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A hierarchy of new nonlinear evolution equations is proposed, which are composed of the positive and negative
coupled KdV flows. Based on the theory of algebraic curve, the corresponding flows are straightened under
the Abel-Jacobi coordinates. The meromorphic function ¢, the Baker-Akhiezer vector ¥, and the hyperelliptic
curve %, are introduced by which quasi-periodic solutions of the first two nonlinear evolution equations in the
hierarchy are constructed according to the asymptotic properties and the algebro-geometric characters of ¢, ¥
and 7),.
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1. Introduction

The coupled integrable systems, which come up in many physical fields, have been studied exten-
sively and a lot of interesting results have been given from the application field. The first coupled
KdV system, which was derived by Hirota and Satsuma [1], describes interactions of two long
waves with different dispersion relations. The multi-soliton solutions, conservation laws and Dar-
boux transformation, etc., of this model were studied by many researchers [2-6]. Meanwhile, many
other coupled KdV systems were also constructed, plenty of powerful methods were thoroughly
applied to these models and lots of amazing results were obtained [7-15].

In this paper, we derive a hierarchy of coupled KdV type equations, which are composed of the
positive and negative flows. The first two nontrivial members in the hierarchy are

0=(0*—2ud)d " (v, —v) = 2(dv+v3)d ! (uy, —uy),

0= 49" (vyy — i) — (3 +2u)0 " (1 — 1) (D

*Corresponding author.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
61


Administrateur
Texte tapé à la machine
Received 2 October 2012

Administrateur
Texte tapé à la machine
Accepted 5 November 2012


B. Xue, F. Li, and X. G. Geng

0=(0>—2ud)d " [2v;, +vee — 4(uv),] — 2(Iv+v3) 3" (2uty, — e — dute, — 4v,)

0=40"" [2vy, + Ve —4(uv)y] — (9 + 2u)871 (2uy, — thyy — Aunr, — 4vy) . (1.2)

The main aim of the present paper is to construct quasi-periodic solutions of the two coupled KdV
type equations based on the approaches in refs. [16-20].

The outline of this paper is as follows. In section 2 we introduce the Lenard gradient and propose
a hierarchy of coupled KdV type equations with the aid of the zero-curvature equation, in which
the first two members are nonlinear evolution equations (1.1) and (1.2). In section 3 we introduce
a Lax matrix from which a direct relation between the elliptic variables and the potentials is estab-
lished. The two equations are separated into solvable ordinary differential equations. In section 4 we
introduce the hyperelliptic Riemann surface of arithmetic genus n and the Abel-Jacobi coordinates
from which the corresponding flows are straightened. Finally, quasi-periodic solutions of the two
coupled KdV type equations are constructed in terms of the Riemann theta function according to
the asymptotic properties and the algebro-geometric characters of the meromorphic function @, the
Baker-Akhiezer vector ¥ and the hyperelliptic curve JZ,.

2. Nonlinear Evolution Equations

In this section, we shall derive a hierarchy of coupled KdV type equations. Let us consider
spectral problem [9]

. (W . —A4+u 2v
WX_UW7 w_<q/2>7 U_( 2 )L—M>’ (21)

where u and v are two potentials, A a constant spectral parameter. To derive the coupled KdV type
hierarchy, we introduce the Lenard gradient {A;,B;,C,} by

A =-1, B_,=0, C_=0, 2.2)

2Bj+1 :2qu—Bj’x+4VAj,
2Cj+1 :Cj7x+2MCj—4Aj, (2.3)
Aj,x—|—2Bj—2ij:O, ]Z—l

Then A;,B;,C; are uniquely determined by recursion relation (2.3). It is easy to calculate that

AO = 07 BO = 2\/, C() = 2,
A1 =2v, B =2uv—v,, C;=2u,

24
Ay = —vi+4uy, By = %vxx —2uv, — v+ 2uPv — 42, @4
Co = u +2u? — 4v,
Denoting S; = (A;,B;,C;)", from the context we see that the Lenard gradient {S;} satisfies
KS;=JS;p1, JS_1 =0, j>-1 2.5)
in which K and J are two operators defined by
—4v —9d+2u 0 02 0
K=| —4 0 d+2u |, J=100 2 . (2.6)
d 2 —2v d2 -2
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Assume that the time evolution of the eigenfunction y obeys the differential equation

¥, =Vmy, v = (éi:; i&) , 2.7)
where AU B (™ are polynomials of the spectral parameter A with
Am = A2 4+ q,,+ fnill AjAm=i
j—
B™ =BA-'+ ¥ BAm, 2.8)

CV=CA~'+ ¥ CiAm
j=—1

in which g, B and C are to be determined functions, and a,, satisfies
1 1 1~
ay, = ZCm7x + Equ — EC
Then the compatibility condition of (2.1) and (2.7) yields the zero-curvature equation, U; — Vx(m) +
[U, V"] = 0, which is equivalent to

A, +2B—2vC =0,
B, +4vA —2uB =0, (2.9)
C,—4A +2uC =0,

1 ~
Uy, = Eax(cm+l _C)’
(2.10)
1 ~
Vi, = Eax(Am_H —A), m Z 0
with the aid of (2.3). From (2.9), we have
1 ~ ~
0= (—582 +ud +4v)A + (dv—2uv)C,
2.1

0 = —4A + (9 +2u)C,
then combining (2.10) and (2.11), we obtain a new hierarchy of coupled KdV type equations

0= (3% —2ud)d " (2v,, — Ami1x) —2(v+v3)d " (2u,, — Coui12) s
(2.12)
0 = 4871 (2vtm —Am+17x) - (a + 2”)871 (2utm - Cm+17x) .

The first two members of this hierarchy are (1.1) and (1.2) when m = 0, 1, respectively.

3. Evolution of Elliptic Variables

In what follows, we shall establish a relation between the elliptic variables and the potentials.
Let y = (x1,%2)" and @ = (@1, 02)T be two basic solutions of (2.1) and (2.7). We introduce a Lax
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matrix

1o n(0-1\ (G F
W=5xe +ox )(1 O>_(H—G>’ (3.1

which satisfies the Lax equations
W,=[UW], W, =[V" w]. (3.2)
Therefore, detW is a constant independent of x and #,,. Eq. (3.2) can be written as

G,=—-2F+2vH,
F, = —2AF +2uF — 4G, (3.3)
H, = 2AH — 2uH + 4G,

and
G, = —C"™F+B"H,
F, =2AMF —2BMG, (3.4)
H, =2C"G—-24"H.

Suppose functions F, G and H are finite-order polynomials in A:

n+1 ) n+1 ) n+1 )
F=Y Al G=Y gA""' " H=Y hart'. 3.5
j=0 j=0 Jj=0

Substituting (3.5) into (3.3) yields

8jx=—2fj+2vhj, [fjx=—4vgj+2ufj—2fi1, hjx=4g;—2uhj+2hj,,
Ent+l1x = —2fur1+2vh 4, fn+1,x = —4vgu1 +2ufpi, hn+1,x =4gny1 — 2uhy,
fO :07 hO :07 gO,x:O7

which is equivalent to

KQj=JQjy1, JQo=0, (3.6)
KQu41 =0, (3.7

where Q; = (gj,fj,hj)T,O < j<n+1. Itis easy to see that the equation JQgy = O has the general
solution:

Qo= 0pS_1 = otp(—1,0,0)T. (3.8)

Without loss of generality, let o = 1. If we take (3.8) as a starting point, then Q; can be recursively
determined by the relation (3.6). Acting with the operator (J~'K)¥*! upon (3.8), we obtain from
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(3.6) that
k
0c=Y S j1, 0<k<n+l, (3.9)
j=0
where 1, - -, 0 are constants of integration. The first few members in (3.9) are
o v+ o
or=12v|, O =\ —vi+2uv—-20qv |,
2 2u—20y
3.10
—Vve+4uv —200v+ 03 ( )
03 = %vxx — Vit — 2uvy + 2uPv — 47 + oy (v — uv) + 205y
Uy 42 —dv—20qu—200
If we write F and H as finite products which take the form:
n n
F=2]](A—uy), H=2]J(A-v)), (3.11)
j=1 j=1

where the roots {u;} and {v;} are called elliptic variables. Comparing the coefficients of "~ ! in
the expressions of F' and H in (3.5) and (3.11), respectively, we arrive at

A S ——zn: - (3.12)
2 1= j:1”]7 .
n
u—og=—3 vj (3.13)
j=1
Combining (3.12) and (3.13) yields
1 n
ZInv)e= 1 (1 =) (3.14)
]:
n
u=04—y vj (3.15)
j=1

Similarly, comparing the coefficients of A%in (3.5) and (3.11), one finds
n n
forr=(=0)"20THys w1 = (=1)"2] ] v;- (3.16)
j=1 j=1

Since detW is a (2n+ 2)th-order polynomial in A, whose coefficients are constants of the x-flow
and t,,-flow, we have

2n+2
—detW =G>+ FH = [] (A—2;) =R(A), (3.17)
j=1

from which we obtain

G == VR(), Gla=y,=—VR(Vk). (3.18)
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Noticing (3.3) and (3.11), we get

n

Fe |pmpe= —2vMix TT (e — 1) = —4vG [5— .

{:l
ik (3.19)
H, |/I:vk: _2Vk,x I1 (Vk - Vj) =4G |)L:Vk’
=1
J#k
which means
2+/R 2+/R(V
oo — VRIS VRV (3.20)
_U] (e — 1) [Il (Ve —Vj)
Jk J#k

In a way similar to the calculation of (3.20), we arrive at the evolution of {;} and {v;} along the
t,,-flow:

B(m) V R(IJ“]() |7L:[L/(
v U} (M — ;)
Ak
C(m) V R(Vk) ’l:Vk
IT (Vi —v;))

j=1
JFk

IJ“k 7tl?1 =

(3.21)

kam =

inwhich1 <k<n, 0<m<1,and

BO =Bu ' +2v, cO=cv!+2, (3.22)
B — Euk’l +2uv —ve+2v, CY = CVV,:I +2u+2vy. (3.23)

4. Quasi-periodic Solutions

In the section, we shall construct quasi-periodic solutions of two coupled KdV type Egs. (1.1)
and (1.2). Noticing (3.17), one is naturally led to introduce the hyperelliptic curve %, of arithmetic
genus 7 defined by

i Y —R(A)=0. 4.1

The curve %, can be compactified by joining two points at infinity, Py, where P, # P.._. For
notational simplicity the compactification is also denoted by .%%;,. Here we assume that the zeros A;
of R(A) in (3.17) are mutually distinct, which means A; # A, for j #k, 1 < j, k <2n+2. Then
the hyperelliptic curve .%;, becomes nonsingular. According to the definition of .%;,, we can lift the
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roots {u;} and {v;} to %, by introducing

:aj(xvtm) = (uj(x7tm)7G(.uj(xvtm)vxatm))v (42)
Oj(xatm) = (Vj(x,tm), —G(vj(x,tm),x,tm)), (4.3)
where j = 1,...,n, (x,t,) € R?. Moreover, from (4.1) we know that
y* =G*+FH,

that is
(y+G)(y—G)=FH,
then we can define the meromorphic function ¢( - ,x,t,) on J:

¢(P,X,tm) = - = ) (44)

where P = (A,y) € #,\{Pw+,Ps_}. Hence the divisor of ¢( - ,x,1,) reads [17,21]

(O( -, %tm)) = Do (xs,) — Dp(xs) + P — Poot (4.5)

n n
with Dpay,) = X 115 (x,2m)s Dy(ay,) = L V(1)
Jj= Jj=
Based on the definition of meromorphic function ¢( - ,x,7,) in (4.4), the spectral problem (2.1)

and the auxiliary problem (2.7), we can define the Baker-Akhiezer vector W( - ,X,x0,tn,tn0) ON
H\ Pt P} by

_ Y1 (RX,)C(),[m,tm 0))
P, 3 X0 Ims Im = ’ 5 4.6
VB %0, s o) (t/fz(P,x,xo,tm,tm,o) (*0)

where
4} (P7x7x07tm7tm,0) = eXp (/ (_)L +M(X/,tm) - 2v(x/,tm)¢(P,x’,tm))dx/
N (4.7)
+ (A(m)(l,xo,s) —B(m)(l,xo,s)q)(ﬂxo,s))ds) ,
Im,0

Vo (P,X, X0, by tm,0) = — @ (P,X, 1) W1 (P, X, X0, by t,0) (4.8)

with P € 5\ {Pur, P}, (X,1), (X0,m0) € R2.
Next, let us introduce the Riemann surface I' of the hyperelliptic curve .%;, and equip I with
canonical basis cycles: ay,--- ,a,;b1,--- ,b,, which are independent and have intersection numbers
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as follows
aioaj=0, bjob;j=0, ajobj=J;.
For the present, we will choose our basis as the following set

-1
@ZM, 1<i<n, 4.9)
R(%)

which are n linearly independent homomorphic differentials on I'. By using the cycles a and b, the
period matrices A and B can be constructed from

Aij:/ d)i, Bl]:/ d)i-
aj bj

It is possible to show that matrices A and B are invertible [21,22]. Now we define the matrices C and
TbyC= A~!, 7=A"1B. The matrix 7 can be shown to be symmetric (7;; = 7j;) and it has positive
definite imaginary part (Im7 > 0). If we normalize @ into the new basis ®;,

n
w;j =Y Cyy, 1<j<n, (4.10)
=1

then we have

n
/a)j:ZCﬂ/ 0)1:5]',', / wj:Tji-
a; I=1 a; b;

Define the Abel-Jacobi coordinates

n D (X 1) n o on im Al_ldl
(1)
P =Y [ o =Y Yo [ , (@.11)
R Y e N0y
n () non Vi Al-lgp
(2)
P (x,ty) = / ;= C~,/ , 4.12)
Y A e ey
where 1 < j < n. Without loss of generality, we choose the branch point Py = (4,,0), jo €
{1,---,2n+2}, as a convenient base point, and A (F) is its local coordinate. From (3.20), we obtain
e §hys 2Cy”
op;" ZZC,I ==) Y (4.13)
V .uk) I=1k=1 H(.uk_“i)
iZk
n o n vlflvk n ZC.lvlfl
apP =Y Y cpht—=r =y y S (4.14)
ToaE VR SE ﬁ(Vk—Vi)
iZk
which implies
opj!) =2Cp, dpy =2Cu, 1<j<n, (4.15)
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with the help of the following equalities

o, 1 <I<N,
N u!
= : ; 4.16)
g’I—L# (e — i) ) pomy,  I>N.
i1+ tiy=I—N, i;>0

In a similar way, we obtain from (3.21)-(3.23) that

dp) = (~1)"12C; +2C5, =Y, (4.17)
dop\? = (=1)"12C; +2Cj, =Y”, (4.18)
dnp\) = (—1y"12C; +2C) 1 +204Csn =Y, (4.19)
Ip\? = (~1)"12Cj +2C) 1 +20uCju =Y. (4.20)

In fact, in order to straighten the time-dependent flow, we need to assume that
TR T
(A,B,C) - Qn+1-

It’s easy to see that our assumption is reasonable, because from (2.9) and (3.7) we know that
(A,B,C)T € kerK and Q,,; € kerK, respectively. Then under our assumption, 0 = (A,B,C)T —
QOn+1 € kerK apparently holds according to the expression of K. With the help of (4.16) and the
following equality

y - 421

we can obtain (4.17)-(4.20).
Let .7 be the lattice generated by 2n vectors 6}, T;, where §; = (0,...,0,1,0,...,0) and 7; = 76;.
S—— =

i1 n—j
The complex torus # = C"/.7 is called Jacobian variety of I. Now we introduce the Abel map

o/ (P):Div(l') = 7

P
~ [0 o (Tmp) = Lms (B), 4.22)
0
where P, P, € %, ® = (o,...,®,). Consider two special divisors i P(i), i=1,2, and
k=1
L) g e [ .
A\ YR =X dB) =) o=p",
k=1 k=1 k=17F

with Pk(l) = [ (x,t,,) and Pk(z) = V(x,t,,), whose components are

(i)
[ oo << i—12
Z w] p] ) _J_l’l, l )~
1P
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The Riemann theta function is defined as [17,21,22]
6(P.D) = 6 (A~ o/ (P) + (D)), (4.23)

where P € J#,, D € Div(T'), and A = (Ay,...,A,) is defined by

1 ” P ,
Aj:§(1+7jj)_2/wi/ w;, j=1,...,n
i=1 Jai P
i#]
Then according to (4.22) and the definition of Riemann theta function in (4.23), we have
6(P. Dy xs,) = 0(A— 7 (P)+p'),
0(P,Dy(ry)) = 0(A— o/ (P)+p?).

Based on (4.15) and (4.17)-(4.20), we have the following lemma.
Lemma 1. (Straightening out of the flow)

ap=2c, ap®=2C, (4.24)

9, =y 9, p@ =y 0<m<1, (4.25)
where p@ = (p\) .. p\),i=1,2, C, = (Cin,...,Con). Y™ =™ . ¥{™).
In order to derive the quasi-periodic solutions of coupled KdV type Egs. (1.1) and (1.2), now
we turn to the asymptotic properties of the meromorphic function ¢.
Lemma 2. Suppose that u(x,t,),v(x,t,,) € C*(R?) satisty the hierarchy of coupled KdV type
equations (2.12). Let Aj € C\{0}, (1 < j<2n+2),and P = (A,y) € J#,\{Pwy,Poo_}. Then

1 x
—¢ T (S 55)+0L) asPo P,

2
o = 2v (4.26)
£—0
¢+0(8%) asP— P._ .
Proof. First, from (3.17) we have
2n+2
G*+FH= T[] (A—4))
e (4.27)
— 7Lz”+2 _ Z )LjQLZzHl 4 Z ljlklzn _ Z l,-?tjlklz”*l + 0(12”72).
j=1 Jj<k i<j<k
On the other hand, according to (3.5) we obtain

G*>+FH = ggA*2 +2g0g1 A" + (g} 4+ 28082 + fil1)A ™" (4.28)

+(28083 +28182 + fiho + ol ) AP+ O(A?72),

Then, comparing the coefficients of A with the same power in (4.27) and (4.28), and combining
(3.10), (3.14) and (3.15), one computes

| 2n+2 1 1 242
=5 YA =g Lk (L A4)7). (4-29)
=1 =

j<k
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Introducing the local coordinate § = A~ ! near P, from (3.17) and (4.1), we have

2n+2 . 2n+2 .
y=F[[A-2)2 =5 ' T[(1-1,0)> as P — Poy. (4.30)
Jj=1 j=1
Since
Tlo-20b = TTa-ac-tee- v och
= PP ey 277 8T 16
= 1+31C+82C2+0(§3) as P — Py,
£—0
where
12n+2 1 1 2n+2 )
& =—3 Y A &=3 ijxk—Z(ZAj) : 4.31)
i=1 <k i=1
J J J
Therefore,
o, T ekt el vOE) e P P
%
From (3.11) and (3.5), we can derive
1 n 1 n
Fl=e—TlA-pu)" = —¢"T[(1-p$)"
2v]1:[1( 1) o 5.6 ]131( u;6)
| . (4.32)
= ("1 ; 2 P— P,
o’ ( + L wl+0¢ >> as P = P,

G = goA" " + g A"+ @A+ O(A"2)

= E ot el + o) as P P @33
Then according to the definition of ¢ in (4.4), we finally obtain that
_y+G
*="F
L,
Sozyt Fltraltal o) tatal+al®+0()
n
(14 X w8+ 0(8%) (4.34)
J:
—1cfl+(f—i)+0(g) as P — P
_ v v 22 =t
{—0
¢+0(8%) as P — P._,
which proves this lemma. U
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Lemma 3. Under the same supposition in Lemma 2, in the special case of (3.9) when oy =
1,0 =0, 1 <k <n+1, we have that

exp (' (x—x0) + & ™(tm — tmo) +O(1)) asP — Puy ,
WI (RX,)C(),tm,tmp) — (435)
S0 Lexp (=€ (x = X0) = {™(tm — tmo) + O(1)) asP — Pu_ .

Proof. According to (3.5), in the special case of (3.9) when ap = 1,04, =0, 1 <k <n+1, we
derive that f; = B; 1, 0 < j < n+ 1. Introducing the local coordinate = A~ ! near P..., we obtain
from (4.26) that

exp (/x:(—z +u —2v¢)dx’> = exp (/x:(—&;—l +u —2v¢)dx’)

u

exp [/x: <—Z;‘1 +u—2v(—%5;_1 +o - 2v—v"2+0(C))> dx’] as P — P,

=P [/x(_c_l+u—2v§+0(cz)))dx’} isposp,, (430

\ X0

(exp (C*I(x—x0)+0(1)) as P — Py,

0| (o[ uteama) +00) ) (¢ M- +0Q) s

X0
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Then, in the special case of (3.9), combining (2.10), (3.4), (4.4) and (4.30) yields

tm tm Amp _ g(m)
exp </ Aalm —B(’")(]))ds) = exp (/ (—%B(’") + %)ds
Im,0 b0

1,
. m y (m) 1Em
- Y gm Ty
exp </( B

t B{+ Y B
m j=—— \%
e | [ R 0) x gt e 0(0) | ds
| ¥ e
L J=0
[ ; Bentiy ¥ B 4.37)
o | [ o) e ol [ s
Y /¢

~ exp /t"" <i(§"" BB o)+ L +0(§)> ds]

{0 fi

— exp /t (£E+ 0(1))ds]

C*)O L/ m,0

= exp (£ " (tm —tmo) + O(1)) as P — Py
=0

Hence, according to the definition of y; in (4.7), (4.36) and (4.37), we can arrive at (4.35). U
Next, we shall derive the representation of ¢, ¥, u and v in terms of the Riemann theta function.
Let a)f,:z p,, be the normal differential of the third kind holomorphic on J%;\{ P+, P } with simple

poles at P, and P and residues 1 and —1, respectively, which can be expressed as

3 1
oy . =—-[1-Byar, (4.38)
Y i
where B; € C, j=1,...,n, are constants that are determined by

3 .
/a a)l(Jm),,Per:O’ ]:1,...,71.

J
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If the local coordinate near P.. is given by { = A~!, then we have the asymptotic expansions of

(3) .
Op p  near P

2n+2 '
of 5. = £ L1207 (¢ [J0- B0 | ag
£—0 =1 =
_ 12n+2 L (439)
SR ) I (O
£—0 i
= ¢(C_1+0(1))dC as P — Poy.
£—0
Therefore,
P
/wg),Pw = F(In{—Inw+0(f)) as P — Py (4.40)
P() ? Jrg~>0

for some constant wy € C.

2
Next, let Op_, s

P.. and principal part P near —{~27"d{, satisfying

r € Ny, be normalized differentials of the second kind with a unique pole at

2 .
/a‘w}w)i’,:o, i=1,2,...n. (4.41)
J

Then we can define Q(()z) and anzzl by

o =af) oo, (4.42)
)y ¢ @ @
Q.= ocm,l,q(q + 1)(wa+,q - w&,,,q)) (4.43)
q=0

/Q((f):o, o —o0,  j=12,...n (4.44)
_ 0
i (2) 2
/ ‘Q‘O C_ ﬂ:(c —I—eoo—i—eo]C—i—O(C )) as P — Py, (4.45)
Py —0
5 m—1
Qm_l = (Y 10t en10+0(8) asP— Pu (4.46)
Py =0 g=0

for some constants €0,0, €0,1, €m—1,0 € C.
If Dp(yy,) and Dy, in (4.5) are assumed to be nonspecial [21], then according to the Rie-
mann’s vanishing theorem [17,21], the definition and asymptotic properties of the meromorphic
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function ¢ (P,x,1,), ¢ has the expressions of the following type:

0(P,Dy,, P
(B Do) oy o5 ), (4.47)

Pox,ty) = N (X, b)) et )
OPxtn) =Nt gip Ty 5

where N(x,1,,) is independent of P € .7,

Theorem 1. Let P = (1,y) € K \{Put,Pu-} , (X,tm), (X0,tm0) € M, where M C R? is open
and connected. Suppose u,v € C*(M) satisfy the hierarchy of coupled KdV type equations (2.12),
and assume that A;, 1 < j <2n+2, in (3.17) satisfy A; € C\{0} and A; # A, as j # k. Moreover,
suppose that Dy, ), or equivalently, Dy, ) is nonspecial for (x,t,) € M. Then ¢, v, , admit the
following representation

G(PoofaDA(x[ ))G(RD(\/()([ )) P (3)
PBx ) =w = S X exp (/ ) (4.48)
(P,x,1m) = wo 0(Pe, D (x,))0(P. D x) p, PP pos

9(P°°+’Dﬂ(x0,lm‘()))Q(P’Dﬂ(xﬂm))
G(Poo—s- ) Dﬂ(me))e(Pv Dﬁt(XoJm,o))
P @ NG
X exp (/P ol —eo,o)(x—xo)ﬂ/P 0 e 10)(tm —tmo) )
0 0
(4.49)

llll (P)xatm)x()’tm,o) =

6 (Peot, Dy (x0.1.0)) @ (Poo s Dia(x,)) O (P, Dy ,))
9 (P°°+ ) D[L ()C,tm) ) 9 (P°°* ) D\A/(x,fm) ) 9 (P’ Dﬂ (XO Jm,O) ) (450)

P 3 F oo F oo
xexp /Pwpmf,per(/P Q +eo,o)(X—Xo)+(/P Q1 Fem-1.0)(tm —tmo) | ,
0 0 0

WZ(P7X7IWI7X07[W1,O) = —Wwo

Finally, u(x,t,),v(x,t,) are of the form

OPOO ,DAX OPoo_,DAx
u(x,tm) = axln ( + ”( OJm,O)) ( u( Jm))

— 260_0 y (451)
O(POO—7Dﬂ(x0,tm‘o))O(Pw-i-vDﬂ(x,tm)) '

V(x,tm) = —L G(Pooi’D‘A/(xvlm))9(P°°+’Dﬂ(x7[m))

, (4.52)
w§ 0(Peoy, Dy (x,))0 (P, D(xs,))

where 0 <m < 1.

Proof. We start with the proof of the theta function representation (4.49) for y;. Without loss of
generality, analogous to the proof of Lemma 3, we only treat the special case of (3.9) when o =
1,00, =0, 1 <k <n+ 1, in the following. First, we temporarily assume that

W (X, tm) # Wy (x,1y) for j # j and (x,1,) € M (4.53)

for appropriate M C M, and define the right-hand side of (4.49) to be ;. In order to prove v = j;,
we investigate the local zeros and poles of y; defined by (4.7). From (3.20), (3.21), (4.2) and (4.4),
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we have

=2, tm)9(PX 1) = dvln(A —p(x 1))+ O(1),

P—[1;(x 1)

—B(m)(l,x(),s)(])(f’,xo’s) - asln(l_,uj(XO,S))-i-O(]).

P—[1;(x0,5)
Together with (4.7), this implies

(A —uj(x,1m))0(1) as P — [1;(x,tm) # [1;(X0,tm0),
Vi (P,x, b, X0, tmo) = § O(1) as P — f1i(x,t) = f1j(x0,tm0),
(X — 1 (x0,1m0)) " O(1)  as P— j(x0,1m0) # [ (x, )

with P=(1,y) € H,, (x,tm), (x0,tm0) € M, and O(1) # 0. Hence y; and ¥, have identical zeros and
poles on £, \{Pw,Pw_}, which are all simple by hypothesis (4.53). Next, we study the behavior
of y; and Y near P.... By (4.35), (4.45), (4.46) and (4.49), we find that y; and y; have identical
exponential behavior up to order O(1) near P. Thus, y; and {; share the same singularities and
zeros. Then the Riemann-Roch-type uniqueness proves that y; = \J;. Hence (4.49) holds subject to
(4.53).

Substituting (4.40) into (4.47) and comparing with (4.26), one finds

I 6(Pet,Dpgrs,) 0 (P Dir(xs))

v=— . . N(x,t,) =wy —— 0,
N (x,tm) O (Peoy, Do xy,)) () 0(Peo—, Dg(xs,))

Given N(x,1,), one can determine ¢ in (4.48) from (4.47) and y; in (4.50) from Yy, = —@y;.
Re-examining the asymptotic behavior of y; near P.._ yields

(4.54)

X
V1 (P,X, b, X0, 1m0 Cio exp (/ u(x' ty)dx' + 0(§)> exp (—C‘l (x—x0) =& " (tm —tmo) + O(C)) .
X0
(4.55)
A comparison of (4.55), (4.45), (4.46) and (4.49) proves (4.51).
Hence, we prove this theorem on M. The extension of all these results from M to M then follows
by continuity of the Abel map and nonspecialty of Dy, ;) on M. U

Therefore, quasi-periodic solutions of coupled KdV type equations (1.1) and (1.2) are (4.51),
(4.52) for m =0, 1, respectively.

Acknowledgments

This work was supported by National Natural Science Foundation of China (Grants No.
11171312 and No. 11126308), Science and Technology Research Key Projects of the Education
Department of Henan Province (Project No. 12A110023) and the Research Foundation of Henan
University of Technology (Grant No. 2009BS041).

References

[1] R. Hirota and J. Satsuma, Soliton solutions of a coupled Korteweg-de Vries equation, Phys. Lett. A 85
(1981) 407-408.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
76



Quasi-Periodic Solutions of CKdV Equations

R. Hirota and J. Satsuma, A coupled KdV equation is one case of the four-reduction of the KP hierarchy,
J. Phys. Soc. Jpn. 51 (1982) 3390-3397.

R. Dodd and A. P. Fordy, On the integrability of a system of a coupled KdV equation, Phys. Lett. A 89
(1982) 168-170.

H. C. Hu and Q. P. Liu, New Darboux transformation for Hirota-Satsuma coupled KdV system, Chaos,
Solitons & Fractals 17 (2003) 921-928.

D. Levi, A hierarchy of coupled Korteweg-de Vries equation, Phys. Lett. A 95 (1983) 7-10.

W. H. Tam, W. X. Ma, X. B. Hu, D. L. Wang, The Hirota-Satsuma coupled KdV equation and a coupled
Ito system revisited, J. Phys. Soc. Jpn. 69 (2000) 45-52.

M. Ito, Symmetries and conservation laws of a coupled nonlinear wave equation, Phys. Lett. A 91
(1982) 335-338.

B. Fuchssteiner, The Lie algebra structure of degenerate Hamiltonian and bi-Hamiltonian systems,
Prog. Theor. Phys. 68 (1982) 1082-1104.

D. Levi, A. Sym and S. Wojciechowski, A hierarchy of coupled KdV equations and normalisation
conditions of the Hilbert-Riemann problem, J. Phys. A: Math. Gen. 16 (1983) 2423-2432.

V. G. Drinfel’d and V. V. Sokolov, Lie algebras and equations of Korteweg-de Vries type, J. Math. Sci.
30 (1985) 1975-2036.

Y. Nutku and O. Ogiiz, Bi-Hamiltonian structure of a pair of coupled KdV equations, Nuovo Cimento
B 105 (1990) 1381-1383.

C. W. Cao and X. G. Geng, C Neumann and Bargmann systems associated with the coupled Kdv soliton
hierarchy, J. Phys. A: Math. Gen. 23 (1990) 4117-4125.

A. Yu. Zharkov, Computer classification of the integrable coupled KdV-like systems with unit main
matrix, J. Symb. Comput. 15 (1993) 85-90.

M. V. Foursov, On integrable coupled KdV-type systems, Inverse Problems 16 (2000) 259-274.

X. M. Liand X. G. Geng, Lax matrix and a generalized coupled KdV hierarchy, Physica A 327 (2003)
357-370.

F. Gesztesy and R. Ratnaseelan, An alternative approach to algebro-geometric solutions of the AKNS
hierarchy, Rev. Math. Phys. 10 (1998) 345-391.

F. Gesztesy and H. Holden, Soliton Equations and their Algebro-Geometric Solutions (Cambridge Uni-
versity Press, Cambridge, 2003).

X. G. Geng, Algebraic-geometrical solutions of some multidimensional nonlinear evolution equations,
J. Phys. A: Math. Gen. 36 (2003) 2289-2303.

X. G. Geng and Bo Xue, Soliton solutions and quasiperiodic solutions of modified KortewegCde Vries
type equations, J. Math. Phys. 51 (2010) 063516.

X. G. Geng and Bo Xue, Quasi-periodic solutions of mixed AKNS equations, Nonlinear Analysis 73
(2010) 3662-3674.

P. Griffiths and J. Harris, Principles of Algebraic Geometry (Wiley, New York, 1994).

D. Mumford, Tata lectures on theta II (Birkhiuser, Boston, 1984).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
77



