocyuy]e_)“”,
2 2
¢ = (=) et B (7 +u) (ot B
+ (axyt+ﬁxy)yu_ [(axt+ﬁx)x+(ayt+ﬂy)y] Uy — (QLM—Z) O‘xe_)tuuta

2
= (u— I) (Otyt + Boy) x+ [0 1+ By — (Gt + Brx) Y] u
— [(owt + Bo) x+ (ot + By) yuy — A”ayeiluut-
Co-published by Atlantis Press and Taylor & Francis
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e For generator Vi, the components of the conserved vector C = (C',C?,C?), are given by

c'= [% 0y — (0 y — oy x)u+[(oct + Be) y — (ayt + By) x] uy

+ (Au—2)ayu, — Aucxuy)e "

> (Qyt+ Byy)y — [(Ouyt + Buy) X+ 04yt + By u
— (ot +By)y (Ocyt—l—ﬁy)x]ux—(7Lu—2)ayefl”ut,
¢ = (=7 ) (ayr+ o)+ (G +u) (awr )

+ (Ot + Ber)xu— (0t + Be)y — (0t + By) X uy + Auccxe ™ u.

»lw

We note that local conservation laws can be obtained taking & = 0 and 8 a nonzero constant.
A second corollary of the Theorem 3.1 is the follows:

Corollary 4.3. The hyperbolic geometric flow equation, uy; = e (Uxy + Utyy) — u?, is quasi-self-
adjoint.

Proof. Follow from Corollary 4.1 with f(u) =e ", A = —1, &« = 0 and 8 a nonzero constant. [

A second corollary of the Theorem 2.1 is the follows:

Corollary 4.4. Let X be the general infinitesimal generator of Lie symmetry for the hyperbolic
geometric flow equation, give by

d d d d
X = t) — — — —2(& — ,
(C1+C4 )at+§(x7y) ax+n(x7y) ay (é C4) Ju
where ¢\, c4 are arbitrary constants, &, = 1, Ny = —&,, then the corresponding nonlocal conserved

vector C = (C',C?,C3) is give by
c'=é'y, C*=-u, C= —ty.

Proof. The general infinitesimal generator X is obtained in Proposition 5.3. Consider the adjoint
variable v = f ¢“, where 3 is a nonzero constant, then we obtain the following components for the
conserved vectors:

C' =Be“{[2(cs— &) — (1 +eat)uy — Eue —Nuyluy

— cauy — (c1+cat) (€ (thyy + tyy) —u?) — S —Nuyy},
C* = B 28w+ (c1 +cat) th + ety + Nty + &t + Nty
C* = B2&u+ (c1 4 cat) ty + Eyux+ Nyuy + E e + M uyy).

Now apply to the conserved vectors C = (C',C?,C?) the simplifying operation described on pp.
50-51 of [11] for obtain the following conserved vector, which is generated by

d d

and its components are given by

Cc'=e'y, C*=—u,, C3:—uy.
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We note that this corollary can be obtained from Corollary 4.2 considering A = —1, and the
adjoint variable v = Be", with o = 0 and 3 is a nonzero constant, we obtain a only non-trivial
conserved vector which is generated by V.

5. Appendix

Proposition 5.1. The adjoint equation to F = 0, where .F is determined by (3.1), is given by (3.4).

Proof. Recall the formal Lagrangian is given by

L = v(un—Auxy—Buxuy—Cuxx—Duyy—Euy—Fux—Pu)%—Qui—G
— Hu; —Iu?).

See (3.2). Then the corresponding partial derivatives of .# are given by

0L
S :v(—Auuxy—Buuxuy—Cuuxx—Duuyy—Euuy—Fuux—Puu)%—Quu)z,
_Gu_Huut_qutz)a
0% 0.7 0.7
P —v(H+21u), Ei —v(Buy+2Pu,+F), 8—uy =—v(2Quy+Bu,+E),
0 d 0 d
gzv, X:—VC, E:—VD, ;Z:—VA.
duy, Oy, ity ity
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The total derivatives involved in the Euler operator are given by

9.2
_@ta_ul
92

~ du,
_9 A

Y duy,

2.2
duy
<
.@x%

07

ity

Zy

D,

o
ity
0¥

2
7 Oy
0.
202

Y duyy

D

Substituting these formulae in .7 *

(20w +H) v, + (2w + (H, + 21w, + 21, u> + Hy) v,

=(Buy+2Puy+F) vy + (Butyy + Byt ty + 2 Pty + Beuty + (Fy + 2 Py) u,y
+2P 2 4+ F)v,
=(2Quy+Buy+E)vy+ (Buyy + Byuyuy +2Quiyy + (E, +20Qy) uy + By uy

+20,145 +Ey)v,

0.7
2—
& Juy,

(Ax +Au ux) v,

=V, = Vi,

=—Av,—

Avxy - (AX+AMMX) Vy - (Ay +Auuy)vx - (Au uxy +Auuuxuy +Axu uy

+ Ay uc+Ay)v,

—Cvy— (Ce+Cyuy) v,

= — Cvygy — 2(Cy + Cpt) vy — (Cytte 4 Cog 142 +2Cy 1ty + C ) v,

—Dvy— (Dy+Dyuy)v,

=—Dvy, —2(Dy+ Dyuy) vy — (Dyttyy +2 Dy, tty + Dy u§ +Dyy) v,

0L

= %, we obtain the adjoint equation (3.4).

O

Proposition 5.2. The self-adjointness determining equations of the equation (1.1) are given by:

Uyt ©
Uyy :
Uy Uy .
Uyy -
Uyy :
Uy .

Uy

u

=N =N

Ou+21p =2,

—AQ,+2(B—A,) ¢ =—AA,
~AQu+2(B—A,) ¢+ (By—Auw) 9 = —AB,
~C@,+2(P—C,) o =—AC,
—-D@¢,+2(Q—D,)¢=—AD,
—AQu—2D @y + (B—Ay) @ +2(Q—Dy) ¢y
+(E—Ac—2Dy) @, + (By—Ax +2(Qy—Dy,)) ¢ = —AE,
—AQu—2CQu+ (B—A,) @y +2(P—Cy) ¢
+(F_Ay_2CX)(Pu+(By_Ayu+2(Px—Cxu))(P:_AF,
200 +210+He,+2L,9=—AH,
—COu+2(P—Cy)@u+ (P —Cut) = —AP,

~D @u+2(Q —Dy) ou+ (Qu—Dus) ¢ = =1 0,
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(5.4)
(5.5)

(5.6)

(5.7)
(5.8)
(5.9)
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2.
u;

Ouu+21Qu+1,@ = =11,

O —AQy —CPu— D@y + (E_Ax_sz) @y
+(F=Ay=2C)oc+Ho
—(Ay+Cu+Dy—E,—F.—H+G,) ¢ =—AG,

(5.11)

(5.12)

for some differenciable function @ = @(t,x,y,u) # 0 and undetermined coefficient A =

At x,y,u).

Proof. Substituting v = @(¢,x,y,u) and its partial derivatives v;, vy, Vy, Vyy, Vxy, and vy, into .F*
given by Proposition 5.1 we have

That is,

‘g*|v:(ptx

( r 7y‘ru)

= Qu +2Qutty + Puy uzz + @yl

— APy + Putty + Py ttx + Qg Uy + iUy )
— C(Qux+2 Pty + Pua 15 + Pu )

= D(@yy + 2Py tty + Puy 145 + Quityy)

+ ((B_Au)uy+2(P_CM)MX+F_A)/_ZCX) ((pX+(pqu)
+ ((B_Au)”x+2(Q_Du)”y +E—Ax—2Dy) (%""Pu”y)

+ (H+21u) (@ + @uuy)

+ 21wy +2(B —Ay) by + (B — Ayu) ux tty +2 (P — C) ey

+2(Q—Dy)uyy+ (By —Ax +2(Qy — Dyy) )

+ (By—Ayu+2(Pe—Cu)) tty + (P — Cuu)
+ (Qu—Du) tty — Ay — Cex — Dy

+ Ey+Fo+ H — G+ 2L u +L,u?] ¢

y*’v:(p(t,xy,u) - ( u +21(P) Uy — (A Py — 2(8 _AM) (p)ux)/

— (AQu—2(B—A,) 0y — (By — Auu) @) ur uy

— (Cpy—2(P—Cy) @) ttrx + (D —2(Q — D) @) yy

[Aq’xu"'zD(Pyu (B—Ay) 0x—2(Q—D.,) o,

E— )(pu_(Bx_Axu+2(Qy_Dyu))(p]uy

Aq)yu+2C(pxu (B—A,) @, —2(P—Cy) ¢«

— (
- |

— (F=Ay=2C) @y — (By — Ay + 2 (Pe — Cuu)) @] s
(

+ Qou+210+H@,+2160)u
— [COu—2(P—C) o — (P — Cu) @)15]
— [DQuu—2(Q—Du) @u— (Qu—Duu) 9] 1ty
+ (Quu+21 @+ 1, 9) u}
+ @ —AQy —C P —D @y + (E—A;—2D,) ¢,
+ (F—Ay=2C) o +Ho
— (Ay+Cu+ Dy —Ey— F,—H +Gy) .
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Now we equalize the coefficients of the monomials u;, tyy, Uy tty, Uy, Uy, Uy, Uy, u)zc, ui, U, u,2 and
1 in both sides the eq. (2.7) for we obtain the self-adjointness determining equations. U

Proof. of Theorem 3.1. The eq. (3.10) is obtained adding to eq. (5.2) the eq. (5.1) multiplied by A.
The eq. (3.11) is obtained adding to eq. (5.4) multiplied by D the eq. (5.5) multiplied by —C.
The eq. (3.12) is obtained adding to eq. (5.4) the eq. (5.1) multiplied by C.

The eq. (3.13) is obtained adding to eq. (5.5) the eq. (5.1) multiplied by D.

The eq. (3.14) is obtained adding to eq. (5.2) multiplied by C the eq. (5.4) multiplied by —A.

The eq. (3.15) is obtained adding to eq. (5.2) multiplied by D the eq. (5.5) multiplied by —A.

If A; # 0 the eq. (3.5) is obtained adding to eq. (5.3) the eq. (5.11) multiplied by A, after we
substitute the eqgs. (3.10, 5.1) in the resultant equation obtaining the follows: A, (¢, +1¢) = 0, this
is, @, +1¢ =0.

If By # 0 the eq. (3.5) is obtained adding to eq. (5.9) multiplied by D the eq. (5.10) multiplied
by —C, after we substitute the eqs. (3.11, 3.12, 3.13, 5.1) in the resultant equation obtaining the
follows: (DP—CQ) (¢, +1¢) =0, thisis, ¢, +1¢ = 0.

If C; # 0 the eq. (3.5) is obtained adding to eq. (5.9) the eq. (5.11) multiplied by C, after we
substitute the eqgs. (3.12, 5.1) in the resultant equation obtaining the follows: C,, (¢, +1¢) = 0, this
is, @, +1¢ =0.

If D; # 0 the eq. (3.5) is obtained adding to eq. (5.10) the eq. (5.11) multiplied by D, after we
substitute the egs. (3.13, 5.1) in the resultant equation obtaining the follows: D, (¢, +1¢) =0, ou
seja, ¢, +1¢ =0.

If E; # 0 the eq. (3.5) is obtained adding to eq. (5.3) multiplied by C the eq. (5.9) multiplied
by —A, after we substitute the eqs. (3.10, 3.12, 3.14, 5.1) in the resultant equation obtaining the
follows: (AP—CB) (¢, +1¢) =0, this is, ¢, +1¢ =0.

If Fi # 0 the eq. (3.5) is obtained adding to eq. (5.3) multiplied by D the eq. (5.10) multiplied by
—A, after we substitute the eqgs. (3.10, 3.13, 3.15, 5.1) in the resultant equation obtainig the follows:
(AQ—DB) (¢, +1¢) =0, this is, ¢, +1¢ = 0.

The eq. (3.6) is obtained substituting the eq. (5.1) into (5.8).

The eq. (3.7) is obtained substituting the eq. (5.1) in (5.7).

The eq. (3.8) is obtained substituting the eq. (5.1) in (5.6).

Finally, the eq. (3.9) is obtained substituting the eq. (5.1) in (5.12). O

Proposition 5.3. The Lie symmetries of the modified hyperbolic geometric flow equation (4.1) are
generate by following infinitesimal generator:

d d Jd 2 0
X =(cy +C4Z)E+§(X7y)a‘f'n(XJ)a—y‘f'I(éx—CO%’

where ¢y, ¢4 are arbitrary constants, and the functions & = & (x,y) and N = n(x,y) satisfies the
Cauchy-Riemann equations:

éx = 77):7 Nx = _éy-

Proof. We will follow the notation of [13], Theorem 2.36, pg. 110. Let be the infinitesimal gener-
ator

X—ri+c§i+ i+ 9
=Ty ten Ny 0w

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
40



Kénio A. A. Silva

where T = 1(t,x,y,u), & = E(t,x,y,u), n = n(t,x,y,u) and ¢ = ¢(t,x,y,u), its infinitesimal gener-
ator of the second prolongation is

0 0 0
t a_ + (ptt - + (pxx
Uy Upy

0
+¢yya_+...’

0 0 0 0
Qy 2 s s 9
proX T8t+€8x+n8y+¢8u+¢ Oy, Uyy

where

¢ =2, — (21w — (Z:E)ux — (2 )uy

=0+ (¢ — T — Ty ”z2 — &y — Ny tty — &yt — My gty

0" = 2,0 — (D0 uy — (2,8 ) — (21N ) sy
= Ou+ 20 — T )ty — Gty — Nyt uy + (Pu — 2Ttu)ut2 —2&, u — 2 My Uy
— Tty — G4y e — Mttty ++ (G — 2 = 3Tty — Gyt — Mty )ty
— 2(& + Euu Jugx — 2(Ny + Myt ) 1y,

0™ = Pur + (2P — o)t — Toxtty — Moty + (D — 2 G147 — 2 T Uy e — 2 M Uity
— Gt — Ty 134y — Moy Wytty + (P — 2 & — 3 &t — Tty — Moty )t
— 2( Ty + Tyt )ty — 2 (M + M1ty )1ty

o = Oy + (2 Oyu — nyy)uy — TyyUr — éyy Uy + (Puu — 277yu)“§ — 2Ty ity — 2§yu Uxlly
— Nty — T Ugtty — Eug it + (9 — 27y — 31ty — Ty sty — Ey 1)ty
— 2(Ty + Tty )ty — 2 (Ey + &ty )ty

Applying pr¥X to eq.(4.1) we find the infinitesimal criterion of invariance (Theorem 2.31, pg
104) must be satisfied whenever u,, — e** (U +1tyy) — A u? =0, that is,

pr(z)X(u,, — M (Upy + ttyy) — A utz) =0, whenever  u, — et (Ux + Utyy) — A ut2 =0.

Thus we must have

_ i ti 1t ) XX ) yy ) _ Au o 2
0= ((P du +o Jdu, +o Juy, +o Oty +o 8uyy (ur —e (MXX+MW) Au)
= A M (e + ) — O 2 1y + O — (97 + 97) M. (5.13)

Now we substitute the eq.(4.1) into ¢" and the rewritten as

9" = 0" + (90 — 2T — 3Tty — Eytty — Ny tty) (€ (e + t1yy) + A 157 (5.14)

‘=0

Urt

where ¢
The coefficients of the quadratic monomials u;uyy, uity, and uyuyy, in (5.13, 5.14) are given by

Wiy 3T AT, At = 0,
Uety:  —E A 43E A = 0,
Uyttyy:  —Mu At +3n et = 0.
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From A # 0 follows that T = 7(¢,x,y), £ = &(¢,x,y) and n = n(z,x,y). Then we have

o' = ¢+ (O — T )uy — Eue—m; Uy,

0" =y + (20— Tyt )ity — Sy thy — Nyt Uy + P 14; 2& u — 21, Uy
+ (Qu _2Tt)(elu (thxx + thyy ) +7L”t )
= O+ 20— ) — Gty — Nty + (P + A (9 —27%)) u[Z —2& U — 2Ny uyy
+ (90— 2%) & (e + uyy),

0" = ¢+ (Z‘qu - éxx)ux — Tox Uy — N Uy + (Puuu +( - Zéx)uxx 2 Ty sy
— 2 My Uy,

" = Py + (2 Qyu — Myy)tty — Tyy thr — Sy + Py 145 + (u =21y Juyy — 2Ty uyy
— 28y Uy,

0%+ 0% = AP — ATuy + (200 — AL Jux+ (2 0y — ATty + Qo (7 + 187)

+ (= 28 )t + (Gu — 27y utyy — 2 Tettyx — 2Ty thyy — 2 (N + &) thy.-

Substituting this formulae in (5.13) we obtain

0=—PAeM (e +utyy) — (¢ + (Qu Tt)”t iy — My ty) 24 g + Py + (2 G — Tt )1ty
- éttux_nltuy ((puu‘f'l((pu_zft)) —2& uy — 21 uyy
+ (¢u— 2Tt) “ (e + tyy) — [AQ — ATty + (2 P — AG )ty + (2 @y — ANty
O (10 4 13) + (0 — 2 &) e + (O — 270y )ity — 2 Tty — 2Ty
= 2(Me &) ug) . (5.15)

From eq. (5.15) we find the determining equations for the symmetry to be the following:

u?: 24 (0 —T)+ O+ A (0, —27) = O,
uy +uy: o = 0,
e —OA (G, —27) M — (¢, —2&,) M 0,
yy: —OAr (¢, —27) et — (¢, —2m) et 0,
7 2(Ne+&) et 0,
Up: —2& 21 M 0,
gy —2m, + 27 et 0,
AT 21 & 0,
Uity 2A M, 0,
U 240 + (2 — 1) + AT M 0,
Uy —& — (2 — AE) M 0,
Uy: —nzz—(2¢yu—A77)€M = 0,
1: 0 — At = 0.

The solution of the determining equations is elementary. First substitute the second determining
equation into first, so we have ¢ = ¢(z,x,y) since 1 # 0.

The eighth and ninth equations shows that & = & (x,y) and 7 = 1(x,y). Substituting this £ and
7N in the sixth and seventh equations we find T = 7(z).
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Now we solve the third equation for ¢ and we obtain
2
—(pA+27,—2&)et =0, thatis, ¢ = 7 (& —)-

Subtracting to third the fourth equation, we have &, — 1, = 0. This and from fifth equation follow
the functions & = & (x,y) and n = n(x,y) satisfy the Cauchy-Riemann equations.
Substituting 7 and ¢ in tenth equation, we obtain 1, = 4 7,,, that is, T = ¢ + ¢4 ¢, where ¢; and

¢4 are arbitrary constants.

Thus, T = ¢| +c4t, the functions & = £ (x,y) and n = n(x,y) satisfy the Cauchy-Riemann equa-

tions, and finally ¢ = % (& —cq). O
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