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In this paper we develop a straightforward procedure to construct higher dimensional isochronous Hamiltonian
systems. We first show that a class of singular Hamiltonian systems obtained through the Q-modified procedure
is equivalent to constrained Newtonian systems. Even though such systems admit isochronous oscillations, they
are effectively one degree of freedom systems due to the constraints. Then we generalize the procedure in terms
of Q;-modified Hamiltonians and identify suitable canonically conjugate coordinates such that the constructed
Q;-modified Hamiltonian is nonsingular and the corresponding Newton’s equation of motion is constraint free.
The procedure is first illustrated for two dimensional systems and subsequently extended to N-dimensional
systems. The general solution of these systems are obtained by integrating the underlying equations and is
shown to admit isochronous as well as amplitude independent quasiperiodic solutions depending on the choice
of parameters.

1. Introduction

Nonlinear oscillators model many physical phenomena and the study of such oscillators plays an
important role in the theory of nonlinear dynamical systems. Various methods have been developed
to study nonlinear oscillator equations. The dependence of frequency on the amplitude of oscilla-
tion is generally considered to be a fundamental property of a nonlinear oscillator. However, recently
several nonlinear oscillators have been identified whose frequencies are constants independent of the
initial condition, and are known as isochronous systems. Moreover, several procedures have been
developed to construct and identify classes of isochronous oscillators. In particular Calogero [1, 2]
and Calogero and Leyvraz [3-7] have developed many techniques to generate isochronous oscilla-
tors and one among these is the method of transforming a real autonomous Hamiltonian H(p,q)
into a Q-modified Hamiltonian H = }(H(p,q)* + Q*Q(p,q)*), where p = (pi1,pa,.....px) and
g = (91,92, ...qn). Note here that H is the Hamiltonian of the one dimensional harmonic oscilla-
tor 0+Q%0=0,and (H, Q) are the canonical conjugate momentum and coordinate, respectively.
It is interesting to note that the nonlinear equation obtained from this Q modified Hamiltonian is
isochronous and the system evolves periodically with the fixed period T = 27 /Q.

Recently Chandrasekar et al proposed a procedure to generate scalar isochronous systems recur-
sively from a given Hamiltonian [8]. In a recent paper, a procedure to identify several classes of
coupled isochronous systems has been proposed and these systems are constructed using certain
nonlocal transformations on a system of harmonic oscillators [12]. In the present paper, we briefly
analyse the above mentioned procedure of Q-modified Hamiltonian developed to generate a system
of N-dimensional isochronous oscillators. We find that while the systems generated by this proce-
dure may be isochronous, the underlying Hamiltonian turns out to be singular or degenerate [9—11]
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J*H
dpidp;
with (N — 1) holonomic constraints so that the resultant system corresponds effectively to a one
degree of freedom system. Without these constraints, the Newton’s equation of motion will admit
unbounded solution, while with the introduction of the constraints the solution becomes bounded
and isochronous. Consequently we find that for such singular Hamiltonians the set of solutions of
the Hamilton’s equation of motion is contained in, but in general not equal to the set of solutions
of the corresponding Newton’s equation of motion. Also we note that while all the solutions of the
Hamilton’s equation of the systems discussed in this paper are indeed isochronous, the same is not
true for the solutions of the Newton’s equations.

In this paper we show how one can develop a procedure which leads to nonsingular Hamil-
tonian systems such that the Hamilton’s equation or Newton’s equation of motion are constraint
free, but which can still admit isochronous oscillations depending on the choice of parameters.
For other choices one can obtain amplitude independent quasiperiodic solutions. The procedure is
first demonstrated for two-degrees of freedom systems and subsequently extended to N-degrees of
freedom systems.

We organize our study as follows. In section 2, we briefly discuss the procedure of Q-modified
Hamiltonian developed by Calogero and Leyvraz [7] and note that the deduced Hamiltonian is a
singular or degenerate one. In section 3, we modify this procedure suitably and use it to construct
two-degrees of freedom isochronous systems which are free from constraints. We obtain the general
solution and find it to be isochronous or quasiperiodic for appropriate choice of parameters. In
section 4, we extend the procedure to N-degrees of freedom to construct isochronous systems.
Finally, in section 5 we summarize our results. In the Appendix we point out a procedure to obtain
the general solution of certain coupled nonlinear differential equations which are of interest for the
present study.

as = 0 for this class. Consequently the Newton’s equation of motion becomes constrained

2. The method of Q-modified Hamiltonian

Let us consider an N-dimensional system with a Hamiltonian of the form

N d
H(p,q) = Za;ﬂ%[%]l, 2.1)
n=1 qn

where p = (p1,p2,...,pn) and ¢ = (q1,q2, -..,qn) and Q(q) is an arbitrary function of the canonical
coordinates q,s,n=1,2,..N. The form of the Hamiltonian is chosen in such a way that the Poisson
bracket {H, Q} is unity for the condition ¥ @, = 1. In other words, the Hamiltonian H (p,q) and
Q(q) are the canonically conjugate variables for the choice ):nNzl a, = 1.

_Using the above canonically conjugate coordinate and momentum variables the procedure of
Calogero and Leyvraz [7] allows one to construct the Q-modified Hamiltonian H ( P,q;Q) through

the relation

1

H(p.g:Q) = 5 [(H(g, g))2+92(Q<g>)2], 2.2)

N P -1)2
=% {Z%m(%) }+92Q(g)2 ) 23)

n=1
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where Q is a constant. The above Hamiltonian produces the following 2N first order canonical
equations of motion for the canonical coordinates g, and p,,

~1
gn = an [8Q(g)] H, n=12,....N (2.4a)
IGn
R 20(9)17* [ 9*Q(q) , - 90(q)
pn—Hr;]{ampm[ Sa. ] [ Sada | (9 0(q) S0 (2.4b)

A given Hamiltonian is known as a singular/degenerate Hamiltonian if the determinant of the Hes-
sian matrix is zero, that is the condition

‘ J%H
apidp;

=0, i,j=12,....N, (2.5)

is satisfied [9—11]. Now substituting the form of the Q-modified Hamiltonian A given by equation
(2.3) into the Hessian matrix, we get

2 -1 -1 -1 -1
2( 20 2 20 20 20
A () (@) an(2) (8)
90\ (92 2(20) 90\ " (920)

20 alaz(afh) 1 (8(12) 1 a2<‘9 21> : - daaN (‘MN) : (‘9‘12> :
L, 20\ ' (a0)" ) (a0 20\ (22 ' 26
‘91%917,' 016’3( ql) ( qs) am( qz) (9%) a3aN (9qs> (an) (20)

;1 —1 ;1 —1 . . -2
20 20 20 20 2 (20
() () e () () ()

One can see that taking out the term a,-g—g from each row, where i is the row index, all the rows
become equal, that is

-1 -1 -1
90 90 90
0 (3)" ()" ()"
a0\ 20\ 20\
92H N, a (qu) 1a2 <9_q2> . e AN (W) .
— i 20\~ 20\~ 90\ | =0, 2.7
'aplap] E (g_L?) aq <341) Ll2< q2> . aN( 4N> ( )
o N 1
a0 20 20
0(#) " ()" ()

which implies the Hamiltonian (2.3) is singular/degenerate. Consequently, the Newton’s equation of
motion for such a singular Hamiltonian system is accompanied by a system of constraint equations,
that is the corresponding Newtonian equation is a constrained system, as we see below.

In Ref. [7], the Newton’s equation of motion is obtained by differentiating the first equation
(2.4a) with respect to ‘#’ and replacing H = —Q?Q(q). It is given in the form

0 N 02
2y Gnt Y <q,,qm Q@> +9%a,0(q) =0,n=1,2,...,N. (2.8)
m=1

gy IGnGm

Equivalently, one can obtain (2.8) by differentiating (2.4a) with respect to ¢ and using (2.4b) for p,
in it.
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However, one can easily check that not all the coordinates ¢;, i = 1,2,...,N are independent:
there are (N — 1) holonomic constraints existing between them. This can be easily seen by the fact
that from (2.4a) it follows that

1 /0
—(—Q)q,,:H, foreach n=1,2,...,N 2.9)
Qn aQn

Consequently we have the relations

1.d0(g) 1 909

— ——qg,——=0, j=2,3,...,N. (2.10)
611 ql aq] aj q] aq] .]
On integration, one obtains a set of (N — 1) functional relations on the coordinates ¢;, i =1,2,...,N:
0 0
d ——/d i—=C;, j=2,3,...,N, (2.11)
/ q1 aQ1 qj aq]' o J

where C;’s are constants. Equation (2.11) obviously constitutes a set of (N — 1) holonomic con-
straints on the coordinates g;. These constraints have to be supplemented with the equation of
motion (2.8) which together constitute the Newton’s equation of motion. The resulting system is
then equivalent to the Hamilton’s equations (2.4). One may also note that equation (2.8) on its own
merit, that is without the constraints (2.11), corresponds to the nonsingular Hamiltonian

N e 20(¢)17°
i (L [52] rorow?). o

i=1

with the associated canonical equations

a -2
q'i:a?pz-[ aQ@} : (2.13a)
qi
Y 3Q(C1)]_3 220(q) 20
=Y a2p? = = 0?0(q)=—. 2.13b
P j_la’p’[ dq; 94,94 Q@aqi 2139

2.1. Specific Examples

In order to illustrate the above points clearly, we consider a specific choice of Q(g) which has been
considered in Ref. [7], namely

N
0(q) =Y. bugy, (2.14)
m=1

where by,’s are arbitrary real parameters and k,,’s are such that (1/k,,)’s are positive integers. (When
k,,’s are positive integers, the general solution becomes multivalued/complex solution which we
will avoid in our choice of k,,’s). Correspondingly the Newton’s equation of motion (without the
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constraints) (2.8) takes the form
kb [qﬁ"*qﬁ(kn— 1)g 24 2} + 0%, Z b = 0. (2.15)

The associated (N — 1) holonomic constraint conditions (2.11) become
by qk1+1 qu';_/+1
(ki+1) (ki +1)

The singular Hamiltonian (2.3) for the choice (2.14) becomes

—Cj, j=2,3,...,N. (2.16)

n= lb m=1

~ 1 Al AnPn ’ 2 - k ’
H=3{(X L +Q°( Y gy | ¢, Ya=1 (2.17)

and the canonical equations become

N 2
. ai AnPn
gi=—" (Z Zﬂ) , (2.182)

biqi n=1 bnqn

. kalpl Al anPn 2 .

Pi= i ) — Q%bikigl™ Z bmgim, i=1,2,...,N. (2.18b)
bqu n= lann

On the other hand, the nonsingular Hamiltonian corresponding to the Newton’s equation of motion
(2.15) without the constraints (2.16) is

1

~ N[ aup 2 al ’
A= Z <b” ;Z) +Q2 Y budy | ¢, (2.19)
m=1

with the corresponding Hamilton’s equations

2

. a; pi

6= T (2.20a)
i4i

. kiaip? . _

Pr=s it~ Qkibigi Y budyy, i=1,2,...N. (2.20b)
i4i m=1

We now demonstrate the isochronous nature of the singular Hamiltonian system (2.18) or equiva-
lently the Newton’s equation with constraints (2.15)-(2.16), and the nonisochronous and unstable
nature of the solutions for the nonsingular Hamiltonian system (2.19) or equivalently the Newton’s
equation without the constraints (2.15). To be clear we first discuss the N = 2 degrees of freedom
special case and then the N arbitrary case with a simple choice of parameters.

2.1.1. N=2case

Let us consider the specific two degrees of freedom Hamiltonian H = p1,/q; + p21/q> which is
canonically conjugate to the collective coordinate Q = (/g1 + /¢2), that is the Poisson bracket
{H,Q}=1. Here we have chosen the constant parameters a; = ay = 1/2, k; = k, = 1/2 in equation
(2.14) for simplicity.
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Considering H as the momentum and Q as the canonically conjugate collective coordinate and
substituting them into the Q-modified Hamiltonian (2.3), we get

A = 2+ Q0% = S (1 Vi + pay@ )+ (AT + V@), @.21)
The corresponding canonical equations of motion are
- H\/—], g =H\/q, (2.22a)
pr=5——= \/_ (p1H+Q%0), (2.22b)
pr=3—— \/_ (p2H +Q%0), (2.22¢)

where H = p1 /i + p2y/G2 and Q = (/G + /).

From (2.22), we can obtain the system of coupled second order ODEs,

2 52
B QG+ VT, = A2 - QR (V). (2.23)

G =
2q; 2q>

The general solution of the above system of second order ODEs is (for details see Appendix A)

1 2

q1 = % <2 q1(0) + w + 0(0)(cosQt — 1) +c(0)z) : (2.24a)
1 2

g = % <2 72(0) + w +Q(0)(cos Qr — 1) — C(O)t) , (2.24b)

where ql(O) Q2 (O) H (0),C (O) are the four constants of integration fixed by the initial conditions
and Q(0 v/q1(0) + 1/¢2(0). Note that this solution is aperiodic. Further, one has to also note
that the solutlon to Eq.(2.22) may become singular due to possible non-uniqueness which may arise
when the dynamical variables g;(7) and g»(¢) pass through the origin. Further, we note here that
even though the general solution (2.24) satisfies the Newton’s equation of motion (2.23), it does not
satisfy the Hamilton’s equations of motion (2.22). The reason for this is given below.

From equations (2.22a), it also follows that

4 92 (2.25)
Var  Var
leading to the constraint
Var—var =1, (2.26)

where [ is a constant.

Thus the equivalent Newton’s equation of motion corresponding to the Hamiltonian system
(2.22) is the equation (2.23) plus the constraint (2.26). This means that only one of the two variables
q1 or gy is independent. Subject to the constraint (2.26), the general solution of (2.23) can be written
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in the form

2

( Vai SmQt—i—Q(O)(coth—l)) , (2.27a)
s1th 2

< Va2 —i—Q(O)(coth—l)) , (2.27b)

where /q1(0) — 1/¢2(0) = I, which is periodic, bounded and isochronic, but only with three inte-
gration constants H(0),q(0) and ¢»(0). A representative solution is also plotted in Fig.1. One can
also check that the solution (2.27) is also the solution of the Hamilton’s equations (2.22).

Further, we also note that the Newton’s equation (2.23) on its own merit without the constraint
(2.26) admits a different Hamiltonian of the form

-lkl'—*

-lkl'—*

QZ
= (p?ql + P+ 5 Var+ \/CE)Z> : (2.28)

which is not equivalent to the Hamiltonian (2.21). The corresponding canonical equations are
G = 2171611, 42 =2p2q2, (2.29a)

V@ +Va),  pr=-p>- (\/_+f) (2.29b)

p1=—pi—

\/_ \/_

which is now equivalent to the Newton’s equation (2.23) alone without the constraint (2.26).

2.1.2. N-arbitrary case

In the general case, we consider the singular Hamiltonian (2.17) whose canonical equations are
given by Egs. (2.18) which lead to (N — 1) constraints given by Eq. (2.16). The corresponding
Newton’s equation of motion is given by Eq. (2.15) along with the constraints (2.16). Integrating
now the Newton’s equation (2.15) without the constraints (2.16), as pointed out in Appendix A, one
obtains the general solution as

an(t) = gn(0) (1 S (1))) (Hg)) $in Q1 + 0(0) (cos Q1 — 1)> +C,,(0)t> " (2.30)

where ¢,,(0)'s, H(0), and C,(0 ), N C,=0,n=1,2,...,N are integration constants fixed by the
initial condition and Q(0) = Y'N_, b,,¢,n(0)*". We note here that the restriction on the parameters
ku’s to be reciprocal of real positive integers ensures that the general solution (2.30) to be single
valued,real and analytic. Subject to the (N — 1) constraints (2.16), the Newton’s equation admits the

(N 4 1) parameter bounded, isochronous solution

sin(Qr) 0

! [H(O) - +Q(0)(cos(gt)—1)D , 2.31)

i) = (°)<” by (@ (0))F

which is also the solution of the Hamilton’s equations (2.18). Note that the Hamiltonian of the
constraint-free equation (2.15) is

~ 1 N, ,[90(q) -2 5 )
A= <Za,~pi [a—qi] +920(g) |- (2.32)

i=1
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Fig. 1. Isochronous oscillation of the system (2.23) with the constraint (2.26) (a) Time series plot for ¢; (b) Projected
(g1 — ¢1) portrait.

Our above analysis clearly shows that for the singular Hamiltonian systems (2.3), the equivalent
Newton’s equation is a holonomic constrained system (with (N — 1) constraint conditions) admit-
ting isochronous oscillatory solution as the general solution. Consequently, the associated system
possesses only one independent coordinate variable.

Finally, we note that even though the solutions expressed in our above examples lead to
isochronous behaviour, they may exhibit in general some kind of singular behaviour either due
to non-uniqueness or poles occurring in the solutions depending on the choice of the value of k,,’s
in (2.14).

In the next section, we describe a procedure to modify this system such that the new system
with N-degrees of freedom admits isochronous oscillations.

3. Systematic method to construct higher dimensional isochronous systems

Even though the procedure of Q-modified Hamiltonian is an interesting method to construct N-
dimensional isochronous systems, the Q-modified Hamiltonian is singular (as seen in the previous
section) and the effective degrees of freedom is only one (that is, the number of independent coor-
dinate variables is only one due to the (N — 1) holonomic constraints). On inspection for the reason
behind this fact, we can easily note that the Q2-modified Hamiltonian is defined in such a way that
the original Hamiltonian H (p,q), which is a function of N canonical momenta p and the N canon-
ical coordinates g, becomes the canonical momentum of an one dimensional harmonic oscillator.
This mapping of a N-dimensional system onto an one dimensional harmonic oscillator is the reason
for the inability to rewrite the 2N first order ODEs as a system of N coupled second order ODEs
without constraints. One can overcome this problem by suitably redefining the Q-modified Hamilto-
nian. In this section we illustrate this for a class of two-dimensional systems and obtain the general
solution for a specific example. In addition to the periodic isochronous oscillations, the resultant
class of two-dimensional systems can also admit amplitude independent quasiperiodic oscillations
for appropriate choice of parameters.
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Let us define the Q-modified Hamiltonian for a two-dimensional system as

~ 1
H = S [Hi(pn,qn)” + Ha(pn,4a) + Q101 (4n)” +Q30s(g0)7), = 1,2, (3.1

where H\(pu,qn), H2(pn,qn) are real Hamiltonians of two arbitrary two-dimensional systems
and Q) and Q; are arbitrary functions canonically conjugate to the Hamiltonians H,(p,,g,) and
H>(pn,qn), respectively. We have effectively mapped the Hamiltonians of two different two-
dimensional systems to the Hamiltonian of a two-dimensional harmonic oscillator which is now
the new Q;-modified Hamiltonian. We wish to note here that the new Q;-modified Hamiltonian H
has two natural frequencies of oscillations, €2 and €;, and depending upon the ratio between them
we obtain periodic or quasiperiodic oscillations.

Following the definition of the Hamiltonian H(p,q) in the previous section we define the new
Hamiltonians H,(py,q,) and Hy(py,qy) as o

P1 P2 P1 P2
H; = H,=b b 3.2
e <qul>+a2<quz>’ ? 1 <Q241>+ 2<Q242>’ G2

where Q;,, = 3—3{’, i,j=1,2, and a;, b; are new functions to be determined. From the solution of the
' J

canonical equations of the two-dimensional harmonic oscillator (3.1) we know that

Hy =Acos(Qit+6;), Hy= Bcos(Qt+6,),

A . B .
01 = —sin(Qt+6;), Q= —sin(Qyt + &), (3.3)
Q Q
where A, B, §;, &, are arbitrary constants.

Now, one can easily check that the above Hamiltonians H; and H, are canonically conjugate to
the collective coordinates Q;(g,) and Q»(g, ), respectively, for the choice

alzinq]Aquz, azz—inq‘AQ“”, (3.4)
— quzQqu _ Q1q1Q2q2
bi=—="170 b= (3.5)

where A = Q14, 024, — Q14,Q24, # 0. Substituting the above quantities (3.2), (3.4) and (3.5) in the
Q-modified Hamiltonian (3.1) we get

1 (1024 —Pzqu])z n (2014, —P1Q1q2)2

H =
2 A? A?

+Q701(q1,92)* + Q302(q1,92)* | . (3.6)

Here we note that the above Hamiltonian (3.6) is nonsingular and this can be verified from the
relation for the Hessian,

82_121 J0°H
0 dpidp
o on |TAFO. 3.7)
dp29pi 8p%

The choice A= Q14, @24, — Q14,Q24, = 0 implies Q1(g) = f(Q2(q)), where f is an arbitrary function
and for this case the Q-modified Hamiltonian (3.1) reduces to (2.3), which we have already shown
to be a singular one.
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The canonical equations of motion corresponding to the above Hamiltonian (3.6) are

. 1

N=73 (@24, (P1Q2g, — P2Q2g;) — @24, (P2Q4, — P1Q14,)) 5 (3.82)
1

9 = A2 (lez(pZqul _plquz) — Oy, (p1Q2q2 —szqu)) , (3.8b)

p1= E A(p2qul _Plquz)(PZqulql _plqulth) - (PZqul _Plquz)2

X {qul Q2q1q2 + QZqulqlql - quzQqun - Q2q1 QIQ](]Z} - (Pl QZqz - P2Q2q1)
XA(plQquqz _PZquql) - (plQZqz - szqu)Z{qul Qquqz + Q2q2Q1q1q1

01020101 — Q201 Qs } | + 92101014, + Q30204 (3.8¢)

and

. 1
=33 A(p2014, — P1014,)(P2Q1g102 — P1Q1gsg0) — (12014, — P1Q1g,)*

X (qul QZqzqz + QZqz qulqz - quz Qquqz - Q2q1 quzqz) - (Pleqz - P2Q2q1)
XA(PI Q2qzqz - P2Q2q1q2) - (Pl QZqz - PZQqu )2{Q1q1 Q2qzqz + QZqulqun

— 01422919, — Q1g29: Q24 }] + Q%Qlquz + Q%QZQZlIz' (3.8d)

Rewriting the above Hamilton’s equations of motion we get the following system of two coupled
second order ODEs,

1 (& & .
Gi = A <Z ZAijkCJjCJk +Bi> , =12, (3.9)
k=1 j=1
where

| 0197 0,03
qui+| Q24i+1

Ajje = (—1)i*! ngllqm giqm . Bi=(—1) . 0,=0(qi,q)2+i=1i. (3.10)
qjqk 94k

In order to obtain the explicit general solution of (3.8) or (3.9) one has to fix the form of Q;
and Q» in the above equation such that the resultant solutions are analytic and single valued. For
illustration we choose

Q1 =kiq\' +kaqy? 0> =kaq)' +kiqy’, (3.11)

where r and r; are such that (1/r)) and (1/r;) are positive integers (see below) so that the resultant
solution is single valued and analytic. One can also choose other forms of Q;(g,) and Q2(g,) as
well but we stick to this form for the sake of simplicity. Substituting the above forms in (3.6) we get

g=1 [((kzxmrzéﬁrl —kspzrlcérz))z . ((kzmrzéﬁrl —klpzrléérz))z
2 garir garir

+Q} (kg + ka7 )? + Q3 (kag)! + km?)ﬂ : (3.12)
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Fig. 2. Isochronous oscillations admitted by Eq. (3.13) for the choice Q; : Qo =1:1,ri=r = % (a) Time series plot for
q1 (b) Projected (g1 — 1) portrait (c) Poincaré section

where gy = kok3 — k1k4 £ 0. The corresponding equations of motion are given as

1 _
%Z——hh@%4@ﬁ”ﬁ
ri g2
—i—ql_l {(k] k4.Q.% — k2k3Q%)q% + (—k2k3 —|—k1k4)(—1 + rl)rl q%} R (3.13a)
1 ) |
= [—klksm% Q)
282
145 {(—hak3 Qi + k1ksQ3)q3 — (koks — kika) (=1 +12)r2g5 } |- (3.13b)

The general solution of the above system of equations can be obtained by either explicitly integrat-
ing the Hamilton’s equations of motion or by substituting the relation (3.3) in (3.11) and solving the
resultant algebraic equations for ¢g; and ¢,. The explicit general solution of (3.13) can be given as

= (Bg—kzzsin(ﬂgt—l—éz) —%—";‘sin(ﬂlt—i—&
1=

1
)\"
koks — kik 0 3.14
ok ke , (kaks — kiks) # 0, (3.14a)

(3.14b)

1
e Brsin(Qr + 8)) — Bl sin(Qot + &) | 2
2 Kok — kika '

We note here that the above solution contains the required number (four) of arbitrary constants,
namely A, B, 01, and 8. The obtained solution (3.14) is analytic and bounded and exhibits oscilla-
tory behaviour for the choice 1/r; and 1/r; are positive integers.

In Figs. 2 and 3, we plot the solution of Eq. (3.13) for two different ratios of Q| and Q; with the
parametric choice rj=r, = %, ki=ky=k4=1 and k3= 2. In Fig. 2, we choose Q] : Q, = 1: 1 which
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Fig. 3. Quasiperiodic oscillations admitted by Eq. (3.13) for the choice Q; : Q; =1: V2, r=r = % (a) Time series plot
for g1 (b) Projected (g; — ¢y ) portrait (c) Poincaré section

results in isochronous periodic oscillations. In Fig. 3 we choose Q; : Q = 1 : v/2 which results in
quasiperiodic oscillations with amplitude independent frequencies.

Having developed the method of constructing isochronous two dimensional oscillators, we
extend the procedure to N-dimensions in the next section.

4. N-degrees of freedom generalization of Hamiltonians

One can generalize the procedure of constructing isochronous Hamiltonian systems to N degrees
of freedom. In order to do so, we have first extended the procedure to three dimensions and then
generalized it to N dimensions. For the sake of brevity we do not present the results of three dimen-
sional systems here. Proceeding further, to construct the N-dimensional isochronous Hamiltonians
let us consider the following Hamiltonians

N 90; -1
Hi=) aijp; (%) . i=12,.. N (“.1)
=1 qj

which are canonically conjugate to the corresponding collective coordinates Q;, i =1,2,...N. Here
the functions a;;’s are given by

_ 9y
aij A’
where
O(i+1)gje1 Leit1)gjsz -+ Liitay Llirtya Liit1)gr -+ Clit1)gj
0, = 0, Q(i+:2)q1'+1 Q(i-&.-.Z)q_Hz Q(iiz)qN Q(i.+2)q| Q(z'.+2)q2 Q(i+:2)q_/| | )

Qqu+l QNle+2 o Ongy Ong, Ong, - QNQj—l
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qul quz quN
. 20; . Q29 Q2gy - Q2gy
Qiqf_<aqj>’ A= -

, L, j=12,.N, 4.3)

QNq1 QNq2 QNqN

with N+k =k, k=0,1,2,... ,N—1. Here Q;; is an N — 1 x N — 1 determinant and A is an N x
N determinant. In order to construct the N-dimensional isochronous Hamiltonian system, let us
substitute the H;’s given by the relation (4.1) into the Hamiltonian of the N-dimensional harmonic
oscillator specified by

1
2

1

(H? +9707), (4.4)

M=

I:I:
1

where H; and Q;, i = 1,2,..N, are the canonical momenta and coordinates, respectively. Using this
Hamiltonian A and the corresponding Hamilton’s equations of motion we find the following system
of N coupled second order ordinary differential equations (ODEs),

1 N N .
ql:K<Z ZAl]kQqu+Bl>) l:1,2,,N,N>2 (45)
k=1 j=1
where A; i and B;;, j,k=1,2,... N are determinants of the form

qui+1 qum QNq;+1

qui+2 Q24i+2 Qmez

QIKIN QZQN QN‘IN

Ajix = — , 4.6)
e qul QZ(A QNth (
qui—l QZ(]i—l QNQH
Qigqe Q2gjqi -+ ONgja NxN
010} 0,QF ... ONQ}
qui+1 qum QNqi+1
Q14102 Q24112 -+ ONg;
P @)

quN QZqN QNQN

qui*l QZ!IH QN(IH NxN

The general solution of (4.5) can be found after choosing the forms of Q;(q1,¢2,...,qx) and fol-
lowing the procedure discussed for two coupled second order ODEs (3.13). Using the relation

H;=A,cos |:Qil‘ + 6,:| s
and

A.
0= 5’ sin |:-Qit + 51'] ;

1
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where A; and 6;, i = 1,2,...,N, are arbitrary constants, or integrating the Hamilton’s equations
of motion corresponding to the Hamiltonian (4.4), one can easily see that the canonical variables
gi,i=1,2,....N, also evolve periodically with a fixed period 7 when Q;’s are commensurate, for
appropriate forms of Q;(q1,¢2,-.-,qn) such that the resultant solutions g;s are analytic and single
valued.

5. Conclusion

In this paper, we have shown that a class of singular Hamiltonian systems obtained through the
Q-modified procedure are equivalent to constrained Newtonian systems. We have made use of the
idea behind the procedure of Q-modified Hamiltonian and introduced suitable modifications to the
procedure and developed a systematic procedure to construct a class of nonsingular N-dimensional
isochronous systems exhibiting bounded isochronous oscillatory motion. The Hamiltonian con-
structed by this procedure is nonsingular and the generated system is free from constraints and the
Hamilton’s equations and Newton’s equation of motion are equivalent. The procedure is first devel-
oped for the case of two-degrees of freedom systems and subsequently generalized to N-degrees
of freedom systems. The systems obtained through this procedure can also exhibit quasiperiodic
oscillations with amplitude independent frequencies when the original linear harmonic oscillator
frequencies are incommensurate.
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6. Appendix

The general solution of the system of two-coupled second order nonlinear ODEs (2.23) can be found
by the following procedure. Using the point transformation

X=\a@I, y=/a, 6.1

we find that Eq. (2.23) reduces to the following system of linear ODEs

Q? Q?
F=—o(xty), Y= (xty). 6.2)

From the above system of ODEs, one can rewrite
i+y=-Q%(x+y), i-j=0. (6.3)
Defining z; =x+yand zp = x—y we get
7 = —Q%z, % =0, (6.4)
whose general solutions are

71 =AsinQr +BcosQt, z=Lt+ D, (6.5)
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where A, B, I, I, are integration constants. Solving for x and y we get
x:%(Asith—l—Bcoth—i—ht—i—Iz), (6.6)
y:%(Asith—i—Bcoth—ht—Iz). (6.7)

. . . . 0
Redefining the above arbitrary integration constants as A = %, B=1/q1(0)++/q2(0), I = C(0),
L =1/41(0) — \/¢2(0), we get the general solution of Eq. (2.23)

. 2

0= (20007 + O 4 00 coseu - 1) +con ) ©8)
. 2

2= (20207 + O 4 00 coseu - 1) —cion ) (©9)

where ¢1(0), ¢2(0), H(0) and C(0) are arbitrary constants and Q(0) = /q1(0) + \/g2(0). The
procedure can be straightforwardly extended to deduce the general solution of the N-coupled ODEs

(2.8).
Using the transformation x; = b,-qf" we find Eq. (2.8) reduces to the form

) QZ N
¥ = —W(E]xm). (6.10)

From the above system of ODEs, one can rewrite
N N
Y #n=—-0Q*Y x», ¥ -%=0, j=23...N (6.11)
m=1 m=1

Defining the variables z; = ):Q’l:l Xmand zp; =x1 —xj, j=2,3,...,N, we get
51 =—Q%, £ =0. (6.12)

Solving the above system of linear ODEs and rewriting the resultant solution in terms of the original
variables g;’s we get the general solution as

(HK(ZO) sin Q1 + 0(0) (cos f — 1)) +Cn(0)t> "
n=1.2,....N, (6.13)

where ¢,(0)'s, H(0) and C,(0), n = 1,2,...,N are integration constants fixed by the initial condi-
tion, ¥_, C, = 0and Q(0) = YN _, b, g (0)*.
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