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The Taub-NUT four-dimensional space-time can be obtained from Euclidean eight-dimensional
one through a momentum map construction; the HKLR theorem [9] guarantees the hyperkéahler
structure of R® descends to a hyperkéhler structure in the Taub-NUT space. Here we present a
detailed and fully explicit construction of the hyperkéhler structure of a space-time with a Taub-
NUT metric.
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1. Introduction

Hyperkéahler manifolds have received in recent years increasing attention both from mathe-
maticians and physicists [1, 6, 16]; their physical relevance is in particular related to super-
symmetry and instanton solutions of nonlinear field theories [2-5, 7, 8, 10, 11, 18].

Simple examples of hyperkihler manifolds are provided by Euclidean spaces R*"?, which
naturally carry a quaternionic structure. It was shown by Hitchin, Karlhede, Lindstrém and
Rocek (HKLR) [9] that one can build new hyperkéhler manifolds from old ones through
a momentum map construction; the reduction of the hyperkéhler structure in the source
manifold will provide a hyperkahler structure on the reduced manifold.

A specially interesting example of nontrivial hyperkahler manifold is provided by Taub-
NUT (Newman, Unti, and Tamburino) space-time [12-14, 17]; this is physically relevant,
and of the minimal dimension (four) for hyperkdhler manifolds. It provides an explicit
example of nontrivial hyperkahler manifold, which can also be used as a test case in the
study of hyperhamiltonian dynamics [6] outside of the standard Euclidean cases.
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The HKLR theorem mentioned above guarantees the hyperkédhler structure can be
obtained from the one in R® through the HKLR momentum map reduction procedure.
It appears this general theorem is not accompanied, in the literature, by many examples
for which the hyperkéhler structure in the reduced manifold is explicitly provided. In par-
ticular, we have not been able to locate an explicit expression for the hyperkéhler structure
of the Taub-NUT space-times (see [15] for a different approach to this problem).

In this note we will provide such an explicit expression through a direct computation.

2. The Taub-NUT Metric

We will shortly discuss in this section the construction of the Tab-NUT metric (see for
instance the details in [19]. We borrow most of our notation from this reference). Let E
be a complex line bundle, with fiber C, and base the interval [0, ¢]. The coordinates in the
bundle are (z,z), where z € C and z € [0, /.

We define a connection:

% — ito, (2.1)
where t( is a Hermitian endomorphism of C, depending on z € [0, ¢], (in fact, a real number
for each z € [0,/]) and three more Hermitian endomorphisms of C, t1(z),t2(z),t3(x).
Finally, let us consider two linear maps from the fiber at * = 0 to the fiber at © = /¢
(bp) and viceversa (by) (all this information can be encoded in a bow diagram [3]).

We consider the action of a local U(1) as a gauge group, in the following way (we skip
the details since they are very well known): if g(z) € U(1)

N . _1dg(x)
t L 122
0(z) = g~ tog +ig™ — =,

bo — g~ (0)bog(0),
by — g~ (O)beg(0),

where (we consider a nontrivial action at the end points and a linear interpolating function
for the interior of the interval):

gl@) =/ eu), flz)= %((5 —x)go +ade), g0) =", g(f) =€ (23)

Since the linear maps by and by are complex, we will write:

bo = qo +iq1, b= q2+igs (2.4)

and if 0 = ¢y — ¢g, we get the following action (all the coordinates are real):

t0—>t0—z>
ti—>ti, 1= 1,2,3,

qo — qocosf — gy sin 6,
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q1 — qosin@ + g1 cos 0,
q2 — qacost + q3sinf,
q3 — —qo8inf + g3 cosf. (2.5)

Using the momentum map associated to this action we can consider the coordinates ¢;,
i =0,1,2,3 as constants (that is, not depending on ). The Euclidean metric is:

1
ds? = / (dt2 + dt? + dt3 + dt?)dz + dgd + dg? + dgs + dg3
0
= ((dt2 + dt3 + dt3 + dt2) + dgd + dg? + dg3 + dg?. (2.6)

We can consider this space as the sum of two copies of R*. In the second copy, with
coordinates ¢;, we introduce quaternionic coordinates, and change the variables, first to a
polar form (with angle 1/2) and second to the coordinates r;, i = 1,2,3 and v given by

__rt+mn nf
qdo = 2 27
_\/mco v
q1 = 5 B
1
1

)

(2.7)
q2

RERYEE)

r=/r}+7r3+r3 (2.8)

It is a simple task to write the metric in these coordinates

si
S
_ (rgcos%—krgsin%),
VAl 7 T
1

—T9 sin% + 13 cos% )
2 2

where

Lo 11
ds® = £(dtg +dE?) + 5 [;dﬁ +r(dip+ 7 - df)ﬂ : (2.9)

where

3 T2
"r(r+mr)’ r(r+mr)

>. (2.10)

t=(t1,ta,t3), 7= (r1,r2,713), &= (01,02,03)= (0

Since we will use them in the forthcoming sections, we will write explicitly the matrix of
the metric (in the second copy of R*) in the coordinates (11,72, 73,):

L0 0 0
0 L +o62 0903 09
o) — % e o (2.11)
0 0903 ) —|—O'3 g3
0 g9 g3 1
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and the Jacobian matrix (0q/0(7, 1)) of the change of coordinates:

A= % ?"4;1"1 <Alcos%+Agsin%>, (2.12)
0 0 0 —1
% —03 g9 0
A = 1 9 , (2.13)
03 o +roy Toa03 102
—09 10903 % + ?"U% ros
—% g3 —092 0
0 0 0 —1
Az = —09 r0903 % + ’I”O'% rosg (2.14)
—03 —% . ra% —Tro903 —T03

The relation between the matrices G and A is the usual one (since the matrix of the
metric in the cartesian coordinates for the Euclidean space is the identity):

G = ATA. (2.15)

We pass to a quotient space where the Taub-NUT metric is the reduction of the
Euclidean metric described in the above paragraphs, using the momentum map (associated
to the action of the group U(1)). The inverse image of zero under this map is a submanifold
of R® given by

.1
f=—37 (2.16)

and the metric, with coordinates (to,r1,72,73,%) is

1(/1
ds® = ¢dt2 + I K— + e> dir? 4 r(dy + & - dir)?|. (2.17)
T

The action of the gauge group (2.5) on this manifold is:

to — to — 7
ri —r;, 1=1,2,3, (2.18)
Y — )+ 20,
with an invariant given by
T =2ty + v, dy=dr— 20dito, (2.19)

which yields the following expression for the metric (in the coordinates (tg,r1,72,73,7)):

11/1
ds? = (dtj + 5 [(— + E) di? 4 r(dr — 20dtg + 7 - dif)?|. (2.20)
T
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Finally, to remove ty (which is not invariant under the group action) we take:

r
= 5 - dr 2.21
dto 2(1+€7“)(d7+0 dr) (2.21)
and we get the Taub-NUT metric
as? = | (L p)ae v 2 (dr + & - d7)? (2.22)
= — — T T o - ar . .
4|\r 4l

We will write the matrix associated to the Taub-NUT metric (in the coordinates
(r1,79,73,7)) which will be used in the following sections:

(0+ 1) 0 0 0

GINUT _ 1 0 0+ 1)+ 03 0203 o2 (2.23)
4(¢ + %) 0 0903 (¢ + %)2 + 092, o3
0 09 o3 1

3. Quotient Hyperkahler Structures

We will discuss in the following sections how to construct a hyperkhéler structure in a four-
dimensional manifold with a Taub-NUT metric. This is an example of the construction of
hyperkahler spaces as quotients.

Let M be a manifold with a metric ¢ and assume we have three complex structures J,
satisfying the quaternionic relations (sum over repeated indices):

Jadg = €apyJy — Oapl. (3.1)
Using J, and the metric, we can define three symplectic forms in the usual way
wa =9(Ja-), a=1,23. (3.2)

Our goal is to construct explicitly the complex structures and the symplectic forms
when the metric is the Taub-NUT metric written in the coordinates we used in Sec. 2. As
in that approach, our starting point will be a standard hyperkhiler structure in R®. In the
following we will refer to standard hyperkéhler structures in R*™® which are obtained from
standard structures in R* (endowed with an Euclidean metric).

There are two such standard structures, differing for their orientation. The positively-
oriented standard hyperkéhler structure is given by

01 00 0 0 0 1 00 1
10 00 0 010 00 0
=190 o1 27l o 2100l BT 0 o0 0’(3'3)
00 -1 0 -1 0 0 0 01 0 0

with corresponding symplectic structures (3.2)
wy = da' Ada? + da® A d:c4,
wo = da! Ada? + da? A da?, (3.4)
ws = dat A dz? + dat A da?.
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In matrix form, these symplectic forms read as:
K9 =y, a=1,23 (3.5)

since the matrix of the Euclidean metric is the identity (in the cartesian coordinates we
are using). Note that, in the general case, if G is the matrix of the metric, J, the matrices
of the hyperkahler structures and K, the matrices of the symplectic forms, the following
relations hold:

Jo=G'K,, a=1,2.3. (3.6)

The negatively-oriented standard hyperkahler structure is given by

0 010 0 0 0 -1 0 -1 0 0

- 0 0 0 1 - 0 0 1 0 - 1 0 00

n= -1 0 0 0o} Y2 = 0 -1 0 o0} Ys= 0O 0 0 1) (3.7)
0 -1 0 0 1 00 O 0 0 -1 0

with corresponding symplectic structures,
&1 = dat Ada® + dz? A da?,
Gy = dzt Ada! + da? A da?, (3.8)
@3 = da? Ada! + da® A da?.

When we change the coordinate system, as we did in Sec. 2 passing from the Cartesian
coordinates (qo, q1,q2,q3) to the coordinates (r1,r2,73,1), the corresponding matrices of
the metric, symplectic forms and quaternionic structure change, and we get

G = AT A =ATA, KM = ATKOA = ATY, A, TV = A7lY,A (3.9)
and the general relation still holds
JV = (@NTk ) a=1,23. (3.10)

The symplectic form matrices K,gl) are

0 o2 o3 1 o 1 0 o
_ 1 1
K](-l):l oo 0 - 0 K;l)—l -+ 0 —o2 O
41-03 =1 0 0 0 oo 0 1
-1 0 0 0 0 0 -1 0
(3.11)

o o -Lo

K(l)zl 0 0 g3 1

P4l oy 0 0

0 -1 0 0
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and that of the quaternionic matrices Jt(yl),

0 royg rog r 0 1 0 0
0 0 10 -1 0 0 0
J1(1) _ , J2(1) _ ’
0O -1 0 o0 0 03 o3 r
—% o3 —oz 0 02 —T0203 —% —rol —ro3
(3.12)
0 0 -1 0
J?El) _ 0 709 ro3 r
1 0 0 0
—03 —% — 7103 —roy03 —Toy

and they satisfy the quaternionic relations (3.1).

Since we have two copies of R* in our original space R® (2.6) we could consider several
combinations of positive or negative oriented hyperkahler structures. However, the proce-
dure will be essentially the same and we will restrict to the case of two positive oriented
hyperkéhler structures. Hence, in the original R® and cartesian coordinates, these matrices
are (I4 is the identity matrix in four dimensions):

50) — I, 0 /0 _ Y, 0
0 I,)° 0 Y,/

Y, O
32?’=(e5<“>)—1ﬁ£9):< ) a=1,2,3
0 Y,

(3.13)

After changing the coordinates in the second copy of R* we get the following set of

6(1) _ €I4 0 : ﬁ&l) _ gYa 01 ’
0 GO 0 KV

Y 0
~(1) e)y-1g0) « -
Ja = « , O 1,2,3.
() ( 0 J,i”)

matrices:

(3.14)

4. Hyperkahler Structure and the Taub-NUT Metric

In the construction of the Taub-NUT metric we reduce an eight-dimensional manifold to
a four-dimensional one. Our aim is to study the reduction of the quaternionic structure.
A direct approach to this problem is to write the metric and the symplectic forms in the
new coordinates. We have solved the problem with the metric, but not with the symplectic
forms and we do not have an explicit form for the quotient under the action of the gauge
group. But we know explicitly the relation between the forms which provides the quotient
space (see Egs. (2.16), (2.19) and (2.21))

L1
df'= —3d7, dy =dr — 24dto, dto = (dr + & - d7) (4.1)

_r
2(1+0r)
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and that is the only fact we need to construct the symplectic forms. In an explicit form

T T
dto — d 7. dF
T3t Taar

1
dt, = —§d7“a, a=1,23,

1 br

dy = 1+€rdT_ 1+€r0.dr'

Before the reduction, the symplectic forms are (corresponding to the matrices

W (3.14)):
1 1
w1 = fdtg A dty + £dis A dis + Zg2drl Adry + 10'3(17‘1 A drg

1 1
+ —dryg Adrs + —dr; Ady,
4r 4

(4.3)
1 1 1
wo = fdtg A dts + £dty A dig + 4—d’l”1 Adry — ZO’QdTQ Adrs + Zd’l”g A d,
r
1 1 1
w3 = {dtg A dty + bdts A dty — 4—d?"1 Adrs + 10'3(17“2 Adrs + ZdTQ A dip
r
and in the quotient space, after substituting (4.2)
1 1 1 1 1
w1 = —dry Ad7 + —o9dry Adry + ~o3dry Adrg + = [ £+ = ) dre Adrs,
4 4 4 4 r
— i ndr— Losdry ndrs + L0+ ) ar nd (4.4)
w9 = 4 T3 T 40’2 T9 T3 4 , 1 T, .
1 1 1 1
wg = —dro Ad7 + —ogdrg Adrg — = £+ — | dry Adrs,
4 4 4 r
with matrices
0 o) o3 1 0 (+1 0 0
_ 1 1
KITNUT _ l () 0 {+ P 0 K2TNUT _ 1 1-— p 0 —02 0
4l -3 —L—-1 0 0 |
-1 0 0 0 0 -1 0
(4.5)
0 0o —¢-Lo
K3TNUT _ 1 0 0 o3 1
A1+t —o5 0 0
0 -1 0 0
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Since we know the matrix of the metric (2.23), we can compute the matrices of the
quaternionic structure (Y INUT = (GTNUT)=1 ' TNUT)

0 o0+ 571 o0+ HT (0 +

oo _ |0 0 1
0 ~1 0 0 ’
—% —/ o3 —03
0 1 0
JINUT _ ! ! ! (4.6)
0 oo+ 5)! o3(l+ 1)~ e+H" [

o9 —og03(f + %)_1 —0 — % —o3(0+ %)_1 —o3(0 + %)—1

0 0 -1 0
1y—1 1\—1 1y—1
J:;I‘NUT _ 0 oa(l + ;) o3(l + ;) (¢ + ;) ’
1 0 0 0

—o3 —4— % — O'%(f + %)_1 —0'20'3(6 -+ %)_1 —O'Q(f + %)_1

which satisfy the quaternionic relations (3.1). It can also be checked that they are covariantly
constant under the Levi-Civita connection associated to the Taub-NUT metric.

We have thus explicitly computed the hyperkahler structures, thus implementing the
abstract HKLR theorem [9] in the concrete case of Taub-NUT. Note that all these structures
reproduce the flat case when r — 0.

Had we chosen as starting point a standard hyperkihler structure in R® = R* @ R?
with different orientations, we would have obtained similar results. In fact, working with a
negative orientation we can easily choose a different set of coordinates (2.7) and obtain the
same expressions for the hyperkahler and quaternionic structures.
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