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We study the nonlinear self-adjointness of a class of quasilinear 2D second order evolution equations by apply-
ing the method of Ibragimov. Which enables one to establish the conservation laws for any differential equation.
We first obtain conditions determining the self-adjointness for a sub-class in the general case. Then, we estab-
lish the conservation laws for hyperbolic geometric flow equation on Riemman surfaces.
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1. Introduction

Ibragimov recently introduced the concept of nonlinear self-adjointness and developed a tech-
nique for the determination of conservation laws for differential equations, [5–11]. Motivated by
such work we propose to the study of self-adjointness and conservation laws for the following
quasilinear 2D generalized second evolution equation

utt = Auxy +Buxuy +Cuxx +Duyy +Euy+Fux +Pu2
x +Qu2

y +G+Hut + Iu2
t , (1.1)

where the coefficients A, B, C, D, E , F , P, Q, G, H , I are functions of the independent variables
t, x, y and the dependent variable u = u(t,x,y). Among such equations we consider the hyperbolic
geometric flow equation in isothermic coordinates x, y on a Riemann surfaces, which has been intro-
duced by Kong and Liu [12] to study the wave character of the Riemannian metric and curvature,
the Ricci and the scalar curvatures, as singularities, existence and regularities of the flow solutions.
In particular, this equation can be seen as the Einstein’s hyperbolic geometric flow in vacuo. Here
we consider an equation that generalizes the 2D hyperbolic flow equation. There are lot of nonlinear
equations of type (1.1) arising in physics, chemistry and biology, [11].

In a recent paper we apply the method the Ibragimov to a class of evolution equations of type

Rut = Auxy +Bux uy +C uxx +Duyy +E uy +F ux +Pu2
x +Qu2

y +G,

where the coefficients A, B, C, D, E , F , P, Q, G and R �= 0 are functions of the independent variables
t, x, y and the dependent variable u = u(t,x,y). We have established conditions determining the self-
adjointness and the conservation laws for important Ricci flow equation, the modified Ricci flow
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equation and the nonlinear heat equation 2D, [1]. So the present paper is a natural generalization of
that.

Firstly we investigate the nonlinear self-adjointness of the general evolution equation (1.1)
which is the most important point of applying the Ibragimov’s method. Secondly we establish the
conservation laws for the nonlinear self-adjoint (modified) hyperbolic geometric flow equation.

This paper is organized as follows. In Section 2 we present the Ibragimov’s method, the impor-
tant concept of nonlinear self-adjointness and conservation laws for a scalar equation of second
order. In Section 3 we state the main result in this work. In Section 4 we establish the conservation
laws for (modified) hyperbolic geometric flow equation. Finally, the proof of the main theorem is
presented in Appendix.

2. The Ibragimov’s Method

In this section we develop the Ibragimov’s theory for a single second order partial differential
equation in the independent variables t, x and y, dependent variable u = u(t,x,y). For a general
equation the basic literature recommended are the papers [4–11].

We define a differential function as [5, 6, 8, 11].

Definition 2.1. Let t, x, y be the independent variables, u = u(t,x,y) the dependent variable, ut , ux,
uy, uxx, uxy, uyy, etc., its partial derivatives. A function F in the variable t, x, y, u, ut , ux, uy, uxx, uxy,
uyy, etc., is called a differential function if it is locally analytic, i.e., if it admit locally a Taylor series
expansion.

The concept of formal Lagrangian is introduced according to [5, 10, 11].

Definition 2.2. Let F be a differential function in the variable t, x, y, u, ut , ux, uy, uxx, uxy, uyy,
etc., and v = v(t,x,y) is the new dependent variable, known as the adjoint variable or nonlocal
variable [5], the formal Lagrangian function for the F is the differential function in the variable t,
x, y, u, v, ut , ux, uy, uxx, uxy, uyy, etc., defined by

L := vF . (2.1)

Definition 2.3. Let F be a differential function and the differential equation

F (t,x,y,u,ut ,ux,uy,uxx,uxy,uyy, · · · ) = 0, (2.2)

denoted by F [u] = 0, we define the adjoint differential function to F by

F ∗ :=
δL

δu
, (2.3)

and the adjoint differential equation by

F ∗(t,x,y,u,v,ut ,vt ,ux,vx,uy,vy,uxx,vxx,uxy,vxy,uyy,vyy, · · · ) = 0, (2.4)

denoted by F ∗[u,v] = 0, where

δ
δu

=
∂

∂u
−Dt

∂
∂ut

−Dx
∂

∂ux
−Dy

∂
∂uy

+DxDy
∂

∂uxy
+D2

t
∂

∂utt
+D2

x
∂

∂uxx
+D2

y
∂

∂uyy
−·· · (2.5)
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is the Euler-Lagrange operator, and

Dt =
∂
∂ t

+ut
∂

∂u
+ vt

∂
∂v

+utt
∂

∂ut
+ vtt

∂
∂vt

+utx
∂

∂ux
+ vtx

∂
∂vx

+uty
∂

∂uy
+ · · · ,

Dx =
∂
∂x

+ux
∂

∂u
+ vx

∂
∂v

+utx
∂

∂ut
+ vtx

∂
∂vt

+uxx
∂

∂ux
+ vxx

∂
∂vx

+uxy
∂

∂uy
+ · · · ,

Dy =
∂
∂y

+uy
∂
∂u

+ vy
∂
∂v

+uty
∂

∂ut
+ vty

∂
∂vt

+uxy
∂

∂ux
+ vxy

∂
∂vx

+uyy
∂

∂uy
+ · · · ,

are the total derivative operator with respect to t, x and y, respectively.

Definition 2.4. The differential equation (2.2) is said to be nonlinearly self-adjoint if there exists a
function

v = ϕ(t,x,y,u) �= 0 (2.6)

such that it satisfy

F ∗|v=ϕ(t,x,y,u) = λ F (2.7)

for some undetermined coefficient λ = λ (t,x,y,u, · · · ). If v = ϕ(u) in (2.6) and (2.7), the equation
(2.1) is called quasi self-adjoint. If v = u, we say that the equation (2.1) is strictly self-adjoint.

Definition 2.5. A conservation law for equation F [u] = 0 is the total divergence

Div(C) = DtC1 +DxC2 +DyC3,

for some vectorial differential function C[u] = (C1,C2,C3), so-called conserved vector, such that
the divergence vanishes for all solutions u = f (t,x,y) for equation F [u] = 0. A conservation law
is said to be nonlocal conservation law if the conserved vector depends on the solutions v of the
adjoint equation (2.4).

Now we state the New Conservation Theorem (or Theorem on nonlocal conservation laws, [8])
for the differential equation (2.4).

Theorem 2.1. Every Lie point and Lie-Bäcklund symmetry

X = τ(t,x,y,u, · · · ) ∂
∂ t

+ξ (t,x,y,u, · · · ) ∂
∂x

+η(t,x,y,u, · · · ) ∂
∂y

+φ(t,x,y,u, · · · ) ∂
∂u

,

as well as nonlocal symmetry, of the differential equation F [u] = 0, provides a nonlocal conserva-
tion law

Div(C) = 0 for F [u] = 0 and F ∗[u,v] = 0.

Let W = φ −τut −ξ ux−ηuy be the Lie characteristic, then the components of the conserved vector,
C[u] = (C1,C2,C3), are given by

C1 − τL = W
(

∂L

∂ut
−Dt

∂L

∂utt

)
+DtW

∂L

∂utt
,

C2 −ξL = W
(

∂L

∂ux
−Dx

∂L

∂uxx
−Dy

∂L

∂uxy

)
+DxW

∂L

∂uxx
+DyW

∂L

∂uxy
,

C3 −ηL = W
(

∂L

∂uy
−Dx

∂L

∂uyx
−Dy

∂L

∂uyy

)
+DxW

∂L

∂uyx
+DyW

∂L

∂uyy
.
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We note that L vanishes on the solutions of the equation (2.4), then the term τL , ξL , and
ηL may be omitted in the conserved vector.

3. The Main 2D Generalized Quasilinear Equation

In this section we apply to the equation (1.1) the Ibragimov’s method. For this purpose we write this
equation in the form (2.1), where

F := utt −Auxy −Buxuy −Cuxx −Duyy −Euy−Fux −Pu2
x −Qu2

y −G−Hut − Iu2
t . (3.1)

Then the corresponding formal Lagrangian (2.2) is given by

L = v(utt −Auxy −Buxuy −Cuxx −Duyy −Euy−Fux −Pu2
x −Qu2

y −G−Hut − Iu2
t ) (3.2)

and the Euler-Lagrange operator (2.5) assumes the following form:

δ
δu

=
∂

∂u
−Dt

∂
∂ut

−Dx
∂

∂ux
−Dy

∂
∂uy

+D2
t

∂
∂utt

+D2
x

∂
∂uxx

+DxDy
∂

∂uxy
+D2

y
∂

∂uyy
+ ... . (3.3)

Now we apply the Euler-Lagrange operator (3.3) to L determined by (3.2) and after some work we
obtain that the adjoint equation (2.4) to (1.1) (see Proposition 5.2 in Appendix) reads:

F ∗ = vtt −Avxy −C vxx −Dvyy +(H +2 I ut)vt

+ [(B−Au)uy +2(P−Cu)ux +F −Ay−2Cx]vx

+ [(B−Au)ux +2(Q−Du)uy +E −Ax−2Dy]vy

+ [2 I utt +2(B−Au)uxy +(Bu −Auu)ux uy +2(P−Cu)uxx (3.4)

+ 2(Q−Du)uyy +(Bx−Axu +2(Qy −Dyu))uy

+ (By −Ayu +2(Px −Cxu))ux +(Pu −Cuu)u2
x

+ (Qu −Duu)u2
y −Axy −Cxx −Dyy

+ Ey+Fx +Ht −Gu +2 It ut + Iu u2
t ]v = 0.

Therefore we get the main result in the present paper, which can be stated as follows.

Theorem 3.1. The eq. (1.1) is nonlinearly self-adjoint if and only if there exists a two time differ-
entiable function ϕ = ϕ(t,x,y,u) �= 0 such that its coefficients satisfies the following relations:

ϕu +ϕ I = 0, (3.5)

if at least the function A1, B1, C1, D1, E1, F1, defined below, is nonzero,

ϕtu +(ϕ I)t +H (ϕu +ϕ I) = 0, (3.6)

((ϕ A)u −ϕ B)y +2((ϕ C)u −ϕ P)x −2F (ϕu +ϕ I) = 0, (3.7)

((ϕ A)u −ϕ B)x +2((ϕ D)u −ϕ Q)y −2E (ϕu +ϕ I) = 0, (3.8)

ϕtt − (ϕ A)xy − (ϕ C)xx − (ϕ D)yy +(ϕ E)y+(ϕ F)x +(ϕ H)t +ϕu G =

ϕ (Gu −2GI), (3.9)
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where A, B,C, D, E, F, P, Q, G, H and I are function of t,x,y,u, and the functions A1, B1, C1, D1,
E1, F1 are given by

A1 := Au, B1 := DCu −C Du,C1 :=Cu,

D1 := Du, E1 := ACu −C Au, F1 := ADu −DAu.

Further, the coefficient functions satisfy the following condictions:

A1 = AI +B, (3.10)

B1 = DP−C Q, (3.11)

C1 =C I +P, (3.12)

D1 = DI +Q, (3.13)

E1 = AP−C B, (3.14)

F1 = AQ−DB. (3.15)

The quasi-self-adjointness and the strict self-adjointness of the studied equations are direct con-
sequence of Theorem 3.1. Here we will apply the Theorem 3.1 to modified hyperbolic geometric
flow equation, in particular, to hyperbolic geometric flow equation.

4. The modified hyperbolic geometric flow equation

In this section we apply the Theorem 3.1 to the equation

utt = eλ u (uxx +uyy)+λ u2
t , (4.1)

where λ is a nonzero constant, and establish the corresponding conservation laws.
This equation is a natural generalization of the hyperbolic geometric flow equation, where λ =

−1, and was suggested by professors Yuri Bozhkov and Igor Freire in [2].
The eq. (4.1) is of type (1.1) with

C = D = eλ u, I = λ , A = B = E = F = G = P = Q = H = 0.

A first corollary of the Theorem 3.1 is the following:

Corollary 4.1. The equation

utt = f (u)(uxx +uyy)+λ u2
t ,

where f = f (u) and λ do not vanish, is nonlinearly self-adjoint if and only if f (u) = aeλ u where a
is nonzero constant.
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Proof. According the Theorem 3.1 we have

A1 := RAu −ARu = 0,

B1 := DCu −C Du = 0,

C1 := RCu −C Ru = f ′(u),
D1 := RDu −DRu =C1,

E1 := ACu −C Au = 0,

F1 := ADu −DAu = 0.

Further, the coefficient functions must satisfy the following relations:

AI+RB = 0 = A1, DP−C Q = 0 = B1, C I +RP = λ f (u) =C1,

AP−C B = 0 = E1, AQ−DB = 0 = F1.

So we have f ′(u) = λ f (u), i.e., f (u) = aeλ u where a is a constant.
As C1 �= 0 from eq. (3.5) we obtain

ϕu =−λ ϕ , i.e., ϕ = ϕ1 e−λ u,

where ϕ1 = ϕ1(t,x,y) is any nonvanishing function.
The eqs. (3.6, 3.7, 3.8) are satisfied trivially by ϕ . From eq. (3.9) we have

0 = ϕtt −ϕxx f (u)−ϕyy f (u) = ϕ1
tt e−λ u −a(ϕ1

xx +ϕ1
yy),

this is,

0 = ϕ1
tt = ϕ1

xx +ϕ1
yy.

Thus, ϕ = (α t +β )e−λ u where α = α(x,y) and β = β (x,y) are any harmonic functions both
nonvanishing.

Therefore, the eq. utt = f (u)(uxx + uyy)+λ u2
t is nonlinearly self-adjoint if and only if f (u) =

aeλ u where a is nonzero constant.

Then we calculate some conservation laws for eq. (4.1). Its Lie symmetry are computed in
Proposition 5.3 of Appendix, in terms of two functions satisfying the Cauchy-Riemann equations
and the general infinitesimal generator of symmetries is given by

X = (c1 + c4 t)
∂
∂ t

+ξ (x,y)
∂
∂x

+η(x,y)
∂
∂y

+
2
λ
(ξx − c4)

∂
∂u

,

where c1, c4 are arbitrary constants, ξx = ηy and ηx =−ξy.
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We consider the following sub-algebra with infinitesimal generators of symmetries given by:

V1 =
∂
∂ t

, V2 =
∂
∂x

, V3 =
∂
∂y

, V4 = t
∂
∂ t

− 2
λ

∂
∂u

,

V5 = x
∂
∂x

+ y
∂
∂y

+
2
λ

∂
∂u

, V6 = y
∂
∂x

− x
∂
∂y

.

Let be the general generator

V = (c1 + c4 t)
∂
∂ t

+(c2 + c5 x+ c6 y)
∂
∂x

+(c3 − c6 x+ c5 y)
∂
∂y

+
2
λ
(c5 − c4)

∂
∂u

,

where c1, c2, c3, c4, c5 and c6 are arbitrary constants.
Consider the adjoint variable v = (α t + β )e−λ u, where α = α(x,y) and β = β (x,y) are any

harmonic functions both nonvanishing, the formal Lagrangian is given by

L = (α t +β )e−λ u (utt − eλ u (uxx +uyy)−λ u2
t ),

that is,

L = (α t +β )(e−λ u (utt −λ u2
t )−uxx −uyy).

Now we apply to the conserved vectors given by New Conservation Theorem (Theorem 2.1),
C = (C1,C2,C3), the simplifying operation described on pp. 50-51 of [11], and we obtain the fol-
lowing components:

C1 =

[
2
λ
(c4 α +αx (c2 + c5 x+ c6 y))− [αx (c2 + c5 x+ c6 y)+αy (c3 − c6 x+ c5 y)]u

]
e−λ u

+ e−λ u {−2α c5 u+[(αx t +βx)(c2 + c5 x+ c6 y)+ (αy t +βy)(c3 − c6 x+ c5 y)

+ α (c1 + c4 t)+ (α t +β )c4]ut +(λ u−2)α (c2 + c5 x+ c6 y)ux

+ λ uα (c3 − c6 x+ c5 y)uy},
C2 =

(
2
λ
−u

)
a(αyy t +βyy)(c2 + c5 x+ c6 y)+a(αx t +βx)

(
2
λ
(c5 − c4)+ (c5 + c4)u

)

+ a [(c1 + c4 t)αx +(αxy t +βxy)(c3 − c6 x+ c5 y)− (αy t +βy)c6]u

− a [(αx t +βx)(c2 + c5 x+ c6 y)+ (αy t +βy)(c3 − c6 x+ c5 y)+α (c1 + c4 t)

+ (α t +β )c4]ux − (λ u−2)α (c2 + c5 x+ c6 y)e−λ u ut ,

C3 =

(
u− 2

λ

)
a(αxy t +βxy)(c2 + c5 x+ c6 y)+a(αy t +βy)

(
− 2

λ
c4 +(c5 + c4)u

)

+

(
u+

2
λ

)
a(αx t +βx)c6 +a [(c1 + c4 t)αy − (αxx t +βxx)(c3 − c6 x+ c5 y)]u

− a [(αx t +βx)(c2 + c5 x+ c6 y)+ (αy t +βy)(c3 − c6 x+ c5 y)+α (c1 + c4 t)

+ (α t +β )c4]uy −λ uα (c3 − c6 x+ c5 y)e−λ u ut .

Therefore we prove the first corollary of Theorem 2.1:
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Corollary 4.2. Let V be an infinitesimal generator of Lie symmetry for the eq.(4.1), give by

V = (c1 + c4 t)
∂
∂ t

+(c2 + c5 x+ c6 y)
∂
∂x

+(c3 − c6 x+ c5 y)
∂
∂y

+
2
λ
(c5 − c4)

∂
∂u

,

where c1, c2, c3, c4, c5, c6 are arbitrary constants, λ is a nonzero constant, and let α = α(x,y) and
β = β (x,y) be harmonic functions both nonvanishing, then the corresponding nonlocal conserved
vectors are the following:
• For generator V1, the components of the conserved vector C = (C1,C2,C3), are given by

C1 = e−λ u α ut , C2 = αx u−α ux, C3 = αy u−α uy.

• For generator V2, the components of the conserved vector C = (C1,C2,C3), are given by

C1 =

[
2
λ

αx −αx u+(αx t +βx)ut +(λ u−2)α ux

]
e−λ u,

C2 =

(
2
λ
−u

)
(αyy t +βyy)− (αx t +βx)ux − (λ u−2)α e−λ u ut ,

C3 =

(
u− 2

λ

)
(αxy t +βxy)− (αx t +βx)uy.

• For generator V3, the components of the conserved vector C = (C1,C2,C3), are given by

C1 = [−αy u+(αy t +βy)ut +λ uα uy]e−λ u,

C2 = (αxy t +βxy)u− (αy t +βy)ux,

C3 = −(αxx t +βxx)u− (αy t +βy)uy −λ uα e−λ u ut .

• For generator V4, the components of the conserved vector C = (C1,C2,C3), are given by

C1 =

[
2
λ

α u +(2α t +β )ut

]
e−λ u,

C2 =

(
u− 2

λ

)
(αx t +βx)+ t αx u− (2α t +β )ux,

C3 =

(
u− 2

λ

)
(αy t +βy)+ t αy u− (2α t +β )uy.

• For generator V5, the components of the conserved vector C = (C1,C2,C3), are given by

C1 =

[
2
λ

αx x− (αx x+αy y+2α)u+[(αx t +βx)x+(αy t +βy)y]ut

+ (λ u−2)α xux +λ uα yuy]e−λ u,

C2 =

(
2
λ
−u

)
(αyy t +βyy)x+

(
2
λ
+u

)
(αx t +βx)

+ (αxy t +βxy)yu− [(αx t +βx)x+(αy t +βy)y]ux − (λ u−2)α xe−λ u ut ,

C3 =

(
u− 2

λ

)
(αxy t +βxy)x+[αy t +βy − (αxx t +βxx)y]u

− [(αx t +βx)x+(αy t +βy)y]uy −λ uα ye−λ u ut .
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• For generator V6, the components of the conserved vector C = (C1,C2,C3), are given by

C1 =

[
2
λ

αx y− (αx y−αy x)u+[(αx t +βx)y− (αy t +βy)x]ut

+ (λ u−2)α yux −λ uα xuy]e−λ u,

C2 =

(
2
λ

−u
)
(αyy t +βyy)y− [(αxy t +βxy)x+αy t +βy]u

− [(αx t +βx)y− (αy t +βy)x]ux − (λ u−2)α ye−λ u ut ,

C3 =

(
u− 2

λ

)
(αxy t +βxy)y+

(
2
λ
+u

)
(αx t +βx)

+ (αxx t +βxx)xu− [(αx t +βx)y− (αy t +βy)x]uy +λ uα xe−λ u ut .

We note that local conservation laws can be obtained taking α = 0 and β a nonzero constant.
A second corollary of the Theorem 3.1 is the follows:

Corollary 4.3. The hyperbolic geometric flow equation, utt = e−u (uxx + uyy)− u2
t , is quasi-self-

adjoint.

Proof. Follow from Corollary 4.1 with f (u) = e−u, λ =−1, α = 0 and β a nonzero constant.

A second corollary of the Theorem 2.1 is the follows:

Corollary 4.4. Let X be the general infinitesimal generator of Lie symmetry for the hyperbolic
geometric flow equation, give by

X = (c1 + c4 t)
∂
∂ t

+ξ (x,y)
∂
∂x

+η(x,y)
∂
∂y

−2(ξx − c4)
∂

∂u
,

where c1, c4 are arbitrary constants, ξx = ηy, ηx =−ξy, then the corresponding nonlocal conserved
vector C = (C1,C2,C3) is give by

C1 = eu ut , C2 =−ux, C3 =−uy.

Proof. The general infinitesimal generator X is obtained in Proposition 5.3. Consider the adjoint
variable v = β eu, where β is a nonzero constant, then we obtain the following components for the
conserved vectors:

C1 = β eu {[2(c4 −ξx)− (c1 + c4 t)ut −ξ ux −η uy]ut

− c4 ut − (c1 + c4 t)(e−u (uxx +uyy)−u2
t )−ξ utx −η uty},

C2 = β [2ξxx +(c1 + c4 t)uxt +ξx ux +ηx uy +ξ uxx +η uxy],

C3 = β [2ξyx +(c1 + c4 t)uyt +ξy ux +ηy uy +ξ uyx +η uyy].

Now apply to the conserved vectors C = (C1,C2,C3) the simplifying operation described on pp.
50-51 of [11] for obtain the following conserved vector, which is generated by

X = t
∂
∂ t

+2
∂

∂u
,

and its components are given by

C1 = eu ut , C2 =−ux, C3 =−uy.
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We note that this corollary can be obtained from Corollary 4.2 considering λ = −1, and the
adjoint variable v = β eu, with α = 0 and β is a nonzero constant, we obtain a only non-trivial
conserved vector which is generated by V4.

5. Appendix

Proposition 5.1. The adjoint equation to F = 0, where F is determined by (3.1), is given by (3.4).

Proof. Recall the formal Lagrangian is given by

L = v(utt −Auxy −Bux uy −C uxx −Duyy −E uy −F ux −Pu2
x −Qu2

y −G

− H ut − I u2
t ).

See (3.2). Then the corresponding partial derivatives of L are given by

∂L

∂u
= v(−Au uxy −Bu ux uy −Cu uxx −Du uyy −Eu uy −Fu ux −Pu u2

x −Qu u2
y

−Gu −Hu ut − Iu u2
t ),

∂L

∂ut
= −v(H +2 I ut),

∂L

∂ux
=−v(Buy +2Pux +F),

∂L

∂uy
=−v(2Quy +Bux +E),

∂L

∂utt
= v,

∂L

∂uxx
=−vC,

∂L

∂uyy
=−vD,

∂L

∂uxy
=−vA.
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The total derivatives involved in the Euler operator are given by

−Dt
∂L

∂ut
=(2 I ut +H)vt +(2 I utt +(Hu +2 It)ut +2 Iu u2

t +Ht)v,

−Dx
∂L

∂ux
=(Buy +2Pux +F)vx +(Buxy +Bu ux uy +2Puxx +Bx uy +(Fu +2Px)ux

+2Pu u2
x +Fx)v,

−Dy
∂L

∂uy
=(2Quy +Bux +E)vy+(Buxy +Bu ux uy +2Quyy +(Eu +2Qy)uy +By ux

+2Qu u2
y +Ey)v,

Dt
∂L

∂utt
=vt , D2

t
∂L

∂utt
= vtt ,

Dx
∂L

∂uxy
=−Avx − (Ax +Au ux)v,

DyDx
∂L

∂uxy
=−Avxy − (Ax+Au ux)vy − (Ay+Au uy)vx − (Au uxy +Auu ux uy +Axu uy

+Ayu ux +Axy)v,

Dx
∂L

∂uxx
=−C vx − (Cx+Cu ux)v,

D2
x

∂L

∂uxx
=−C vxx −2(Cx +Cu ux)vx − (Cu uxx +Cuu u2

x +2Cxu ux +Cxx)v,

Dy
∂L

∂uyy
=−Dvy − (Dy+Du uy)v,

D2
y

∂L

∂uyy
=−Dvyy −2(Dy +Du uy)vy − (Du uyy +2Dyu uy +Duu u2

y +Dyy)v,

Substituting these formulae in F ∗ = δL
δu , we obtain the adjoint equation (3.4).

Proposition 5.2. The self-adjointness determining equations of the equation (1.1) are given by:

utt : ϕu +2 I ϕ = λ , (5.1)

uxy : −Aϕu +2(B−Au)ϕ =−λ A, (5.2)

ux uy : −Aϕuu +2(B−Au)ϕu +(Bu −Auu)ϕ =−λ B, (5.3)

uxx : −C ϕu +2(P−Cu)ϕ =−λ C, (5.4)

uyy : −Dϕu +2(Q−Du)ϕ =−λ D, (5.5)

uy : −Aϕxu −2Dϕyu +(B−Au)ϕx +2(Q−Du)ϕy

+(E −Ax−2Dy)ϕu +(Bx−Axu +2(Qy −Dyu))ϕ =−λ E, (5.6)

ux : −Aϕyu −2C ϕxu +(B−Au)ϕy +2(P−Cu)ϕx

+(F −Ay−2Cx)ϕu +(By−Ayu +2(Px−Cxu))ϕ =−λ F, (5.7)

ut : 2ϕtu +2 I ϕt +H ϕu +2 It ϕ =−λ H, (5.8)

u2
x : −C ϕuu +2(P−Cu)ϕu +(Pu −Cuu)ϕ =−λ P, (5.9)

u2
y : −Dϕuu +2(Q−Du)ϕu +(Qu −Duu)ϕ =−λ Q, (5.10)

Co-published by Atlantis Press and Taylor & Francis 
                       Copyright: the authors 
                                        38



Kênio A. A. Silva

u2
t : ϕuu +2 I ϕu + Iu ϕ =−λ I, (5.11)

1 : ϕtt −Aϕxy −C ϕxx −Dϕyy+(E −Ax−2Dy)ϕy

+(F −Ay−2Cx)ϕx +H ϕt

− (Axy +Cxx +Dyy −Ey−Fx−Ht +Gu)ϕ =−λ G, (5.12)

for some differenciable function ϕ = ϕ(t,x,y,u) �= 0 and undetermined coefficient λ =

λ (t,x,y,u).

Proof. Substituting v = ϕ(t,x,y,u) and its partial derivatives vt , vx, vy, vxx, vxy, and vyy into F ∗

given by Proposition 5.1 we have

F ∗|v=ϕ(t,x,y,u) = ϕtt +2ϕtu ut +ϕuu u2
t +ϕu utt

− A(ϕxy +ϕxu uy +ϕyu ux +ϕuu ux uy +ϕu uxy)

− C (ϕxx +2ϕxu ux +ϕuu u2
x +ϕu uxx)

− D(ϕyy +2ϕyu uy +ϕuu u2
y +ϕu uyy)

+ ((B−Au)uy +2(P−Cu)ux +F −Ay−2Cx)(ϕx +ϕu ux)

+ ((B−Au)ux +2(Q−Du)uy +E −Ax−2Dy)(ϕy +ϕu uy)

+ (H +2 I ut)(ϕt +ϕu ut)

+ [2 I utt +2(B−Au)uxy +(Bu −Auu)ux uy +2(P−Cu)uxx

+ 2(Q−Du)uyy +(Bx−Axu +2(Qy −Dyu))uy

+ (By −Ayu +2(Px −Cxu))ux +(Pu−Cuu)u2
x

+ (Qu −Duu)u2
y −Axy −Cxx −Dyy

+ Ey +Fx+Ht −Gu +2 It ut + Iu u2
t ]ϕ .

That is,

F ∗|v=ϕ(t,x,y,u) = (ϕu +2 I ϕ)utt − (Aϕu −2(B−Au)ϕ)uxy

− (Aϕuu −2(B−Au)ϕu − (Bu −Auu)ϕ)ux uy

− (C ϕu −2(P−Cu)ϕ)uxx +(Dϕu −2(Q−Du)ϕ)uyy

− [Aϕxu +2Dϕyu − (B−Au)ϕx −2(Q−Du)ϕy

− (E −Ax−2Dy)ϕu − (Bx −Axu +2(Qy −Dyu))ϕ ]uy

− [Aϕyu +2C ϕxu − (B−Au)ϕy −2(P−Cu)ϕx

− (F −Ay−2Cx)ϕu − (By−Ayu +2(Px −Cxu))ϕ ]ux

+ (2ϕtu +2 I ϕt +H ϕu +2 It ϕ)ut

− [C ϕuu −2(P−Cu)ϕu − (Pu −Cuu)ϕ ]u2
x

− [Dϕuu −2(Q−Du)ϕu − (Qu −Duu)ϕ ]u2
y

+ (ϕuu +2 I ϕu + Iu ϕ)u2
t

+ ϕtt −Aϕxy −C ϕxx −Dϕyy +(E −Ax−2Dy)ϕy

+ (F −Ay−2Cx)ϕx +H ϕt

− (Axy +Cxx +Dyy −Ey−Fx−Ht +Gu)ϕ .
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Now we equalize the coefficients of the monomials utt , uxy, ux uy, uxx, uyy, uy, ux, u2
x , u2

y , ut , u2
t and

1 in both sides the eq. (2.7) for we obtain the self-adjointness determining equations.

Proof. of Theorem 3.1. The eq. (3.10) is obtained adding to eq. (5.2) the eq. (5.1) multiplied by A.
The eq. (3.11) is obtained adding to eq. (5.4) multiplied by D the eq. (5.5) multiplied by −C.
The eq. (3.12) is obtained adding to eq. (5.4) the eq. (5.1) multiplied by C.
The eq. (3.13) is obtained adding to eq. (5.5) the eq. (5.1) multiplied by D.
The eq. (3.14) is obtained adding to eq. (5.2) multiplied by C the eq. (5.4) multiplied by −A.
The eq. (3.15) is obtained adding to eq. (5.2) multiplied by D the eq. (5.5) multiplied by −A.
If A1 �= 0 the eq. (3.5) is obtained adding to eq. (5.3) the eq. (5.11) multiplied by A, after we

substitute the eqs. (3.10, 5.1) in the resultant equation obtaining the follows: Au (ϕu + I ϕ) = 0, this
is, ϕu + I ϕ = 0.

If B1 �= 0 the eq. (3.5) is obtained adding to eq. (5.9) multiplied by D the eq. (5.10) multiplied
by −C, after we substitute the eqs. (3.11, 3.12, 3.13, 5.1) in the resultant equation obtaining the
follows: (DP−C Q)(ϕu + I ϕ) = 0, this is, ϕu + I ϕ = 0.

If C1 �= 0 the eq. (3.5) is obtained adding to eq. (5.9) the eq. (5.11) multiplied by C, after we
substitute the eqs. (3.12, 5.1) in the resultant equation obtaining the follows: Cu (ϕu + I ϕ) = 0, this
is, ϕu + I ϕ = 0.

If D1 �= 0 the eq. (3.5) is obtained adding to eq. (5.10) the eq. (5.11) multiplied by D, after we
substitute the eqs. (3.13, 5.1) in the resultant equation obtaining the follows: Du (ϕu + I ϕ) = 0, ou
seja, ϕu + I ϕ = 0.

If E1 �= 0 the eq. (3.5) is obtained adding to eq. (5.3) multiplied by C the eq. (5.9) multiplied
by −A, after we substitute the eqs. (3.10, 3.12, 3.14, 5.1) in the resultant equation obtaining the
follows: (AP−C B)(ϕu + I ϕ) = 0, this is, ϕu + I ϕ = 0.

If F1 �= 0 the eq. (3.5) is obtained adding to eq. (5.3) multiplied by D the eq. (5.10) multiplied by
−A, after we substitute the eqs. (3.10, 3.13, 3.15, 5.1) in the resultant equation obtainig the follows:
(AQ−DB)(ϕu+ I ϕ) = 0, this is, ϕu + I ϕ = 0.

The eq. (3.6) is obtained substituting the eq. (5.1) into (5.8).
The eq. (3.7) is obtained substituting the eq. (5.1) in (5.7).
The eq. (3.8) is obtained substituting the eq. (5.1) in (5.6).
Finally, the eq. (3.9) is obtained substituting the eq. (5.1) in (5.12).

Proposition 5.3. The Lie symmetries of the modified hyperbolic geometric flow equation (4.1) are
generate by following infinitesimal generator:

X = (c1 + c4 t)
∂
∂ t

+ξ (x,y)
∂
∂x

+η(x,y)
∂
∂y

+
2
λ
(ξx − c4)

∂
∂u

,

where c1, c4 are arbitrary constants, and the functions ξ = ξ (x,y) and η = η(x,y) satisfies the
Cauchy-Riemann equations:

ξx = ηy, ηx =−ξy.

Proof. We will follow the notation of [13], Theorem 2.36, pg. 110. Let be the infinitesimal gener-
ator

X = τ
∂
∂ t

+ξ
∂
∂x

+η
∂
∂y

+φ
∂

∂u
,
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where τ = τ(t,x,y,u), ξ = ξ (t,x,y,u), η = η(t,x,y,u) and φ = φ(t,x,y,u), its infinitesimal gener-
ator of the second prolongation is

pr(2)X = τ
∂
∂ t

+ξ
∂
∂x

+η
∂
∂y

+φ
∂
∂u

+φ t ∂
∂ut

+φ tt ∂
∂utt

+φ xx ∂
∂uxx

+φ yy ∂
∂uyy

+ · · · ,

where

φ t = Dtφ − (Dtτ)ut − (Dtξ )ux − (Dtη)uy

= φt +(φu − τt)ut − τu u2
t −ξt ux −ηt uy −ξu utux −ηu utuy,

φ tt = Dtφ t − (Dtτ)utt − (Dtξ )utx − (Dtη)uty

= φtt +(2φtu − τtt)ut −ξtt ux −ηtt uy +(φuu −2τtu)u2
t −2ξtu utux −2ηtu utuy

− τuuu3
t −ξuu u2

t ux −ηuu u2
t uy +(φu −2τt −3τu ut −ξu ux −ηu uy)utt

− 2(ξt +ξu ut)utx −2(ηt +ηu ut)uty,

φ xx = φxx +(2φxu −ξxx)ux − τxx ut −ηxx uy +(φuu −2ξxu)u2
x −2τxu utux −2ηxu uxuy

− ξuuu3
x − τuu u2

xut −ηuu u2
xuy +(φu −2ξx −3ξu ux − τu ut −ηu uy)uxx

− 2(τx + τu ux)utx −2(ηx +ηu ux)uxy,

φ yy = φyy +(2φyu −ηyy)uy − τyy ut −ξyy ux +(φuu −2ηyu)u2
y −2τyu utuy −2ξyu uxuy

− ηuuu3
y − τuu u2

yut −ξuu u2
yux +(φu −2ηy −3ηu uy − τu ut −ξu ux)uyy

− 2(τy + τu uy)uty −2(ξy +ξu uy)uxy.

Applying pr(2)X to eq.(4.1) we find the infinitesimal criterion of invariance (Theorem 2.31, pg
104) must be satisfied whenever utt − eλ u (uxx +uyy)−λ u2

t = 0, that is,

pr(2)X(utt − eλ u (uxx +uyy)−λ u2
t ) = 0, whenever utt − eλ u (uxx +uyy)−λ u2

t = 0.

Thus we must have

0 =

(
φ

∂
∂u

+φ t ∂
∂ut

+φ tt ∂
∂utt

+φ xx ∂
∂uxx

+φ yy ∂
∂uyy

)
(utt − eλ u (uxx +uyy)−λ u2

t )

= −φ λ eλ u (uxx +uyy)−φ t 2λ ut +φ tt − (φ xx +φ yy)eλ u. (5.13)

Now we substitute the eq.(4.1) into φ tt and the rewritten as

φ tt := φ̃ tt +(φu −2τt −3τu ut −ξu ux −ηu uy)(eλ u (uxx +uyy)+λ u2
t ) (5.14)

where φ̃ tt
utt

= 0.
The coefficients of the quadratic monomials utuxx, uxuxx and uyuyy in (5.13, 5.14) are given by

utuxx: −3τu λ eλ u + τu λ eλ u = 0,
uxuxx: −ξu λ eλ u +3ξu λ eλ u = 0,
uyuyy: −ηu λ eλ u +3ηu λ eλ u = 0.
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From λ �= 0 follows that τ = τ(t,x,y), ξ = ξ (t,x,y) and η = η(t,x,y). Then we have

φ t = φt +(φu − τt)ut −ξt ux −ηt uy,

φ tt = φtt +(2φtu − τtt)ut −ξtt ux −ηtt uy +φuu u2
t −2ξt utx −2ηt uty

+ (φu −2τt)(eλ u (uxx +uyy)+λ u2
t )

= φtt +(2φtu − τtt)ut −ξtt ux −ηtt uy +(φuu +λ (φu −2τt))u2
t −2ξt utx −2ηt uty

+ (φu −2τt)eλ u (uxx +uyy),

φ xx = φxx +(2φxu −ξxx)ux − τxx ut −ηxx uy +φuu u2
x +(φu −2ξx)uxx −2τx utx

− 2ηx uxy,

φ yy = φyy +(2φyu −ηyy)uy − τyy ut −ξyy ux +φuu u2
y +(φu −2ηy)uyy −2τy uty

− 2ξy uxy,

φ xx +φ yy = Δφ −Δτ ut +(2φxu −Δξ )ux+(2φyu −Δη)uy +φuu (u2
x +u2

y)

+ (φu −2ξx)uxx +(φu −2ηy)uyy −2τx utx −2τy uty −2(ηx +ξy)uxy.

Substituting this formulae in (5.13) we obtain

0 = −φ λ eλ u (uxx +uyy)− (φt +(φu − τt)ut −ξt ux −ηt uy)2λ ut +φtt +(2φtu − τtt)ut

− ξtt ux −ηtt uy +(φuu +λ (φu −2τt))u2
t −2ξt utx −2ηt uty

+ (φu −2τt)eλ u (uxx +uyy)− [Δφ −Δτ ut +(2φxu −Δξ )ux+(2φyu −Δη)uy

+ φuu (u2
x +u2

y)+ (φu −2ξx)uxx +(φu −2ηy)uyy −2τx utx −2τy uty

− 2(ηx +ξy)uxy]eλ u. (5.15)

From eq. (5.15) we find the determining equations for the symmetry to be the following:

u2
t : −2λ (φu − τt)+φuu +λ (φu −2τt) = 0,

u2
x +u2

y: φuu = 0 ,
uxx: −φ λ eλ u +(φu −2τt)eλ u − (φu −2ξx)eλ u = 0,
uyy: −φ λ eλ u +(φu −2τt)eλ u − (φu −2ηy)eλ u = 0,
uxy: 2(ηx +ξy)eλ u = 0 ,
utx: −2ξt +2τx eλ u = 0 ,
uty: −2ηt +2τy eλ u = 0 ,

utux: 2λ ξt = 0 ,
utuy: 2λ ηt = 0 ,

ut : −2λ φt +(2φtu − τtt)+Δτ eλ u = 0 ,
ux: −ξtt − (2φxu −Δξ )eλ u = 0 ,
uy: −ηtt − (2φyu −Δη)eλ u = 0 ,
1: φtt −Δφ eλ u = 0.

The solution of the determining equations is elementary. First substitute the second determining
equation into first, so we have φ = φ(t,x,y) since λ �= 0.

The eighth and ninth equations shows that ξ = ξ (x,y) and η = η(x,y). Substituting this ξ and
η in the sixth and seventh equations we find τ = τ(t).
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Now we solve the third equation for φ and we obtain

−(φ λ +2τt −2ξx)eλ u = 0, that is, φ =
2
λ
(ξx − τt).

Subtracting to third the fourth equation, we have ξx−ηy = 0. This and from fifth equation follow
that the functions ξ = ξ (x,y) and η = η(x,y) satisfy the Cauchy-Riemann equations.

Substituting τ and φ in tenth equation, we obtain τtt = 4τtt , that is, τ = c1 + c4 t, where c1 and
c4 are arbitrary constants.

Thus, τ = c1+c4 t, the functions ξ = ξ (x,y) and η = η(x,y) satisfy the Cauchy-Riemann equa-
tions, and finally φ = 2

λ (ξx − c4).

Acknowledgements

Would like to thank the Prof. Dr. Yuri Bozhkov for his useful suggestions. This work was supported
by CNPq, National Council for Scientific and Technological Development - Brazil.

References
[1] Y. Bozhkov, K. A. A. Silva, Nonlinear self-adjointness of a 2D generalized second order evolution

equation, Nonlinear Analysis 75 (2012), 5069-5078.
[2] Y. Bozhkov, I. L. Freire, Private Communication, February 2012.
[3] X. Chao, Symmetries and geometric flows, arXiv:1001.1394 v1 [math.GT], 09 Jan 2010.
[4] M. L. Gandarias, Weak self-adjoint differential equations, J. Phys. A: Math. Theor. 44 (2011) 262001,

6 pp.
[5] N. H. Ibragimov, The answer to the question put to me by L.V. Ovsyannikov 33 years ago, Archives of

ALGA 3 (2006), 55-60.
[6] , Integrating factors, adjoint equations and Lagrangians, J. Math. Anal. Appl. 318 (2006), 742-

757.
[7] , Quasi-self-adjoint differential equations, Archives of ALGA 4 (2007), 55-60.
[8] , A new conservation theorem, J. Math. Anal. Appl. 333 (2007), 311-328.
[9] N. H. Ibragimov, R. S. Khamitova and A. Valenti, Self-adjointness of a generalized Camassa-Holm

equation, Appl. Math. Comp., 218, (2011) 2579-2583.
[10] N. H. Ibragimov, Nonlinear self-adjointness and conservation laws, J. Phys. A: Math. Theor., 44,

432002, (2011), 8 pp..
[11] , Nonlinear self-adjointness in constructing conservation laws, Archives of ALGA 7/8 (2010-

2011), 1-90.
[12] D. Kong, K. Liu, Wave character of metrics and hyperbolic geometric flow, J. Math. Phys. 48 (2007).
[13] P. J. Olver, Applications of Lie groups to differential equations, 2nd ed. GMT 107, Springer-Verlag

New York, (1986).
[14] J. Wang, Symmetries and solutions of geometric flows, (2011).

Co-published by Atlantis Press and Taylor & Francis 
                       Copyright: the authors 
                                        43


