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A new (yn, oy )-KP hierarchy (KPH) with two new time series v, and oy, which consists of v, -flow,
op-flow and mixed vy, and o), evolution equations of eigenfunctions, is proposed. Two reductions
and constrained flows of (yn,o)-KPH are studied. The dressing method is generalized to the
(vn, o )-KPH and some solutions are presented.
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1. Introduction

Generalizations of KP hierarchy (KPH) attract a lot of interests from both physical and
mathematical points of view [2—4, 7, 8, 15-17, 19, 21, 22]. One kind of generalization is
the multi-component KPH [2], which contains many physical relevant nonlinear integrable

systems such as Davey—Stewartson equation, two-dimensional Toda lattice and three-wave

resonant integrable equations. Another kind of generalization of KP equation is the so-called
KP equation with self-consistent sources (KPESCS) [15, 16]. For example, the first type and
second type of KPESCS consists of KP equation with some additional terms and eigenvalue

problem or time evolution equations of eigenfunctions of KP equation, respectively [5, 6,

15-17,

23].
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Denote the time series of KPH by {¢,}. Recently, we proposed an approach to construct
an extended KPH (exKPH) by introducing another time series {73} [10, 13, 24]. The exKPH
consists of t,-flow of KPH, 7,-flow and the t,-evolution equations of eigenfunctions. To make
difference, we may call the exKPH as (t,, 7 )-KPH. The (¢,, 7 )-KPH contains the first type
and second type of KPESCS. Also we developed the dressing method to solve the (¢, 7% )-
KPH [12]. The paper [14] generalized the (t,, 7)-KPH to the (7,, 7 )-KPH which consists
of 7,-flow, 7p,-flow and the 7,-evolution equations of eigenfunctions and 7j-evolutions of
eigenfunctions. However, [14] did not find the solution of (7, 7% )-KPH. In contrast to one
tn-evolution equation of eigenfunctions as coupling equation in our (t,,7;)-KPH, there are
two coupling equations: 7,-evolution and 7;-evolution equations of eigenfunctions in (7, 7% )-
KPH. Our generalized dressing method cannot be applied to the (7, 7% )-KPH due to too
many coupling equations.

In this paper, we generalize the (¢,,7;)-KPH to (v,,0x)-KPH by introducing two new
time series 7, and o) with two parameters o, and ;. The (v, 0% )-KPH consists of ~,,-flow,
or-flow and one mixed 7, and o} evolution equation of eigenfunctions. The (v, o )-KPH
can be reduced to the KPH and (¢,, 7)-KPH, and contains first type and second type as
well as mixed type of KPESCS as special cases. The constrained flows of the (v, ox)-KPH
can be regarded as generalization of Gelfand—Dickey hierarchy (GDH), which contains the
first type, second type as well as mixed type of GDH with self-consistent sources in special
cases. We also develop the dressing method to solve the (v, o )-KPH. Comparing with the
multi-component generalization, we generalize the KPH by means of introducing two new
time series and adding eigenfunctions as components.

The paper is organized as follows: In Sec. 2, we propose a new (7, ox)-KPH. Section 3
presents the constrained flows of the (7,,0%)-KPH. Section 4 devotes to develop the gen-
eralized dressing method for solving the (v, 0)-KPH. Section 5 presents the N-soliton
solutions and a conclusion is given in the Sec. 6.

2. A New (7n,0r)-KP Hierarchy
2.1. The KP hierarchy and extended KP hierarchy

Let us first recall the construction of the KPH [2-4, 7, 21] and the exKPH [12, 13]. It is
well known that the pseudo-differential operator L with potential functions u; is defined as

L=04uw0 ' 4ud2+---.
The KPH is given by [4]
Ly, = [BTHL]? (1)

where B, = Ll stands for the differential part of L". The compatibility of the ¢,-flow and
tip-flow of (1) leads to the zero-curvature representation of KPH

Bn,tk - Bk,tn + [Bn; Bk] =0. (2)

In particular, Bo = 0% 4+ u1, B3 = 0% + 3u10 + 3(u1, + uz) and (2) by setting to =y, t3 =t
and u; = u yields the KP equation

(4uy — 120ty — Ugga)zr — Suyy = 0.
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Based on the observation that the squared eigenfunction symmetry constraint given by

N
=Bp+ Y _q0 'y,
i=1

Git, = Bn(¢i), rit, = —B (1)

is compatible with KPH [1, 9], we proposed the exKPH as follows in [13]

Lt = [BnaL]> (3&)
= | By + Z qi0 Tza ) (Sb)
Qi,tn = Bn(Qz); T’i,tn = _B;;(Tl)a 1= 17 R 7N' (SC)

The commutativity of (3a) and (3b) under (3c) gives rise to the following zero-curvature
representation for exKPH (3)

By 7, — By, + [Bn, Bi] +

By, Z qi0~ Tz] =0, (4&)

J’_
Git, = Bn(qi), 7it, = —By(ri), i=1,...,N. (4b)

To different (3) from (1) and the generalized KPH presented in this paper, we may denote
(3) or (4) by (t,, 7 )-KPH. We developed the dressing method to solve the (¢, 7 )-KPH and
obtained its solutions in [12]. The paper [14] generalized the (t,, 7)-KPH to (7,, 7 )-KPH
as follows

N
Bn,Tk - Bk,Tn [Bna Bkz B,, Z Qz Ti Z Qia_lria By, =0, (53)
' + =1 +
Gisro = Bn(ai), 7im, = —By(ri), (5b)
Qi,m = Bk(Qi)a Ti’Tk = —BZ(’W), 1= 1, e ,N. (5C)

But [14] did not find the solutions for the (7,,7;)-KPH (5). In contrast to one pair of
coupling equations (3c) (or (4b)) in (., 7%)-KPH, there are two pairs of coupling equations
(5b) and (5c) in (7, 7)-KPH. In fact, the dressing method developed in our paper [12]

cannot be applied to the (7, 7% )-KPH (5) since there are too many (two) coupling systems
(5b) and (5c¢).

2.2. A new (7yn,0k)-KP hierarchy

Stimulated by the (., 7)-KPH (3) and (4), we propose the following generalized KPH with
two generalized time series v, and oy:

L,, B + ap Z q:0 tri, L, (6a)
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N
Lo, = |Be+Br > _ a0 'ri, L], (6b)
=1
an(Gi,or — Br(ai)) — Br(giq, — Bn(ai)) =0,
(6c)

an(’r‘i70'k + BZ(’Q)) — ﬂk(rmn + B;(ﬁ)) =0, +=1,2,...,N.

We will prove the compatibility of (6a) and (6b) under (6¢) in the following theorem. First
we need the following Lemma presented in [13]

N N N
B, > qia_lri] = Bu(g:)0 'ri = Y 0~ Byy(ry). (7)
=1 _ =1 =1

Theorem 1. The v,-flow (6a) and oi-flow (6b) under (6¢) are compatible.
Proof. Denote

N
B, = B, + ayp Z Qia_lria

i=1

i N

By =B+ 8> q:0 i
i=1

In order to prove L., 5, = Lg, ~,, i.e.

[Bn,o, — By, + [Bn, Bi], L] = 0

we only need to prove

Bn,gk — Bk,q/n + [Bn, Bk] =0. (8)

For convenience, we omit » . We can find that

Bn.o, = Bno, + an(q07 1), = [Br + Bru(q0™7), L4 + an(q0 1),
= [By, L")+ + B0 'r, L4 + 0o, 0~ 'r + angd 'ry, 9)
and similarly,
By, = [Bn, Ly + g0 7, LM 4 + Brgy, 0717 + Brqd ™'y, (10)
Making use of the basic Lemma (7), we have
(B, Br] = [Bn, Bi] + [Bn, Brq0~'r] + [0nqd~ ', By
= (L7 — (L") ¥ — (L¥)_L + Gel B a0~ + anlad 17, il
+ Br[Bn, g0 ] - + anqd ', By] -
= [Buy LM + (L7, Bels — [(E")- (1)1,
+ Bk[Bn, 07 7] + an[qd7'r, By 4
+ Bk Bn(@)0~'r — Brqd ™' By (r)
— anBr(q)0™'r + cnqd ™ Bi(r). (11)
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Then (9), (10) and (11) under (6¢) yields

Bn,ffk - Bky’Yn + [BmBk] = [O‘n(qgk - Bk(Q)) - ﬁk(q'yn - Bn(q))]ﬁ_l?"
+90 o (1o, + Bi(r)) = Br(rs, + By (r))] = 0. -

Then the compatibility of ~,-flow (6a) and ox-flow (6b) under (6¢) gives rise to the
zero-curvature representation for (6)

N N
(Bn +om Y Qia_lri> - (Bk + B qz'a_ln)
=1 Ok Tn

i=1

_l’_

N N
Bu+an» 0 "ri, B+ Bk Y Qia_lTi] =0
i=1

i=1
which under (6¢) can be simplified as follows. Then we have the following theorem.

Theorem 2. The commutativity of (6a) and (6b) under (6¢) gives rise to the zero-curvature
equation for the generalized KPH with two generalized time series

N
Bn,zqia—lri]
+

i=1

Bnoy, — By, + [Bn, Br] + B

+ay, =0, (12a)

+

N
Z q:0" ', By,
=1

(G0, — Be(@:) — Be(Giq, — Bn(a)) =

0
(12b)
an(’r‘i70'k + BZ(Tl)) — ﬂk(rmn + B;;(Tl)) =0, +1=12,...,N,

with the Lax representation

N N
Yy, = <Bn +om Y qz'a_l""z) (), o, = <Bk 06 qﬁ‘%) (®). (13)

i=1 i=1

We briefly call (6) and (12) as (v, 0 )-KPH. It is easy to see that (v,,0)-KPH (6) and
(12) for o, = B = 0 reduces to KPH (1) and (2), (7, 7% )-KPH for o, = 0, 8 = 1 reduces
to (tn, 7)-KPH (3) and (4). So (7,01 )-KPH (6) and (12) present a more generalized KPH
which contains the KPH and (¢, 7)-KPH as the special cases.

Example 1. Let us take n =2 and k = 3, and set 72 =y, 03 = t, u; = u. Then Eqgs. (12)
becomes

By — Bsy + [B2, B3| + 33

N
By, ) qz'ﬁ_l?“i]
+

=1

+ o =0, (14&)

+

N
> g0 'ri, Bs
i=1
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a2(¢i — B3(ai)) — B3(ai,y — Ba2(a:)) = 0,
aQ(Ti,t + B;(Tz)) - ﬁ3(’ri,y + B;(TI)) = Oa 1= 1a 27 cee aNa
which gives the following nonlinear equation

N N

dup — 36_1uyy — 12uuy — Uggyr — 302 Z(Qiri)y + 4ﬁ3 Z(Qiri)m

i=1 i=1

N
+ 3as Z(Qiri,xx - Qi,a:xri) =0,
=1

3 3 3 Y
—1
a2 | Git — Gigzae — UGz — 5%(’3 Uy — 5lite — 50 j§_1 q57j
— 03(Qi,y — Gize — 2ug;) =0,

3 3 3 -
1
o | Tit = Tigme — SUTi g + T30 Uy — iUy + Ty E q;r;

2 ,
7=1
—ﬁg(?“i’y—l-?“i’mx—l-QUTi):O, iZl,Q,...,N,
with the Lax representation as follows
N
Wby = (82 +2utay ) qia_lrl) (),
i=1
3 3 3 &
Wy = (03 + 3ud + 56—1% + S + 53 Zqﬁ‘%) (1)).
i=1

(14D)

(15a)

(15b)

(16)

Specially, when take ag = (3 = 0; ag = 0, B3 = 1; ag = 1, 3 = 0 and as = 1,
B3 = 1, respectively, (15) and (16) reduces to the KP equation [4], the first type of KPESCS
[15, 16, 23], the second type of KPESCS [6, 13, 15] and the mixed type of KPESCS [6] and

their Lax representations, respectively.
3. Reduction

Consider the constraint given by

N
L* = Bp+ B > a0 'ri.
i=1

Then (6b) yields

(L"), =

N
B+ Be Y a0 'ri, Lk] =0,
i=1

Bkya'k = (ng'k)"r = 07

N
(Zqﬁ*n) = (LE)- =0,
=1

Ok

1250027-6

450



A New (yn,0y)-KP Hierarchy

which imply that L, By, ¢; and r; under (17) are independent of oy,. Subsequently, ¢; 5, and
Tio, in (6¢) should be replaced by Aig; and —\;7; as in the case of constrained flow of KP
[1, 9], namely (6¢) under the constraint (17) should be replaced by
an(Nigi — Br(@:)) — Be(@iyn — Bnlai)) =0,
an(=Airi + Bi(1:)) — Be(Ti, + By (1)) = 0.

(19)

We will show that the constraint (17) is invariant under the ~,,-flow (6a) and (19). In fact,
making use of (6a), (7) and (19), we have

(L* = By)y, = (LE)- = [By,, L*],

N N
<5k Z qz'a_l?“z') = B Z(qz',%a_lm +q;0 'riq)
i=1 o i=1
N
= Z[ﬂan(qz‘)f)_l?”i + an(Xigi — Br(@:))0'ri
i=1

— Br@iO ' B (1) + anqid ™ (= Niri + B (1))

_ N ) _ N )
= | By, Bk Z @07 ;| — | By, om Z qi0 '

i i—1 1o L i=1 1

i N ) i N )
= | By, Bk Z @0~ ;| — | By, am Z qi0 '

L i—1 1o L i=1 1

= [By, L*]_ — [By, Br]— — [Bi, Byn]— + [Bi, B -
= [B,, L"]_.

Then

N
(L’f ~ BBy qia—lm> =0.
. .

i=1
This means that the sub-manifold determined by the k-constraint (17) is invariant under

the 7,-flow (6a) and (19).
Therefore, the constrained flow of (v, 0x)-KPH (6) and (12) under (17) reads

By v, + [Br, Bn] + B

N
By, Y qz‘a_ln’] =0,  (20a)
i=1

N
Z Qia_lria B,
i=1 n

an(Nigi — Br(q:)) — Br(Qiy, — Bnlai)) =0,
Oén(—)\ﬂ“i + BZ(?})) — ﬁk(ri,vn + BZ(?})) = 0, 7= 1, 2, - ,N.

+ o,
_l’_
(20b)

1250027-7 451
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with

=3

N
B, = (Bk + B ) %0_17“1'> : (20c)

=1 +

The system (20) can be regarded as the generalized GDH. When «,, = [ = 0, (20)
reduces to the GDH. When «,, = 1, 8 = 0, (20) is just the first type of GDH with self-
consistent sources. When «,, = 0, fr = 1, (20) represent the second type of GDH with
self-consistent sources.

Example 2. When k=2, n =3, v3 =t, u; = u, (20) gives

1
Ut — 4uxxx 3uu, + a3 Z Qsz + /82 Z qiTi,xx — qi xxrz) =0, (213)
=1 =1
Git — Qigze — UGz — Usz - Qz Z q;7;
+ a3(Xigi — Giwe — 2ug;) = 0, (21b)

N
3 3
Bo | rit — Tiges — 3UTiz — S UaT + 3T g qjT;j
=1

—ag(=Airi + Tier + 2ur;) = 0,
i=1,2,...,N. (21c)
Which is just the mixed type of KdV equation with self-consistent sources. Equation (21)

with as = 1, B2 = 0 gives the first type of KdV equation with sources [11, 18]. Equation (21)
with aig = 0, B2 = 1 gives the second type of KdV equation with sources [13].

Example 3. When k =3, n =2 and v = t, u; = u, (20) gives rise to the mixed type of
Boussinesq equation with self-consistent sources

1
guxmmx + 2(1,62);5;5 + Ut

4
+ Z |: 3 Qz"”z zx T a2(Qsz)xt + g (Qz zxTi — Qiri,xx)x:| = 07 (223)

Qo | Nigi — Qixxr — 3UQi,x —dq;

/;\

N
3. 3 3
58 1uy + §’U,x + 5 ;CIJ‘T]'>]

— 0B5(qit — Qixz — 2ugq;) =0,

[ 3
Q2 | =N — T gga — UT; 5 + 75 (5 Uy — ux + = Z quj>]

(22b)

_ﬁ3(ri,t_ri,mm_2urz =0, i=12,...,N.

1250027-8 452
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Equation (22) with ag = 1, 3 = 0 gives the first type of Boussinesq equation with sources.
Equation (21) with ag = 0, 83 = 1 gives the second type of Boussinesq equation with
sources [13].

4. Dressing Approach for (v, or)-KPH

Inspired by [4, 20], we consider the generalized dressing approach for (7, o )-KPH. Assume
that operator L of (7,,0x)-KPH can be written as a dressing form

L=Wow-1, (23)
W=14wd ' +wd 2+ (24)

Proposition 1. If W defined by (24) satisfies

N
W, =—-L"W + a, Z 0 W, (25a)
=1
N
Wo, = —LEW + 8 ) - qi0~'riW (25b)
=1

then L satisfies (6a) and (6b).
Proof. Based on (23) and (25a), we have

L, =W,,0W — Wow~'w, w!

N N
= (L:t +ap Z qia_l?"z) L—-L (L:t +ap Z qia_lrz)

i=1 =1

N
By + ay Z Qia_lria L] .
=1

Similarly, we can prove that L satisfies (6b). O

It is well known that the Wronskian determinant [4]

hy ho hy
h’l h’2 th
W’I”(hl,...,hN) =
N— N— N—
hl 1 h2 . hN 1

is a 7-function of the KPH and the Nth order differential operator given by

hi hy --- hy 1
. 1 Yy hy -+ Ry 0O ’6
~ Wr(hy,..., hy) : : : : (26)
WYY B oV

1250027-9 453
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provides the dressing operator, where hy, hs, ..., hy are N independent functions and satisfy
W(h;) = 0.
This dressing operator W is constructed as follows: Let f;, g; satisfy
firn = 0" (f1)s fio, = 0" (i), (27a)
Yiyn = an(gz)a Gion, = ak(gz)a 1= 17 ce 7N> (27b)

and let h; be the linear combination of f; and g;

with F;(X) being a differentiable function of X, X = a7y, + Okok-
Define

N_iWT(h1>---,hi,--- ,hN)

q; = —FiW(Qi); Ty = (_1) W’F(hl ... hN) ’

i=1,...,N, (29)

where the hat *~ means rule out this term from the Wronskian determinant, F; = ‘fgg. We

have the following theorem.

Theorem 3. Let W be defined by (26) and (28), L = WOW =, ¢; and r; be given by (29),
then W, L, q;, r; satisfy (25) and (yn,o0r)-KPH (6) and (12).

To prove Theorem 3, we need several lemmas. The first one is given by Oevel and
Strampp [20].

Lemma 1. W1 = Zf\il hiO~ tr;.
Lemma 2 ([13]). The operator 0~ 'r;W is a non-negative differential operator and
(0~ 'riW)(hy) = 65, 1<i, j<N. (30)

Proof of Theorem 3. For (25a), taking 0, to the identity W (h;) = 0, using (27), (28),
the definition (29) and Lemma 2, we find

0= (Wy,)(hi) + (WO™)(fi) + anFiW (g;) + F(W™)(g5)
= (Wy,)(hi) + (W) (hi) — angi

N
= (Wa, ) (hi) + (L"W)(h) — Y 4051
j=1

N
= W’Yn +LEW_anZQja_l7“jW (hz)
Jj=1

Since the non-negative difference operator acting on h; in the last expression has degree <
N, it cannot annihilate N independent functions unless the operator itself vanishes.
Hence (25a) is proved. Similarly, we can prove (25b). Then Proposition 1 leads to (6a)
and (6b).

1250027-10 454
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The first equation in (6¢) is easy to be verified by a direct calculation, so it remains to
prove the second equation in (6¢). First, we see that

N
W)y ==WW, Wl = W LT = L" + 0, Y g0 '
j=1

N
=W t-w B, —a,W! Z Qja_lrja (31)

j=1

N
(W e, =" W' =W B = W' g0 ;. (32)

j=1

On the other hand, from W~! = 3" h;0~r; we have

(W), =D 0" (h)0 7 i+ Y hid ™ iy, (33)
(W g, =Y 0" (h)0 i+ hid 'rig, . (34)

It is obviously that ,(32) — Bx(31) = a,,(34) — Bk(33), i.e.
— B Z "(hi)0 'y — By Z hi® i, + Z " (hi)o
tan Y hid g,
= B (O"W = WB,)_ +a, ("W —WIB)
= =B > 0" (h)0 " ri+ B Y 0 Bi(ri) + i Y 9% (hi)0
—an Y hio ' Bi(r).
The above equations gives
Br Z hi0~ (ri, + Bi(ri)) — o Z hi0 ™ (rie, + Bi(ri)) =0,
which implies the second equation in (6¢) holds. O

5. N-Soliton Solutions for (v, or)-KPH

Using Theorem 3, we can find N-soliton solutions to every equations in the (7,,0x)-KPH
(6) and (12). Let us illustrate it by solving (15). We take the solution of (27) as follows

fi=expz + N2y + M3t) = €%, gi = exp(uz + ply + pdt) = e,
hi == fi + Fi(aay + Bat)gi = 2\/ F; exp(%) cosh(€;), ;= 5(@ —n; —In F}).

(35)
For example, when N =1, W =9 — %’7

(M — p1)?

L=Wo'W =0+ sech? Q071 + -+ -

1250027-11 455
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The one-soliton solution for (15) with N =1 as follows

A — 2
= 7( L= m) sech?
4
@1 = /oo Fiy + B3Fiy(A — pi)e® T sech O,
1
— —(&1+m) goch O
T1 (& sec 1-
VvV F
In the case of N = 2, the two-soliton solution for (15) is given
uw=08*Ino,
(M = 1) (A2 — ) (M = p2)(p2 — 1) e
— F F 1+ F n2—&1 | ,m
q1 = (aF1y + B3F1y) o + 2()\1 )()\2_ 1) em,
Ay — A — A _
|4 Fem=o L+ Fem=6
™ = e, re= e 2,
o — fi1 Ao — 11
where

Ay — i1 2 — A1 M2 — fi1 e
O=1+F22 Tlem=& L pre “Lom—& o mtn2—§1—€2
+ 1)\2_)\16 + 2)\2_)\16 + I 2)\2_)\16

6. Conclusion

In contrast to the multi-component generalization of KPH, we generalize KPH by introduc-
ing new time series 7, and o} and adding eigenfunctions as components. The (7, o )-KPH
includes KPH and exKPH, and contains first type and second type as well as mixed type
of KPESCS as special cases. The constrained flows of (v,,0x)-KPH can be regarded as
the generalized GDH. We develop the dressing method for solving the (v,,0x)-KPH and
present its N-soliton solutions.
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