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In this article, we focus on left-invariant pseudo-Einstein metrics on Lie groups. To begin with,
we give some examples of pseudo-Einstein metrics on Lie groups. Also we calculate the Levi-
civita connection, and then Ricci tensor associated with left-invariant pseudo-Riemannian metrics
on the unimodular Lie groups of dimension three. Furthermore, we show that the left-invariant
pseudo-Einstein metric on SL(2) is unique up to a constant. At last, we study the left-invariant
pseudo-Riemannian metrics on compact Lie groups and classify the pseudo-Einstein metrics on the
low-dimensional compact Lie groups.
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1. Introduction

We focus on left-invariant pseudo-Einstein metrics on Lie groups. Let G be a Lie group with
the Lie algebra g, g a left-invariant pseudo-Riemannian metric. Then the unique torsion-free
affine connection, i.e. Levi-Civita connection, is determined by

g(∇xy, z) =
1
2
(g([x, y], z) − g([y, z], x) + g([z, x], y)). (1.1)

The curvature tensor is defined by

R(x, y)z = ∇x∇yz −∇y∇xz −∇[x,y]z. (1.2)

The metric g is said to be flat if R ≡ 0. For any pair x, y ∈ g, the Ricci tensor is defined by

Ric(x, y) = Tr{z �→ R(z, x)y}. (1.3)

The metric g is said to be pseudo-Einstein if Ric ≡ λg for some constant λ. Furthermore,
the metric g is said to be Ricci flat if λ = 0.
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There are many important results on Einstein manifolds [4, 10–13]. A detailed exposition
on Einstein manifolds can be found in the book of Besse [3] and a lot of more recent
results on homogeneous Einstein manifolds can be found in the survey of Wang [9]. On
solvmanifolds, Lauret proved an important result that Einstein solvmanifolds are standard
[7]; Hervik also did some interesting work about homogeneous Einstein solvmanifolds with
negative curvature and described some applications in physics [5, 6]. However, the pseudo-
Einstein case is totally different from the Einstein case. In this paper, we discuss some
lower dimensional examples and give the algebraic formula of Ricci curvature on compact
Lie groups. May be it will be a basis of further discussion on this field.

The article is organized as follows. In Sec. 2, we give some examples of pseudo-Einstein
metrics on Lie groups. In Sec. 3, we calculate the Levi-civita connection, and then Ricci
tensor associated with left-invariant pseudo-Riemannian metrics on the unimodular Lie
groups of dimension three. Furthermore, we show that the left-invariant pseudo-Einstein
metric on SL(2) is unique up to a constant. In Sec. 4, we focus on the left-invariant pseudo-
Riemannian metrics on compact Lie groups. Firstly we get a formula of Ricci curvatures.
And then we denote the formula by the structure constants of the Lie algebra of the given
Lie group. At last, we apply the formula to calculate the pseudo-Einstein metrics on the
low-dimensional compact Lie groups.

2. Examples of Pseudo-Einstein Metrics

Example 2.1. Let G be the nonabelian Lie group of dimension two with the Lie algebra
g, g a left-invariant pseudo-Einstein metric on G. Then there is a basis {x, y} of g such that

(1) g(x, x) = a, g(y, y) = b, [x, y] = y, where a, b �= 0, or
(2) g(x, y) = 1, [x, y] = y.

For the first case, ∇xx = ∇xy = 0,∇yx = −y,∇yy = b
ax. Then

Ric(x, x) = −1, Ric(x, y) = 0, Ric(y, y) = − b

a
.

That is, Ric = − 1
ag. For the second case, ∇xx = −x,∇xy = y,∇yx = ∇yy = 0. It is easy

to see that g is flat, and then Ricci flat.

Remark 2.2. Let g be a left-invariant pseudo-Einstein metric of a Lie group G with the
Einstein constant λ. Then for any nonzero constant a, ag is also a left-invariant pseudo-
Einstein metric with the constant λ

a .

Example 2.3. Let G1 be a compact Lie group with a left-invariant Einstein metric g1,
the corresponding Einstein constant λ1(> 0). Let G2 be a solvable Lie group with a left-
invariant Einstein metric g2, the corresponding Einstein constant λ2(< 0). Let G = G1×G2,
for any constant a �= 0, define a left-invariant pseudo-Riemannian metric g on G by

g |g1×g1 =
λ1

a
g1, g |g1×g2 = 0, g |g2×g2 =

λ2

a
g2.

Then g is a pseudo-Einstein metric with the constant a.

Conjecture 2.4 ([3]). Let M = G/K be a noncompact homogeneous Einstein manifold.
Then K is a maximal compact subgroup of G.
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Remark 2.5. Conjecture 2.4 is Alekseevskii conjecture on Riemannian metrics. By Exam-
ple 2.3, Alekseevskii conjecture on pseudo-Riemannian metrics does not hold.

Example 2.6. Let G1 be a compact Lie group with a left-invariant Einstein metric g1, the
corresponding Einstein constant λ1(> 0). Let G2 be the solvable Lie group of dimension two
given in Example 2.1. Assume that g2 is a left-invariant pseudo-Riemannian metric such that
there is a basis x, y of g2 satisfying g2(x, x) = λ2, g2(y, y) = λ3, [x, y] = y, where λ2λ3 < 0.
Let G = G1 ×G2, for any constant a > 0, define a left-invariant pseudo-Riemannian metric
g on G by

g |g1×g1=
λ1

a
g1, g |g1×g2= 0, g |g2×g2= − 1

aλ2
g2.

Then g is a Lorentzian Einstein metric with the constant a.

3. Pseudo-Riemannian Metrics on Three-Dimensional
Unimodular Lie Groups

Let G be a connected three-dimensional unimodular Lie group with the Lie algebra g, g

a left-invariant pseudo-Riemannian metric with signature (2, 1). Then there exists a basis
{e1, e2, e3} of g such that

g(e1, e1) = g(e2, e2) = −g(e3, e3) = 1, (3.1)

[e2, e3] = λ1e1 + ae3, [e3, e1] = λ2e2 + be3, [e1, e2] = ae1 + be2 + λ3e3. (3.2)

Proposition 3.1. Let notations be as above. Then the Levi-Civita connection is given by

∇e1e1 = −ae2, ∇e1e2 = ae1 +
1
2
(λ1 − λ2 + λ3)e3,

∇e1e3 =
1
2
(λ1 − λ2 + λ3)e2, ∇e2e1 = −be2 +

1
2
(λ1 − λ2 − λ3)e3,

∇e2e2 = be1, ∇e2e3 =
1
2
(λ1 − λ2 − λ3)e1,

∇e3e1 =
1
2
(λ1 + λ2 + λ3)e2 + be3,

∇e3e2 = −1
2
(λ1 + λ2 + λ3)e1 − ae3, ∇e3e3 = be1 − ae2.

Proof. By Eqs. (1.1), (3.1) and (3.2), we have

g(∇e1e1, e1) = 0, g(∇e1e1, e2) = −a, g(∇e1e1, e3) = 0.

It follows that ∇e1e1 = −ae2. The others are similar.

Proposition 3.2. Let notations be as above. The nonzero Ricci curvatures are given by

Ric(e1, e3) = a(λ1 − λ2 − λ3), (3.3)

Ric(e2, e3) = b(−λ1 + λ2 − λ3), (3.4)
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Ric(e1, e1) =
1
2
(λ1 + λ2 + λ3)(−λ1 + λ2 + λ3), (3.5)

Ric(e2, e2) =
1
2
(λ1 + λ2 + λ3)(λ1 − λ2 + λ3), (3.6)

Ric(e3, e3) = −2a2 − 2b2 +
1
2
(−λ1 + λ2 + λ3)(λ1 − λ2 + λ3). (3.7)

Proof. By the Eqs. (1.3), (3.1), (3.2) and Proposition 3.1,

Ric(e1, e1) = g(R(e1, e1)e1, e1) + g(R(e2, e1)e1, e2) − g(R(e3, e1)e1, e3) = 0.

By similar calculation, we have the proposition.

Theorem 3.3. Let G be a connected three-dimensional unimodular Lie group with the Lie
algebra g, g a left-invariant pseudo-Riemannian metric with signature (2, 1). If g is pseudo-
Einstein, then there exists a basis {e1, e2, e3} of g such that

g(e1, e1) = g(e2, e2) = −g(e3, e3) = 1,

[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3,

where λi must be one of the following cases:

(1) λ1 = λ2 = λ3 = 0;
(2) λ1 = 0, λ2 = −λ3 �= 0;
(3) λ2 = 0, λ1 = −λ3 �= 0;
(4) λ3 = 0, λ1 = λ2 �= 0;
(5) λ1 = λ2 = −λ3 �= 0.

Here g is Ricci flat for the first four cases.

Proof. Let {e1, e2, e3} be the basis of g satisfying the Eqs. (3.1) and (3.2). It is enough to
show that a = b = 0. Since g is pseudo-Einstein, by Proposition 3.2, we have

a(λ1 − λ2 − λ3) = b(−λ1 + λ2 − λ3) = 0.

Assume that a �= 0. Then λ1 − λ2 − λ3 = 0. Thus Ric(e1, e1) = 0. It follows that

Ric(e3, e3) = −2a2 − 2b2 = 0.

Namely a = b = 0. It is a contradiction. So a = 0. Similarly, b = 0.
Thus by Proposition 3.2,

Ric(e1, e1) =
1
2
(λ1 + λ2 + λ3)(−λ1 + λ2 + λ3),

Ric(e2, e2) =
1
2
(λ1 + λ2 + λ3)(λ1 − λ2 + λ3),

Ric(e3, e3) =
1
2
(−λ1 + λ2 + λ3)(λ1 − λ2 + λ3).
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Assume that λ1 + λ2 + λ3 = 0. Then Ric(e1, e1) = Ric(e2, e2) = 0. Therefore

Ric(e1, e1) =
1
2
(−λ1 + λ2 + λ3)(λ1 − λ2 + λ3) = 2λ1λ2 = 0.

Thus λ1 = 0 or λ2 = 0. Then we have the first three cases.
Assume that λ1 + λ2 + λ3 �= 0. Then by Ric(e1, e1) = Ric(e2, e2), we have λ1 = λ2.

Furthermore by Ric(e2, e2) = −Ric(e3, e3), we have

(2λ1 + λ3)λ3 = −λ2
3.

If λ3 = 0, then we have the fourth case. If λ3 �= 0, then λ1 = −λ3, i.e., λ1 = λ2 =
−λ3 �= 0.

Theorem 3.4. The left-invariant pseudo-Einstein metric on SL(2) is unique up to a
constant.

Proof. By the results of [8], we know there is no left-invariant Einstein metric on SL(2).
Thus the signature of left-invariant pseudo-Einstein metric on SL(2) must be (2, 1) or (1, 2).
By Remark 2.2, we can assume that the signature is (2, 1). By Theorem 3.3, there exists a
basis {e1, e2, e3} of SL(2) such that

g(e1, e1) = g(e2, e2) = −g(e3, e3) = 1, [e2, e3] = λe1, [e3, e1] = λe2, [e1, e2] = −λe3.

Here λ �= 0. Let K be the killing form of sl(2). Then we can check that

K(ei, ej) = 2λ2g(ei, ej).

That is, the left-invariant pseudo-Einstein metric on SL(2) is unique up to a constant.

4. Pseudo-Riemannian Metrics on Compact Lie Groups

Let G be a compact Lie group with the Lie algebra g. Let ( , ) be a bi-invariant metric on
G. Assume that g is a left-invariant pseudo-Riemannian metric on G. There exists a unique
endmorphism D of g such that

g(x, y) = (x,Dy) = (Dx, y).

Denote by ∇ the Levi-Civita connection associated with g, i.e.,

∇x =
1
2
(adx − D−1adDx + D−1adxD).

Choose an orthonormal basis e1, . . . , en of g with respect to ( , ) such that Dei = λiei.
Hence g(ei, ej) = λiδij .

Theorem 4.1. For any x, y ∈ g, Ric(x, y) = −Tr(∇x − adx)(∇y − ady).

Proof. For any basis e1, . . . , en of g, e∗i the dual basis associated to g, we have

Ric(x, y) =
n∑

i=1

g(R(ei, x)y, e∗i )

=
n∑

i=1

g(∇ei∇xy −∇x∇eiy −∇[ei,x]y, e∗i )
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=
n∑

i=1

g((∇∇xyei + [ei,∇xy]) −∇x(∇yei + [ei, y]) − (∇y[ei, x] + [[ei, x], y]), e∗i )

=
n∑

i=1

g((∇x∇y −∇xady −∇∇xy + ad∇xy −∇yadx + adyadx)(ei), e∗i )

= Tr(∇x∇y −∇xady −∇∇xy + ad∇xy −∇yadx + adyadx)

= Tr(∇∇xy) − Tr(ad∇xy) − Tr(∇x(∇y − ady)) + Tr((∇y − ady)adx)

= Tr(∇∇xy) − Tr(ad∇xy) − Tr(∇x(∇y − ady)) + Tr(adx(∇y − ady))

= Tr(∇∇xy) − Tr(ad∇xy) − Tr(∇x − adx)(∇y − ady).

By the Eq. (1.1), we have

g(∇xy, z) + g(y,∇xz) = 0.

It follows that Tr∇x = 0 for any x ∈ g. Furthermore, for any x, y, z ∈ g, we have

(adx(y), z) + (y, adx(z)) = 0,

so Tr adx = 0, for any x ∈ g. This completes the proof of the assertion.

Assume that [ei, ej ] =
∑n

l=1 C l
ijel. By the invariancy of ( , ), one has C l

ij = Ci
jl = Cj

li.
Then we have

∇eiej =
1
2
([ei, ej ] − D−1[Dei, ej ] + D−1[ei,Dej ])

=
1
2
(id − λiD

−1 + λjD
−1)([ei, ej ])

=
1
2

n∑
l=1

λl − λi + λj

λl
C l

ijel.

By the above theorem, one has the following formula.

Theorem 4.2.

Ric(ej , ek) =
1
2

∑
i<l

((λl − λi)2 − λkλj)
C l

ki

λl

C l
ji

λi
.

Proof. By Theorem 4.1,

Ric(ej , ek) = −Tr(∇ej − adej)(∇ek
− adek)

= −
n∑

i=1

g((∇ej − adej)(∇ek
− adek)ei, e

∗
i )

= −
n∑

i=1

g

(
(∇ej − adej)

(
1
2

n∑
l=1

(
λl − λk + λi

λl
− 2
)

C l
kiel

)
, e∗i

)
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= −1
4

n∑
i=1

n∑
l=1

−λl − λk + λi

λl

−λi − λj + λl

λi
C l

kiC
i
jl

=
1
2

∑
i<l

((λl − λi)2 − λkλj)
C l

ki

λl

C l
ji

λi
.

Example 4.3. Let G = SU(2) and {e1, e2, e3} an orthonormal basis of su(2) with respect
to the given inner product ( , ) and g(ei, ei) = λi, i = 1, 2, 3. So

[e1, e2] = ae3, [e2, e3] = ae1, [e3, e2] = ae2.

By Theorem 4.2, Ricci curvatures are given by

Ric(ej , ek) = 0, j �= k;

Ric(e1, e1) =
a2

2λ2λ3
(λ1 + λ2 − λ3)(−λ1 + λ2 − λ3),

Ric(e2, e2) =
a2

2λ1λ3
(λ1 + λ2 − λ3)(λ1 − λ2 − λ3),

Ric(e3, e3) =
a2

2λ1λ2
(λ1 − λ2 + λ3)(λ1 − λ2 − λ3).

If g is pseudo-Einstein, then we have λ1 = λ2 = λ3. That is, g is positive definite or negative
definite.

Example 4.4. Let G = SU(2) × S1 and {e1, e2, e3, e4} an orthonormal basis with respect
to the given inner product ( , ) and g(ei, ei) = λi, i = 1, 2, 3, 4. Then

[e1, e2] = ae3 + be4, [e1, e3] = −ae2 + ce4, [e1, e4] = −be2 − ce3,

[e2, e3] = ae1 + de4, [e2, e4] = be1 − de3, [e3, e4] = ce1 + de2.

By Theorem 4.2, the Ricci curvatures are given as following.

Ric(e1, e2) =
cd((λ4 − λ3)2 − λ1λ2)

2λ3λ4
,

Ric(e1, e3) =
−bd((λ4 − λ2)2 − λ1λ3)

2λ2λ4
,

Ric(e1, e4) =
ad((λ3 − λ2)2 − λ1λ4)

2λ2λ3
,

Ric(e2, e3) =
bc((λ4 − λ1)2 − λ2λ3)

2λ1λ4
,

Ric(e2, e4) =
−ac((λ3 − λ1)2 − λ2λ4)

2λ1λ3
,
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Ric(e3, e4) =
ab((λ2 − λ1)2 − λ3λ4)

2λ1λ2
,

Ric(e1, e1) =
a2((λ3 − λ2)2 − λ2

1)
2λ2λ3

+
b2((λ4 − λ2)2 − λ2

1)
2λ2λ4

+
c2((λ4 − λ3)2 − λ2

1)
2λ3λ4

,

Ric(e2, e2) =
a2((λ3 − λ1)2 − λ2

2)
2λ1λ3

+
b2((λ4 − λ1)2 − λ2

2)
2λ1λ4

+
d2((λ4 − λ3)2 − λ2

2)
2λ3λ4

,

Ric(e3, e3) =
a2((λ2 − λ1)2 − λ2

3)
2λ1λ2

+
c2((λ4 − λ1)2 − λ2

3)
2λ1λ4

+
d2((λ4 − λ2)2 − λ2

3)
2λ2λ4

,

Ric(e4, e4) =
b2((λ2 − λ1)2 − λ2

4)
2λ1λ2

+
c2((λ3 − λ1)2 − λ2

4)
2λ1λ3

+
d2((λ3 − λ2)2 − λ2

4)
2λ2λ3

.

Without loss of generality, we can assume that d �= 0.

(1) a2 + b2 + c2 = 0.
Then Ric(e1, e1) = 0. Therefore Ric(ei, ei) = 0. Namely, we must have

(λ4 − λ3)2 − λ2
2 = (λ4 − λ2)2 − λ2

3 = (λ3 − λ2)2 − λ2
4 = 0. (4.1)

For any case, we must have λ1λ2λ3λ4 = 0. It is a contradiction.

(2) abc �= 0.
Then we have

(λ4 − λ3)2 − λ1λ2 = (λ4 − λ2)2 − λ1λ3 = 0,

(λ3 − λ2)2 − λ1λ4 = (λ4 − λ1)2 − λ2λ3 = 0,

(λ3 − λ1)2 − λ2λ4 = (λ2 − λ1)2 − λ3λ4 = 0.

Then λi �= λj for i �= j since λ1λ2λ3λ4 �= 0. By (λ4 − λ3)2 − λ1λ2 = (λ4 − λ2)2 − λ1λ3, we
have

2λ4 = λ1 + λ2 + λ3.

Similarly, by (λ3 − λ1)2 − λ2λ4 = (λ2 − λ1)2 − λ3λ4, we have

2λ1 = λ2 + λ3 + λ4.

It follows that λ1 = λ4, which is a contradiction.

(3) Two of a, b, c are zero. Assume that a2 + b2 = 0 and c �= 0.
Then we must have

Ric(e1, e2) = (λ4 − λ3)2 − λ1λ2 = 0. (4.2)

By Ric(x, y) = mg(x, y), we have

Ric(e1, e1) =
c2((λ4 − λ3)2 − λ2

1)
2λ3λ4

= mλ1,

Ric(e2, e2) =
d2((λ4 − λ3)2 − λ2

2)
2λ3λ4

= mλ2.
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It follows that (c2 + d2)(λ1 − λ2) = 0. That is,

λ1 = λ2, m = 0.

Furthermore, we have

(λ4 − λ3)2 − λ2
2 = (λ4 − λ2)2 − λ2

3 = (λ3 − λ2)2 − λ2
4 = 0.

For any case, we must have λ1λ2λ3λ4 = 0. It is a contradiction.

(4) Only one of a, b, c is zero. Assume that a = 0, bc �= 0.
Then we have

(λ4 − λ1)2 − λ2λ3 = (λ4 − λ2)2 − λ1λ3 = (λ4 − λ3)2 − λ1λ2 = 0. (4.3)

It follows that

(λ2 − λ1)(2λ4 − λ1 − λ2 − λ3) = 0,

(λ3 − λ2)(2λ4 − λ1 − λ2 − λ3) = 0.

Assume that 2λ4 −λ1 − λ2 − λ3 �= 0. Then λ1 = λ2 = λ3. By Eq. (4.3), λ4 = 2λ1. It follows
that

Ric(e1, e1) = Ric(e2, e2) = Ric(e3, e3) = 0.

Also

Ric(e4, e4) =
(b2 + c2 + d2)(−λ2

4)
2λ2

1

= 0.

Thus λ4 = 0. It is a contradiction. Then we must have

2λ4 − λ1 − λ2 − λ3 = 0.

Let ki = λi
λ1

, i = 2, 3, 4. By (λ4 − λ2)2 − λ1λ3 = 0 and the above equation, we have

2k4 − 1 − k2 − k3 = 0 and (k4 − k3)2 − k2 = 0.

Then we have k3 = k2 ± 2
√

k2 + 1. Let k = k2 > 0. Then

λ2 = kλ1, λ3 = (k ± 2
√

k + 1)λ1, λ4 = (k ±
√

k + 1)λ1.

Case 1. λ2 = kλ1, λ3 = (k + 2
√

k + 1)λ1, λ4 = (k +
√

k + 1)λ1. Then we have

Ric(e1, e1) =
b2((

√
k + 1)2 − 1)

2k(k +
√

k + 1)
+

c2(k − 1)
2(k + 2

√
k + 1)(k +

√
k + 1)

,

Ric(e2, e2) =
b2((k +

√
k)2 − k2)

2(k +
√

k + 1)
+

d2(k − k2)
2(k + 2

√
k + 1)(k +

√
k + 1)

,
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Ric(e3, e3) =
c2((k +

√
k)2 − (k + 2

√
k + 1)2)

2(k +
√

k + 1)
+

d2((
√

k + 1)2 − (k + 2
√

k + 1)2)
2k(k +

√
k + 1)

,

Ric(e4, e4) =
b2((k − 1)2 − (k +

√
k + 1)2)

2k
+

c2((k + 2
√

k)2 − (k +
√

k + 1)2)
2(k + 2

√
k + 1)

+
d2((2

√
k + 1)2 − (k +

√
k + 1)2)

2k(k + 2
√

k + 1)
.

It is easy to see that Ric(e3, e3) < 0. Then we must have Ric(e1, e1) < 0 and Ric(e2, e2) < 0.
It follows that

k − 1 < 0, k − k2 < 0.

It is a contradiction since k > 0.

Case 2. λ2 = kλ1, λ3 = (k − 2
√

k + 1)λ1, λ4 = (k −√
k + 1)λ1. Then we have

Ric(e1, e1) =
b2((−√

k + 1)2 − 1)
2k(k −√

k + 1)
+

c2(k − 1)
2(k − 2

√
k + 1)(k −√

k + 1)
,

Ric(e2, e2) =
b2((k −√

k)2 − k2)
2(k −√

k + 1)
+

d2(k − k2)
2(k − 2

√
k + 1)(k −√

k + 1)
,

Ric(e3, e3) =
c2((k −√

k)2 − (k − 2
√

k + 1)2)
2(k −√

k + 1)
+

d2((−√
k + 1)2 − (k − 2

√
k + 1)2)

2k(k −√
k + 1)

,

Ric(e4, e4) =
b2((k − 1)2 − (k −√

k + 1)2)
2k

+
c2((k − 2

√
k)2 − (k −√

k + 1)2)
2(k − 2

√
k + 1)

+
d2((−2

√
k + 1)2 − (k −√

k + 1)2)
2k(k − 2

√
k + 1)

.

If k ≥ 4, then Ric(e1, e1) > 0 and Ric(e2, e2) < 0. If 1 ≤ k < 4, then Ric(e3, e3) > 0 and
Ric(e2, e2) < 0. If 1

4 < k < 1, then Ric(e1, e1) < 0 and Ric(e3, e3) > 0. If 0 < k ≤ 1
4 , then

Ric(e1, e1) < 0 and Ric(e2, e2) > 0. It is a contradiction.
So we prove the following assertion.

Proposition 4.5. There is no Einstein metric on the nonabelian compact Lie group of
dimension four.

Acknowledgments

The authors wish to thank Zhiqi Chen and Fuhai Zhu for excellent discussions.

References

[1] D. V. Alekseevskii and B. N. Kimelfeld, Structure of homogeneous Riemannian spaces with
zero Ricci curvature, Funct. Anal. Appl. 9 (1975) 97–102.

[2] O. Baues, Prehomogeneous affine representations and flat Pseudo-Riemannian manifolds,
IRMA Lect. Math. Theor. Phys. 16 (2010) 731–817.

[3] A. Besse, Einstein Manifolds (Berlin Heidelberg, Springer, New York, 1987).

1250015-10
245



July 2, 2012 8:48 WSPC/1402-9251 259-JNMP 1250015

Pseudo-Einstein Metrics on Lie Groups

[4] J. E. D’Atri and W. Ziller, Naturally reductive metrics and Einstein metrics on compact Lie
groups, Mem. Amer. Math. Soc. 215 (1979).

[5] S. Hervik, Solvegeometry gravitational waves, Classical Quantum Gravity 21 (2004) 4273–4281.
[6] S. Hervik, Einstein metrics: homogeneous solvmanifolds, generalised Heisenberg groups and

black holes, J. Geom. Phys. 52 (2004) 298–312.
[7] J. Lauret, Einstein solvmanifolds are standard, Ann. of Math. 172 (2010) 1859–1877.
[8] J. Milonor, Curvatures of left invariant metrics on Lie groups, Adv. Math. 21 (1976) 293–329.
[9] M. Wang, Einstein metrics from symmetry and bundle constructions, Surveys in Differential

Geometry: Essays on Einstein Manifolds, Lectures on Geometry and Topology (International
Press, Cambridge, 1999), pp. 287–325.

[10] M. Wang and W. Ziller, On normal homogeneous Einstein manifolds, Ann. Sci. Ècole. Norm.
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