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1. Introduction

In 1981, the following integrable equation
U — Ut + Uty = 2U Uy + Uy, (1.1)

was proposed as an abstract equation admitting a bi-Hamiltonian structure [20]. This system, now
known as Camassa-Holm (CH) equation, was rediscovered by Camassa and Holm [3] as an approx-
imation to the incompressible Euler equations and its relevance for the shallow water waves mod-
eling was discussed [14,24-26]. The CH equation has been studied extensively and a number of
properties are established for it. Indeed, it is shown that this equation is solvable by inverse scat-
tering transformation [1, 2, 5, 6, 15, 17, 27, 30], possesses a large number of solutions including
multi-soliton solutions, algebraic-geometric solutions and multi-peakon solutions [22, 33, 34, 37],
can be regarded as the geodesic flow on the diffeomorphism group [29,35] (see also [12,13,28]), to
mention just a few (also see [21,32] and the references there).

Also, it is worthwhile to remark that while the CH equation is reciprocally associated to a
particular flow of the celebrated Korteweg-de Vries (KdV) equation [19, 32], there are fundamental
differences between the CH equation and the KdV equation. Unlike the KdV equation, the CH
equation has breaking wave solutions which develop singularities in finite time [8]. Indeed, the
construction of such an equation, which can model both breaking waves and peaked traveling waves,
was a long-standing open problem in hydrodynamics [39]. Furthermore, the search of models which
have peaked wave solutions is also motivated by the quest for waves of great height (see [7,9, 10,
38]). It is interesting to note that the peaked solitons or peakons of the CH equation are orbitally
stable [16,31].
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The CH equation has several generalizations. A two-component and a three-component exten-
sions were proposed in [4, 36] and in [18] respectively and both extensions are shown to be bi-
Hamiltonian systems. Very recently, a new three-component generalization of the CH equation was
constructed by Geng and Xue [21]. It reads as

3 3
Uy = —Vpx+uxg+ zugy — —M(Px”x —P”)a

2 2
Vi = 2vqy +viq, (1.2)
3 3
wy = vry+weqg+ qux + Ew(pxrx —pr),
with
U= P — Dxx,
1

V= E(qxx_4Q+pxxrx_rxxpx+3pxr_3prx)a (1.3)

W="Fy—F

Above system was derived from a 3 x 3 matrix spectral problem. It was further shown that (1.2)
is a Hamiltonian system with infinite number of conservation laws. The purpose of this paper is
to construct two Hamiltonian structures for (1.2) and to prove that it constitutes a bi-Hamiltonian
system.

2. Bi-Hamiltonian structure of the three-component Camassa-Holm equation

As demonstrated in [21], the system (1.2) arises as a zero curvature equation
M, — N+ [M,N] =0, 2.1

which is the compatibility condition of the linear system

o=Mp, @;=No. (2.2)
where

0 10
M=[1+Av0u |,

Aw 00

%(_%c_pxrx‘i’pr) %+q %
N= |z —pretpr—q+Aqv 5(q:— poret+pr) §+qu

—r—+Agw Ty Dalx — pr

Now, we construct Hamiltonian structures for the equations associated with this 3 x 3 spectral prob-
lem. To this end, we take M as above and N as follows

A1 Ay Az
N=| B BB |, (2.3)
GGG

with Ay, By, Cx (k =1, 2,3) are functions depending on the spectral parameter A and the field
variables.
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Through tedious calculations, we find that the zero-curvature representation (2.1) yields

u &)
v ]| = e+2) | A |, (2.4)
w/, AA3
where
0 0 2% —1
&=\ Juy+3ud 20 —13% w+3wa |, (2.5)
1—9? 0 0
%u&‘lu ux—i-%ua —%ua_lw—v
F = 0 v + v 0 . (2.6)

—%w8*1u+v Wy + %wa %w&”w

While neither & nor .# could serve as Hamiltonian operators since both of them are even not skew-
symmetric, we may formulate a operator

R=FE", (2.7)

which is the candidate for a recursion operator. To justify this, we notice that a Hamiltonian operator
was obtained in [21], which reads as

0 0 97-1
I = 0 —dv—vd O ) (2.8)
1-0*> 0 0
Then we define a new operator by
H =FE! 7, (2.9)
whose explicit form is given by
H =T -27(d°—49)" (T, (2.10)
with
%ua—l-ux %ua_lu 0 —v—%ua_lw
S = vo+adv |, T= 0 0 0 ,
%wa + Wy v—%wa_luo %wa_lw

and .7 denotes the formal adjoint of the operator ..
Our claim is that _# and %" constitutes a compatible Hamiltonian pair. In fact, we have
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Theorem 2.1. The system (1.2) is a bi-Hamiltonian system, namely there exist two compatible
Hamiltonian operators ¢ and ¢ such that

SH SHo
. it S
W ot St
t ow ow

where 7 and J¢ are the operators given by (2.8) and (2.9), and
1
Ho = ; / (447 = qquc — pirs + 6ppxrre +3p°r*) dx,
1
H, = 5/(2v+urx +wp,)dx.

Proof. The first operator ¢ is a local and linear operator, which already appeared in [21]. Next,
we turn to the more complicated operator .#". Also, it is easy to show that this operator is skew-
symmetric, therefore we prove that the related Jacobi identity holds. Since

< f, X[ glh >+ c.p.
=< £, T Hglh—2.7"[#g)(d*> —4d) " H(SNh—27(9° —40) (L") [# glh > + c.p..

Let A, B,C be the rows of £, or & = (A, B, C)T, we find

< f,T'[H glh>+ c.p.
fi 3Ag0 " (uhy —whs) + 3ud~'Aghy — Bghs — 3ud~'Cghs
=<\ rfl, 0 >+ c.p.
f3 Bghy — 3Cgd~" (uhy — wh3) — 3wd~'Agh; + 3wd~'Cghs

3 _ _ _
=< E(flAgG 1(uh1 —Wh3) —|—uf18 lAghl — uf18 1Cgh3) — fiBghs >

3
+ < 5(—wf38‘1h1Ag—f3Cg8‘1(uh1 —Wh3) +wf38‘1Cgh3) + f3Bgh; >+ c.p.

3 _
=< E(flAg—glAerCf& — 3C8)0 ™ (uhy — wh3) + f3Bghi — fiBghs > + c.p.

9
= Z(< ug10 'wis +wgzd w07 uhy > + < ug 97 ufy +wgzd tufi,d T haw >)

+3< fl(%u(? + 1) 8o —fg(%wa +wy)go,0 " (uhy —wh3) >
+2 < (ve+2vd)hy, figz > —(f <> g) + c.p.
=3< (%flua + fiux)go — (%fswa + f3wy)g0, 0~ (uhy — haw) >
+2 < (ve+2vd)hy, figzs > —(f <> g) + c.p.
= % < 80, (f5we + 3 f3w — fitty — 3f1cu) 0~ (uhy — wh3) >
+2 < go,vifihs +2v(fihs)y > —(f <> h) + c.p., (2.12)

where (f > g) denotes the resulted term from the previous ones by permutating f and g, and

/(3 1 3 1
g0 =(d°—49)7! <§ug1x + U8t +vag2 + 2vgo + W8t wag.z) , (2.13)
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and similarly for fy, hg. Also, we have

< f, 2" Hgl(d> —49) WIS Nh—2.7(9° —40) (ST [# glh > + c.p.
=2 <h, 'K flgo > -2 < h, S| H glfo >+ c.p.
=2 < WK flgo — 1.7 [H# hlgo > + c.p.
= 2.< (SMASO+ (A )t (B +2Bf3) + hs(3C10+(CP)go >
—(f <> h)+ c.p.
=< 80, f1(Ah)x +3f12Ah +2f2(Bh) + 4 foBh + f3(Ch)x + 3 f3xCh >
—(f <> h)+ c.p.
=Q,+Q, (2.14)

where
3 .. 3, 3
Q=< go,fl(iuxa (l/thl — Wh3) + Eu hy —vihy —vhs — Euwhg) >
3 3
+ < g0,3f1x(§ua*1(uh1 —wh3) — vh3) + 3 f3 (Vi — Ewafl(uhl —wh3)) >

3 3 3
+ < go,f3(vxh1 +vhi, — waail(uhl — wh3) — Ewuhl + §W2h3) >
—(f < h)+ cp.
3 _

=5 < 80, (fiutx + 3 f1xu — fawy — 3 f3,w)0 l(uhl —wh3) >

3, 3
+ < go,3h1xvf3 _hl(zu J1=vf3—vfa— EMWJ%) >

3 3

— < 80,3h3v f1 + M3 (v fi Fvfix— Euwfl + §W2f3) > —(f <> h)+ c.p.

3 _
=5 <80, (frtx + 3 fixtt — fswy — 3f3w)d " (uhy — wh) >

+2 < go,vx(fah1) + 2v(faxh1 + f3hix) > —(f <> h) + c.p., (2.15)
and
0y =2 < go, (f10 —|—3f1x)(%u8 o+ (2120 +Afs) (ve+ 20)ho >
12 < g0, (39 + 3f3x)(%w8 Fwho > —(f < h) + c.p. 2.16)
Taking account of (2.12)-(2.14) with (2.15)-(2.16), we obtain

< f, X' Hgh>+cp. =
3 5 3
=2<go,(fi (§u82 + Euﬁ + ) + 3f1x(§u8 + 1)) ho >

3 5 3
+2 < go, (f3(§w82 520+ W) +3f32(5w0 + wi) Jho >
+4 < 80, fo(Ver + 3,0 +2v0%) + 2 foc (v +2v0) g > —(f <> h) + c.p.
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3 5 9
=2 < hy, (582f1u— §9f1ux+uxxf1 — §5Mf1x+3f1xux)go >

3 5 9
+2 < hy, (582wf3 - Eafswx + Wi f3 — an]%x + 3 f3:wx)80 >
12 < ho, (2f2ve — 69V fo +49% fov + 4 frv — 80 foov) g0 >

3 5 3
—2 < go, (I (Eua2 + 5u,ca + ) + 3h1x(§u8 +u)) fo >

3 5 3
—-2< 20, (h3 (§w82 + waa + Wxx) + 3h3x(§w8 + Wx))f() >

—2 < g0, (2h (Ve + 39,0 + 2v9%) 4 4ha (v +2v0)) fo > + c.p.
= —2 < 0,0 (hyuy + 3hyu + 2hyvy + 4hoyv + wihs + 3whs,) fo >

—2 < g0, (hyuy + 3hypu+ 2hovy + 4o v + wihs + 3whsy)d fo > + c.p.
= —4 < g0, 9 (hoxer — 4hox) fo+ (hoxe — 4hox)d fo > + c.p.
= —4 < (hoxee — 4hox) (foxgo — fogox) > + c.p.

=—-4< hO)cx(fOxng - ngO)cx) >+ C.p.
=0.

Therefore, #" is a Hamiltonian operator. Finally, we prove that ¢ and %" form a compatible
Hamiltonian pair, that is, we have to show that these operators satisfy the following condition

<f, ZHgh>~+<f, 2] Fglh>+cp.=0. (2.17)
Indeed, by direct calculation, we find

<f, Z'[Hglh>+cp. ==2< fo,((vc80 + 2vg0x)x + 2(vx&0 + 2vg0x)d)h2 > + c.p.
= 2 < V.80 +2vgox, Mo fox — hoxfo > +c.p., (2.18)

and

< f, X' _Zglh >+ c.p.
=< [, 7' Feh—25"] 7g(0° —49)' S Th—2.7(9> —49) " (FT)[ Zglh > + cp.
3 3

=< fi, E(gm —g3)0 " N(uhy — wh3) + Euafl((gm —g3)h — (81— g1)h3) >

+ < f1,2vgach3 +vigahy > — < f3,2vgoch +vigoh >

3 3
— < f3, 5(81 — g1u)d " H(uhy —wh3) + Ewa_l((gm —83)h1 — (81 — gixx)h3) >
—2< f,. 7" 78)(d* —49) .S Th+ 7(9° —49) WS _Zglh >
3

=< E(fl (830 — &3) — f3(81 — &1x0)) 0 (uhy — wh3) + 2v fi 3oy + v fig2hs >

3 _
- < E(hl(g.“axx_z%) —h3(g1 — g1xx))0 (ufi —wfs) +2v 821 + fivegahy >

—2< £, 78l(d* —49) .S Th+ 7(9> —49) W (ST _Zglh >
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3 _
=< E(fl (8300 — 83) — f3(g1 — 1) )0~ (uhy — whs) + 2v i3 gox + Vi f1gahs >

500 300
+2<g0,fT 1010 | (Fh)+fI| 020 #h>—(f<h)+ cp.
003 003

(2.19)
Thus making use of (2.18) with (2.19), we obtain

<f,. X Fglh>+<f, 7' [Hglh>+cp.

3 _
=< §(f1 (g30x — 83) — f3(81 — 81x)) ' (hy — wh3) + 2v fils gax + Vo f182h3 >

200 200
+2 < vego+2v80x, hafor > 42 < go, fE [ 010 | (Zh)+fF 020 | #h>
003 003

—(f < h)+ c.p.

3 _
=< E(fl (830 — 83) — f3(81 — &1x0)) 0~ (uhy — wh3) 4 2v fil3goy + vy figahs >

+ < gOafl (h3xxx - h3x) +f3 (hlx - hlx;xx) + 3f1x(h3xx - h3) + 3f3x(hl - hlxx) >
—(f<>h)+ cp.

=< vgo fihs + fivegahs — 2382y — fivegahi > + < g0, (9% —49)(fihs — f3h) >
3

+§ < uhy —wh3, 3,81 — f183x + f1x83 — f381x > + ¢.p.

=< 2vgo f1h3 + f1vigahs — 2vgahi f3 — f3vegah1 >

3
+§ < uhy —wh3, f3x81 — f183x + f1x83 — f381x >

1
+§ < fah1 — fih3,3ugix + ucg +2vig2 + 4vgor + 3wgs, + 3wy >
3
=5 <uhy —wh3, f3:81 — f183x + f1:83 — [381x >
1
+5 < f3h1 — f1h3,3ugix + uxg1 +3wgsx + gzwy > + c.p.

1
= = < u,3h1(f3:81 — f183x + f1xg3 — f381x) + 3(f3h1 — fil3)g1x — ((f3h1 — fih3)g1)x >

2
1
ts<w, 3h3(f183x + f381x — f3x81 — f1x83) +383:(f3h1 — fih3)
1
) <w,((fsh1 — fih3)g3)x > + c.p.
=0.

Therefore, the Hamiltonian operators ¢ and .% are compatible and the proof of the theorem is
completed.

According to the bi-Hamiltonian theory, the operator & is a recursion operator with hereditary
property, which may be used to generate a hierarchy of commuting flows. U
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