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We apply the averaging method to analyze spatio-temportal structures in nonlinear Schrodinger
equations and thereby study the dynamics of quasi-one-dimensional collisionally inhomogeneous
Bose-Einstein condensates with the scattering length varying periodically in space and crossing
zero. Infinitely many modulated amplitude waves with nontrivial phases are shown.
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1. Introduction

Since the experimental realization of Bose-Einstein condensates (BECs) in the mid-1990s
[1, 13], the study of matter-wave patterns including existence and stability in BECs has
drawn a great deal of interest from experimentalists [35, 36] and theorists [20, 30, 17, 39].

In atomic physics, the Feshbach resonance of the scattering length of interatomic interac-
tions is used for control of Bose-Einstein condensates [12, 16]. We consider the main model
of this paper given by the perturbed Gross—Pitaevskii (GP) equation of the dimensionless
form [32]

0 102 _ ~
% = L Gy + T @, (11)
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where the nonlinearity coefficient g(x) varies in space. In Eq. (1.1), v is the mean-field
condensate wave function (with density |¢|> measured in units of the peak 1D density
ng), ¢ and t are normalized, respectively, to the healing length & = h/\/ng|gi|m and
¢/c (where ¢ = hy/ng|g1|/m is the Bogoliubov speed of sound), and energy is measured
in units of the chemical potential § = ging. In the above expressions, g1 = 2hAw ag,
where w, denotes the confining frequency in the transverse direction, and aq is a char-
acteristic (constant) value of the scattering length relatively close to the Feshbach res-
onance. Finally, ‘N/(a:) is the rescaled external trapping potential, and the z-dependent
nonlinearity is given by g(x) = a(x)/ag, where a(z) is the spatially varying scattering
length.

In the past few years, GP equation (1.1) has been widely studied, such as the stability
and dynamics of bright, dark solitary waves [34, 37, 2, 3, 25, 24, 18, 14, 5], modulated
amplitude waves (MAWS) [32] and exact solutions [38, 4, 23|. Also we can refer a number
of books [26, 27, 19].

In order to study the dynamics of BECs with scattering length subjected to a spatially
periodic variation, Porter et al. [32] transform Eq. (1.1) into a new GP equation with a
constant coefficient and an additional effective potential

9 19%

i =2l 1012 + V (@) + Vg (2)1),
. 1f" M2 f o
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with f(z) = /g(x), then the transformed equation was investigated. For weak underly-
ing inhomogeneity, the effective potential takes a form resembling a superlattice, and the
amplitude dynamics of the solutions of the constant-coefficient GP equation obey a nonlin-
ear generalization of the Ince equation. In the small-amplitude limit, they use averaging to
construct analytical solutions for modulated amplitude waves (MAWS), whose stability was
subsequently examined using both numerical simulations of the original GP equation and
fixed-point computations with the MAWs as numerically exact solutions. However, men-
tioned in their paper, the transformation ¢ = \/ g(z)1 applies only in the case that g(z)
does not cross zero. A natural question is that for general periodic function g(z), whether
the similar results upon the dynamics can be obtained. On the other hand, the phases
of MAWSs considered in [32] are trivial, which are correspond to standing waves. Thus,
another question is whether there exist the MAWs with nontrivial phases in collisionally
inhomogeneous BECs.

With these questions discussed above, in this paper we investigate the existence and
stability of MAWs with nontrivial phases in collisionally inhomogeneous BECs modeled
by GP equation (1.1) for general small periodic function g(z). The method is based on
averaging, and we use the averaging principle to replace a GP equation by the corresponding
averaged system. Along this paper, we assume that g(x) and V' (z) are analytic and periodic
functions with the least positive period 7' = 7/ V.

The rest of the paper is organized as follows. In Sec. 2, we introduce modulated amplitude
waves involving periodic and quasi-periodic, and an averaging theorem is obtained in Sec. 3.
In Sec. 4 we investigate the existence and stability of equilibrium points for the averaged
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system and thereby study the periodic orbits and a numerical simulation is presented as
prescribed parameters in Sec. 5. Finally, we summarize our results in Sec. 6.

2. Coherent Structure

We consider uniformly propagating coherent structures with the ansatz

b(t,x) = R(z) exp(ilO(x) — put]), (2.1)

where R(z) € R gives the amplitude dynamics of the condensate wave function, 6(x) deter-
mines the phase dynamics, and the “chemical potential” u, defined as the energy it takes
to add one more particle to the system, is proportional to the number of atoms trapped in
the condensate. When the (temporally periodic) coherent structure (2.1) is also spatially
periodic, it is called a modulated amplitude wave (MAW) [9, 8]. Similarly, a solution of
Eq. (1.1) with the (temporally periodic) coherent structure (2.1) is called a quasi-periodic
modulated amplitude wave (QMAW) if it is also spatially quasi-periodic.

Inserting (2.1) into (1.1), we obtain the following two couple nonlinear ordinary differ-
ential equations

2

c
R"+6R — 7 + eg(x)R® + eV (x)R =0, (2.2)
0" +20'R'/R=0 = O'(z) = %, (2.3)

where
eg(x) == —2g(x), eV(x):=—2V(z), 6=2u

and the integration constant ¢, determined by the velocity and number density, plays the
role of “angular momentum” [7].

In case of ¢ = 0, the phase of the condensate wave function (standing wave) is trivial
and constant. In the general case, ¢ # 0, the system (2.2) becomes more complicated and
the phase is no longer constant [11], which implies nonzero current of the matter — it is
proportional to R?(x)f(x) = c, for amplitude R(z) of MAW and nonzero constant ¢ —
along z-axis, and hence seems to have no direct relation to present experimental setting
for BECs with a parabolic trap [21, 10]. For each given ¢, we will obtain a solution for
the original GP equation. In fact, if ¢ varies from some open interval, all solutions forms a
continuum. Even the amplitude R(z), a solution of (2.2), is T-periodic, the corresponding
condensate wave function ¥ (x,t) may be not periodic, but quasi-periodic, with respect to
the spatial variable z [33].

3. Averaging Theorem
Let us rewrite Eq. (2.2) in the planar equivalent form
R =S,
2 (3.1)

S"'=—0R+ % — eg(x)R® — eV (z)R.
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In order to proceed we need to transform (3.1) to a standard form for the method of

averaging.

Lemma 3.1. Under the transformation

U:T x (—o0, —v/c2/0) U (v/c2 /8, +00) — (—00,0) U (0,+00) x R

defined by

R:p\/COSQ(\/_x—i—Q) ¢ sin?(Voz + ),

opt
< cos(f:c—k&)sin(fx—i—@)
_p\f< 1> \/cos2(\/—fb‘+«9) (\/—x+«9)

system (3.1) changes into a new system

p’:f—:{g(j)gpg [1 <1+5—24> Sin2(\/5x+9)+é (1 5: >sm4(\/—1‘—|—9)}

P .
+ﬁvm sin 2(Vox + 9)},

z)(0p* + 2 z)(0%p" + ¢!
0 — ¢ {%(3 + cos 4(Vix + 0)) + 32222(524 t 62;

1 Spt + 2

with the new coordinates (0, p) in the plane T x (—oo, —/c%/8) U (/2 /8, +00).

The proof of Lemma 3.1 follows from the basic computation (may be lengthy), and it can
be found in [33] where only the half-plane is considered. The transformation ¥ arises from
the variation of constant by using the solutions of the unperturbed system (¢ = 0), and p
plays the role of “energy”. When taking the integration constant ¢ = 0, the transformation
U is the usual change of polar coordinates. Because the transformation in Lemma 3.1 is
already periodic in z, if (p,0) are equilibrium points at the averaged system (3.2) with
e = 0, then the corresponding solution of (3.1) are already periodic solutions.

Now write the T-periodic functions g(z), V (x) as the Fourier series

g(z) =go + Z(ak sin 2kV/ 6z + B cos 214:\/5;8), (3.3)
k=1

V(z) = v + Z(ak sin 2kVox + by, cos 274?\/550) (3.4)
k=1
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After inserting (3.3) and (3.4) into (3.2) and then multiplying the right side of (3.2) by 1/T
and integrating from 0 to 7', we obtain the averaged system

_ Spt P oz } 5
/= ———Asin(20 + + ——=Bsin(20 + =ck1(0,p),
oy A0+ 60 4 LB+ 62) = <Fi 0,
; 3g0(0p" +¢*) | (6°5° + ) -
I = A 2 3.5
0 5{ 85272 Pr e pr cos(20 + ¢1) (3.5)
v 10 +e j — R0,
+25 + 45554_623008(294—(/52) = eFy(0,p),

where
A=\/ai+ (%, B=\/a]+b},

¢1 = arctan %, ((/51 = g -sign(¢1), if B = 0)7

¢1 = arctan Z—i, (qf)l = g -sign(ay), if by = O).

Theorem 3.2 (Averaging theorem). There exists a ¢",r > 2, change of variables
p=p+ew(0,p,x,¢), 0=0+cw(0,p,x,e)
with wy,we T-periodic functions of x, transforming (3.2) into
ﬁ/ = €F1(§7 ﬁ) + €2gl(é7 /37 €z, 6)
, _ _ (3.6)
0 = €F2(07 ﬁ) + 6292(97 p,x, 8)7

with g1, go T-periodic functions of x. Moreover,

(i) If (0z(z), pe(x)) and (0(x), p(x)) are solutions of the original system (3.2) and averaged
system (3.5) respectively, with the initial value such that

[(p(0),8:(0)) — ((0),6(0))] = Oe),
then
[(pe(@), 0e(2)) — (p(x),0(x))| = O(e),

for the spatial variable x of order 1/e.

(i) If Py is an equilibrium point of system (3.5) and there exists a neighborhood U (r; Py)
of Py (with radius r and center Py) such that there is not another equilibrium point in
the closure of U and

deg(F> U>P0) 7é 0

with F' = (Fy1, Fy). Then for |e| > 0 sufficiently small, there exists a T-periodic solution
e () of system (3.2) such that

ve(e) = Py ase—0.
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(iii) If Py is an equilibrium point of (3.5) such that the corresponding Jacobian matriz
has no eigenvalue equal to zero, then (3.2) admits a T-periodic solution (8-(z), pe(x))
such that |(p:(x),0:(x)) — Py| = O(e), for sufficiently small &; if Py is a hyperbolic
equilibrium point of (3.5), then there exists eg > 0 such that, for all 0 < e < ¢, system
(3.2) possesses a hyperbolic periodic orbit v-(x) = Py + O(e) of the same stability type
as Py.

(iv) If (0c(z), p=(x)) € W3 (7e(x)) is a solution of system (3.2) lying in the stable manifold
of the hyperbolic periodic orbit v.(z) = Py + O(e), (0(z), p(x)) € W*(Ry) is a solution
of system (3.5) lying in the stable manifold of the hyperbolic equilibrium point Py and

1(6:(0)), p=(0) — (0(0),5(0))| = O(e),

then

|(0=(2), p=(2)) — (0(x), p(x))] = O(e),
for x € [0,4+00). Similar results apply to solutions lying in the instable manifold on the

interval x € (—o0,0].

Proof. The proof of (i), (iii) and (iv) follows directly from [6] (also see [15]). The proof
of (ii) is based on a framework of coincidence degree theory. Without loss of generality, we
assume Py = 0. We define homotopy operator H: C([0,T],R?) x [0,1] — L1(]0,T],R?) by

H(0,p,)) = eF(0,p) + (1= Ne*G (0, p, x, ¢),

where G := (g1, g2). According to [22], H is L-compact on € x [0, 7], where 2 is a bounded
open set of C([0,T],R?) defined by

Q= {(6.p) € C([0,T),R?) : | (6, p)]| < r}.

We remark that (6,p) € Q is a T-periodic solution of system (3.6) if and only if (8, p) is
a solution of £(f,p) = H(A, p,0) in Q. Since there is not another equilibrium point in the
closure of U, we let

My, = _I}'lin ‘Fl(éaﬁ) - FQ(gaﬁN >0,
(0,p)e8U

Ms(e) = emax{|g1(0, p,x,€) — g1(0, p,x,€)| : (0,p,2,¢) € U x [0,T]}

with Ms(e) — 0 as € — 0. We also assume Ms(e) > 0, otherwise P is a solution of system
(3.6) and the result is proved.

First, we claim that, for each ¢ € (—&9,0) U (0,e9) with g9 = max{|e|: Ma(e) < My},
there exists no solution (6, p) € 99 for the operator equation

L(0,p) =H(0,p,N), e (0,1]. (3.7)
In fact, if (6, p) € 9N is a solution of (3.7), then there exists & € [0, 7] such that

0'(&) +7'(§) =0,

6.l = max \/82(x) + () = \/02(6) +

z€[0,T]
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and

Thus, it follows that

0=0'() + 7' (&)
> ‘€| ’ |F1(§7 ﬁ) - F2(§7ﬁ)| - 52‘91(§, ﬁaxa‘g) _92(§7ﬁax7€)|
> |e|My — eMs(e) > 0,

which is a contradiction.
Without loss of generality, we suppose that

L(0,p) #H(O,p,)), (0,p) € (3.8)

holds for A € [0, 1]. Otherwise, the result is proved for (#,p) € 9. Thus, we can apply the
homotopy property of the coincidence degree and obtain

|De (L —H(-,0),Q)| = |De(L —H(-,1),Q)
= |deg(F,QNR?,0)| # 0.

Hence, by the existence property of the coincidence degree, there is (6,p) € Q such that
L(0,p) =H(0,p,0). Then (0, p) is a T-periodic solution of (3.6). Thus, owing to the change
of variables in this theorem, there is a T-periodic solution (0, p) for system (3.2). O

We remark that the proof of part (iv) of Theorem 3.2 does not need the smoothness
condition upon F'. So, it is convenient to deal with the existence of periodic solutions for
nonlinear systems with loss of smoothness by Theorem 3.2.

4. Periodic Orbits and Spatial Stability

To study the dynamics of MAWs or QMAWS for system (1.1), we must investigate the
behavior of the periodic orbits for system (3.1). According to the method of averaging,
the equilibrium point of the averaged system determines the properties of the periodic
orbit of the corresponding perturbed system. For example, the equilibrium point with its
eigenvalue of linearization nonzero implies that there exists at least one periodic orbit
for the original system; in addition, if the equilibrium point is hyperbolic, then the peri-
odic orbit has the same type of stability as the equilibrium point, for sufficiently small
parameter ¢.

In order to find periodic orbits of system (3.2), it is sufficient to find equilib-
rium points of the averaged system (3.5). For simplification of computation, we assume
that

o=+ P, $1=-7/2, go=A/3, vy=-B/2.
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Recalling system (3.5), together with the assumption above, we have the averaged system

( A B 2 _
plzg{m (p4_2zp2+%) sin(29+¢1)}7

_ 1 A et c?
9 — B3 ) B2 4.1
lms G055 W

\ - [A (;38 + g) — Bp? <p4 + %ﬂ cos(26 + ¢2)> } .

Notice that there exists a constant ¢y > 0 such that for each ¢ € (0, ¢p), the equation

=0 (4.2)

has at least two real roots

B B2 2
ma2=*\7+\ 5 € —/2/8) U (V/c2/8, +0).

Moreover, Eq. (4.2) implies that

A g et Dy a 2 B
2 (7 -5) -0 (- 5) o

Thus, we can find four equilibrium points as follows

B B?2 &
Pio: | £/ = -
1,2 \/A-I- 12 5,k7r—|-

B B? 2 T
Pyy: | £/ = — - — - - Z.
3,4 \/A+ 1T 5,k7r 1 k¢

The eigenvalues of the linearization at the equilibrium points P; 2 and P34 are given by

2
W _gA [BE 2o eAli—F)
L2 osV AT s T e 4503,
W) _ 1) (@ @) : S .
and /\3’4 = )\1’2, )\3’4 = )\1’2, respectively. So, the equilibrium points P 92 and P34 are

hyperbolic, and as a consequence persist as periodic orbits for system (3.2); in addition,
these periodic orbits are hyperbolic.
If 0 = km — ¢1/2, to find the equilibrium points, one will solve the following algebraic

equation
A _8 04 _92 4 CQ -8 04 —2 —4 C2
— - —=|)—B —— )4+ A +—=)—B + —= ] =0. 4.
2 <p 52> p (p ) P 52 P\ ) 0 (43)
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Equation (4.3) has at least two roots

ps1 =1 53 + 0le) € (~00, ~/ETB) U (Y5, +00),

for sufficiently small integration constant ¢ > 0.
If 0 = km + /2 — ¢1/2, the algebraic equation

B 3¢t
Flp)i=p" = 20" + =5 =0
needs to be solved. Note that
2 4 3/2
f (i ) %) - 42—2 - % <§—2> <0 and f(+oo) = +oo, (4.4)

for sufficiently small positive constant c. By the mean value theorem, Eq. (4.4) has two
roots ps ¢ such that

6 C2B
SA

for sufficiently small ¢. As a consequence, four equilibrium points of the averaged system
(4.1) are obtained as follows

(. [iB o
P57() <:E 3A+()]€7T 2),

’B
(i” + o(c?), km+3—ﬂ>, keZ.

P56 = £ o + 0(c?) € (—o0, = Y/P[5) U (Y/P]5, +o0),

Pry:

0A 2 2

The eigenvalues of the linearization at the equilibrium points Ps5¢ and P7g are given by

AB2(8B — <)

/\(1’.2) = +4e, | ———"2~
0 35(034 ﬁ)

and

(1,2) 2A2C4 <QB 4 C2
Arg =*Ee P56~ P56~ 5 |»
’ \/457/2/)5 5.6(03 6 _) A ’ 0

respectively. The equilibrium points Prg imply that two hyperbolic periodic orbit of sys-
tem (3.2) exist; while the equilibrium points P are nonlinear centers, and also per-
sist as periodic orbits for system (3.2). The phase portrait for system (4.1) is given
in Fig. 1.

In summary, for the equilibrium P; (i =1,...,4,7,8), there exists ¢y > 0 such that, for
all 0 < € < gq, system (3.2) possesses hyperbolic periodic orbits 7.(x) = P; + O(e), which
are unstable with respect to spatial variable x.

We remark that, if (0-(x), pz(z)) € Ws(y=(x)) is a solution of system (3.2) lying in
the stable manifold of the hyperbolic periodic orbit 4. (z) = P;+O(e), (0(z), p(z)) € Ws(Pp)
is a solution of system (4.1) lying in the stable manifold of the hyperbolic equilibrium

Py (i=1,...,4,7,8) and |(0:(0), p=(0)) — (0(0), 5(0))| = O(e), then |(6=(w), p(x)) — (A(x),
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v
P P3 P]
[ P
P, — P,
e 16
T 4 _T_9 _a z_4 z_4
2 2 4 2 2 4 2 2 2 2]
3?16
Py — P
Fy
A . . P
t

Fig. 1. The phase portrait associated with the averaged system (4.1). All the equilibrium points persist as
periodic orbits for system (3.2).

p(x))| = O(e), for all x € [0,+00). Similar results apply to solutions lying in the unstable
manifold on the interval = € (—o0,0].

We also remark that Eq. (1.1) is invariant with respect to transformation 1) — e/,
for any constant value . Since R(z) has the same sign to p(z), —R(z) = R(z)e'™ and
Ox) = [y RS—?S)ds, then we have

—R(2)e®@=1tl — _y(t 1) = '™ R(2)e!®@) 1 = o™i (¢, ).

Thus, the points in Fig. 1 with different signs of p may be correspond to the same physical
solution.

Although we study system (4.1) for sufficiently small ¢ > 0, ¢ also can be taken on a
open interval (0,¢), for some positive constant ¢. By continuous dependence of solutions
with respect to the parameters, there is a connected set C of T-periodic solutions for system
(3.2) and then for system (3.1). Since

U(t,x) = R(x)expi[O(x) — pt]
= R(z)(cos[O(x) + va — ut] + isin[O(x) + va — pt]),

where
1 /I‘H'T c
V= — ——d¢&
T ), R
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and ©(r) = O(z) — v is a T-periodic function with zero mean value, whether (¢, z) is a
MAW or QMAW depends on the choosing of the integration constant c. Precisely, if 27 /v
and T are rationally related, then ¢ (x,t) is a MAW; if 27 /v and T are rationally irrelevant,
then (z,t) is not periodic but quasi-periodic, which is corresponding to a QMAW with
the frequency w = (27 /v, T).

5. Numerical Simulation
To demonstrate the process of averaging to BECs, a specific example of numerical compu-
tation is given in the following. We take

1

3
g(x) = 5 §sin 2z,

V(z) =2sin2z — 1

and the parameters 6 = 1,¢ = 0.5, = 0.01. Obviously, g(x) crosses zero. We can find
equilibrium points for system (4.1) in the (0, p)-coordinates as follows

Pios (km,#1.60),  Pog: (kr+ 5 +1.60).

3
Psg: <k7r + f, i1.02>, Prg: (m + %, i1.33).

P; g are nonlinear centers with eigenvalues of the linearization /\(71’2) = )\él,Q) = +ie.
Using the transformation W, these equilibrium points in the (R, S)-coordinates with
x = 0 are given by
Ppo: (£1.60,0), Psy:(+0.31,0),
Psg: (+0.80,40.48), Prg:(+0.98,F0.82).

We plot the solutions of system (3.1) starting from P.i =1,2,...,8, according to
the averaged theorem, which are good approximations to the periodic orbits, see Fig. 2.

-7 T[T

25F 1
20/ ]

[ | I\ ]
1.5j ! \ I AL | \ /\l I \ ! \ M 1

[ ! I ]
1.0ll l‘ll \I \1' \\’ \!I lll \;I \11

[

[ (i | !

05:\ [ ! n (At | ! [ U ! 1 !
L \
i v v PR R S TR
0 5 10 15 20

R*(x)

AL
25

X
Fig. 2. The solutions portrait of system (3.1) with initial value (R(0), R'(0)) = P;,i = 1,2,...,8. Here, we
take g(z) = % — %sin 2x,V(x) = 2sin 2z — 1 and the parameters 6 = 1,¢ = 0.5, = 0.01. The solutions with

solid lines are unstable with respect to spatial variable x. The plot of R? (z) for P; and 151‘+1 correspond to
the same Curve.
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.0l B
2.5} b
SANANAA AN AN
1.5F
1.0} ]
A AAARRRRANY
S5 -0 s 0 s 10 s
w40 |
M ’:
1.6}
14F
121
0 20 40 50 80 100 Lot
t 5 10 s 0 5 10 15

X

Fig. 3. Dynamics evolution of MAW of GP equation (1.1) for e = 0.01, g(z) = %—% sin 2z, V(z) = 2sin2z—1.
The left panel shows the space-time contour plot of the square modulus (density) \1/1\2 of the solution, and
the right panels show two snapshots (spatial profiles) of the spatio-temporal evolution.

Returning to the original GP equation, in Fig. 3 we examine its dynamics with direct simu-
lations of Eq. (1.1) with the initial value (0, 2) near the solution R(z)e’®®) corresponding
to the equilibrium P;,7 = 1, 2. From the simulation, the points in Fig. 1 with different sings
of p correspond to the same physical solution.

6. Conclusion

In conclusion, we have presented first-order averaging theorem in the periodic case for
dynamics of MAWSs (or QMAWS) in collisionally inhomogeneous BECs. The questions as
mentioned in the introduction have been answered. When the sufficiently small scattering
length a(x) varies periodically in spatial variable = and crosses zero, infinitely many (positive
measure set) MAWs and QMAWSs can be proved to exist by adjusting the integration
constant ¢ on some open interval.

A numerical approximation of periodic orbits is given for some prescribed parameters.
We remark that, expanding at each equilibrium point and combining with multiple scale
perturbed theory, such as work in [30, 28, 29, 31], there may be a better approximation for
continuation of each periodic orbit.
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